Universita degli Studi di Milano

Facolta di Scienze Matematiche, Fisiche e Naturali

Corso di Laurea Magistrale in Matematica

Bloch Spaces on the open
unit ball B, c C".

Relatore: Candidato:
Prof. Maura E. Salvatori Jorge Andres Izquierdo Yanqui
matricola: 824431

Anno Accademico 2016-2017







Acknowledgments

"I dedicate this thesis to my mother and my friends who unremittingly supported me during my
years of study. They made this work possible.”

I use this opportunity to express my gratitude to everyone who supported me throughout the course
of my university career.

First and foremost, I owe my mother Mercedes Yanqui Salazar a dept of gratitude for supporting
me in everything I did, making the study possible, her boundless love and supporting me spiritually
throughout my life. Nobody has been more important to me in the pursuit of this university project-
career than her. My entire gratitude to my mother, whose love and guidance are with me in whatever
I pursue. They are the ultimate role models and provide unending inspiration for me.

My heartiest thanks to my friends (also known as family) for their encouragement, motivation and
never-ending friendship. So, my sincere thanks goes to Lorenzo Scesa, Alessandro Pellegrino, Andrea
Mucci, Marco Chiodi and Alessio Busetti. I express my warm thanks to them and could not have
imagined having better friends around me.

Also, this work would not have been possible without the further and constantly support of Chiodi’s
family, Busetti’s family and Braccio’s family. I am really grateful and, especially, indebted to them.

Then, I would like to express my endless gratitude and apreciation to my advisor Prof. Maura
Elisabetta Salvatori for the continuous support during the development of my thesis, for her patience,
motivation, enthusiasm, and immense knowledge. Her guidance helped me in all the time of study
and writing of this thesis.

Last but not the least, I would like to thank my classmates for their support, help and making
the time of study an unforgettable one.






Contents

1 Functional and Complex Analysis in several variables on B,

2

1.1

1.2

1.3

1.4

1.5

1.6

1.7
1.8

Preliminaries . . . . . . . ..
1.1.1 Thespace C™ . . . . . .
1.1.2 Theopenunit ball B, . . . . .. . .. ... ... .
1.1.3 Differential operators on C™ . . . . . . . . . ... Lo o
1.1.4 Multi-index notation . . . . . . . . ... L
1.1.5 CFfunctions . . . . . . . . ..
1.1.6 Polydiscs and the distinguished boundary . . . . . . ... ... ... ... ...
1.1.7  Power series . . . . . . . . . . . e
Holomorphic Functions . . . . . . . . .. ...
1.2.1 Definition of Holomorphic Function . . . . . ... ... ... ... .. .....
1.2.2  The Cauchy integral formula for polydiscs and the Cauchy kernel . . . . . . . .
1.2.3 Equivalence between Definitions 1.2.2 and 1.2.5 . . . . . . .. ... .. ... ..
1.2.4 The Hartogs Theorem . . . . . . . . . . . . . ... . ... ... ......
1.2.5 Consequences of Cauchy Integral Formula . . . . . . . ... ... ... .. ...
1.2.6  Composition of Holomorphic Functions . . . . . ... .. .. ... ... ....
1.2.7 Holomorphic maps of the form F: QCC" — C™. . ... ... ... .....
The Automorphism Group . . . . . . . . . . . . .
1.3.1 Introduction about Automorphisms . . . . . ... ... ... L.
1.3.2 The unitary mapping . . . . . . . . ..o
1.3.3 The involutive automorphism . . . . . . . . ... ... L Lo oL
1.3.4  The characterisation of Aut(B,) . .. .. ... ... ... .. ........
1.3.5 The Operator A . . . . . . . . e
Weighted LP spaces . . . . . . . . . o o o it e
1.4.1 The weighted measure dvg, . . . . . . . . o o e
1.4.2  LP boundedness of a family of integral operators . . . .. ... ... ... ...
1.4.3 Change of variables formula and Applications . . . . . . . . . ... ... ....
Differentiation . . . . . . . . L e
1.5.1 Notions of differentiation . . . . . . . . .. ..o oo
1.5.2 The operator R™' . . . . . . ..
The Bergman Metric . . . . . . . . . . . .
1.6.1 The Bergman matrix . . . . . . . . .. . Lo
1.6.2 The Bergman metric . . . . . . . . . ..o
1.6.3 The Bergman metric ball . . . . .. ... ... oo oo
Subharmonic Functions . . . . . . . . . . ...
Complex Interpolation of Banach Spaces . . . . . . . ... ... ... ... ... ....

Weighted Bergman spaces

2.1

2.2
2.3
2.4

The Bergman Space Ah, . . . . . . . ...
2.1.1 Thespace A2 . . . . . . ..
Bergman Type Projections . . . . . .. .. ..
Duality . . . . . . e
Characterisation in terms of derivatives . . . . . . . ... ... ... ... ... ..

— O © © 0000 o O Ut out G

B R R W W W W W W W W WN NN DN e e e e e
CUIR N OO WNDNN OO0 OO0 -0 Ut i W N



2.4.1 Characterisation
2.5 Atomic Decomposition
2.6 Complex Interpolation

3 Bloch spaces
3.1 The Bloch space B . .

in terms of R . . . . .o

3.2 The Little Bloch Space By . . . . . . . .« . e
3.3 Construction of non-trivial functions in the Bloch space and the little Bloch space. . .

3.4 Duality of Bloch Spaces
3.5 Maximality . .. . ..
3.6 Pointwise Multipliers .

3.7 Atomic Decomposition of Band By . . . . . . . . ...

3.8 Complex Interpolation

References

97

97
118
127
131
137
141
145
150

153



Abstract

The Bloch space has a long history behind it and is a central object of study in several outstanding
problems remain unresolved. It was introduced by the French mathematician Andre Bloch at the
beginning of the 20-th century and, since then, has undergone a remarkable metamorphosis.

The basic idea was considered the class of holomorphic functions f on the unit disk of C, denoted by
D, with normalisation f’(0) = 1, such that

(1= 121 f'(2) (0.0.1)

is bounded. Equivalently, the Bloch space, on I, consists on holomorphic functions whose derivative,
on a fixed point z € D, grows no faster than a constant times the reciprocal of the distance from z to
the boundary of D.

One of the outstanding problems concerning the Bloch space, for instance, is to determine exactly
what functions of the Bloch space have the property that the Taylor coefficients approach zero.
Many mathematicians payed attention to this functional space because of its intrinsic interest and
because is the meeting place of several areas of Mathematical Analysis. In particular, the theory of
Bloch space lies at the interface of Complex Analysis and Operator Theory and so it helps us to gain
a deeper understanding of both of them. For instance, we show that the Bloch space is the largest
space with certain natural properties and, thus, providing another justification for studying it.
However, we mention that some of such authors are, for example, L. Ahlfors, J.M. Anderson, J. Clunie,
Ch. Pommerenke, P.L.. Duren, B.W. Romberg and A.L. Shields.

During the period from 1925 through 1968 Bloch’s result motivated works of various nature. In fact,
in this period, one group of these mathematicians considered the generalisations of Bloch’s result to
balls in R™ to C".

In the same period, another group, of the above mentioned mathematicians, were concentrated on the
function theoretic implications for the case of the unit disc of C. Furthermore, this holomorphic space
plays an important role in classical geometric function theory mainly because of its Mobius invariance.
In fact, equipping the Bloch space, denoted by B, with the following norm

[F(0)] + 21615(1 = l2)If (2)],

it turns out that the Bloch space is the maximal Mobius invariant Banach space of holomorphic
functions. Actually, in this thesis we prove that this result holds in the several-variable case too.

In the period from 1969 to the present the Banach space B has been studied and become fairly active.
Some progress has been made in establishing the Banach structure and, hence, the functional analytic
properties of B. In fact, the Banach space point of view has allowed a somewhat broader viewpoint
and, consequently, has given rise to a new set of questions concerning the Bloch space.

During the period from 1970 through the middle of the 90’s many mathematicians, such as for example
J. Arazy, S. Fisher, J. M. Anderson and S. Axler, studied the theory of the Bloch spaces extending
many results to the several-variable case. Namely, for functions defined on the open unit ball of C"
with values in C. Hence, in higher dimensions, B is defined as the space of holomorphic functions
f B, — C such that

sup [V(f 0 .)(0)] < oo,
ZE]Bn



where ¢, is the involutive automorphism of B,,. That is

z— S22y 122 (2 — %522
|| ||

1-<w,z>

v, (w) = , z,w € B,.

<, > denotes the hermitian product of C™ and the complex gradient V is defined as

Vi(z) = <§i(z), ng;(z)> .

At the beginning of 90’s, the concept of Bloch space was extended for functions defined on the open
unit ball B,, of C"™ with values in C".

Finally, R.M. Timoney, on his thesis ”Bloch functions in several complex variables”, 1980, made a
study of the Bloch space on bounded symmetric domains in C”. This work is quite expensive and
deep, it would require material from areas which are not considered in the disc case.

