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1 Introduction

Imagine having a closed chamber full of water and you add drops of both oil and mercury
(for lack of a better example). From the difference of densities, one can see the droplets
of oil and mercury moving to the top or bottom of the chamber and slowly aggregating
until they form a single concise drop. This is a broad example of an immiscible fluid
system that evolves towards a stable equilibrium with time. In general, this can be done
with any number of fluids (that do not mix with each other) and a keen mathematician
would then be led to question themselves what type of configurations could there be, if
there actually exists a minimum and if so, what regularity might its boudary have.

Mathematically, this translates to analyzing models of fluid systems where the energies
are of interface types, i.e. depending on the interfaces separating the various fluids in
the container. Thus, the container becomes a set Ω, the fluids become sets Ei with fixed
volumes mi that add up to the volume of the container, and the interfaces become the
intersections of the boundaries between fluids Sij = ∂Ei ∩ ∂Ej ∩ Ω. A simple model for
the energy would then be

FΩ,m(E1, . . . , EM) =
∑
i<j

σij · surface area(Sij),

where σij > 0 are the surface tensions between the fluids. This example with fluids was
to give a general idea of how the problem can be visualized, but it is not the only instance
where this functional appears. In the general realm of material science this functional
is used when studying polycristaline materials, reviewed in [3, 5, 7]. In the context of
imaging, the functional results useful for image segmentation, restoration, optical flow
estimation and stereo reconstruction [6, 12].

The scope of this thesis will be to study the functional in a more theoretic way,
within the realms of calculus of variations and geometric measure theory. Nevertheless,
these problems have been studied and solved numerically in [4, 15]. We will consider only
three chambers, and naturally replace the surface area for the N − 1−dimensional Haus-
dorff measure, as well as replacing the topological boundaries for reduced boundaries,
i.e.

FΩ,m(E1, E2, E3) =
∑
i<j

σijHN−1(FEi ∩ FEj ∩ Ω).

Our focus will be on minimality and regularity depending on if the weights σij satisfy
or not a triangle inequality condition that will be mentioned in its corresponding chapter.

The structure of this thesis is the following:

In Chapter 2, we introduce the analytic and geometric tools needed to understand the
main results. We recall basic definitions and properties of Hausdorff measures, sets of
finite perimeter and functions of bounded variations. In particular, so that we can go
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over the notions of reduced boundary and structure theorems such as De Giorgi’s or
Federer’s theorems. We finish the section with standard regularity results for perimeter
minimizers, such that we can guarantee smooth reduced boundaries of the minimizers up
to a null set. These results will later serve as a model when studying the regularity of
minimizers for the weighted perimeter functional we are considering, in Chapter 4.

In Chapter 3, we study the variational properties of the weighted perimeter functional.
A central issue is whether the functional is lower semicontinuous with respect to the
convergence in measure of sets. We first study the classic case where it does have this
property under the triangle inequality assumption, which ensures compactness in the di-
rect method of calculus of variations and thus existence of minimizers follows. We then
contrast this with the non–lower semicontinuity case studied in [11] where the triangle
inequality fails for one of the weights. Here we will impose conditions over the domain
in order to assure existence of minimizers and present examples.

In Chapter 4, we turn to the structural and regularity results for minimizing config-
urations associated to the weighted perimeter functional. Building on the existence of
minimizers, we establish strict approximation results showing that sets of finite perimeter
can be approximated internally by smooth sets as done in [13], and elimination theorems
that rule out the presence of negligible interfaces locally as in [9]. These results allow
us to prove strong regularity properties of the minimizing and admissible configurations,
specifically showing that the reduced boundaries are smooth hypersurfaces up to null sets.

The final chapter functions as a summary and final remarks on the work done in the
previous ones. Included will be insight on the tools used in the proofs, importance of the
results and comments on the overall work of the thesis.

Having outlined the motivation and main goal of this thesis, we move on to review
preliminary material from geometric measure theory.
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2 Geometric Measure-Theoretic Foundations

As previously stated, the main results of this thesis lie within the broad framework of
geometric measure theory (GMT). Since this area of mathematics is quite extensive, we
restrict ourselves to presenting only the necessary concepts for understanding the main
results. This will serve both as an introduction and as a concise reference to the tools
we employ, mainly perimeter problems. Consequently, we will not cover the underlying
material of measure theory in detail, and instead refer the reader to [2] for a thorough ex-
position. Likewise for a deeper exploration of GMT, we recommend the references [2, 10].

Before delving into specific definitions and concepts, we fix some basic notations that
will be used throughout the thesis. The symbol N ∈ N will always denote the dimension
of the ambient euclidean space RN . The Euclidean norm is written as ∥ · ∥, and the open
ball centered at x ∈ RN of radius r > 0 is defined by

Br(x) = {y ∈ RN : ∥y − x∥ < 0}.

For sets E,F ⊂ RN , we define

diam(E) = sup{∥x− y∥ : x, y ∈ E},
dist(E,F ) = inf{∥x− y∥ : x ∈ E, y ∈ F},

as the diameter of E and the distance between E and F , respectively. When E = {x} is
a singleton, we simply write dist(x, F ). We also understand the Minkowski sum of two
sets as

E + F = {x+ y : x ∈ E, y ∈ F}.
We denote the Lebesgue measure by | · |, the k−dimensional Hausdorff measure by Hk,
and the volume of the unit sphere in Rk by ωk. Also, Cm(Ω,RN) denotes the space of
continuously differentiable vector fields of up to derivatives of order m, Cm

c (Ω,RN) the
analogue with compact support, and Lp(Ω) the standard Lebesgue spaces.

In topological terms, we use
◦
E for the interior of E, E for its closure, and ∂E for its

boundary. Finally, we write E ⋐ Ω to indicate that E is compactly contained in Ω, that
is, E ⊂ Ω.

2.1 GMT

We start by recalling the Radon measure that will be present throughout this work. As
the problem in hand relies on interactions on the surfaces of fluids, it relies on surface area
and thus, the most natural way to approach this is by considering the Hausdorff measure
as it intrinsically generalize the notion of perimeter or surface area to k dimensions.

Definition 2.1 (Hausdorff measure). Let k ∈ [0,+∞) and E ⊂ RN . The k−dimensional
Hausdorff measure of E is defined as

Hk(E) = lim
δ↘0

Hk
δ (E),
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Figure 1: Illustration of the definition of the Hausdorff measure. The curve is covered
with collections of small sets (here, balls), whose diameters approach to zero.

where, for 0 < δ ≤ +∞,

Hk
δ (E) =

ωk

2k
inf

{∑
i∈I

diam(Ei)
k : diam(Ei) < δ, E ⊂

⋃
i∈I

Ei

}
,

for finite or countable covers {Ei}i∈I , with diam(∅) = 0.

Remark 2.1. This definition mentions RN as the ambient space but we can generally
define this measure over any metric space. In fact, the definition depends only on the
metric rather than its space. In the same manner, k can easily be taken as any non–
negative real number 1.

Let us list some useful properties of Hausdorff measures.

Proposition 2.1 (Properties of Hausdorff measures). The measure Hk in RN has the
following properties:

i. Measures Hk are outer measures in RN and σ−additive on B(RN).

ii. Hk are invariant with respect to translations and homotheties, i.e.,

Hk(E + x) = Hk(E) and Hk(λE) = λkHk(E),

for any E ⊂ RN , x ∈ RN and λ > 0. Furthermore, if k > N , it is identically zero.

iii. If k > k′ ≥ 0 and Hk(E) > 0, then Hk′(E) = +∞.

1ωk can also be generalized for non–integer k as it can generally be defined as ωk = π
N
2

Γ(N
2 +1)

, where

Γ is the well known gamma function.
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Proof. If one proves these properties for Hk
δ , then for Hk follows directly thanks to prop-

erties of the infimum. In i. σ−subadditivity follows from subadditivity of Hk
δ , ii. follows

from invariance respect to translations and homotheties of the function E 7→ diam(E)k,
and iii. relies on the following inequality

2k

ωk

Hk(E) ≤ δk−k′ 2
k

ωk

Hk′(E).

Full proof can be found in [2, Proposition 2.49].

However, the Hausdorff measure does not completely generalize the notion of perime-
ter or surface area when dealing with sets that have boundaries that do not behave well.
This leads us to study the perimeter from a more measure–theoretic approach:

Definition 2.2 (Sets of finite perimeter). Let E be an LN−measurable subset of RN .
For any open set Ω ⊂ RN the perimeter of E in Ω, denoted by P (E,Ω), is defined as

P (E,Ω) = sup

{∫
E

div T dx : T ∈ C1
c (Ω,RN), ∥T∥∞ ≤ 1

}
.

We say that E has finite perimeter in Ω if P (E,Ω) < ∞.

When Ω = RN , we will write P
(
E,RN

)
= P (E). This function coincides with the notion

of perimeter in 2 dimensions or surface area in 3 dimensions when dealing with not so
regular boundaries of sets, in contrast to the Hausdorff measure. For sets E with C1

boundary, they should coincide, and indeed,

P (E,Ω) = HN−1 (Ω ∩ ∂E) .

In the framework of semicontinuity we need to specify what type of convergence we
are using. Having in mind important properties that are presented later on, we use
convergence in measure.

Definition 2.3 (Convergence in measure). Let {En}n∈N and E be LN−measurable sets.
We say that En converges to E in measure in Ω if

lim
n→+∞

|Ω ∩ (E △ En)| = 0.

We say En converges to E locally in measure in Ω if it converges in measure in any open
set A ⋐ Ω.

Remark 2.2. Convergence and local convergence in measure is equivalent to L1(Ω) or
L1
loc(Ω) convergence of the characteristic functions χEn to χE, respectively.

Let us now review some useful properties that will be prevalent when using the perimeter.

Proposition 2.2. Let E and F be LN−measurable sets and Ω ⊂ RN open.
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i. The function Ω 7→ P (E,Ω) is the restriction of open sets of a Borel measure in RN .

ii. The function E 7→ P (E,Ω) is lower semicontinuous with respect to local conver-
gence in measure in Ω.

iii. The function E 7→ P (E,Ω) is local, i.e. P (E,Ω) = P (F,Ω) if |Ω ∩ (E △ F )| = 0.

iv. P (E,Ω) = P (Ec,Ω) and

P (E ∪ F,Ω) + P (E ∩ F,Ω) ≤ P (E,Ω) + P (F,Ω) .

Proof. Lower semicontinuity of the perimeter plays an important role for us, so we will
only comment on the proof for ii. The rest can be revised in [2, Proposition 3.38].

Take E and {En}n∈N such that En converges to E in measure in Ω. Since this
convergence is equivalent to the L1

loc(Ω) convergence, one can deduce∫
E

div T dx = lim
n→+∞

∫
En

div T dx ≤ lim inf
n→+∞

P (En,Ω) ,

for any T ∈ C1
c (Ω,RN) with ∥T∥∞ ≤ 1. Since this inequality holds for any arbitrary T

with favorable properties, the result follows

P (E,Ω) ≤ lim inf
n→+∞

P (En,Ω) .

When dealing with minimizers, having compactness results aid greatly when working
under the direct method. The following theorem functions as such.

Theorem 2.4. Let Ω ⊂ RN be an open set and {En}n∈N be a sequence of LN−measurable
sets such that

sup {P (En, A) : n ∈ N} < +∞ ∀A ⋐ Ω open.

The sequence admits a subsequence {Enk
}k∈N that locally converges in measure in Ω. If

|Ω| < +∞ then the subsequence converges in measure in Ω.

Proof. Direct application of a compactness theorem [2, Theorem 3.23], to characteristic
function.

Other properties of interest for sets are density and regularity results. The following
plays the role of an approximation theorem, telling us that sets of finite perimeter can
be approximated in measure with sets with smooth boundary, as well as convergence of
the perimeters.

Theorem 2.5 (Density of smooth sets). Let E be a set of finite perimeter in RN , N ≥ 2.
Then, there exists a sequence {En}n∈N of open sets with smooth boundary converging in
measure to E and such that

lim
n→+∞

P (En) = P (E)
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Proof. By the isoperimetric inequality defined below, one can bound the volume of E with
its perimeter which is finite, thus, |E| < +∞. This way, taking a mollifying sequence
{ρn}n∈N, we know that the function un = χE ∗ ρn converges to χE in L1(Ω) and satisfies

lim
n→+∞

|Dun|(RN) = |DχE|(RN) = P (E).

Call F n
α = {un > α}. Using the coarea formula [2, Theorem 2.93] and Fatou’s Lemma,

we obtain the following estimate:

P (E) = lim
n→+∞

|Dun|(RN)

= lim
n→+∞

∫ 1

0

P (F n
α ) dα

≥
∫ 1

0

lim inf
n→+∞

P (F n
α ) dα.