The purpose of this manuscript is to give a wide collection of many results concerning the Bloch
space for functions defined on the open unit ball B,, of C" having values on C. Namely, we shall
show that many important properties for Bloch functions in one complex variable have analogs for
functions in several complex variables. More is true, we will supply proofs of the major results and
outline proofs of other ideas when they are not central to our interests.

In this thesis we will give an overview of the theory of the Bloch spaces and some applications.

The current thesis is organised as follows. In chapter 1, we first collect all needed ingredients from
Functional and Complex Analysis in several variables. We start with some notation used through this
thesis and the sets that will be used. We will introduce holomorphic functions of several complex vari-
ables and prove the n—dimensional analogues of several theorems well-known from the one-dimensional
case.

We set the stage of many essential concepts for the rest of this thesis such as the Bergman metric, the
Automorphism Group, Differential operators and the invariant Laplacian.

We present a concise review and introduction to the Lebesgue integral in the open unit ball B,, of C™
and, hence, the L? spaces. These include the change of variables formula, integral operators and the
basic integral estimate of the kernel functions.

This chapter ends recalling the notion of Subharmonic function and a technique used repeatedly in
this thesis: Complex Interpolation of Banach spaces.

In chapter 2, we introduce the weighted Bergman spaces and concentrate on the general aspects
of these spaces. Most results are concerned with the Banach (or metric) space structure of Bergman
spaces. Our approach here is functional analyitc.

The theory of reproducing kernel Hilbert spaces interacts with many subjects in mathematics. In
this chapter we provide an example of Hilbert space with reproducing kernel: the Bergman space of
square Lebesgue integrable functions, that is still an important field in mathematical research, and
some fruitful applications.

Some further topics related and studied in chapter 2 are, for instance, the characterisation in terms of
derivatives and the atomic decomposition of the Bergman space. This consists on the decomposition
of every function of the Bergman spaces into a very particular and nice family of functions.

We study the Bergman projection that provides the connection between the LP spaces and the Bergman
spaces. In this chapter we show that the duality of Bergman spaces is also similar to the LP spaces.
Moreover, the complex interpolation turns out to be similar to the LP space interpolation illustrated
in chapter 1.

In chapter 3 we will concentrate on the main topic of this thesis: The Bloch space on the open
unit ball B,,. Equipping B by the following seminorm

1fll5 = sup [V(f o ¢2)(0)],

z€B,



we prove various characterisations of it, some functional and topological properties. One of these, that
will be proved, is the lack the of separability.

We will focus in the following point of view: the Bloch space, in some sense, can be thought of as limit
case of the Bergman spaces. In fact, we also show that the image, under the Bergman projection, of
the space of bounded functions is the Bloch space.

In this chapter we study the Bloch space as a companion of Bergman spaces: we prove that the Bloch
space can be identified with the dual space of the Bergman space given by the holomorphic functions
Lebesgue-integrable.

However, the Bloch space is also interesting in its own right. In fact, the Bloch space has been studied
much earlier, in geometric function theory, than the Bergman spaces.

The intimated relation to the Bergman metric is also proved. That is, the Bloch space consists on the
set of holomorphic functions that are Lipschitz from the open unit ball B,, with the Bergman metric
to C with the Euclidean metric.

In chapter 3 we illustrate and give a detailed description of a closed subspace of B: the little Bloch
space By defined as

Bom{feB | tm [V(7op)0)] =0},

Hence, we investigate and gather some properties that are a direct consequence of such inclusion. For
example, characterisations, convexity and density of polynomials. Special attention is given to the
following aspects: construction of nontrivial functions, for both the Bloch and the little Bloch space,
and connection with other functional spaces.

We also characterise the pointwise multipliers of the Bloch space and the little Bloch space.

Further results studied in this chapter, for both the Bloch and the little Bloch space, are the atomic
decomposition and complex interpolation, where the relation of the Bloch space with the Bergman
space is heavily used.






Chapter 1

Functional and Complex Analysis in
several variables on B,

In this chapter we provide all the necessary and fundamental tools to study the holomorphic spaces
of our interest.
We start discussing the n-dimensional complex number space C”, the open unit ball of C" and the
polydisc. After that, we introduce the notation used in this thesis. Next, the notion of holomorphic
function in several variables is given in three different ways and the equivalence among them is also
proved. Consequently, we study the main properties and some results of holomorphic functions, most
of them are a natural extension from Complex Analysis in one variable. Then, we study the automor-
phism group on the open unit ball B,,. In particular, we show that every automorphism is described
in terms of a unitary transformation and an involution that interchanges a, where a € B,,, with the
origin.
We will argue about an invariant operator under automorphisms of B,,: the invariant Laplacian.
Regarding the Lebesgue integration, we talk about the most relevant peculiarities that are indispens-
able in our fieldwork. The description of these tools continues setting and exploring many techniques,
such as change of variables formula, the fractional differential and integral operators.
After that, we provide some others instruments like the Bergman metric and Subharmonic functions.
Finally, in the last section, we introduce the notion of complex interpolation and present a version of
the Marcinkiewicz interpolation theorem.
For this chapter the references are: Spaces of Holomorphic Functions in the Unit Ball, Zhu Kehe,
Springer, 2010.
Holomorphic Functions and Integral Representations in Several Complex Variables, R. Michael Runge,
Springer, 1986.
Function Theory of Several Complex Variables, Steven G. Krantz, Pacific Grove, 1992.

1.1 Preliminaries

In this section, we collect some basic notations, facts and terminology, which will be used through-
out this thesis.
R and C denote the field of real and complex numbers; Z and Z* denote respectively the integers and
nonnegative integers. Finally, N denotes the set of natural numbers.

1.1.1 The space C"

Fix n € N, we denote by C" the n-dimensional complex number space. It is defined as the cartesian
product of n copies of C, that is

C":={2z=(z1,..,2n),25€Clor 1 <j<n}.



For the points of C", we shall use the notation z = (z1,...,2,). Arguing as in the case of R", the
standard basis of C" is

er = (1,0,...,0), e3=(0,1,...,0), ... ,en = (0,0,...0,1),

while the zero vector is given by 0 = (0, ...,0).
We write z; = x; + iy; for the decomposition of the coordinates z; into real and imaginary parts.
Hence, the bijection

(21,00 2n) € C" — (T1, Y1, +orr Tn, Yn) € R?" (1.1.1)

establishes an R—linear isomorphism between C” and R?". This isomorphism is used to introduce a
norm and thus a topology on C". Since all norms on R?" are equivalent, all norms on C” define the
same topology.

The vector space structure of C”, over the field C, is described as follows: addition and multiplication

by a complex scalar A are defined coordinate-by-coordinate : z +w = (21 + w1, ..., 2, + wy) and
Az = (Az1, ooy A2p).
The standard Hermitian inner product on C™ is defined by

n
L— . - n
<z,w>.—E zjw;, z,w € C",
Jj=1

where w; indicates the complex conjugate of w;. The norm associated is

|2l = V< 2,2 > = V|22 + ... + |22,

which induces the Euclidean metric in the usual way: let z,w € C", we have that dist(z, w) = |z —w]|.

1.1.2 The open unit ball B,

Fix a € C" and r > 0, the open ball centered at the point a of radius r is denoted by B(a,r),
namely

B(a,7)={z€C" | |z —a|] <r}.

The topological boundary of B(a,r), denoted by dB(a,r), is 0B(a,r) ={z € C" | |z —a| =r}.
In particular, in these notes, the open unit ball B,, is

B,={z€C"| |z| <1} .

Through this thesis, we denote the unit sphere in C" with S,,, which is the boundary of the open unit
ball, that is S,, = {z € C" | |z| = 1}. As a consequence, we easily can see that B,, = B,, US,,.
For n = 1, in the remainder of this thesis, we will denote by

D:={zeC||z| <1},

and by
S:={2ze€C||z|=1}.

Finally, every set €2 C C™ which is connected and open is said to be a domain.

1.1.3 Differential operators on C"

Now we introduce the partial differential operators on C" given by

0 1/ 0 0 0 1/ 0 0
— === i — == =—+i— =1,...,n. 1.1.2
aZj 2 (690] layj) ’ (%j 2 (833] +Z3yj> . el ( )



The operators introduced in (1.1.2) are also known as Wirtinger derivatives. Moreover, we remark
that these operators are going to be used in the Definition of holomorphic function in several variables.
These operators satisfy the following

0z, 0z,

k .
— = —— =0, k,j=1,...
3,23 a}j kjs RyJ ey 1O
0zy, 0z .
—=—=0, k,y=1,...,n.
azj azj Y 7.] ) 7n

Likewise, we have the differentials of the coordinate functions, that is
dz; = dx; +idy;, j=1,...,n,

de = dCCj - idyj, j=1,..,n.

Since C" is isomorphic to R?", we can impose on C" in a natural way any of the structures of R?*"; for
instance, the Lebesgue measure on R?" becomes a measure on C", which will be denoted by dV. The
Lebesgue measure can be explicitely written as dV(z) = (%)n dzidz;...dzZ,dz, or, equivalently, using
the above differentials

dV (z) = dxidy . . . degdyy,. (1.1.3)

Actually, (1.1.3) is the form in which we use the Lebesgue measure.

1.1.4 Multi-index notation

Any theory of functions of several variables requires multi-index notation. A multi-index « is an
element of (Z*)". The multi-index notation will be used to simplify formulas involving power series,
polynomials and partial derivatives in several variables. Indeed, if a = (v, ..., ay,) € (Z1)",

w = (wy,...,w,) € C", then

«

w® =wit - wpn

oc o g
8Tu - awl o 8wn’
o 9 g
87@ a 0w, o owy, '

Hence, in multi-index notation, a multi-variable power series can be written in the form

E caz®,

aeN”

o0 o0
which is an abbreviation for Z Z Conrom 2yt oo 20, where Car,..am € C.
a1=0 an=0
For the sake of simplicity, for o € (Z)™, we will use the following common notation

n
al=a! - a,! and \a|:Zaj.
j=1

Furthermore, if o, 8 € (Z1)", a < B means that o; < 3; for all j.
Finally, the multi-nomial formula is written by

N!
(z1+ o+ 2)V = Z — 2%
(6%

la|l=N



1.1.5 C* functions

Given k € ZT and an open set Q C C", let f : Q@ — C, it is easy to see that f can be considered as
F(2) = u(@1, Y1, s Ty Yu) Fi0(21, Y1, oo, Ty Y ), Where u, v : R2® — R. So, when we write f € C¥(0Q),
we mean that u and v are k times continuously differentiable on 2.

We gather some properties of the Wirtinger derivatives in the next proposition.

Proposition 1.1.1. Let Q C C" a domain, assume that f,g € C1(Q2). Then the following equalities

hold
0 0 8
82z( f-l-ﬁg)Ozaf—i-ﬁazZ o7 ( f+89) = f +ﬁ8* , a, € C, (Linearity).
0 0 0 0
0z, (f g) = 8fg + a—gz , (f g) = 8f 8; , (Product Rule).
g _ oI Gf = g (Conjugation).

0z; - 852'7 0Z; B 822"
1.1.6 Polydiscs and the distinguished boundary

To continue our short introduction, we mention the notion of polydisc and distinguished boundary.
In spite of the fact that the principal topics of this thesis are holomorphic spaces on the open unit ball,
the easiest approach to the most fundamental facts about holomorphic functions, in several complex
variables, is based on polydiscs rather than balls. In fact, for instance, the polydisc is going to be
used for what concerns the extension, to several variables, of the definition of holomorphic function.
Moreover, we will use both the polydisc and the distinguished boundary for the generalisation of the
Cauchy integral formula.
Let’s start with the definition of polydisc.

Definition 1.1.2 (Polydiscs). Fix a = (ay,...,a,) € C" and r = (ry,...,m,) an n-tuple of real positive
numbers, the open polydisc is defined as

P(a,r):={2=(21,.,2n) €C" | |zi —a;s| <73, i =1,...;n } = Di(a1,71) X ... X Dy(an,m), (1.1.4)

where Dj(a;,7;) = {2; € C| |zj —a;| <r;} for all j =1,...,n. The n—tuple r = (r1,...,7y,) is called
multiradius.

In other words, polydiscs in C™ are basically cartesian products of n discs in C. More is true, the
open polydiscs constitute a basis for the collection of open sets in the Cartesian product topology on
C™ and, when n = 1, the polydisc and the ball coincide.

The circle, on C, centered at the point a; € C with radius r; > 0 is denoted by C(ag, ), that is

Clag,mx) :={2€C| |z —ag| =ri}.
The boundary of the polydisc is given by the disjoint union

n

U (aivri) x @ Djlaj,ry) ¢

J=1,j#1

where @'_; Dj(aj,7;) = Di(a1,71) X ... X Dp(an,7n).
We introduce the distinguished boundary,
boP(a,r) := C(a1,r1) X C(az,rz2) X ... x C(an, ).

In many situations, byP(a,r) plays the same role as the unit circle in one complex variable. Hence,
according to the previous remark about the boundary of the polydisc, we easily find that

boP(a,r) C OP(a,r).

This means that byP(a,r) is strictly smaller than the topological boundary of the polydisc, when
n > 1. In fact, we can notice that by P is of real dimension n, while the boundary of the polydisc has
dimension (2n — 1).



1.1.7 Power series

In order to introduce holomorphic functions of several variables, we must first discuss basic facts
about multiple series. That is, formal expressions

Z bas  ba = bal,...,an e C.
aeN"

Of course, we start defining what we mean by the sum of a multiple series. First of all, if n > 1,
the index set N does not carry any natural ordering, so that there is no canonical way to consider
> acnn Do as a sequence of finite partial sums as in the case n = 1. The ambiguity is avoided if one
considers convergent series, defined as follows.

Definition 1.1.3. The multiple series ) nn bo is called convergent if

sup{ > ba

a€A
Definition 1.1.4. Let (¢y)aene € C and fix a € C™, a power series in n complex variables z1,. .., z,
centered at the point a is a multiple series of the form

Z calz —a)®. (1.1.5)

aeN"

, A finite } < 00.

Definition 1.1.5. Fix 2 € C", the above power series is said to be convergent at the point 2 if the

series
Z ca(2’ — a)®

aeN™
converges.

Similarly, we easily deduce the definition of absolute and uniform convergence of a power series in
n complex variables.

Definition 1.1.6. The domain of convergence of the power series is the interior of the set of points
z € C™ for which the series in formula (1.1.5) converges.

1.2 Holomorphic Functions

The objective of this part is to give a formal definition, study the behaviour and list the main
properties of holomorphic functions in several variables. Some of the properties of holomorphic func-
tions, like power series expansion, extend from one to several variables. However, they differ in many
important aspects. For example, in one variable the zero set of a holomorphic function is a discrete
set. The zero set of a holomorphic function in C", n > 2, is never isolated: it has 2n — 2 real di-
mension. Another main difference is that there is no analog to the Riemann map theorem in higher
dimensional spaces. Therefore, it is not correct to consider the theory of several complex variables as
a straightforward generalisation of that of one complex variable.

1.2.1 Definition of Holomorphic Function

There are a number of possible ways to define what means for a complex valued function on an
open set, in C™, to be holomorphic. We begin with the notion of separately holomorphic function.

Definition 1.2.1 (Separately Holomorphic). Let € C C™ be an open set, a function f : Q — C
is said to be holomorphic, in €, in each variable separately, if for every j = 1,...,n and every fixed
21y ey Zj—1, Zj41, ---, Zn the map

E— f(21, ., 2j-1,6, 2415 -er Zn)

is holomorphic, in the classical one-variable sense, on the set

{f cC | (21,...,2];1,5, sz,...,zn) c Q}

9



We propose two different plausible definitions of holomorphic functions, which are equivalent to
each other. The first one concerns the well known Cauchy-Riemann equations.

Definition 1.2.2 (Holomorphic Function). Let & C C™ be an open set, a function f : Q — C is called
holomorphic on Q if f € C'(2), namely continuously differentiable, and satisfies the Cauchy-Riemann
equations in each variable separately, that is

af

~(2) =0, for 1 <j<nandze€. (1.2.1)
8Zj

Let f be a holomorphic function, according to Definition 1.2.2, and suppose to fix (n — 1) variables
21y .y Zj—15Zj41s ---» Z2n- We notice that the map

§— f(z1,,25-1,&, 2541, s 2n)

is continuous differentiable and satisfies the Cauchy Riemann equations. Hence, we deduce that the
map f is holomorphic in each variable separately. In other words, we’ve proved the following result.

Proposition 1.2.3. A holomorphic function, according to Definition 1.2.2, is separately holomorphic.

Remark 1.2.4. Since f can be considered as f(z) = w(1, Y1, ...; Tn, Yn) + 0(T1,Y1, .., Tn, Yn ), Where
u,v : R?" — R, using the operators introduced in (1.1.2), the Cauchy-Riemann equations can be
equivalently written in the following form

L Wi=l..n,

o, Oy;

W M 1:22)
8yj_ 81']’ J RS

The extension of the concept of holomorphic function, from one to several variables, is perhaps
most naturally achieved using the basic property : the expansion in power series. We provide another
definition of holomorphic function in several variables as follows.

Definition 1.2.5 (Holomorphic Function). Let £ C C" be an open set, a function f : Q@ — C is
holomorphic on  if for each 2" € Q there exists (cq)aens € C, 7 = r(z") > 0 and a polydisc P(z°,r),
where P(20,7) C €, such that f can be written as an absolutely convergent power series on P(2°,7).
That is

f(z) =) calz =2, Vze P 1), (1.2.3)

and the convergence is uniform on compact subsets of P(z",r). In other words, every holomorphic
function is locally the sum of a convergent power series.

In the next remark, we talk about homogenous expansion. For this aim, we recall the following
two definitions.

Definition 1.2.6. Let d € Ny and o € N”, a polynomial of degree d, in C", is an expression of the

form
P(z) = Z Caz®
vl <d

where ¢, € C.