By Sard’s Lemma [10, Lemma 13.15], F n
α is a smooth hypersurface for L1−a.e. α ∈ (0, 1).

Choose an α with this property and such that

L = lim inf
n→+∞

P (F n
α ) ≤ P (E) < +∞.

Theorem 2.4 lets us take a subsequence {Ek}k∈N = {F nk
α }k∈N such that P (Ek) converges

to L. By lower semicontinuity of the perimeter P (E) ≤ L, hence P (E) = L.

To prove convergence in measure, we use Chebyshev’s inequality for the following
bounds:

|Ek\E| ≤ 1

α

∫
RN

|uk − χE| dx and |E\Ek| ≤
1

1− α

∫
RN

|uk − χE| dx,

proving convergence in measure when taking k → +∞.

Remark 2.3. This result can be localized to sets with finite perimeter in some bounded
extension domain Ω with E ⊂ Ω. Then there exists a sequence of open sets {En ∩Ω}n∈N
converges in measure in Ω to E and P

(
En,Ω

)
converges to P (E,Ω).

Another important tool present in most results is the isoperimetric inequality. This
inequality relates the volume of the set with its perimeter, which comes in handy when
trying to find estimates, as one does for regularity and density results.

Theorem 2.6 (Isoperimetric inequality). Let N > 1 be an integer and E a set of finite
perimeter in RN . Then, either E or Ec has finite Lebesgue measure and

min {|E|, |Ec|} ≤ γNP (E)
N

N−1 , (2.1)

where γN =
(
Nω

1
N
N

)− N
N−1

.
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Proof. The main idea is to estimate the mean value of χE over cubes to then cover RN

with a disjoint family of these, in order to reconstruct |E|. See [2, Theorem 3.46] for
details of the proof.

In fact, this estimate can be localized to balls

|E ∩Br(x)| ≤ γN,tP (E,Br(x))
N

N−1 , (2.2)

for some t ∈ (0, 1) such that |E ∩Br(x)| ≤ t |Br(x)|, and x ∈ RN .

Remark 2.4. In the classic case of N = 2, equality is achieved by a circle. Thus being
the biggest shape in terms of volume out of all the ones with a fixed perimeter.

Building upon these properties where the perimeter appears in a more prominent role,
we switch focus on more structural qualities of functions of finite perimeter. For this, we
introduce on a superficial level BV functions, and some useful definitions for boundaries
other than the topological notion.

Definition 2.7 (Total variation of a measure). Let (X,M) be a measurable space and
µ a measure. The total variation of µ, denoted by |µ|, is defined by

|µ|(E) = sup

{
+∞∑
i=0

|µ(Ei)| : {Ei}i∈N ⊂ M is a partition of E

}
.

Definition 2.8. Let Ω ⊂ RN be open and u ∈ L1(Ω). We say that u is a function of
bounded variation in Ω if its distributional derivative is representable by a finite Radon
measure in Ω, that is, if∫

Ω

u
∂φ

∂xi

dx = −
∫
Ω

φdDiu, ∀φ ∈ C∞
c (Ω), i = 1, . . . , N, (2.3)

for some RN−valued measure Du = (D1u, . . . , DNu) in Ω. The vector space of all
functions of bounded variations in Ω is denoted by BV (Ω).

Remark 2.5. The integration by parts formula (2.3) also holds true for test functions
in C1

c (Ω). We can also write in vector form as follows:∫
Ω

u div Tdx = −
N∑
i=1

∫
Ω

T dDiu, ∀T ∈ C1
c (Ω,RM).

When dealing with vector fields (u ∈ BV (Ω,RM)) a similar equation can be written for
each index.

Remark 2.6. The Sobolev space W 1,1(Ω) is strictly contained in BV (Ω). Indeed, the
Heaviside functions is in BV while not in W 1,1 as its distributional derivative is the Dirac
delta δ0.
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Definition 2.9 (Variation). Let u ∈ L1
loc(Ω,RM). The variation of u in Ω is defined as

V (u,Ω) =

{
M∑
j=1

∫
Ω

uj div T j dx : T ∈ C1
c (Ω,RMN), ∥φ∥∞ ≤ 1

}
.

Remark 2.7. Regarding properties of the variation:

1. If u ∈ C1(Ω,RM) then integration by parts yields V (u,Ω) =
∫
Ω
|∇u| dx;

2. The mapping u 7→ V (u,Ω) is lower semicontinuous in the L1
loc(Ω,RM) topology.

The following property relates the variation of a function with BV functions, and the
total variation of their derivatives.

Proposition 2.3 (Variation of BV functions). Let u ∈ L1
loc(Ω,RM). Then u ∈ BV (Ω,RM)

if and only if V (u,Ω) < +∞. Furthermore, V (u,Ω) coincides with |Du|(Ω), and the map
u 7→ |Du|(Ω) is lower semicontinuous with respect to the L1

loc(Ω,RM) topology.

Proof. See [2, Proposition 3.6].

Remark 2.8. From the facts presented here, it is not hard to see that P (E,Ω) coincides
with the variation of the indicator function χE.

We can now shift to more geometric notions related to sets of finite perimeter. First,
let us present the idea of tangent space that we will be using:

Definition 2.10. Let µ be an RM−valued Radon measure in an open set Ω ⊂ RN , and
x ∈ Ω. We define the Tangent space Tan(µ, x) as the set of all finite radon measures which

are weak* limits of µ(x+ρn ·)
|µ|(Bρn (x))

, where {ρn}n∈N is a non–negative infinitesimal sequence. The

elements of Tan(µ, x) are called tangent measures.

Now, let us see a different notion of boundary than that of the topological one. This
subset of the topological boundary actually works better with the perimeter, as in this
case the perimeter and Hausdorff measure coincide.

Definition 2.11 (Reduced boundary). Let E ⊂ RN be a LN−measurable set and Ω
be the largest open set such that E is locally of finite perimeter in Ω. We call reduced
boundary of E, denoted by FE, the collection of all points x ∈ supp |DχE| ∩Ω such that
the limit

vE(x) = lim
r↘0

DχE(Br(x))

|DχE|(Br(x))
,

exists and belongs to SN−1.

A classic example is that of a square in R2. The topological boundary will include all the
perimeter of the square, while the reduced boundary excludes the corners. Essentially,
the reduced boundary identifies the smooth part of the topological boundary, from the
point of view of calculus.

A similar idea motivates the following definition. In contrast, now we consider sets
that can be covered by sufficiently regular sets up to a Hk−null set, and applies this idea
to the reduced boundary in De Giorgi’s Structure Theorem.
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Definition 2.12 (Rectifiable sets). Let E ⊂ RN be a Hk−measurable set. We say that E
is countably k−rectifiable if there exist countably many Lipschitz functions fi : Rk → RN

such that

E ⊂
+∞⋃
i=0

fi(Rk).

We say E is countably Hk−rectifiable if there exist countably many Lipschitz functions
fi : Rk → RN such that

Hk

(
E\

+∞⋃
i=0

fi(Rk)

)
.

Finally, we say E is Hk−rectifiable if E is countably Hk−rectifiable and Hk(E) < +∞.

Theorem 2.13 (De Giorgi). Let E ⊂ RN be a LN−measurable set. Then FE is countably
(N−1)−rectifiable and |DχE| = HN−1 FE. In addition, for any x0 ∈ FE the following
properties hold:

i. The sets (E− x0)/r locally converge in measure in RN as r ↘ 0 to the halfspace H
orthogonal to vE(x0) and containing vE(x0).

ii. Tan(HN−1 FE, x0) = HN−1 v⊥E(x0) and in particular

lim
r↘0

HN−1(FE ∩Br(x0))

ωN−1rN−1
= 1.

Proof. As the proof is rather technical for what concerns the main results of this thesis.
It can be found in detail in [2, Theorem 3.59].

Let us briefly go over the power of this theorem. First, it supports our claim about the
reduced boundary being smooth as it is countably (N − 1)−rectifiable. Additionally, the
total variation of DχE is concentrated over the reduced boundary, meaning the perimeter
is computed over this set. Geometrically, i. can be seen as FE resembling the halfspace
at small scales illustrated in Figure 2, and ii. refers to the density of the boundary at x0.

The following type of boundary, the so called essential boundary, allows us to think of
boundary points in a different way, thus somehow completing some points excluded from
the reduced boundary while still just considering the meaningful part. A comparison of
the three types of boundaries can be seen in Figure 3.

Definition 2.14 (Points of density and essential boundary). For Every t ∈ [0, 1] and
every LN−measurable set E ⊂ RN we call

Et =

{
x ∈ RN : lim

r↘0

|E ∩Br(x)|
|Br(x)|

= t

}
the set of points of E whose density is t. The essential boundary of E is denoted and
defined by ∂∗E = RN\(E0 ∪ E1).
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Figure 2: Visualization of De Giorgi’s Theorem i. The circle on the right depicts a local
zoom in on the boundary of E, approximated with a tangential line orthogonal to vE(x),
which is the boundary of the halfspace denoted by H+.

Finally, Federer’s Theorem gives us insight on the density at the reduced boundary, its
relation with the essential boundary and claims that both coincide outside of aHN−1−null
set.

Theorem 2.15 (Federer). Let E be a set of finite perimeter in Ω. Then

FE ∩ Ω ⊂ E
1
2 ⊂ ∂∗E and HN−1 ((∂∗E ∩ Ω)\(FE ∩ Ω)) = 0.

In particular, E has density either 0,
1

2
or 1 at HN−1−a.e. x ∈ Ω and HN−1−a.e.

x ∈ ∂∗E ∩ Ω belongs to FE.

Proof. See [2, Theorem. 3.61].

This theorem proves useful when studying regularity for sets of finite perimeter in the
next chapters, as with some density estimates, we will be able to prove that the boundary
is contained in the essential boundary, and thus coincide with the reduced boundary
HN−1−a.e.

2.2 Caccioppoli Partitions

Here we briefly introduce an idea of partitioning a set Ω into sets of finite perimeter.
These partitions are called Caccioppoli partitions and have proved to be useful with its
relation to piecewise constant functions over each set in the partition. In the context of
this thesis, these type of partitions are going to be the admissible configurations for the
main problem.

Definition 2.16 (Caccioppoli partitions). Let Ω ⊂ RN be an open set and I ⊂ N. A
partition {Ei}i∈I of Ω is a Caccioppoli partition if∑

i∈I

P (Ei,Ω) < +∞.
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Figure 3: Consider E = (0, 1) × (0, 1) ∪ (1, 2) ×
{

1
2

}
. The topological boundary will be

the whole contour of the square plus the dashed line segment to the side. The essential
boundary, however, considers only the perimeter of the square, as well as the reduced
boundary minus the corners of the square.

A Caccioppoli partition will be said to be ordered if |Ei| ≥ |Ej| for any i ≤ j.

It is in our interest to present a couple of structure and compactness properties of
Caccioppoli partitions as we have already mentioned that these type of properties are of
great help in our framework.

Theorem 2.17 (Local structure). Let {Ei}i∈I be a Caccioppoli partition of Ω. Then⋃
i∈I

E1
i ∪

⋃
i,j∈I i̸=j

(FEi ∩ FEj)

contains HN−1−almost all of Ω.

Proof. The reader can refer to [2, Theorem 4.17] for a more formal proof. Regardless,
this theorem relies heavily on Theorem 2.15. Indeed, if assuming that a point x does
not belong to any reduced boundary, using the isoperimetric inequality and Federer’s
Theorem one attains that x must be a density point of value 1 of some set in the partition.
Conversely, if it does belong to the reduced boundaries, Federer’s Theorem says density
must be 1

2
, implying it cannot be in more than two reduced boundaries.

Essentially what we obtain from this theorem is that, for HN−1−a.e. point of Ω, it either
belongs to one of the density sets E1

i or to the intersection of two reduced boundaries
FEi, and no more. In less mathematical jargon, this means almost every point of Ω can
be found in the interior of a set or in the intersection of the reduced boundaries of two
sets, in the Caccioppoli partition of Ω.

Theorem 2.18 (Compactness). Let n ∈ N and {Ei,n}i∈I be a Caccioppoli partition of
RN such that

sup

{∑
i∈I

P (Ei,n) : n ∈ N

}
< +∞.
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Figure 4: Example of a Caccioppoli partition of the unit ball B1(0). The partition
considers rings containing just the outer perimeter. To satisfy the condition on the
perimeters, their radii should decrease in such a way that

∑
i∈N ri < +∞.

Then, if either I is finite or the partitions are ordered, there exists a Caccioppoli partition
{Ei}i∈I and a subsequence {Ei,nk

}k∈N that converges locally in measure in RN to Ei for
any i ∈ I.