Definition 1.2.7. A polynomial P is said to be homogenous of degree d, where d € Ny, if

P(\z) = \P(z), YAeC,zeC"

10



Remark 1.2.8. Assume 2" = 0 in the expansion in equation (1.2.3), putting
fr(z) == Z ca?®, k>0,
| <k

hence, we obtain
+oo
f(z) = fr(2), ¥ z € P(0,7),
k=0

which is called homogenous expansion of f. There are several reasons to consider this type of expan-
sion. For example, an advantage is that it is invariant under linear changes of variables: if L is a linear
transformation on C", then the composition f; o L is homogenous of degree k. Hence, for a suitable
polydisc P(0,7) such that P(0,7) C Q, (f o L)(z) admits the following locally expansion

“+o00

(foL)(z) = (froL)(2), ¥z € P(0,r),

k=0

where the convergence is uniform on compact subsets of P(0, 7).

Let Q C C™ be an open set and a holomorphic function f : 2 — C, according to Definition 1.2.5.
Suppose that the coordinates 21, ..., zj—1, Zj41, ..., 2, are fixed. Let (¢;)jen, = (€1,...j=1,j,j4+1,....n) j€No
be; that is, we fix (1,...,5 — 1,7 +1,...,n) € N*~1. Then we obtain that the power series in (1.2.3)
can be arranged as a convergent power series in z; — z?. This means that the function is holomorphic
in each variable separately on €2; thus the ordinary complex derivative with respect to one of the
variables z; is well-defined. That is,

Proposition 1.2.9. A holomorphic function of several variables, according to Definition 1.2.5, is
holomorphic in each variable separately.

Actually, considering Proposition 1.2.3 and 1.2.9, we deduce that

Proposition 1.2.10. A holomorphic function, according to both Definitions 1.2.2 and 1.2.5, is holo-
morphic in each variable separately.

1.2.2 The Cauchy integral formula for polydiscs and the Cauchy kernel

For functions that are holomorphic in each variable separately, there is a Cauchy integral repre-
sentation formula which extends the well-known one variable formula. This representation formula is
most easily established on polydiscs.

Theorem 1.2.11 (Cauchy Formula for Polydiscs). Let @ C C™ an open set be, let f : Q@ — C
be a holomorphic function in each variable separately on Q and a polydisc P(a,r), with multiradius
r=(ri,...,m), such that P(a,r) C Q. Then, it holds that

_ 1 f(glvagn)
f(Z) B (27”')71 /C’(an,rn) /C(al,rl) (51 - Zl)(&n - Zn)d&mdgn Y zE P(G,T), (1.2'4)

or equivalently,

o 1 f(gb’gn)
fz) = (2mi)" /boP(a,r) (61— 21)(§n — Zn)d&mdgn vz € Pla,r).

Proof. We prove the theorem by induction over the number of variables n. For n = 1, this is Cauchy’s
integral formula, for the disc, for a holomorphic function of one complex variable. Let’s suppose n > 1,
and that the theorem has been proved for (n — 1) variables. Fix z € P(a,r), we apply the inductive
hyphotesis with respect to (2, ..., z,) obtaining

_ 1 f(Zl, 7571)
1) = s /C(amrn) /C() . (1.2.5)

11




Fixing &9, ..., &,, the case n = 1 gives explicitly

1 f(glvagn)
f(a1,82, 0 6n) = 5 / — = de, (1.2.6)
" (27TZ) C(al,rl) (51 - Zl)
we substitute (1.2.6) into (1.2.5) and, since f is measurable, we deduce that the integral makes perfectly
sense as an iterated integral. Then, we immediately obtain the desired result. O

Remark 1.2.12. The Cauchy integral formula shows an important and subtle point about holomor-
phic functions in several variables: the value of the function f on P(a,r) is completely determined by
the values of f on the region of integration by P.

Definition 1.2.13 (Cauchy kernel). The Cauchy kernel is the product that appears in the integrand
of (1.2.4). Moreover, this kernel can be written as an absolutely convergent power series on P(a,r),
where P(a,r) C Q. That is,

n

H ! = 1 = Z M YV z € P(a,r), £ € bgP(a,r), (1.2.7)

(&%) (& —aj) = (5 —a;) S (E—a)tV

J= J=1
where o +1 = (a1 + 1, ..., 5, + 1) and the convergence is uniform on compact subsets of P(a,r).

Remark 1.2.14. In the next section, the Cauchy integral formula for polydiscs will be used to prove
the equivalence between Definitions 1.2.2 and 1.2.5.

1.2.3 Equivalence between Definitions 1.2.2 and 1.2.5

The main object of this subsection is to show that the Definitions 1.2.2 and 1.2.5 are equivalent.
We start proving 1.2.2 = 1.2.5. Let 2 C C™ be an open set. A holomorphic function f : Q — C,
according to Definition 1.2.2, is separately holomorphic. Hence, for a polydisc P(a,r) such that
P(a,r) C Q, we can apply the Cauchy integral formula, we use the expansion (1.2.7) of the Cauchy
kernel and, thanks to the uniform convergence on compact subsets, we interchange the order of sum-
mation and integration as follows

B 1 f(é.lu"'agn)
12 = Gariys /bop<a o 6 = 21) (o — o)

— (=0
= (27Ti)n /boP(a,r) f(gl,,fn) Z (g_a)aﬂdfl“'d&n

aeN”

— Z 22:”& /b del dé,, Yz € P(a,r).

aeNn oP(a,r) (5 -

Hence, it follows immediately that the function f has a locally power series expansion of the form

f(z) =) calz —a)*, Vze P(a,r), (1.2.8)
where ) FEr )
P 17 ey SN
Ca(aly...7an) = (27_”)” /bopar <£1 _al)a1+1 (é_n _an)a7L+1d€1...d€n.

This proves that f is holomorphic according to Definition 1.2.5.

We prove that (1.2.5 = 1.2.2). Let Q2 C C" be an open set and let f : @ — C be a holomorphic
function according to Definition 1.2.5. Thanks to Proposition 1.2.9, f is holomorphic in each variable
separately and, hence, the Cauchy-Riemann equations in each variable separately are satisfied. Fi-
nally, the locally expansion in power series clearly implies that f € C1(Q).

After this argument, considering Proposition 1.2.11, as a consequence we have that
Theorem 1.2.15. Every holomorphic function is holomorphic in each variable separately.

Remark 1.2.16. Thanks to Hartogs theorem, we’ll prove that the converse is also true.

12



1.2.4 The Hartogs Theorem

We now present Hartogs theorem, which states that a holomorphic function in each variable sepa-
rately is holomorphic according to Definition 1.2.2 or equivalently 1.2.5. We start explaining what we
do in this subsection. Let {2 C C" be a domain, suppose that f : 2 — C is a holomorphic function in
each variable separately and is bounded on compact subsets. Under these conditions, for a polydisc
P(a,r) such that P(a,r) C Q, arguing in the same way that in subsection 1.2.3, we find that f can
be written as an absolutely convergent power series on P(a,r) as follows

flz) = an(z —a)®, Vze P(a,r),

where the convergence is uniform on compact subsets of P(a,r). Therefore, in order to prove the
fundamental Hartogs theorem, this means that it suffices to check that if f is holomorphic in each
variable separately, then it is bounded on compact subsets.

This subsection is organised as follows. We begin with the statement of Hartogs Lemma. Afterthat,
we provide the Hartogs Theorem. The proof of Hartogs Lemma is omitted and can be found, for
example, in the book of Joseph L. Taylor, Several Complex Variables with Connections to Algebraic
Geometry and Lie Groups.

Lemma 1.2.17 (Hartogs Lemma). Let f be holomorphic in P(0,7) = D1(0,71) X ... X Dy (0,7y,). Fiz
Z1,..ey Zn—1, let the power series expansion of f in the variable z, be. That is

F(2) = fel2)2h, (1.2.9)
k

where the fi are holomorphic in P(0,r") := D1(0,71) X ... X Dy—1(0,7—1). If there exists | > 0, such
that 1 > 1y, so that this series converges in Dy(0,1), for every z' € P(0,r"), then (1.2.9) converges

)
uniformly on each compact subset of P(0,7") x D, (0,1). Therefore, f extends to be holomorphic on
P(0,7") x Dy(0,1).

Thanks to this Lemma, we can prove Hartogs theorem.

Theorem 1.2.18 (Hartogs, 1906). Let Q C C" be a domain and f : & — C holomorphic in each
variable separately. Then f is holomorphic on €.

Proof. This theorem is proved by induction on the dimension n. If n = 1, there is nothing to prove.
Suppose that n > 1 and that the theorem is true for dimension (n — 1). Let a € £ and a polydisc
P(a,r) such that P(a,r) C Q. Using the following notation

P(a’,r’) = Dl(al,rl) X ... X Dn_l(an_l,rn_l),

we define
Xy = {zn € Dp(an,rn/2) : |f(2,20)] < k, V2 € P(a’,r’)}.