Proof. As this is a generalization of Theorem 2.4 for a family of sets, it builds upon it
for each set Ei,n and creates a subsequence via diagonal arguments that converge to a
Caccioppoli partition. See [2, Theorem 4.19].

Remark 2.9. The same result holds if we restrict ourselves to ordered Caccioppoli par-
titions of a set Ω that is bounded, open and has a Lipschitz boundary. Indeed, we can
add Ωc to the Caccioppoli partitions to get them to be partitions of RN and apply this
theorem. Furthermore, the convergence obtained will not be local but completely in
measure.

2.3 Standard Regularity and Density Results

The original type of problems that built the theory for our focal problem, were perimeter
minimization problems, be it within an open set Ω ⊂ RN or satisfying volume constraints.
These where the stepping stones for studying more complicated or general problems still
regarding perimeter optimization, and some of the main results detailed in this thesis
build upon the ones in this section. We start by defining what a minimizer is for a
volume–constrained problem.

Definition 2.19. Let Ω ⊂ RN be open and E ⊂ RN of finite perimeter. We say that E
is a volume–constrained perimeter minimizer in Ω if

P (E,Ω) ≤ P (F,Ω)

whenever |Ω ∩ E| = |Ω ∩ F | and E △ F ⋐ Ω.
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Remark 2.10. The solutions to the problem

min {P (E,Ω) : E ⊂ Ω, |E| = m} ,

where 0 < m < |Ω|, are volume–constrained perimeter minimizers in Ω. Indeed, the fact
that admissible sets have the same volume m and are subsets of Ω yield that the solution
to the problem will satisfy

P (E,Ω) ≤ P (F,Ω) , |E| = |F | = m and E △ F ⋐ Ω,

for all admissible sets F .

These minimizers fall into a broader category of minimizers for a more general prob-
lem. These being called almost–minimizers or (Λ, r0)−perimeter minimizers.

Definition 2.20. Let Ω ⊂ RN be open and E ⊂ RN of locally finite perimeter. For
0 ≤ Λ < +∞ and r0 > 0, we say that E is a (Λ, r0)−perimeter minimizer in Ω if

P (E,Br(x)) ≤ P (F,Br(x)) + Λ|E △ F |, (2.4)

whenever E △ F ⋐ Br(x) ∩ Ω and r < r0.

One can see that if Λ = 0 in this definition we retrieve the notion of a minimizer for the
perimeter problem in Ω (in a local sense). The term Λ|E △ F | acts as a higher order
perturbation that generalizes the problem so it can study a broader field of examples.

Moreover, equation (2.4) is equivalent to(
1− Λr

N

)
P (E,Br(x)) ≤

(
1 +

Λr

N

)
P (F,Br(x)) , (2.5)

usually referred to as the weak (Λ, r0)−minimality condition.

We mention this larger category of minimizers as they posses regularity and density
results we are interested in. We will prove that volume–constrained mimimzers are as
well and thus will benefit from these results. Before proving this fact, we will need a
volume fixing lemma that allows us to change the volume of a set of finite perimeter by
a small amount, at a cost proportional to that of the perimeter.

Lemma 2.21. Consider the sets Ω ⊂ RN open and E ⊂ RN of finite perimeter such that
HN−1(Ω ∩ FE) > 0. Then, there exists ε0 > 0 and C < +∞, that depend on E and Ω,
such that for every ε ∈ (−ε0, ε0) we can find a set of finite perimeter F , with E △ F ⋐ Ω,
and

|F | = |E|+ ε, |P (F,Ω)− P (E,Ω) | ≤ C|ε|.

Proof. See [10, Lemma 17.21].
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Figure 5: Visualization on how F̂ is chosen in the proof of Proposition 2.4 by Lemma
2.21.

Ideally, choosing a convenient ε, we obtain a set similar enough to the original with a
desired volume but whose perimeter does not change considerably so. This fuels the proof
for the next result:

Proposition 2.4. Let Ω ⊂ RN be open and E ⊂ RN a volume–constrained perimeter
minimizer in Ω. Then E is a (Λ, r0)−perimeter minimizer in Ω, for 0 ≤ Λ < +∞ and
r0 > 0.

Proof. Fix r0 > 0 and take F such that E △ F ⋐ Br(x) ∩ Ω with r < r0, and E is a
volume–constrained perimeter minimizer. Consider a ball B ⊂ Ω such that Br(x) and B
are disjoint but F ∩ B ̸= ∅. Applying Lemma 2.21 to F in B such that ε = |E| − |F |.
There exists F̂ such that

|F̂ | = |F |+ ε = |E| and
∣∣∣P (F̂ ,Ω

)
− P (F,Ω)

∣∣∣ ≤ C|ε|, (2.6)

and F̂ △ F ⋐ B, but F̂ = F in Br(x). From the second condition in (2.6) and the fact
that |ε| = ||E| − |F || ≤ |E △ F | we get

P
(
F̂ ,Ω

)
≤ P (F,Ω) + C|E △ F |.

Since F̂ coincides with F in Br(x), then E △ F̂ = E △ F ⋐ Br(x)∩Ω, and from the first
condition in (2.6) both F̂ and E have the same volume, by minimality of E, we conclude

P (E,Ω) ≤ P
(
F̂ ,Ω

)
≤ P (F,Ω) + C|E △ F |.

Taking Λ = C, E proves to be a (Λ, r0)−perimeter minimizer.

With this background in mind we can state some regularity and density results for
almost–minimzers. The spirit of their proofs lie in their equivalent results in the next
chapters, so we will omit some of them in this section but refer the reader to Sections 21
and 28 of [10], specifically Theorems 21.8 and 28.1, respectively.
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Theorem 2.22. Let Ω ⊂ RN be open and E be a (Λ, r0)−perimeter minimizer in Ω with
Λr0 ≤ 1. Then, FE ∩ Ω is a C1,γ−hypersurface for every γ ∈ (0, 1

2
), it is relatively open

in ∂E ∩ Ω and FE ∩ Ω = ∂E ∩ Ω up to HN−1−null set.

The following is a density result as it gives estimates for the density quotients.

Theorem 2.23. Let Ω ⊂ RN be open, and E be a (Λ, r0)−perimeter minimizer in Ω with
Λr0 ≤ 1. Then, there exists a constant cN such that

1

4N
≤ |Br(x) ∩ E|

ωNrN
≤ 1− 1

4N
and cN ≤ P (E,Br(x))

rN−1
≤ 3NωN . (2.7)

whenever x ∈ ∂E ∩ Ω, Br(x) ⊂ Ω, and r < r0. In particular,

HN−1 (Ω ∩ (∂E\FE)) = 0. (2.8)

Proof. Take x ∈ ∂E ∩Ω, d = min{r0, dist(x, ∂Ω)} and α(r) = |E ∩Br(x)| for 0 < r < d.
Notice that α(r) is monotone increasing and

0 < α(r) < ωNr
N ,

α′(r) = HN−1(E ∩ ∂Br(x)).

Clearly, for a fixed r ∈ (0, d) with HN−1(FE ∩ ∂Br(x)) = 0 and for s ∈ (r, d), using
F = E\Br(x) in (2.5) we see(

1− Λs

N

)
P (E,Br(x)) ≤

(
1 +

Λs

N

)
P (F,Br(x))

=

(
1 +

Λs

N

)[
HN−1

(
E1 ∩ ∂Br(x)

)
+ P

(
E,Br(x)\Br(x)

)]
.

(2.9)

Taking s → r+, and since HN−1 (E1 ∩ ∂Br(x)) ≤ P (Br(x)) = NωNr
N−1and Λr0 < 1,

yields

P (E,Br(x)) ≤
2

1− Λr
N

NωNr
N−1 ≤ 3NωNr

N−1,

which yields the right hand side of the perimeter estimates in (2.7).

If instead we add
(
1− λr

N

)
HN−1 (E1 ∩ ∂Br(x)) after taking s → r+, we obtain(

1− λr

N

)
P (E ∩Br(x)) ≤ 2HN−1

(
E1 ∩ ∂Br(x)

)
.

By isoperimetric inequality and again since Λr0 < 1

Nω
1
N
N

2
α(r)

N−1
N ≤ 2α′(r).
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dividing by α(r)
N−1
N , noticing that α(r)

1−N
N α′(r) =

(
α(r)

1
N

)′
and integrating over (0, r)

results in

Nω
1
N
N

4
r ≤ α(r)

1
N .

Thus, the left hand side of the volume estimates in (2.7) follows directly from this in-
equality. The upper bound can be deduced the same way using a symmetry argument,
as RN\E is also a (Λ, r0)−perimeter minimizer. Indeed, since

|(RN\E) ∩Br(x)| = |Br(x)\(E ∩Br(x))|,

and the already computed lower bound, we can write

1

4N
≤ |Br(x)\(E ∩Br(x))|

ωNrN
= 1− |E ∩Br(x)|

ωNrN
,

where the lower bound follows. With this bound and the relative isoperimetric inequality
(2.2), we can deduce the left side of the perimeter bound in (2.7).

Finally, From the volume estimates we have that ∂E∩Ω ⊂ ∂∗E∩Ω. Thus, restricting
the result in Federer’s Theorem yields (2.8).

The set Ω∩(∂E\FE) has been studied and characterized further in view of this theorem,
in the following result:

Theorem 2.24. Let Ω ⊂ RN be open and E be a (Λ, r0)−perimeter minimizer in Ω with
Λr0 ≤ 1. The following statements hold true:

i. If 2 ≤ N ≤ 7, then Ω ∩ (∂E\FE) is empty;

ii. If N = 8, then Ω ∩ (∂E\FE) has no accumulation points in Ω;

iii. If N ≥ 9, then Hk (Ω ∩ (∂E\FE)) = 0 for every k > N − 8.

There exists also results regarding the curvature of the perimeter minimizers, for which
we need to go over briefly about these concepts. Nevertheless, this will be a surface level
review as one can dive deep into proper definitions and applications in Sections 11.3 and
17.3 from [10]. We will only focus on the definitions that we will use in Chapter 3.

Definition 2.25 (Mean curvature vector). Let Γ ⊂ RN be a C2−hypersurface. We define
the mean curvature vector HΓ : Γ → RN as a continuous vector field normal to Γ, such
that ∫

Γ

divΓ T dHN−1 =

∫
Γ

T ·HΓ dHN−1 +

∫
∂Γ

(T · νΓ
∂Γ) dHN−2, (2.10)

for every T ∈ C1
c (RN ,RN), νΓ

∂Γ : ∂Γ → SN−1 is a continuously differentiable vector field
normal to ∂Γ, and divΓ T is the tangential divergence of T on Γ given by the formula

divΓ T = div T − (∇T νΓ) · νΓ,

where νΓ : Γ → SN−1 is any unit normal vector field to Γ.
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Here, the term normal to a set is in the classic sense when talking about vector fields,
that is, a vector field ν(x) is normal to a set Γ if it is orthogonal to the tangent space of
Γ at x.

Remark 2.11. The scalar mean curvature HΓ : Γ → RN of Γ depends on the mean
curvature vector and a unit vector field νΓ to Γ, and it’s defined by the relation

HΓ = HΓνΓ.

In the planar case, when N = 2, |HΓ| coincides with the classic notion of curvature of a
flat curve.

If we now consider Γ = ∂E, where E ⊂ RN is open and has a C2−boundary, equation
(2.10) is simplified to ∫

∂E

div∂E T dHN−1 =

∫
∂E

T ·H∂E dHN−1, (2.11)

for all T ∈ C1
c (RN ,RN). This equation can be even further generalized and localized over

an open set Ω, replacing FE instead of ∂E via distributional arguments 2, having in this
sense also T ∈ C∞

c (Ω,RN) .

Falling back to volume–constrained perimeter problems, the following theorem gives
us insight to the curvature of the minimizers:

Theorem 2.26. Let Ω ⊂ RN be an open set. If E is a volume–constrained perimeter
minimizer, then there exists λ ∈ R such that∫

FE

divFE T dHN−1 = λ

∫
FE

(T · νE) dHN−1, (2.12)

for all T ∈ C∞
c (Ω,RN). In particular, E has constant mean curvature in Ω equal to λ.

Proof. The proof relies on Lemma 2.21 to construct competitor sets in order to pro-
duce zero first order perimeter variation. The proof is rather technical for the focus of
this thesis so only general ideas will be discussed but can be found in [10, Theorem 17.20].

The first step proves that for T ∈ C∞
c (Ω,RN), with suppT ⋐ Br(x) for some x ∈ Ω, if

T produces a zero order volume variation of E, then T produces zero first order perimeter
variation. That is, ∫

FE

(T · νE) dHN−1 = 0

implies ∫
FE

divFE T dHN−1 = 0.