We notice that, since f(2/, z,,) is continuous in z, for each fixed 2/, X}, is closed for every k. Using the
induction assumption, f(2/,z,) is also continous in 2’ and, for every z, € Dy (ay,r,/2), bounded on
P(a’,r"). Hence,

Dy(an, n/2) C | ) X

k

As a consequence of the Baire category theorem, the set X} contains a D, (b, d), for some k, of some
point b, € Dy (ap,r,/2).
Since f is separately holomorphic and uniformly bounded in the polydisc P(a’, ') x Dy (by, ), we can
conclude that f is holomorphic on P(da’, ") x Dy, (by, 9).
We choose s, > 1,/2 so that Dy, (b, s,) C Dp(apn,rn). Then, f(2/,2,) is holomorphic in z,, on
D, (by, sp), for every 2/ € P(a’,r"). As a consequence, we deduce that the expansion in power series
of f(7,z,) about (d’,b,) converges, for every fixed point 2z’ € P(a’,r’), as a power series in z, on
Dy, (by, $p). From Hartogs Lemma, it turns out that f is holomorphic on all of P(da’,7") X Dy, (by, $n).
By the arbitrariness of a, the proof is completed. O
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Finally, in this thesis, we will deal with the following function spaces.

Definition 1.2.19.
H(B,)={f:B, — C| f holomorphic }

H*(B,) :={f:B, — C | f holomorphic and bounded }
A(]Bn) :=C (B,) N H(By).
Co( ={feC®Bn)| fls, =0}

1.2.5 Consequences of Cauchy Integral Formula

The aim of this subsection is to summarise some elementary properties, for holomorphic functions
of several variables, that are analogous to properties of functions of one variable. Most of them are
deduced from the Cauchy Integral Formula. Since their proof follow the same lines as in the one
variable case, we omit them. However, they can be found, for example, in the book of R. Michael
Runge, Holomorphic Functions and Integral Representation in Several Complex Variables.

Corollary 1.2.20. Suppose f € H(QY), where Q C C" is a domain. Then f € C°°(Q2). Furthermore,
for any multiindex o, we have that
o f
0z
Moreover, the mean value property holds. That is, for a polydisc P(a,r), such that P(a,r) C B, we
have

€ H(Q).

2m 2m
fla) = /0 - ) f(riexp(ity), ..., rpexp(ity))dty...dt,

(2m)™
Proof. We basically use the Cauchy integral formula on any closed polydisc which is contained in
Q). Hence, we can differentiate under the integral sign and the result follows easily. After that, to
prove the pointwise integral formula, we just substitute z = a in (1.2.4) to obtain the desired formula.
Finally, putting z = 0 and a = 0 in (1.2.4), we get the following nice formula

517 . 7§n)

n

DL aSn) geydén

OTn 07’1)

- / F(€)do(€)
rSn

f(r&)do(§).
Sn

This completes our proof. ]

Corollary 1.2.21 (Cauchy estimates). Let Q C C" a domain, f € H(Q) and a polydisc P(a,r), such
that P(a,r) C Q. Then, for every o € (ZT)", we have

|
< sup |f(2)): (1.2.10)
™ zeboP(a,r)

o“f
92 (a)

Proof. Fixed 0 < p < r, applying the Cauchy formula to the polydisc P(a, p), so that P(a, p) C P(a,r),
and differentiating under the integral sign, we obtain

o al 7(©)
5z V= G /b0p<a,,,) €~ a)o

dgy...déy. (1.2.11)
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We perform the following estimation,

o f

ol / 1f(©)I
a)l < déi...d&,
5= V= @ Srupiag €= 07T |
a! |d&q | |d&n|
= sup |f(2)] n/ - / -
z€bo P(a,p) (271-) C(a1,p1) P1 1+l C(an,pn) Pn ntl
al  27p; 27 pn,
= sup |f(2)] —— e
z€boP(a,p) (271’) P1 1+l Pn ntl
a!
=— sup [f(2)]
P~ zebgP(a,p)
Hence, taking the limit as p approaches r, the result follows. ]

In order to proceed, we need to recall the following definition.

Definition 1.2.22 (Locally bounded). Let 2 C C" a domain be and I':= {f: Q@ — C | f € C(Q)}
a family of functions. We say that I' is locally bounded if for every zg €  and r > 0 such that
B(zp,r) C 2, there exists M > 0 that satisfies

sup |f(z)| < M, VfeTl.
z€B(zo,r)

Theorem 1.2.23 (Liouville). Asssume that f € H(C") is bounded in C", then f is constant.

Theorem 1.2.24 (Weierstrass). Let 2 C C" be a domain, suppose that (fn(2))nen € H(2) converges
to a function f uniformly on each compact subset. Then f € H(Q)) and

N,
n—s+too 0z 0Oz

(1.2.12)

on every compact subset K C Q and for any multiindex «.

Proposition 1.2.25. (Montel’s theorem) Let a domain Q C C" be and ' := {f : Q@ — C|f € H(Q)}.
Suppose that I is locally bounded, then I' is normal.

Theorem 1.2.26 (Identity Theorem). Let a domain Q C C™ be, if f,g € H(Q) satisfy f(z) = g(z)
for all points z in a non empty open subset U C Q. Then f(z) = g(z) for all points z € ).

Theorem 1.2.27 (Maximum Modulus Principle). Let f € H(2), where Q C C" is a domain . If there
exists w € Q such that |f(2)] < |f(w)| for all z in some open neighbourhood of w, then f(z) = f(w)
for all points z € .

1.2.6 Composition of Holomorphic Functions

One of the fundamental properties of holomorphic functions of one complex variable is that the
composition of two holomorphic functions is also holomorphic; we extend this property to functions
of several complex variables as follows. First of all, we give the notion of holomorphicity to functions
of the form F : C* — C™. Suppose that Q C C" and ' € C™ are two domains; the variables in Q

will be written as z = (z1, ..., 2,) and variables in Q' will be written as w = (w1, ..., wy,). Hence, every
map F : Q — Q' can be described by m functions
w1 = f1(21y s 2n) s ooy Wiy = frn (21, oovy 20)- (1.2.13)

The map F is called a holomorphic map in € if the m functions fi, ..., fi, are holomorphic functions
in Q. Equivalently, if every component is holomorphic. Finally, if f(w1,...,wy,) = f(w) is a function
defined in €', the composition f(F(z)) is then a well-defined function in Q.
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Theorem 1.2.28 (Composition Theorem). If f(w) is a holomorphic function in ' and if
F:QCC*— Q CC™ is a holomorphic map, then the composition f(F(2)) is holomorphic in .

Proof. Separate f;(z) into their real and imaginary parts by writing f;(z) = u;(2) + iv;(2). Since all
the maps involved are differentiable in the underlying real coordinates, we apply the usual chain rule:

Of(F(2)) _x~(0f ofr , Of 0fs
—_— = vt = . 1.2.14
0z, ; Owy, 0z * owy, 0%; ( )
. . of ofr ,
If the function f and the map F are both holomorphic, then —— = 0 and —— = 0 for all k; hence
owy, 6z]~

0f(F(z) _ : , : - 1

5% = 0 for all j. From the Cauchy-Riemann equations and since f(F'(z)) € C"(2), then follows
Zj

that the function f(F(z)) is holomorphic. O

1.2.7 Holomorphic maps of the form F : ) C C" — C™.

The purpose of this subsection is to list some properties, for holomorphic functions of the form
F:QCC"— C™, that will be necessary in the description of the automorphism group of B,.
We start recalling the following definition.

Definition 1.2.29. A map F : Q@ C C* — C™, that is written as F = (f1,..., fm), is called
holomorphic if its components fi, ..., fi, are holomorphic functions on €.

Remark 1.2.30. Every holomorphic map F': Q C C* — C™ admits a locally expansion in power
series: fix a € €, there exists a polydisc P(a,r), such that P(a,r) C €, so that F' is written as an
absolutely convergent power series on P(a,r). That is, there exists (ca)aenn := (chs ..., T )aenn € C™,
where ¢}, € C and j = 1,...,m, such that

F(z) = an(z —a)® = (Z cl(z—a)", ..., chn(z — a)a> ,Vz € P(a,r).

« « «

Moreover, the convergence is uniform on compact subsets of P(a,r).
As a consequence, for holomorphic maps of the form F' : B,, — C™ and for a polydisc P(0,r), such
that P(0,r) C By, there exists a sequence of vector-valued functions (Fj(2)) ey := (Fi(2), -, F,;”(z))keN,

where the components F g(z) : 0 — C are homogenous polynomials having degree k, such that the
following locally absolutely expansion in power series holds:

+oo +00 +oo
F(z) =) Fi(z) = (Z Fl(2), ..., ZF,:”@:)) ¥z e P(0,7),
k=0 k=0 k=0

where P(0,7) C B,,. Of course, the convergence is uniform on compact subsets of P(0,r).

Definition 1.2.31. Let F' : Q C C* — C™ be a holomorphic map, where €2 C C™ is a domain, the
jacobian matrix of F'in z is the complex linear map JcF' : C* — C™ that admits this representation:

07 0z,

df; . .
@ = (gEe) =
5w op, o,

821 8zn

We call JeF(z) the complex Jacobian matrix of the holomorphic map F' at z.

Remark 1.2.32. When we write JcF'(0)z, we mean the matrix multiplication between the matrix

JcF(0) and the column vector z € C". Hence, for a polydisc P(0,r) such that P(0,7) C €, the
homogenous expansion of F' in P(0,r) begins as follows

F(2)=F(0)+ JcF(0)z + ...,V 2z € P(0,7).
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We now consider in more detail the equidimensional case m = n.
From the theory of Complex Analysis of one variable, it is a well-known fact that any holomorphic
map F: Q; € C — Qy C C induces a map between domains of R? using the canonical identification
z=x+1y = (x,y) — (u(z,y),v(z,y)) and, thanks to the Cauchy-Riemann equations, its Jacobian
determinant is

det(Jg F) = |F'|*.

Regarding the several variables case, let F': 2 C C" — C" be a holomorphic map, where Q C C" is
a domain, denoting by JcF' its jacobian matrix, by detJcF'(z) its determinant and by detJg F'(z) the
real Jacobian determinant of the induced map. Then, proceeding similarly as in the previous case, we
can prove the following lemma.

Lemma 1.2.33. Let Q C C™ be a domain and let F : Q C C" — C™ be a holomorphic map. Then

detJgF(z) = |detJcF(2)]?, ¥V 2z € Q. (1.2.15)
Proof. After a permutation of the rows and columns, we can write
Ouy, Ouy,
B ox; Oy,
detJRF = det 871/]‘1 aiv‘; 5
aZL‘j 8yj

where each one of the four blocks on the right are real n x n matrices. Consider i times the bottom
blocks and adding it to the top, it turns out that

Ooup, .Ov, Oup .0vg

Uk | OV OUk | .OUk
Ox:  Ox: Oy, Oy
detJg F = det | “%7 Ovy, " Y vy, Y

dz; dy;
Using Cauchy-Riemann equations, we obtain

Oup . Ovg Ov . Ouy

el AR el Al R i)
ox; ox; ox; ox;
detJgF = det | ™ 5 O Ty, O
alL‘j al‘j
Now we substract ¢ times the left blocks from the right side, it follows that
auk .8’Uk
oz; “on; O
detJRF = det ‘7% J % B Z%
&’L‘j 8acj 8.%]'
. Of; 05 . . _— .
Then, since = = =, where j = 1, ..., n, and recalling that f;, = ux — vy, we find that
(923‘ 8a:j
T
detJr F = det (lijk @ =detJcF detJcF = ]dethF(z)|2,
al‘j 8$j
and we are done. O

1.3 The Automorphism Group

In this section, we compute the group of automorphisms of B,,. After a short review about the
unitary mapping in C", fixed a € B,, we construct an automorphism that interchanges a and the
origin 0. Since the set of holomorphic automorphisms of B,, is a group under composition and, hence,
the composition of the previous two maps is an automorphism too, we’ll prove that these are all the
automorphisms of the open unit ball.
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1.3.1 Introduction about Automorphisms

The main purpose of this initial part is a brief review of the biholomorphic maps of B,, onto B,,.
Let’s start giving the definition of biholomorphic map.

Definition 1.3.1 (Biholomorphic Map). A map F : B, — B, is said to be bi-holomorphic if the
following hold :

1) F is a bijection.

2) F' is holomorphic.

3) F~! is holomorphic.

Definition 1.3.2 (Automorphism Group). We introduce the following set
Aut(By,) := {F : B, — B,, | F' biholomorphism}.

The afore-mentioned space has the algebraic structure of a group under composition .
As in the one dimensional case, these biholomorphisms will be called automorphisms of B,,.

1.3.2 The unitary mapping

In the current subsection, we study a class of automorphism of B,,: the unitary mappings. First of
all, we start recalling its definition. Secondly, we discuss a crucial property concerning the automor-
phism group: every automorphism that fixes the origin can be identified with an unitary mapping.

Definition 1.3.3 (Unitary mapping). Given an n x n matrix U = (u;;), where u;; € C, we can
associate a linear map Ly : C" — C™ by Ly(z) := Uz. The matrix U is called unitary if it preserves
the inner product of C™, namely

<Uz,Uw >=< z,w > (1.3.1)

for z,w € C". Furthermore, L is said to be a unitary mapping.

Remark 1.3.4. We deduce from (1.3.1) that a unitary mapping is an isometry and, clearly, an
isomorphism. In particular, Ly : B,, — B,, is an automorphism of the open unit ball B,,.

In the following Lemma, we prove that the automorphisms that fix the origin of C™ coincide exactly
with the unitary transformations.

Lemma 1.3.5. Let ¢ € Aut(B,,), we have that
@ is an unitary transformation of B, <= ¢(0) = 0.
Proof. (<=) Chosen a complex number \ € C(0, 1), we define the following holomorphic map
F(z):=¢ ' (Ap(X2)), 2z € B,.
It turns out that
F(0) =o' (Mp(X0)) = 0" (Ap(0)) = ' (X0) = ¢~ (0) = 0.

Furthermore,

JeF(0) = Jew™ (Ap(0) AN Jcp(0) = Jew™ (0)Jcp(0) = (Jew(0) ™ ey (0) = 1,

chain rule [A|I=1

where [ is the identity matrix. If F' is the identity map of B,,, we don’t have anything to prove.
Otherwise, we could write F' using its homogenous expansion. That is,

“+00 +00 +oo
F) = (i) fale)) =2 4 3 File) 1= <Z1 +ZF¢<z>,...,zn+ZF£<z>> Ve e P(0,1),
k=l k=l k=l
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where P(0,7) is a polydisc such that P(0,7) C B,, and F,g are homogenous polynomial of degree k,
for j =1,...,n, so that, for [ > 2, F/(z) is not zero on P(0,7)\ {0} for j =1,...,n.
Fix j € {1,...,n} and define
d(z) == fj(2) o...0 fj(2)
N times

since f;(0) = 0 and f}(0) = 1, we deduce that $(0) = 0 and

¢'(0) = fj (fj 00 f5)(0).f (fj © -0 f5)(0) .. fj(0) =1.

N—1 times N-—2 times

Our aim is to prove that ¢”(0) = N f(0). Hence, we proceed by induction: for N = 2, we have

¢"(0) = 2£7(0),

suppose the statement true for N — 1, then

¢"(0) = ((fj (fio0ofi))) la=o= ((f; (fjo..ofi))(fio..of;)) |-=0
————

N-1 N-1 N-1

S

fiow.ofj)((fjo..o0 fj)/)2 l2=0 + (fjo...0 fj)” f]’ (fjo..ofj) |:=0

N-1 N-1 N-1 N-1

= f/(0) + (N — 1) f/(0) = N f/(0).

Moreover, a similar computation shows that
¢"(0) = Nf{"(0) + 2N (f (0))*.
We give a formula that generalises the previous one,

¢™(0) = NFM(0) + (k — DN (0)F L.

This means that, for a polydisc P(0,r) such that P(0,r) C B,,, we have the following local expansion
fN(z) = fio fjo..0fi(z) =2 + NF/(2) + ..., Yz € P(0,r),
~—
N times

where the omitted terms consist of polynomials of degree greater than [. Hence, as a consequence, we
compose F with itself N times and we get

FN(z):=FoFo..0F(z) =2+ NFj(2) + ..., Yz € P(0,7),
—_—

N times

where, again, we omitted polynomials of degree greater than [. Since the following limit

. N .
N1—1>r-I|—100F (2) =: G(z)

defines a biholomorphism, this implies that in the right part of the previous equality we have
Fj(z) =0, Vj > 1,

which is a contradiction with that F; # 0. Then, F'(2) = z or, equivalently, p(Az) = Ap(z),Vz € B,.
In other words, the homogenous expansion of ¢ is just given by the linear term, i.e. ¢ is a linear
transformation. Hence, there exists a n x n matrix U = (u;;)i;, where u;; € C, such that

o(z) =Uz, Yz € B,.
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Since Jep(z) = U,Vz € B, ¢ maps B, onto itself and using the change of variables formula we have
|det(U)| = 1.

Our conclusion is that ¢ is a unitary transformation.
(=) Every unitary transformation is an isometry:

isometry
_ /= _
=zl = e(z)l = le(0)],
2=0 2z=0

0

and we obtain ¢(0) = 0. O

1.3.3 The involutive automorphism

We know that for every « in the unit disc of C corresponds an automorphism ¢, of the disc that
interchanges a and 0. Explicitly, pq(2) = 10[;72. The same can be done in the unit ball B,, of C".
—az

In this subsection, we introduce an automorphism on B,,, that acts in the same way. To achieve this
goal, in the next definition, we recall some tools from linear algebra.

Definition 1.3.6. Let a € B" \ {0}, the orthogonal projection from C" onto the subspace generated
by a, which is indicated by [a], is

_ <za>

P,(z) = a2 a, ze€C".

Q. is the orthogonal projection from C™ onto C" & [a], that is

_<za>
|al?

Qu(2) =2

a, z¢€C"
We study another important family of automorphisms. They are usually known as involutive
automorphisms or involutions.

Definition 1.3.7. Let a € B,, \ {0}, denoting by s, = /1 — |a|?, the involutive automorphism is:

a — Pa(z> - SaQa(z)

B,,. 1.3.2
1-<z,a> » #€ (1.3.2)

Pa(2) ==

Moreover, if a = 0, we just put pq(2) = —=z.