2This distributional argument is not so important for the following chapters so if the reader is further
interested we refer them to [10, Remark 17.7]
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To do this, one can follow a similar line of thought as in the proof of Proposition 2.4. It
relies first in taking a local variation {ft}|t|<ε in Br(x), which adds volume to E while
approximating the perimeter locally in a way that

P (ft(E),Ω) = P (E,Ω) + t

∫
FE

divFE T dHN−1 +O(t2).

Then, use Lemma 2.21 to create a competitor set Et which on top of this, takes away
this change of volume in another ball Bs(y) disjoint from the first one, and coincides
with E everywhere else, in order to again approximate the perimeter but now have the
same volume volume |Et| = |E|. By minimality of E and the approximating bounds, one
achieves

0 ≤ P (Et,Ω)− P (E,Ω) ≤ t

∫
FE

divFE T dHN−1 +O(t2),

which yields the desired result as one can take t and −t converging to zero.

The second step takes T1, T2 ∈ C∞
c (Ω,RN), such that suppTi ⋐ Br0(xi) and∫

FE

(Ti · νE) dHN−1 ̸= 0,

for i ∈ {1, 2}. We use these to define

T = T1 −
∫
FE

(T1 · νE) dHN−1∫
FE

(T2 · νE) dHN−1
T2,

in order to achieve
∫
FE

(T · νE) dHN−1 = 0. Thus, from the first step it will have zero
first order perimeter variation which entails∫

FE
divFE T1 dHN−1∫

FE
(T1 · νE) dHN−1

=

∫
FE

divFE T2 dHN−1∫
FE

(T2 · νE) dHN−1
,

thus constant. This can be extended to a general T ∈ C∞
c (Ω.RN) using partitions of unity.

Comparing equation (2.12) with (2.11) and definition of HFE, one sees that the mean
curvature will be equal to the constant λ.

Remark 2.12. Lemma 2.21 proves useful not only to prove Theorem 2.26, but also when
making competitor sets in the later chapters. Certainly, when defining sets we need to be
wary that the volume is maintained in order for them to be admissible, thus in cases where
we cannot, we use this lemma to somewhat change the shape and make it admissible at
a cost of a small quantity. We will mention it again once needed.
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3 Lower Semicontinuity and the Existence of Mini-

mizers

In Chapter 1 we vaguely introduced the perimeter functional that we will be working
with. Time has come to present it in full detail. Consider the functional

FΩ,m(E) =
∑

i<j∈{1,2,3}

σi,jHN−1(Sij), (3.1)

where E = (E1, E2, E3) is a Caccioppoli partition of Ω, m = (m1,m2,m3) with mi > 0,
Sij = FEi ∩ FEj ∩ Ω, and σij ≥ 0, for i < j ∈ {1, 2, 3}. The set AΩ,m denotes the set of
admissible partitions that satisfy:

i. |Ei| = mi, for i ∈ {1, 2, 3};

ii. |Ei ∩ Ej| = 0 for all i < j ∈ {1, 2, 3};

iii. |Ω\(E1 ∪ E2 ∪ E3)| = 0.

A central question is under which assumptions on the weights σij the functional admits
minimizers. A central condition is reminiscent of a triangle inequality, and opens up two
paths of study: when the inequality holds true or not. The more natural condition
(mathematically at least) is the following:

σij ≤ σik + σkj, for all i, j, k ∈ {1, 2, 3}, with i ̸= j ̸= k, i ̸= k
σij = σji, for all i, j ∈ {1, 2, 3}, with i ̸= j

(3.2)

One may then wonder what happens if these conditions are not satisfied. This question
was answered in [11] but will be studied here in detail. this is not just an academic
problem. For certain fluids the interface between them does not satisfy these conditions
entirely. To have an idea of what happens in this case, we consider the extra condition
for a pair of indices:

σ13 > σ12 + σ23, (3.3)

while σ12 and σ23 still satisfy (3.2).

Most results in this section will be proved in the general case where σij > 0 but we
are interested in the type of partitions where E1 and E3 do not interact, that is, σ13 = 0
(see Figure 6). We begin by proving lower semicontinuity of FΩ,m.

Theorem 3.1. Let Ω ⊂ RN be an open set. Under conditions (3.2), the functional
defined in (3.1) is lower semicontinuous with respect to convergence in measure.

Proof. Consider En = (En,1, En,2, En,3) be a sequence of partitions of Ω such that En,i

converge to Ei in measure in Ω, for i = 1, 2, 3.

25



Figure 6: Representation of admissible configurations when σ13 = 0.

Step 1: Let us assume that HN−1(S12) = HN−1(S23) = 0. The functional will simplify
down to

FΩ,m(E) = σ13HN−1(S13).

In general, applying Theorem 2.17, we can write the perimeter of Ei in terms of the
Hausdorff measure of Sij

P (E1,Ω) = HN−1(S12) +HN−1(S13),
P (E2,Ω) = HN−1(S12) +HN−1(S23),
P (E3,Ω) = HN−1(S13) +HN−1(S23).

(3.4)

Under the assumptions for this step we have HN−1(S13) = P (E1,Ω) = P (E3,Ω), and
thus FΩ,m can be rewritten as

FΩ,m(E) = σ12P (E1,Ω) = σ12P (E3,Ω) ,

or, in a more convenient way,

FΩ,m(E) = σ12

2
(P (E1,Ω) + P (E3,Ω)) . (3.5)

Now, for the sequence of partitions En, we can manipulate the first two equations in
(3.4) to obtain

σ13HN−1(Sn,13) =
σ13

2
(P (En,1,Ω) + P (En,3,Ω))−

σ13

2

(
HN−1(Sn,12) +HN−1(Sn,23)

)
,
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allowing us to bound the functional on the sequence partition as follows

FΩ,m(En) =
σ13

2
(P (En,1,Ω) + P (En,3,Ω))−

σ13

2

(
HN−1(Sn,12) +HN−1(Sn,23)

)
+ σ12HN−1(Sn,12) + σ23HN−1(Sn,23)

=
σ13

2
(P (En,1,Ω) + P (En,3,Ω))

+
(
σ12 −

σ13

2

)
HN−1(Sn,13) +

(
σ23 −

σ13

2

)
HN−1(Sn,23)

≥ σ13

2
(P (En,1,Ω) + P (En,2,Ω))

+ (σ12 + σ23 − σ13)min
{
HN−1(Sn,12),HN−1(Sn,23)

}
.

Due to Hausdorff measures being positive and conditions (3.2), the second term on the
right side of the previous inequality is positive and thus

FΩ,m(En) ≥
σ13

2
(P (En,1,Ω) + P (En,3,Ω)) . (3.6)

This inequality, together with (3.5) and lower semicontonuity of the perimeter, results
in

FΩ,m(E) ≤ lim inf
n→+∞

FΩ,m(En).

Step 2: Suppose now that HN−1(S12) ≤ ε and HN−1(S23) ≤ ε, for an arbitrary ε > 0. In
this case we have

FΩ,m(E) ≤ σ13HN−1(S13) + Cε, (3.7)

where C is some constant depending on the σij
3.

From (3.4) we have that HN−1(S13) ≤ P (E1,Ω) and HN−1(S13) ≤ P (E3,Ω), thus

σ13HN−2(S13) ≤
σ13

2
(P (E1,Ω) + P (E3,Ω)) .

This fact together with (3.7) yields

FΩ,m(E) ≤ σ13

2
(P (E1,Ω) + P (E3,Ω)) + Cε.

Since estimates done to obtain (3.6) still hold for this case, in addition to the lower
semicontinutiy of the perimeter and the last inequality, we obtain

FΩ,m(E) ≤ lim inf
n→+∞

FΩ,m(En) + Cε.

Step 3: Now we proceed to prove the general statement of the theorem. Let us take an
arbitrary ε > 0. Since HN−1 Sij is a Radon measure, by inner regularity of Radon
measures [2, Proposition 1.43], we know that there is a compact set Kij ⊂ Sij such that

HN−1(Sij\Kij) < ε,

3As the constant is not of importance for us we will use the same notation C regardless if C changes
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Figure 7: Up close rendition of a three set configuration with the choices of K12 and Ω12

in the proof of Theorem 3.1. Condition HN−1(Ω12 ∩ S23) ≤ ε can be seen on the right as
a small portion of E3 intersects Ω12.

for each i < j ∈ {1, 2, 3}. Notice that these Kij are pairwise disjoint since Sij are also
pairwise disjoint due to the Caccioppoli Structure Theorem. Take an ε−neighborhood
Ωij of Kij such that they are also disjoint and that

HN−1(Sij\Ωij) < ε and HN−1(Ωij ∩ Skl) < ε, (3.8)

where k, l ∈ {1, 2, 3} such that (i, j) ̸= (k, l). The second condition allows us to apply
step 2 over each Ωij so that

FΩij ,m(E) ≤ lim inf
n→+∞

FΩij ,m(En) + Cε

For simplicity, we write Ω0 =
⋃

ij Ωij and Ω1 = Ω\Ω0. From the first condition in
(3.8) we can say that

FΩ1,m(E) < Cε,

and since {Ω12,Ω23,Ω13,Ω1} is a partition of Ω, previous estimates allow us to attain the
following bound

FΩ,m(E) =
∑
ij

FΩij ,m(E) + FΩ1,m(E)

≤ lim inf
n→+∞

∑
ij

FΩij ,m(En) + Cε

≤ lim inf
n→+∞

FΩ0,m(En) + Cε

≤ lim inf
n→+∞

FΩ,m(En) + Cε,

where the last estimate is obtained from Ω0 ⊂ Ω and classic measure properties. Taking
ε → 0 in the previous inequality completes the proof.
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Remark 3.1. As the functional is bounded from below, lower semicontinuous, and pos-
sesses compactness properties given by Theorem (2.18), we can conclude existence of
minimizers for the problem in view of the direct method. In fact, Ambrosio and Braides
proved that condition (3.2) is not only necesary but sufficient to ensure lower semiconti-
nuity of FΩ,m in [1].

Sadly, when considering condition (3.3), existence of minimizers cannot be guaranteed,
but can be recovered in specific types of domains. To this end, we begin by defining
isoperimetrically foliated domains.

Definition 3.2 (Isoperimetrically foliated domains). Let Ω ⊂ RN be an open set and
suppose that for any 0 < m < |Ω| 4, there exists a minimizer for the problem

min {P (E,Ω) : E ⊂ Ω, |E| = m} . (3.9)

We will say that Ω is an isoperimetrically foliated domain if there exists a selection of
minimizers E(m) of this problem such that if m1 < m2 then

E(m1) ⊂ E(m2) and HN−1
(
∂E(m1) ∩ ∂E(m2) ∩ Ω

)
= 0.

Remark 3.2. The existence of minimizers for problem (3.9) is guaranteed when Ω is an
open and bounded set of finite perimeter, and the fixed volume is 0 < m ≤ |Ω|, as in
view of [10, Proposition 12.30]. If Ω = RN then we get the classic isoperimetric problem,
where we know the solution is a ball with volume m. If Ω is the unit square and m ≤ 1

π
,

the minimizers are quarter discs centered at any of the vertices, while if 1
π
< m < 1− 1

π

the minimizers are vertical or horizontal stripes.

Remark 3.3. Sets ∂E(m) are C∞ up to null sets with Hausdorff dimension N −8 thanks
to Theorems 2.22, 2.23 and 2.24, for Λ = 0. This fact appears important and recurrently
in the later sections when talking about regularity.

If we restrict our domain to be isoperimetrically foliated, then we can guarantee existance
of minimizers under (3.3), as stated in the following theorem:

Theorem 3.3. Let Ω ⊂ RN be an isoperimetrically foliated domain andm = (m1,m2,m3)
with 0 < mi < +∞, for i ∈ {1, 2, 3}, and m1 +m2 +m3 = |Ω|. Then FΩ,m attains its
minimum in AΩ,m.

Proof. Take E = (E1, E2, E3) ∈ AΩ,m. Thanks to (3.3) we can estimate the functional as
follows:

FΩ,m ≥ σ12HN−1(S12) + σ23HN−1(S23) + (σ12 + σ23)HN−1(S13)

= σ12

(
HN−1(S12) +HN−1(S13)

)
+ σ23

(
HN−1(S23) +HN−1(S13)

)
= σ12P (E1,Ω) + σ23P (E3,Ω)

≥ σ12P
(
E(m1),Ω

)
+ σ23P

(
E(m1+m2),Ω

)
, (3.10)

4It is worth mentioning that |Ω| does not necessarily need to be finite.
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Figure 8: Optimal configuration for FΩ,m in an isoperimetrically foliated domain. Here,
E1 = E(m1), E2 = E(m1+m2)\E(m1) since E(m1) is contained in E(m1+m2), and E3 would
be the rest.

where the last inequality holds thanks to the sets E(m1) and E(m1+m2) minimizing each
perimeter, and noticing that the perimeter of E3 in Ω will be the same as the perimeter
of its complement Ec

3 in Ω, which has volume m1 +m2.

Now, we define E∗ = (E∗
1 , E

∗
2 , E

∗
3) =

(
E(m1), E(m1+m2)\E(m1),Ω\E(m1+m2)

)
and we

prove that it belongs to AΩ,m and the functional in this partition has the value of the
lower bound in (3.10). By definition, we have that

|E∗
1 | = |E(m1)| = m1 and |E∗

2 | = |E(m1+m2)| − |E(m1)| = m2,

as well as |Ω\(E∗
1 ∪ E∗

2 ∪ E∗
3)| = |Ω\Ω| = 0. Furthermore, all three sets are mutually

disjoint by definition and the fact that E(m1) ⊂ E(m1+m2) since Ω is isopermetrically
foliated. Thus |E∗

i ∩ E∗
j | = 0 for i, j ∈ {1, 2, 3}, i ̸= j. This proves E∗ ∈ AΩ,m and, since

E∗
1 does not share a boundary with E∗

3 , we have

FΩ,m(E∗) = σ12HN−1(S∗
12) + σ23HN−1(S∗

23) = σ12P
(
E(m1),Ω

)
+ σ23P

(
E(m1+m2),Ω

)
,

completing the proof.

Remark 3.4. Once again, thanks to the regularity of sets ∂E(m) in view of Remark 3.3,
the sets constructed in the proof of Theorem 3.3 have smooth boundaries up to a null set
of Hausdorff dimension of at most N − 8.

Remark 3.5. The existence of an isoperimetric foliation of Ω is sufficient but not neces-
sary for the existence of minimizers. In fact, the existence is ensured if there exists E(m1)

and E(m1+m2) minimizers of the perimeter problem with fixed volume constraint, such
that E(m1) ⊂ E(m1+m2) and HN−1(FE(m1) ∩ FE(m1+m2)) = 0.

These extra assumptions over the sets or domain are crucial, as if we do not take
them we can construct examples where FΩ,m does not attain a minimum, but first we
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can mention some examples. Classic ones are RN or B1(0), since balls with the given
volumes can foliate both. The unit square in R2 is also isoperimetrically foliated when
m1,m3 <

π
16

and m2 = 1−m1−m2. Moreover, the minimizer is comprised of two quarter
circles centered in opposite vertices of the square, and their complement in Ω. Mainly:

E∗
1 = Ω ∩

{
(x, y) ∈ R2 : x2 + y2 <

4m1

π

}
,

E∗
3 = Ω ∩

{
(x, y) ∈ R2 : (x− 1)2 + (y − 1)2 <

4m2

π

}
,

E∗
2 = Ω\(E∗

1 ∪ E∗
2).

In contrast, when m1 < 1
π
and 1

π
< m2 < 1 − 1

π
, then the unit square is not isoperi-

metrically foliated. Indeed, E(m1) will be a quarter circle and E(m2) a stripe that cannot
contain it, i.e. E(m1) ̸⊂ E(m2).

In the same spirit as this last example, the following proposition shows that there is no
minimizer under certain conditions.

Proposition 3.1. Let Ω = (0, 1) × (0, 1) ⊂ R2, σ12 = σ23 = 1, σ13 > 2, m1 = π(1+ε2)
16

,
m2 =

1
2
−m1, m3 =

1
2
, for some 0 < ε << 1. Then FΩ,m has no minimum on AΩ,m.

Proof. We will reason by contradiction, i.e. suppose there is and call it E∗ = (E∗
1 , E

∗
2 , E

∗
3).

By Proposition 4.3 which will be covered in detail in the next chapter, we have that
HN−1(S13) = 0, and by Theorem 2.26, S12 and S12 would have constant curvature in R2,
which we know are either straight lines or circular arcs meeting ∂Ω orthogonally.

Suppose both are straight lines. This means FΩ,m(E∗) = 2. But, if we take E such
that

E1 = Ω ∩
({

(x, y) ∈ R2 : x2 + y2 <
1

2

}
∪
{
(x, y) ∈ R2 : x2 + (y − 1)2 =

ε

2

})
,

E3 = Ω ∩
{
(x, y) ∈ R2 : x >

1

2

}
,

E2 = Ω\(E1 ∪ E3),

we obtain

FΩ,m(E) = 1 +

√
π(1 + ε)

4
< 2 = FΩ,m(E∗).

It is easy to see that E ∈ AΩ,m since each set has the prescribed volumes, the x compo-
nent in E1 are strictly less than 1

2
and thus not intersecting with E3, and by defintion

E2 is does not intersect with the other sets, and they make up a partition of Ω. This
contradicts minimality of E∗.

Now, suppose both are circular arcs with centers in corners of ∂Ω. Notice that their
centers cannot be in consecutive corners due to the volume constraints, as these would
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then overlap and thus not be in AΩ,m, so they must be in opposite corners. In this case,
they would have the shape

E∗
1 = Ω ∩

{
(x, y) ∈ R2 : x2 + y2 <

(1 + ε)2

4

}
,

E∗
3 = Ω\

{
(x, y) ∈ R2 : x2 + y2 <

2

π

}
,

E∗
2 = Ω\(E∗

1 ∪ E∗
3).

This yields

FΩ,m(E∗) =

√
π

2
+

π(1 + ε)

4
> 2,

so still greater than the straight line configuration, and by considering E as in the previ-
ous case, this contradicts once again the minimality of E∗.

Failing in both cases, FΩ,m does not attain its minimum in AΩ,m.

Remark 3.6. The construction of the minimizing configuration in Theorem 3.3 resembles
that of the configurations of interest. Graphically, one can compare Figures 8 and 6 to
notice that in both cases, E1 and E3 do not touch. In the first case, it reduces to
HN−1(S13) = 0, while our interests lie when σ13 = 0. Regardless, any of the cases would
result in sets behaving in such manner.

Naturally, the next step is to study regularty and come up with density estimates
for these minimizers. We mentioned little about the regularity of the boundary in this
chapter for minimizers of the perimeter problem with volume constraints, but we will
delve deeper for our functional in the next sections.
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4 Regularity and Structural Properties of Partitions

We are now aware that minimizers for FΩ,m can exist under certain conditions. A natural
next step is to wonder about their shape, or in a more passive but still significant way,
wonder about regularity and approximation. Indeed the central focus of this chapter
is to shine a light on these results and study in detail two important theorems: Strict
Interior Approximation Theorem and Elimination Theorem. The former, as the name
implies, gives us a way to approximate the sets from within the domain, which is useful
when having partitions as the idea is to stay within Ω when considering competitor
configurations. The latter, will give us insight in the geometry of the boundaries, as
it will exclude unnecessary interactions in the interfaces. These two theorems provide
a foundation for admissible and minimizing configurations, inherent to these types of
problems.

4.1 Strict Interior Approximation Theorem

In Chapter 2, we saw that sets of finite perimeter can be approximated by smooth sets
that also approximate the perimeter, in view of Theorem 2.5. Nevertheless, we cannot
generally hope to approximate an open set Ω strictly from within.

For bounded Lipschitz domains this problem has been handled, but when considering
a general set, no strict approximation from within has been achieved. In [13] it was
shown that with an extra assumption for the boundary of the open set Ω, asking for
the boundary to be well behaved, we can obtain strict approximation with smooth sets
that are strictly contained in Ω. The following theorem is taken from the aforementioned
paper which we will study in detail here.

Theorem 4.1 (Strict interior approximation of the perimeter). Let Ω ⊂ RN be a bounded
and open set such that

P (Ω) = HN−1(∂Ω). (4.1)

Then, for every ε > 0 there exists an open set Ωε with smooth boundary such that

Ωε ⋐ Ω, Ω\Ωε ⊂ Nε (∂Ω) ∩Nε (∂Ωε) , P (Ωε) ≤ P (Ω) + ε. (4.2)

Here we used Nε for ε-neighborhoods of sets in RN .

Before the proof of this theorem, some remarks regarding the statement of this result are
warranted.

Remark 4.1.

1. As a consequence of Theorem 2.13, whenever the perimeter of Ω is finite, we have
the relation

P (Ω) = HN−1 (FΩ) .

This allows us to rephrase hypothesis (4.1) into

HN−1 (∂Ω\FΩ) = 0. (4.3)
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2. From the conclusion of the theorem we can infer a couple of results. Mainly,⋃
ε>0

Ωε = Ω and lim
ε↘0

|Ω\Ωε| = 0.

By the lower semicontinuity of the perimeter and the smoothness of ∂Ωε, we have
that the perimeter of Ωε approximates the perimeter of Ω, as was intended.

Continuing on with a useful lemma necessary for the proof of the theorem, let us
establish some notation. Let T be a vector subspace of RN . For any y ∈ RN , we denote
by T (y) as the orthogonal projection of y onto T , and by T⊥(y) = y−T (y) the orthogonal
complement of T (y). We also define the cone with axis T and opening parameter ε as

Cε(T ) =
{
y ∈ RN : ∥T⊥(y)∥ ≤ ε∥T (y)∥

}
,

and the sets
B±

r (x) = {y ∈ Br(x) : ±y · vΩ(x) ≥ 0} ,

which represents the intersection of the ball centered at x and of radius r > 0, and the
halfspace determined by the outward or inward unit normal of Ω at x, respectively.

Lemma 4.2. Let Ω ⊂ RN be a LN−measurable set. For every ε > 0, FΩ can be
decomposed into countably many disjoint Borel subsets {Ri} such that if x ∈ Ri, then∣∣Ω ∩B+

r (x)
∣∣ ≤ ε2rN

for all r ∈
[
0, 1

i

]
, and

Ri ∩B 1
i
(x) ⊂ x+ Cε (Tan(FΩ, x)) .

Proof. We start off by defining the following sets for j ∈ N:

Aj =

{
x ∈ FΩ :

HN−1 (FΩ ∩Bρ(x)) ≥ 1
2
ωN−1ρ

N−1∣∣Ω ∩B+
ρ (x)

∣∣ ≤ ε2ρN
∀ρ ≤ 1

j

}
\

j−1⋃
t=1

At (4.4)

Clearly, these sets are disjoint, as each is defined in the complement of the previous ones.
They are Borel sets since the functions

x 7→
∫
Ω

χB+
ρ (x) dy = |Ω ∩B+

ρ (x)| and x 7→
∫
FΩ

χBρ(x) dHN−1 = HN−1(FΩ ∩Bρ(x))

are measurable by Fubini’s Theorem. Moreover, by Theorem 2.13,⋃
j∈N

Aj = FΩ.

Indeed, from property ii,

lim
ρ↘0

HN−1(FΩ ∩Bρ(x))

ωN−1ρN−1
= 1,
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so if we fix ε < 1
2
, there exists ρ > 0 small enough such that

1− HN−1(FΩ ∩Bρ(x))

ωN−1ρN−1
≤ 1

2
1

2
ωN−1ρ

N−1 ≤ HN−1(FΩ ∩Bρ(x)).

Similarly, using property i, let H− and H+ be the inner and outer halfspaces at x,
respectively. Then, ∣∣∣∣Ω− x

ρ
△ H−

∣∣∣∣→ 0,

and intersecting with B1(0) and then with H+ gives∣∣∣∣Ω− x

ρ
∩B+

1 (0) △ ∅
∣∣∣∣ = |Ω ∩B+

ρ (x)|
ρN

→ 0,

which implies
|Ω ∩B+

ρ (x)| ≤ ε2ρN .

So, for a small enough ρ so that both inequalities hold, and ρ ≤ 1
j
for some j ∈ N, we

conclude that x ∈ Aj.

Let T = Tan(HN−1 FΩ, x) = Tan(FΩ, x). We claim that for every x ∈ Aj, there
exists rx > 0 such that

Aj ∩Brx(x) ⊂ x+ Cε(T ). (4.5)

We prove this by contradiction. Suppose not, i.e., we can fix a radius r1 > 0 and find
x1 ∈ Aj ∩Br1(x) \ (x+ Cε(T )). Iteratively, we can construct a sequence

{xn}n∈N ⊂ Aj \ (x+ Cε(T ))

such that xn → x as n → ∞.