Remark 1.3.8. The denominator of this formula does not vanish in B,: applying the Schwarz in-
equality we find that | < z,a > | < |a||z| < 1. Hence, the map ¢, is holomorphic on B,,.

As a consequence of the following formula, we prove that ¢, maps B,, into B,,.

Lemma 1.3.9. Let a € B, we have that

1—lal?) (1|22
L-leale)l = | |1— <)z(a > |2 )7 2 & B (1.3.3)

where g is the involutive automorphism in (1.3.2).

Proof. Since the case a = 0 is trivial, we can suppose that a # 0.
We use the orthogonality between a — P,(z) and Q,(z) in C", with the identities

laP|Pa(2)]? = | < z,a > |2, < Pu(2),a>=<z,a>.
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We easily calculate that:
la — Po(2) — 54Qa|* =< a — Py(2) — 54Qa, @ — Py(2) — 54Qq >
=<a—P,,a— P, — 8,04 > —50 < Qq,a — Pa — 5,Q4 >

=< a—P,,a— P, > —sa<a—Pa,Qa>+53<QQ,QQ>—SQ<Qa,a—Pa>
— ——

=0 =0
=la = Pa(2)* + (1 = |a*)|Qa(2)]?

= la]® = 2Re < Pa(2),a > +[Pa(2)* + (1 = [a*) (|2 — |Pa(2) ),
that is

ja = Pa(2) = 5aQal” = 1= < z,a > P = (1 = |a*)(1 — [2*)
dividing both sides by [1— < z,a > |?, we find

@ = Pa(2) = 8aQal* _ | (1—[al’)(1 = |2]°)

1-<za>]2 1- < z,a > |?

thus 9 2 2
o= P @ _ (=1~ )
1- < z,a > |? - <z,a>1]2

Finally, recalling the definition of y,, the previous formula turns out to be

(L —laf?)(L - |2*)

1= () = S
O
Corollary 1.3.10. The map @, sends B, into itself. Moreover, ¢, : OB, —> 0B,.
Proof. From (1.3.3), since z,a € B,,, we obtain
a(z) =1 “H__‘Zf)z(fa;‘jé'z) <1
>0
Finally, if z € 0B, then |p,(z)| = 1. That is, the map ¢, sends the boundary 9B,, into itself. O

As a consequence of the following result, we’ll prove that ¢, is a bijection and an automorphism.

Proposition 1.3.11 (Involution Property). Fiz a € B, let ¢, be the involutive automorphism in
(1.3.2). Then, the involution property holds, that is

Va0 pa(2) =2, V z€DB,.
Proof. First of all, we can easily see that

a— Py(z) — s4Qa(2)

1- < a>=1-<
#al2), - <za>

,a >

1= <z,a> —|a*4+ < Pa(2),a > 484 < Qa(z),a >
N 1— < z,a>

1 —af?
1- < z,a>
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Now

<a-— Pa(z) - SaQa(Z),CL >a
a la]?(1— < z,a >)

<a—z+4z—Py(2) = 84Qa(2),a >

= a
la]2(1- < z,a >)

. <a—=za> < z—Pu(z) — 84Qa(2),a >

~a2(1- < z,a >) la|?(1- < z,a >)

=0

_i]a\2—<z,a>
a2 1-<z,a >

B a— Py(z)
C1l-<z,a>’
namely,
a— Py(z)
Falea(2)) = 1- < za a>"

We easily deduce

a la*- < z,a>

Qalpa(2)) = @a(z) — a2 1-<z,a>

a—Pa(2) —5aQa(2) @ la]?~ < z,a >
- <za> a2 1- < z,a >

ala*~ < z,a > a — sqzlal* + 54 < z,a>a—ala* +a < z,a >

lal2(1— < z,a >)

—sazlal* + 8, < z,a>a
la|?(1- < z,a >)

2 <za>a
= —8 _
“N(-<z,a>) |a2(1- < z,a>)

— Qa(2)
“1—- < z,a >’

that is 0u(2)

z
Qolen(®) = =i 05

Since ‘ |2

1—la
1— SR S L
< ¢al2),0 > 1- < z,a>’
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hence, we find

a — Pa(@a(»z» - SaQa(SOa(Z))
1- < @a(z)’a >

Pa © Pa(2) =

_a- Pa((pa(z)) - SaQa(SOa(Z))
1— |al?

(1- < z,a>)

a—a<za>—a+ P(2)+ (1—1a]*)Qu(z)
(1 —1al?)

—a < z,a > +Py(2) + (1 —|a|?)(z — Pa(2))
(1 —1al?)

—a < z,a > +Py(2) + 2 — Py(2) — |a|*z + |a|*Pa(2)

(1—lal?)
_ —a<za>+4z— a2+ <za>a
(1 —1al?)
z—|al?z
= d an =2
(1= [a?)

and we obtain
©Ya © pa(2) =z, Yz € B,,.

O]

Corollary 1.3.12. Fiz a € B, let p, be an involutive automorphism. Then, v, is an automorphism
of B, that exchanges the origin 0 with a.

Proof. Fix w € B,,, our first goal is to prove that there exists z € B,, such that ¢,(z) = w. From the
involution property follows that

Pa(w) = 2,
and, since @, sends B,, into itself, we’ve proved that ¢, is surjective. Furthemore, from the involution

property, we deduce that ¢, is invertible on B,,, whose inverse function is ¢, itself and, since ¢, is
holomorphic, this proves that ¢, is an automorphism of B,,. Finally,

O]

We give an alternative detailed description of the orthogonal projection P, and, hence, of @, as
well. Such description will be used to prove two formulas regarding the complex Jacobian matrix of
the involutive automorphism (.

The orthogonal projection from C" onto the one-dimensional subspace generated by z, denoted by P.,
can be written as

1 2121 **+ Z1Zn w1
<w,z >
P - : . : N e e 1.3.4
Z( ) ’2‘2 ‘Z|2 ( )
ZnZ1 ' ZnZn Wn,
Now, we introduce the following auxiliary matrix
Z1Z1 1 R1Zn
AR = CEdmn=| 1 | 2= (s O, (1.3.5)
ZnZ1 *'°  ZnZn
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and, if we identify linear transformations on C" with n X n matrices via the standard basis of C", we
easily obtain that P, can be written as follows

A(z)
|22

P, = z 0. (1.3.6)

Moreover, proceeding similarly, it turns out that

Q.=1- 71(‘2), # 0. (1.3.7)

In the next Lemma, for a fixed a € B,,, we provide two formulas concerning the complex Jacobian
matrix of the involution automorphism, respectively, in the origin and in a.

Lemma 1.3.13. Let a € By, the following formulas hold

Jega(0) = —(1 — |a*)Pa — /1~ |al?Qq (1.3.8)

and
P, Qa

1—laP?)  /I—|a

where g is the involution automorphism in (1.3.2).

Jepa(a) = — (1.3.9)

Proof. Since, for every z € B,, and a € B,,, we have that | < z,a > | < 1, hence

va(2) = (a — Pa(z) — 8aQa(2 Z<za>

—a+ |af? <|a|2 a — Pa(2) — 5aQa(2) + O(|2]?)

= a+ (la]* = 1)Pa(2) = 54Qa(2) + O(|2*),
Hence, since s2 = 1 — |a|?, it turns out that

Pa(2) = N _3§Pa<z) — $aQa(2) —i—(’)(|z[2).

TV
=a(0) linear terms

Using the notation introduced above, it follows that

J(CSOa(O) = —SiPa - SaQa'

For what concerns Jcy,(a), our aim is to expand ¢,(z) in power series in a suitable neighborhood
B(a,r), such that B(a,r) C B,,. First of all,

B(a,r) CB,, r€[0,1—|al).