Set ρn = ∥x− xn∥. We also claim that

Bcρn(xn) ∩ (x+ C ε
2
(T )) = ∅, (4.6)

for some constant c(ε) > 0. Assume, for simplicity, x = 0. Let y ∈ Bcρn(xn). Then,

∥y∥ ≥ ∥xn∥ − ∥y − xn∥ > ρn − cρn = (1− c)ρn,

∥T⊥(y)∥ ≥ ∥y∥ − ∥T (y)∥ > (1− c)ρn − ∥T (y)∥,
∥T (y)∥ ≤ ∥T (xn)∥+ ∥T (xn)− T (y)∥ < (1 + c)ρn.

Therefore,
∥T⊥(y)∥
∥T (y)∥

≥ (1− c)ρn
(1 + c)ρn

− 1.
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If we choose c < 2
ε+4

, then the above inequality implies y /∈ C ε
2
(T ), proving (4.6).

Now, since Bcρn(xn) ⊂ B(c+1)ρn(x), we have

HN−1 FΩ
(
B(c+1)ρn(x) \ (x+ C ε

2
(T ))

)
≥ HN−1(FΩ ∩Bcρn(xn)).

From the definition of Aj, for n large enough,

HN−1 FΩ
(
B(c+1)ρn(x) \ (x+ C ε

2
(T ))

)
≥ 1

2
ωN−1(cρn)

N−1.

Rescaling Ω to Ωn = Ω−x
ρn

, this becomes

HN−1 FΩn

(
Bc+1(0) \ C ε

2
(T )
)
≥ 1

2
ωN−1c

N−1 > 0.

But any weak* limit of the measures HN−1 FΩn must be supported on T by Theo-
rem 2.13, which contradicts this inequality. Therefore, (4.5) holds.

To complete the proof, fix an enumeration (j(i), k(i)) ∈ N×N such that j(i), k(i) ≤ i,
and define

Ri =

{
x ∈ Aj(i) : rx ≥ 1

k(i)

}
\

i−1⋃
l=1

Rl.

These sets are pairwise disjoint, just like the Aj, and⋃
i∈N

Ri = FΩ.

Indeed, for any x ∈ FΩ, there exists j ∈ N such that x ∈ Aj and rx > 0, so we can find
k ∈ N with rx ≥ 1

k
. Then, choosing i such that j(i) = j and k(i) = k, and i ≥ max{j, k},

gives x ∈ Ri. Moreover, for x ∈ Ri, we have

|Ω ∩B+
r (x)| ≤ ε2rN for r ∈

[
0,

1

j

]
⊂
[
0,

1

i

]
,

and since rx ≥ 1
i
,

Ri ∩B 1
i
(x) ⊂ Aj ∩Brx(x) ⊂ x+ Cε(T ).

Hence, the sets Ri satisfy the desired properties.

Remark 4.2. As a fun fact, whenever P (Ω) is finite, it coincides with the total variation

|DχΩ| (RN). So the approximating sequence
{
χΩ 1

n

}
n∈N

, which will appear in the proof

of the theorem further down the line, converges strictly to χΩ in BV (RN).

Having this decomposition for FΩ allows us to prove the Strict interior approximation
Theorem.
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Proof of Theorem 4.1. We begin by relaxing some conditions that the approximating sets
Ωε must satisfy. Notably, it is not necessary for them to have smooth boundaries as we
can later smooth them via mollification, as in the proof of Theorem 2.5. Specifically,
we take un = χΩε ∗ ρn, where ρn is a mollifier, which converges to χΩε in L1(Ω). Then,
by Sard’s Lemma (see [10, Lemma 13.15]), the level sets F n

α = {un > α} have smooth
boundaries for L1-a.e. α ∈ (0, 1). Choosing such an α, we obtain a sequence converging
in measure to Ωε with converging perimeters.

It also suffices to prove the inclusion

Ω\Ωε ⊂ Nε(∂Ω), (4.7)

in place of (4.2). To see this, suppose we construct a sequence Ω̃ 1
n
satisfying (4.7) for

each n ∈ N, and assume by contradiction that no such Ω̃ 1
n
satisfies (4.2) for ε ≥ 1

n
. That

is,

Ω\Ω̃ 1
n
̸⊂ N 1

n

(
∂Ω̃ 1

n

)
.

Then we can choose xn ∈
(
Ω\Ω̃ 1

n

)
\ N 1

n

(
∂Ω̃ 1

n

)
, which converges to some x ∈ Ω as

dist
(
xn,Ω

)
→ 0. For large n, we have∣∣∣dist(x, Ω̃ 1

n

)
− dist

(
xn, Ω̃ 1

n

)∣∣∣ ≤ |xn − x| < ε

2
,

and hence

dist
(
x, Ω̃ 1

n

)
> dist

(
xn, Ω̃ 1

n

)
− ε

2

= dist
(
xn, ∂Ω̃ 1

n

)
− ε

2
.

Since xn ̸∈ Nε(∂Ω̃ 1
n
), then dist

(
x, Ω̃ 1

n

)
> ε

2
. Taking y ∈ Ω with dist

(
y, Ω̃ 1

n

)
≥ ε

2
so

y ∈ Ω\Ω̃ 1
n
⊂ N 1

n
(∂Ω) which is a contradiction since dist (y, ∂Ω) > 1

n
.

We proceed to construct the approximating sets. If P (Ω) = +∞, we simply set

Ωε = {x ∈ Ω : dist(x, ∂Ω) >
ε

2
},

which trivially satisfies (4.2).

Focus now in the case P (Ω) < +∞. Fix ε ≤ 1
2
and consider the sets Ri from Lemma 4.2.

By the definition of Hausdorff measure, for δ = 2
3
min

{
1
i
, ε
}
, we can cover Ri by balls

Brij(xij) with 3rij ≤ min
{

1
i
, ε
}
such that

Ri ⊂
⋃
j

Brij(xij) and
∑
j

ωN−1r
N−1
ij ≤ HN−1(Ri) +

ε

2i
. (4.8)
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For each ball, choose x̃ij ∈ Ri ∩ Brij(xij) and define Tij = Tan(FΩ, x̃ij). The smallness
of rij ensures the estimate

|Ω ∩B+
3rij

(x̃ij)| ≤ ε23NrNij . (4.9)

Moreover, we have
Ri ∩Brij(xij) ⊂ x̃ij + Cε(Tij),

which yields the inclusion

Ri ∩Brij(xij) ⊂
{
y : ∥Tij(y − xij)∥ < rij, ∥T⊥

ij (y − x̃ij)∥ < 2εrij
}
.

To better control the boundary, define

C(t) =
{
y ∈ Ω : ∥Tij(y − xij)∥ < rij, T

⊥
ij (y − x̃ij) = tνΩ(x̃ij)

}
.

Then using (4.9), ∫ 3εrij

2εrij

HN−1(C(t)) dt ≤ |Ω ∩B+
3rij

(x̃ij)| ≤ ε23NrNij ,

hence, by integral properties 5, we can choose hij ∈ [2εrij, 3εrij] such that

HN−1(C(hij)) ≤
ε23NrNij
εrij

= ε3NrN−1
ij . (4.10)

Let
Cij =

{
y : ∥Tij(y − xij)∥ < rij, ∥T⊥

ij (y − x̃ij)∥ < hij

}
⋐ Bε(x̃ij).

The boundary ∂Cij consists of a top face, a bottom face, and side walls. Their measures
are bounded by (4.10), ωN−1r

N−1
ij , and 2hij(N − 1)ωN−1r

N−2
ij ≤ 6ε(N − 1)ωN−1r

N−1
ij ,

respectively. Thus,

HN−1(Ω ∩ ∂Cij) ≤
(
ωN−1 + 6ε(N − 1)ωN−1 + ε3N

)
rN−1
ij . (4.11)

To cover ∂Ω \ FΩ, which has zero HN−1−measure by (4.1), choose balls Bρk(yk) with
ρk ≤ ε

2
and Bρk(yk) ∩ ∂Ω ̸= ∅ such that∑

k

ρN−1
k ≤ ε.

Then {Cij, Bρk(yk)} covers ∂Ω, which is compact, so we can extract a finite subcover,
which we will index in the same way for sake of simplicity, and define

S =
⋃

Cij ∪
⋃

Bρk(yk), Ωε = Ω \ S.

The set Ωε is open, relatively compact in Ω, and satisfies Ω \ Ωε ⊂ Nε(∂Ω).

5If
∫ b

a
f(x) dx ≤ M , then there exists x ∈ [a, b] such that f(x) ≤ M

b−a .
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Figure 9: Covering cylinders Cij from Theorem 4.1. The thick curve portion are contained
inside the cone and controlled by ωN−1r

N−1
ij , the less thick curve is the small section con-

trolled by ε3NrN−1
ij , and the dotted portions in the boundary can by 6ε(N−1)ωN−1r

N−1
ij .

To estimate the perimeter,

P (Ωε) ≤ HN−1(∂Ωε)

≤
∑
i,j

HN−1(Ω ∩ ∂Cij) +
∑
k

HN−1(Bρk(yk))

≤ (1 + ANε)
∑
i,j

ωN−1r
N−1
ij + AN

∑
k

ρN−1
k

≤ (1 + ANε)

(∑
i

HN−1(Ri) +
ε

2i

)
+ ANε

= (1 + ANε)(P (Ω) + ε) + ANε

≤ P (Ω) + (1 + ANP (Ω) + 2AN) ε,

where AN = max
{
6(N − 1) + 3N

ωN−1
, NωN−1

}
. Rescaling ε yields the desired approxima-

tion, completing the proof.

The reader can notice that the results in this section do not apply only to minimizers
of our functional FΩ,m. It is a more general result, but will appear with some importance
in regularity from the next section of this chapter.

4.2 Elimination Theorem and Regularity Results

A backbone to some of these results is the Elimination Theorem or sometimes called
Infiltration Theorem, as it describes how, for locally minimizing configurations, if the
sets are separated by a surface inside a ball, then in a smaller ball we will find only two
sets being separated. Essentially, we will always find only two sets interacting with each
other locally, allowing us to construct competitor sets with less trouble.
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This result has been proven initially if the interfaces were flat in [14]. In contrast, the
Elimination Theorem here proves that regardless of the shape of the surface, just based
on the minimality of the configuration, we are in a framework where we have the elim-
ination property. In [9] the theorem is proved in this general case, for M ∈ N number
of chambers partitioning Ω. Considering only three chambers simplifies the process com-
pletely but is worth studying in this thesis. In a first approach, in order to work under
lower semicontinuity, we will need a strict version of condition (3.2), this is,

σij < σik + σkj, for all i, j, k ∈ {1, 2, 3}, with i ̸= j ̸= k, i ̸= k
σij = σji, for all i, j ∈ {1, 2, 3}, with i ̸= j,

(4.12)

or equivalently

σij ≤ σik + σkj − δ, for all i, j, k ∈ {1, 2, 3}, with i ̸= j ̸= k, i ̸= k, (4.13)

for some δ > 0.

Let us get acquainted with the elimination property:

Property (EP). Let E = (E1, E2, E3) be a locally minimizing configuration in BR ⊂ Ω.
We say E has the elimination property, denoted by (EP), if there exists constants η, r0 > 0
with r0 < R, such that, if 0 < ρ < r0, then

|Ek ∩Bρ| ≤ ηρN ⇒ |Ek ∩B ρ
2
| = 0, (4.14)

for k ∈ {1, 2, 3}.

Remark 4.3. In [9], expression (4.14) would have k = 3 as Leonardi fixes the first two
sets of E . Nevertheless, one can fix any two sets of the minimizing configuration to
obtain the remaining set as the one being excluded locally, which is why we consider k
any number in {1, 2, 3}. Regardless, without loss of generality, the proofs will be done
for k = 3.

Now, we present the aforementioned Elimination Theorem.

Theorem 4.3 (Elimination). Let E∗ = (E∗
1 , E

∗
2 , E

∗
3) be a locally minimizing Caccioppoli

partition for FΩ,m in BR ⊂ Ω, and that coefficients σij satisfy (4.12). Then E∗ has (EP).

The proof of this theorem is based on two smaller results that are interesting to study on
their own. Due to the fact that we will do compact variations of the partition to suggest
competitor partitions for the minimizer, we introduce the notion of a cut.

Definition 4.4 (Cut). For a Caccioppoli partition E = (E1, E2, . . . , EM) of Ω, a cut K
relative to E1, E2 is a bipartition of the set of indexes {1, 2, ...,M} into two sets K1 and
K2 such that i ∈ Ki for i = 1, 2.
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Figure 10: Elimination property applied to three chambers.

With this we can define competitor partitions in a smaller ball of radius r < R. We call

this new partition Er = EK,r =
(
Ê1, Ê2, . . . , ÊM

)
, where

Êi =

{
Ei\Br i > 2
Ei ∪

⋃
j∈Ki

(Ej ∩Br) otherwise,

for i ∈ {1, 2, . . . ,M}. We will also denote the variation of our functional over these
partitions by

∆F = FBR,m(Er)− FBR,m(E) and ∆rF = FBr,m(Er)− FBr,m(E),
and the improperly called area of K inside Br as

AK
r =

∑
h∈K1,
t∈K2,

(h,t)̸=(1,2)

HN−1(Sr
ij),

where Sr
ij = Sij ∩Br. Additionally, we will write Ŝ

r
ij when referring to the sets Sr

ij of the
competitor partition. Under the framework of this thesis, we consider just three chambers
so the only cuts considered here can be K1 = {1} and K2 = {2, 3}, or K1 = {1, 3} and
K2 = {2}, which we will denote by K1 and K2 respectively. We also choose indexes 1
and 2 without loss of generality as the proofs would be done in the same way if we were
to take any other combination of indexes. For visual aid one can imagine the competitor
partition Er as illustrated in Figure 11.

We now have the tools to prove the Decay and Balancing lemmas.

Lemma 4.5 (Decay). Suppose E∗ = (E∗
1 , E

∗
2 , E

∗
3) is a locally minimizing Caccioppoli

partition inside BR ⊂ Ω and that there exists a constant C < 0 such that for almost all
0 < r < R there is at least one cut K such that

∆rF ≤ −CP (E3, Br) . (4.15)
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Figure 11: Partition Er respect to the cut K2. The portion of E3 inside the ball Br is
added to E1 (light gray), while E2 (dark gray) remains the same.

Then E∗ has (EP). Moreover, we can take

η =

(
C

2(C + C1)

)N

ωN and C1 = max
i<j

σij.

Proof. Start by calling α(r) = |E3 ∩Br|. It is easy to see that this function is monotone
increasing and that α′(r) = HN−1(E3 ∩ ∂Br) for a.e. r ∈ (0, R). Notice also that, since
we have HN−1(Sij ∩ ∂Br) = 0 for a.e. r and all i, j, we can write

FBR,m(E) = FBR\Br,m
(E) + FBr,m(E), (4.16)

for any Caccioppoli partition E .

Continuing the proof by contradiction, fix r0 = R and take ρ ∈ (0, r0) such that

α(ρ) ≤ ηρN and α
(ρ
2

)
> 0. (4.17)

Take r ∈
(
ρ
2
, ρ
)
. From minimality of E∗ and (4.16) we can write

0 ≤ FBR,m(Er)− FBR,m(E∗)

≤ FBR\Br,m
(Er) + FBr,m(Er)− FBR\Br,m

(E∗)− FBr,m(E∗)

≤ ∆rF +
(
FBR\Br,m

(Er)− FBR\Br,m
(E∗)

)
.

Notice that in BR\Br, Ŝ12 and S12 are the same, while either Ŝ13 or Ŝ23 are the same to
their respective original sets except by a term given in E∗

3 ∩ ∂Br depending on the cut.
This means that

FBR\Br,m
(Er)− FBR\Br,m

(E∗) = σh3HN−1(E∗
3 ∩ ∂Br),
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where h is either 1 or 2 depending on the cut. This way, we can bound the previous
inequality as

0 ≤ ∆rF + C1α
′(r). (4.18)

On the other hand, by the isoperimetric inequality (Theorem 2.6), we have that

α(r)
N−1
N ≤ 1

Nω
1
N
N

P (E3 ∩Br)

Nω
1
N
N α(r)− α′(r) ≤ P (E3 ∩Br)− α′(r)

Nω
1
N
N α(r)− α′(r) ≤ P (E3, Br) . (4.19)

This allows us to bound (4.18) with (4.15) and (4.19) in such a way that

0 ≤ ∆rF + C1α
′(r)

0 ≤ −CP (E3, Br) + C1α
′(r)

0 ≤ C
(
α′(r)−Nω

1
N
N α(r)

N−1
N

)
+ C1α

′(r)

CNω
1
N
N α(r)

N−1
N ≤ (C + C1)α

′(r)

Cω
1
N
N

C + C1

≤ 1

N
α(r)

1−N
N α′(r) =

(
α(r)

1
N

)′
.

Integrating both sides of this inequality over
(
ρ
2
, ρ
)
, and by (4.17),

Cω
1
N
N

2(C + C1)
ρ ≤ α(ρ)

1
N − α

(ρ
2

) 1
N

α
(ρ
2

) 1
N ≤ α(ρ)

1
N − Cω

1
N
N

2(C + C1)
ρ

α
(ρ
2

) 1
N ≤ η

1
N ρ− Cω

1
N
N

2(C + C1)
ρ.

If η =
(

C
2(C+C1)

)N
ωN in the last inequality, then α

(
ρ
2

)
≤ 0 which contradicts our initial

assumption, as we wanted.

The following allows us to obtain (4.15) from a weaker, yet more achievable formulation.

Lemma 4.6 (Balancing). Suppose there exists a constant δ > 0 and a cut K such that

∆rF ≤ −δAK
r . (4.20)

Then there exists C = C(δ, C0, C1) > 0, where C0 = mini<j σij and C1 = maxi<j σij, such
that

∆rF ≤ −CP (E3, Br) . (4.21)
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Proof. Without loss of generality, the proof will be done for the cut K1. In this case
AK

r = HN−1(Sr
13), and

FBr,m(Er) = σ12HN−1(Ŝr
12),

since HN−1(Ŝ13) = HN−1(Ŝ23) = 0, as inside Br there is no Ê3. Furthermore, we can
write Ŝr

12 = Sr
13 ∪ Sr

12, so that

∆rF = FBr,m(Er)− FBr,m(E)
= σ12HN−1(Ŝr

12)− σ12HN−1(Sr
12)− σ13HN−1(Sr

13)− σ23HN−1(Sr
23)

= σ12

(
HN−1(Sr

13) +HN−1(Sr
12)
)
− σ12HN−1(Sr

12)− σ13HN−1(Sr
13)− σ23HN−1(Sr

23)

= (σ12 − σ13)A
K
r − σ23HN−1(Sr

23)

≤ (C1 − C0)A
K
r − C0HN−1(Sr

23). (4.22)

On the other hand, from Theorem 2.17, we can decompose the perimeter as

P (E3, Br) = HN−1(Sr
13) +HN−1(Sr

23),

which we can rewrite as

−HN−1(Sr
23) = AK

r − P (E3, Br) .

Substituting this into (4.22) yields

∆rF ≤ (C1 − C0)A
K
r + C0(A

K
r − P (E3, Br))

= C1A
K
r − C0P (E3, Br) .

This bound, together with (4.20), results in the bound

∆rF ≤ min
{
−δAK

r , C1A
K
r − C0P (E3, Br)

}
, (4.23)

and recalling the real number inequality 6

min {−δ1a, δ2a− δ3b} ≤ − δ1δ3
δ2 + δ1

b, (4.24)

for δi > 0 and a, b ∈ R, and applying it to (4.23) yields

∆rF ≤ − δC0

C1 + δ
P (E3, Br) .

Writing C = − δC0

C1+δ
, we obtain the relation that we were looking for.

Remark 4.4. Key changes in the proof when considering the only other cut K2 are that,
now, AK

r = HN−1(Sr
23) and one would now have to replace HN−1(Sr

23) for HN−1(Sr
13) in

(4.22).

6This inequality can be proven easily by direct computation choosing each caso of the minimum.
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In view of these lemmas, the path to prove the Elimination Theorem should be
straightforward. If hypothesis of Lemma 4.5 are met, we obtain (EP), and for this,
we can verify if the weaker formulation in Lemma 4.6 holds true. With the layout set,
we can tackle the proof of Theorem 4.3.

Proof Theorem 4.3. Start by taking a minimal cut in the sense that it minimizes the
quantity

σ(K) = AK
r +HN−1(Sr

12),

Suppose then that the minimal cut is K1. Since AK
r = HN−1(Sr

13) in this case, by
minimality we have

AK
r ≤ HN−1(Sr

23). (4.25)

By estimations done in the proof of Lemma 4.6 we know that

∆rF = (σ12 − σ13)A
K
r − σ23HN−1(Sr

23).

From strict triangle inequality (4.13) specifically σ12 ≤ σ13 + σ23 − δ, and thus

∆rF ≤ (σ23 − δ)AK
r − σ23HN−1(Sr

23)

= σ23(A
K
r −HN−1(Sr

23))− δAK
r

≤ −δAK
r ,

which is enough to apply the Balancing Lemma.

If the minimal cut is K2, the process is identical aside from substituting HN−1(Sr
23)

for HN−1(Sr
13).

Remark 4.5. Regarding the proofs of these results:

1. The problem becomes significantly more difficult when dealing with M number of
chambers in the results. Leonardi tackled this using specific results in graph theory,
seeing each chamber as a node in a connected graph, with the weights going through
the edges being the Hausdorf measure of Sij (see [9]) and a special decomposition
of the quantity σ(K) into flow functions.

2. A cautious reader could notice that if we modify partitions the way we did in the
proofs, it may result in a non admissible competitor sets due to the volume con-
straints maybe not holding. This is in fact the case, but can be amended under
the view of Lemma 2.21. Indeed, proven by Almgren in [8], one can compensate
the missing volume by adding this variation into another set while also approxi-
mating the perimeter by a factor of this same volume change. Since this change is
infinitesimal, it turns out to be negligible when taken into account in the proofs.

3. These results also apply to the case where E1 and E3 are separated entirely by E2.
Some terms simplify even further in the lower semicontnuity results as well as the
elimination results, since HN−1(S13) = 0 in this case. Regardless, this quantity did
not interfere in most of the computations.
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Consider now the second set of conditions (3.3) and let us explore an analogous
theorem and resulting regularity and density properties for the minimzers. To this end,
call MΩ,m the set of all minimizers of FΩ,m.

Theorem 4.7. Let E∗ = (E∗
1 , E

∗
2 , E

∗
3) be a locally minimizing Caccioppoli partition for

FΩ,m in BR ⊂ Ω, and that coefficients σij satisfy (3.3). Then E∗ has (EP) for k ∈ {1, 3}.

Proof. From (3.3) we can deduce that

σ12 < σ13 + σ23 and σ23 < σ12 + σ13.

Then, in the proof of Theorem 4.3 we can still use the variant of the triangle inequality
(4.13) which proofs it for k = 3. Following the same train of thought but now fixing sets
E∗

2 and E∗
3 for their respective cuts, one proofs that E∗ has (EP) for k = 1.

We can now follow–up this version of the Elimination Theorem with some properties.

Lemma 4.8. Let Ω ⊂ RN be open. If E ∈ MΩ,m, then for every x ∈ FE1 ∩ FE2 ∩ Ω or
x ∈ FE3 ∩ FE2 ∩ Ω, there exists r > 0 such that

Br(x) ∩ E3 = ∅ or Br(x) ∩ E1 = ∅,

respectively.

Proof. It suffices to prove for x ∈ FE1 ∩ FE2 ∩ Ω as the other case is analogous. By
Theorem 2.15, E1 and E2 have density 1

2
at x, so that E3 would have density 0 at x.

Thus, for any ε > 0, there exists r0 > 0 such that

|Br0(x) ∩ E3|
|Br0(x)|

≤ ε,

so that
|Br0(x) ∩ E3| ≤ ε|Br0(x)| = εωNr

N
0 .

By Theorem 4.7, we obtain ∣∣∣B r0
2
(x) ∩ E3

∣∣∣ = 0.

Taking r < r0
2
yields Br(x) ∩ E3 = ∅.

This lemma gives us an idea of how the minimizing configuration is going to be within
Ω. Essentially it tells us that, at most, only two sets will be interacting at a time. The
next following results hands us bounds for regulartiy results.

Proposition 4.1. Let Ω ⊂ RN be open, E ∈ MΩ,m, and R > 0. Then, there exists
γ ∈ (0, 1) and r > 0 such that, for every x ∈ ∂Ei with BR(x) ⊂ Ω and 0 < ρ < r, it holds

γ ≤ |Ei ∩Bρ(x)|
ωNρN

≤ 1− γ, (4.26)

for i = 1, 3.
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Proof. Once again, we will do the proof only for i = 1, i.e. take x ∈ ∂E1. By definition of

topological boundary we can say that
∣∣∣B ρ

2
(x) ∩ E1

∣∣∣ ̸= 0, and thus by the contrapositive

of Theorem 4.3
|Bρ(x) ∩ E1| > ωNηρ

N .

We can take a small enough γ > η to obtain the left inequality in (4.26)

|Bρ(x) ∩ E1|
ωNρN

> η > γ.

For the right hand side of the inequality we will consider γ > η, and suppose the
estimate does not hold, i.e.

|Bρ(x) ∩ E1|
ωNρN

> 1− η.

By Federer’s Theorem, we can deduce that

|Bρ(x) ∩ E3|
ωNρN

≤
3∑

i=2

|Bρ(x) ∩ Ei|
ωNρN

≤ η,

since the densities need to add up to 1. So, we get |Bρ(x) ∩ E3| ≤ ηωNρ
N which by

Theorem 4.3, yields
∣∣∣B ρ

2
(x) ∩ E3

∣∣∣ = 0, meaning x ∈ ∂E2. Summarizing, we have that

x ∈ ∂E1 ∩ ∂E2 and by Theorem 2.22 we get a contradiction of the form γ < 1− 1
4N

for a
large enough γ.

Proposition 4.2. Let Ω ⊂ RN be open, E ∈ MΩ,m, and R > 0. Then, there exists
θ, r > 0 such that for all x ∈ ∂Ei with BR(x) ⊂ Ω and 0 < ρ < r, the following inequality
holds

P (Ei, Bρ(x)) ≥ θρN−1,

for i = 1, 3.

Proof. Without loss of generality, we will only prove for i = 1 . From Proposition 4.1 we
have

γ ≤ |E1 ∩Bρ(x)|
ωNρN

.

Applying the relative isoperimetric inequality to the set E1 ∩Bρ(x) we obtain

γ ≤ γN
ωNρN

P (E1, Bρ(x))
N

N−1

(γωN)
N−1
N ρN−1 ≤ P (E1, Bρ(x)) .

Calling θ = (γNωN)
N−1
N we get the desired lower bound for the perimeter.

With these results one obtains the following powerful corollary, in my opinion. It
entails that within Ω, the topological and reduced boundaries of minimizing sets Ei

coincide up to a HN−1−null set. In other words, the boundaries are in some sense well
behaved and in the framework of applying Theorem 4.1.
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Corollary 4.9. If E ∈ MΩ,m, then

HN−1 ((∂Ei ∩ Ω)\(FEi ∩ Ω)) = 0,

for i = 1, 3.

Proof. Again we will only prove for i = 1 as the other case follows similarly. By Propo-
sition 4.2 we have

|DχE1|(Bρ(x)) = P (E1, Bρ(x)) ≥ θρN−1

≥ θ

ωN−1

ωN−1ρ
N−1

=
θ

ωN−1

HN−1(Bρ(x)). (4.27)

We can extend this result to any Borel set B ⊂ ∂E1 using a covering argument. Mainly,
by the Vitali–Besicovitch Covering Theorem [2, Theorem 2.19], there exists a disjoint
family of balls {Bρi(xi)}, with xi ∈ B, such that

HN−1

(
B\
⋃
i

Bρi(xi)

)
= 0.

Since the HN−1 dominates the perimeter, this implies

|DχE1|

(
B\
⋃
i

Bρi(xi)

)
= 0,

This way, |DχE1| (B) = |DχE1| (
⋃

i Bρi(xi)) and HN−1(B) = HN−1 (
⋃

iBρi(xi)), as the
balls are disjoint. So to generalize (4.27) it suffices to obtain the same lower bound for
the union of the balls as follows

|DχE1|

(⋃
i

Bρi(xi)

)
=
∑
i

|DχE1| (Bρi(xi))

≥ θ

ωN−1

∑
i

HN−1 (Bρi(xi))

=
θ

ωN−1

HN−1

(⋃
i

Bρi(xi)

)
.

Taking B = ∂E1\(FE1 ∩ Ω) and recalling DχE1 is concentrated on FE1, then

0 = |DχE1 |(B) ≥ θ

ωN−1

HN−1(B) ≥ 0,

thus HN−1(B) = 0.
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Remark 4.6. This corollary can be proven directly using Federer’s Theorem, Theorem
2.15. Indeed, taking r ↘ 0 in Proposition 4.1, we get that every x ∈ ∂∗E1, implying
∂E1∩Ω ⊂ ∂∗E1∩Ω. This allows us to restrict the result in Federer’s Theorem to ∂E1∩Ω.

Proposition 4.3. Let Ω ⊂ RN be open. For any E ∈ MΩ,m, the following equality
holds:

HN−1 (FE1 ∩ FE3 ∩ Ω) = 0.

Proof. Suppose by contradiction that

HN−1 (FE1 ∩ FF3 ∩ Ω) > 0.

By Corollary 4.9, HN−1 ((∂E1 ∩ Ω)\(FE1 ∩ Ω)) = 0, so by Theorem 4.1 in view of Re-
mark 4.1, for ε > 0, there exists Eε

1 ⋐ E1 such that

|P (E1,Ω)− P (Eε
1,Ω)| ≤ ε and |E1| − |Eε

1| < ε. (4.28)

Consequently one can see also that HN−1 (FE1 ∩ FEε
1 ∩ Ω) = 0.

Define Eε
3 = E3 and Eε

2 = Ω\
(
E

ε

1 ∪ E
ε

3

)
. Sadly these new sets do not have the same

volume so they cannot be considered as competitors for the original configuration. To
recover the volumes, consider x ∈ RN such that its density in E2 is 1. This entails that
density in E1 and E3 are negligible, i.e. for a small enough r > 0

|E1 ∩Br(x)| ≤ η |Br(x)| and |E3 ∩Br(x)| ≤ η |Br(x)| ,

then by Theorem 4.3 we get that
∣∣E1 ∩B r

2
(x)
∣∣ = ∣∣E3 ∩B r

2
(x)
∣∣ = 0. Thus B r

2
(x) ⊂ E2,

and rewriting r
2
as just r ∈ (0, 1) for simplicity, we can see that

|E2 ∩Br(x)| = |Br(x)| .

Now, take ε < |Br(x)| small enough and r′ > 0 such that |Br′(x)| = |E1| − |Eε
1|, and

define
Ẽε

1 = Eε
1 ∩Br′(x), Ẽε

2 = Eε
2\Br′(x), Ẽε

3 = Eε
3.

Volume for these sets is the same as m, so they become a competitor for minimizer that
we will call Ẽ , and we proceed to estimate its functional value. Since Eε

1 is contained in
E1 by definition, then there is no overlap with E3, implying

HN−1
(
FẼε

1 ∩ FẼε
3 ∩ Ω

)
= 0.

Having FẼε
2 ∩ FẼε

3 ∩ Ω ⊂ FE3 ∩ Ω and by Theorem 2.17, we can write

HN−1
(
FẼε

2 ∩ FẼε
3 ∩ Ω

)
≤ HN−1 (FE3 ∩ Ω)

= HN−1 (S13) +HN−1 (S23) .
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Since |Br′(x)| < ε, then r′ <
(

ε
ωN

) 1
N
. This coupled with the perimeter inequality in

(4.28) yields

HN−1
(
FẼε

1 ∩ FẼε
2 ∩ Ω

)
= HN−1 (FEε

1 ∩ Ω) + P (Br′(x))

≤ HN−1 (FE1 ∩ Ω) + ε+NωN

(
ε

ωN

)N−1
N

≤ HN−1 (S12) +HN−1 (S13) + ε+Nω
1
N
N ε

N−1
N .

These estimates allow us to bound FΩ,m, together with condition (3.3), in such a way
that

FΩ,m(Ẽ) ≤ σ12

(
HN−1 (S12) +HN−1 (S13) + ε+Nω

1
N
N ε

N−1
N

)
+ σ23

(
HN−1 (S13) +HN−1 (S23)

)
= FΩ,m(E) + ε̃,

where ε̃ = σ12

(
ε+Nω

1
N
N ε

N−1
N

)
. Taking ε → 0 yields a contradiction with the minimality

condition of E .

This proposition gives us a geometrical understanding for the minimizing configurations.
Ideally, sets E1 and E3 will not touch unless it is in a HN−1−null set, meaning that E1

and E3 will be separated by E2, as was the general idea for configurations in this work.
Considering further more a foliated domain, then E1 will be contained in E2 which will
separate it from E3, or vice versa.

The next and final theorem generalizes Theorem 2.22 for our case of Caccioppoli
partitions, achieving regularity in the boundaries.

Theorem 4.10. Let Ω ⊂ RN be open. If E ∈ MΩ,m, then for any i ∈ {1, 2, 3}, the sets
∂Ei ∩ Ω are of class C∞ up to HN−1−null sets.

Proof. From Corollary 4.9 we know that FEi = ∂Ei up to HN−1−null sets in Ω, for
i = 1, 3. By Proposition 4.3, we can conclude that if x ∈ ∂E1 ∩ Ω then necessarily
x ∈ S12, and together with Lemma 4.8, there exists r > 0 such that

E3 ∩Br(x) = ∅.

This implies that ∂E1∩Br(x) = ∂E2∩Br(x), and by Theorem 2.22 we can conclude that
these sets are C∞ outside a HN−1−null set. Since Br(x) ⋐ Ω and these claims hold true
for almost any x ∈ ∂E1 ∩Ω, then ∂E1 ∩Ω is C∞ as well. We can conclude that ∂E3 ∩Ω
is also C∞, following the same line of reasoning.

Furthermore, sets ∂E1∩∂E2∩Ω and ∂E2∩∂E3∩Ω are C∞ based on x ∈ S12 or x ∈ S13,
a.e. and in their respective case. Hence, ∂E2 ∩ Ω is also C∞ up to HN−1−null sets.
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To summarize the results, aside from some very useful bounds for the volume or
perimeter of the minimizing partition, we were able to conclude that the boundary of the
sets is very well behaved. This in a sense that The reduced boundary of the sets coincide
with the essential boundary, thus integrating the measure theoretic thematic with the
topological one, and great regularity for them. The backbone for these results, Theorems
4.3 and 4.7, were crucial as one can think that they allowed us to reduce the boundaries
locally to only the essentials, in turn erasing any strange interaction between the three
sets, into just two. Once again, this can be generalized for any amount of sets in the
partition but we have cemented the idea on how this result will work in the general scope.
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5 Closing Remarks: From Variational Principles to

Structure

In this thesis we studied the weighted perimeter functional on Caccioppoli partitions with
three chambers, motivated by models of immiscible fluids and, more generally, by inter-
face problems in GMT. The main questions concerned the existence of minimizers, as well
as their structure and regularity under different assumptions on the weights. Although
these issues have already been addressed in [9, 10, 13], here we present them in detail,
aiming to provide a clear starting point for readers interested in sets of finite perimeter
and related variational problems, while also showing classical tools that give a systematic
framework.

Chapter 3, focused on the variational properties of the functional. We proved lower
semicontinuity under triangle inequality conditions on the weights, proving first for small
interactions in the interfaces and build upon that on smaller sets of the interface with
the inner regularity of Radon measures to achieve lower semicontinuity. This ensured
existence of minimizers via the direct method. In contrast, when the inequality was vio-
lated we showed that lower semicontinuity fails, leading to non–existence of minimizers
in general. To address the issue, introduced isoperimetrically foliated domains, which
provided sufficient compactness to recover existence.

Chapter 4 was devoted to structural and regularity results for the minimizers. First
establishing a strict approximation theorem, showing sets of finite perimeter can be ap-
proximated by smooth sets strictly contained within the domain, while also approximating
the perimeter. This was done by a covering argument on the boundary, using Lemma 4.2
to cover the reduced boundary and balls for the rest such that the distance from the set
was small enough and the perimeters approximated well. This provided a flexible approx-
imation tool that could be applied to admissible partitions. The Elimination Theorem,
was proven with the help of the Decay and Balancing lemmas. After creating a competitor
set given by a cut of the partition, the Balancing Lemma proved that the difference in en-
ergy between this and the minimizer is bounded by the perimeter of the set we are cutting
out locally, while the Decay Lemma uses this fact to ensure the elimination property. The
importance of this result lies in its ability to simplify the admissible class to structurally
minimal partitions, thereby excluding degenerate geometries. Together, these two ingre-
dients allowed us to derive strong regularity results akin to the ones revised in Section 2.3.

Overall, the methods employed emphasize the interplay between compactness, ap-
proximation, and structural simplification in variational analysis. The results recover
the classical picture when the weights satisfy a triangle inequality, but also extend to
more delicate cases where this assumption fails. In this way, the thesis contributes to
the understanding of minimizing partitions and to the broader development of tools for
weighted interface problems in GMT.
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[5] Élie Bretin and Simon Masnou. “A New Phase Field Model for Inhomogeneous
Minimal Partitions, and Applications to Droplets Dynamics”. In: Interfaces and
Free Boundaries 19.2 (2017), pp. 141–182. doi: 10.4171/IFB/379.

[6] Antonin Chambolle, Daniel Cremers, and Thomas Pock. “A Convex Approach to
Minimal Partitions”. In: SIAM Journal on Imaging Sciences 5.4 (2012), pp. 1113–
1158. doi: 10.1137/110843586.
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