This means that

|<z—a,a>| < |z—alla] < rlal < (1—lal)la] < (1—[af),
<~ ~~
c-S B(a,r)
that is
| <z—a,a>| <1
(1= lal?) '
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Hence, we proceed as follows,

a— <‘z|(é>a . (zf <|z‘%>a)

l-<z—a,a>—<a,a>

Pa(2) =

- <z‘_al|lz’a>a — Sa (z —aq— SE%02 a)

1-la?- <z—a,a>

“salz = a) + (s = 1) 2

(1 o) (1 - =)

o0 k
<z—a,a> <z—a,a>
= <5“(2“) T =D ) 2 ZJapyi

k=0
1 ( )+ ( 1)<z—a,a> +ioz<z—aa>
=—— | —sq4(z—a Sq — a
L—laf\ ™ ‘ |af? 1- Ial2 (1— |af?)*+
1 <z—a,a>
=5 <—sa(z —a)+ (Sq — 1)2a> +0(]z — af?)
H |al
1l <z—-a,a> 1 <z—a,a>
= _ - 77 g4— ) - - 7T O(lz = al?
. af? a . ((z a) a2 a) + O(|z — a|?)
which means
1l <z—-a,a> 1 <z-—a,a> 9
) = — — | (z—a)— +0(lz —a
pule) = =55 2 0 (e ) - SR a) 10(: - af?)
=Pa(z—a) =Qa(2—a)
Then, we deduce that
Po Qa
Jepa(a) = —— — ==,
va(a) Sg Sq
O
Lemma 1.3.14. Let a € B,,, we have
detJ; _ VzeB 1.3.10
etrpa(z) = <|1—<za>|2> VEE B ( )

where g is the involution automorphism in (1.3.2).
Proof. Let z € B, putting w := ¢,(2), we consider the automorphism
Ly := w0 g © ¢,

so that Ly(0) = 0. Hence, by Lemma 1.3.5, Ly is a unitary transformation. Using the involution
property, we can write

SOaZCPwOLUOQDz;
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then, applying the chain rule, we obtain

Jepa(2) = Jepw(0)JeLy(2) Jop:(2)

= Jepw(0)U Jcw:(2),

where U is a unitary matrix.
From (1.3.8), the linear map Jcy,(0) has a one-dimensional eigenspace with eigenvalue
—(1 — |w|?) and an (n — 1)— dimensional eigenspace with eigenvalue —+/1 — |w|2. This means that

et (Jepu(0)) = = (1 = [wf?) (1) (1 = fu]?)!/2D)

= (C1) (1= ),
Similarly, from (1.3.9) we deduce that the linear map Jcg.(z) has a one-dimensional eigenspace with

eigenvalue — and an (n — 1)— dimensional eigenspace with eigenvalue — , hence

(1= |wf?) T [w]?
2(2) = —F——5 (-1)"
e (i P NN FE PR
e
(1 — |2[2) D2
Now, since |det(U)| = 1 and using Lemma 1.3.9, it turns out that
detJrpq(2) = |detJowa(2)?
B 1— |w|2 n+1
EREEE
S\ l-<za>)? ’
where we recall that w = ¢, (z). O

1.3.4 The characterisation of Aut(B,)

In the next theorem, we show that all the automorphisms of B,, are obtained from the maps ¢,
and the unitary transformations.

Theorem 1.3.15. Given ¢ € Aut(B,,), then there exist Ly, Ly, unitary transformations of C", and
Va, Pb, tnvolutive automorphisms, such that

¢ =Ly, = ppLv .

Proof. Let ¢ € Aut(B,,), indicating by a = ¢~1(0), since Aut(B,) is a group, the map v := @o, is an
automorphism that satisfies ¢/(0) = 0. Applying Lemma 1.3.5, there exists a unitary transformation
Ly of C™ such that Ly = ¢ o ¢,. Since ¢, is involutive, it turns out that ¢ = Lyp,. To prove the
other equality, we proceed in the same way. ]

To end this subsection, we prove a formula that will be used, for example, to establish some
asymptotic estimates for certain important integrals operators on the ball and on the sphere.

Corollary 1.3.16. Let ¢ € Aut(B,,), we have

where a = p~1(0).
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Proof. There exists a unitary transformation Ly and an involutive automorphism ¢, such that

¢ = Lypa,

where a = ¢~ 1(0). Hence,
Jep(z) = Uldega(2),

where U is a unitary matrix. Since |det (U)| = 1 and using Lemma 1.3.14, we obtain
det (Jrip(z)) = |det (Jeo(2))
= |det (U)||detJepa(2)|?
= |detJepa(2)|”

= detJrpa(z)
1— ’a|2 n+1
:(|1—<z,a>\2> '

1.3.5 The Operator A

In Chapter 2, we characterise the weighted Bergman spaces in terms of various derivatives of a
function. Hence, in this subsection, we talk about a fundamental operator that will be necessary.
Let’s explain how this subsection is organised: fix z € B,, and let ¢, be an involutive automorphism,
we introduce an operator which is defined in terms of the ordinary Laplacian and the previous au-
tomorphism ¢,. It is called the invariant Laplacian. After that, we demonstrate that this operator
commutes with the automorphisms of B,,. To conclude, for a twice differentiable function f on B,,, we
get a formula that describes the invariant Laplacian of f in terms of the ordinary partial derivatives.
Of course, we start with the extension, to several variables, of the ordinary Laplacian on C™:

n 52 52 (112) n 52
A= ( + > =4 — (1.3.12)
; 83:% 8y,% P 021, 0%y,

Definition 1.3.17 (The invariant Laplacian). Given a twice differentiable function f on B,, and
indicating with ¢, the involutive automorphism, that interchanges the points 0 and z, we define

(Af)(2) == A(f 0 ¢2)(0), 2 € By, (1.3.13)
In this proposition, we prove that this operator is invariant under the automorphisms of B,,.

Proposition 1.3.18. Let f be a twice differentiable function on B, then
A(fop)=(Af)op, Y ¢e Aut(By). (1.3.14)
Proof. Fix an element z € B,,, let ¢ € Aut(B,,) and denote by a = ¢(z). Hence, the automorphism
Ly = a0 pop:;

is such that Ly (0) = 0. From Lemma 1.3.5, Ly is an unitary transformation. Writing
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Ly(2) = (LY(2), ..., LY (2)), where L{'J : C" — C. Let g € C?(C"), we have that

2oo00 =13 | 3 (gogs o b0 ®) GLOGE O+ 30 (52 ) o b0 gL O
i=1 \ jk=1 J=1 —

=0

n n 2 J k
(52 ) Bl

n 2 n j k
13 (52 00) (3 o)

i=1

That is,

As a consequence, we obtain

= (Af) o o(2)

that is B B
A(fop)(z) = (Af) o p(2).
O

The invariant Laplacian admits a description using ordinary partial derivatives. This property is
shown in the following proposition.

Proposition 1.3.19. Suppose that [ is a twice differentiable function in B, then

- n 2
(Af)(2) =4(1 —|2*) Z((Si’j - Zizj)aféfz-(z)’ Vz € By, (1.3.15)
i, v

where 0; ; denotes the Kronecker delta.

Proof. Fix z € B,,, we write the involutive automorphism as follows

vz (w) = (p1(w), ..., pp(w)), w € By,
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Applying the chain rule, we get
(Af)(z) = A(f 0 :)(0)

— 8.1‘16563

.y 2 (0) 522 0).

owy,

7] k=1

Denoting by s, = 1/1 — |z|?, the representation in power series of ¢, is

p(w) =z — s,w+ <w,z>z+ ..,

z
1+ s,

where we omitted all the terms having w—degree 2 or higher. From the above representation, we find

0y; s 0p;
L — 8,0 + z ZEZi ﬂ(O) = *SZ(SJ']@ +

0) Wiz
= WEZj.
0z, 1+ s, T Owy, 14 s, W<

Finally, after some calculations

Bpi Do ‘ 52 = . ‘ Sz
Z By (0)8wk (0) = ; Sy0;1 + 155 Zr2i 5.0k + g szzj

z

k=1
— 2 - S — ki S — 2kZj
# ik 1+ s, Ik 1+ s,
k=1
n —
27 ZiZk ZiZ
-2 { S-S S
k=1 k=1 Z k=1
[ 2 El
— 2 y 5. 5.
_sz{ém—zzz]+zlzj _1— 1T s, + (1+5.)°
5 _ _[1+ 82425, —2—2s, + |22
=s; (5ij—zizj+zizj (1—!—8 )2
L z

r 2 2
_ llzfF=1+s
:si{éij_ziszrzizj | ‘(1+s )QZH
L z

= 57 {0 — 2%},

where, in the last step, we used s? = 1 — |z|%. Hence,

5% 8% s
Z 8wk 8wk O) o 5” ZZZJ’

and we are done. O

1.4 Weighted L? spaces

In this thesis, we will be interested in spaces of holomorphic functions, on the open unit ball, for
which the p—th power of the absolute value is Lebesgue integrable with respect to a weighted measure.
The main purpose of this section is to provide a coherent exposition of the most importants objects
concerning the weighted Lebesgue spaces which are necessary in this thesis.

The current section is organised as follows: we fix the weighted Lebesgue measure and collect some
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of its main properties which will have many consequences in the holomorphic spaces studied in this
dissertation.

Then, we present two crucial results regarding the behaviour of some integral operators defined on
LP: the first describes the asymptotic behaviour of a family of integral transforms, the second one is
about the boundedness of integral operators having positive kernel.

This section ends with a change of variable formula that, as a consequence, defines an invariant
measure under the automorphism group Aut(B,,).

1.4.1 The weighted measure dv,,

For sake of simplicity, we denote by dv the normalised standard Lebesgue volume measure on B,,.
In the following definition, we introduce the weighted normalised volume measure on B,,.

Definition 1.4.1. If a > —1, the weighted finite measure on B,, is defined as:

dve(2) = {W} (1= |2[2)%dv(2) (1.4.1)

so that v, (B,,) = 1 and where I" denotes the gamma function. Furthermore, we denote by LP(B,,, dv,,),
0 < p < o0, the Lebesgue space of measure equivalence classes of function such that

pa = (/B If(Z)\pdva(z)>1/p < 0. (1.4.2)

We let L>°(B,,, dv,) denote the space of essentially bounded functions on B,,. For f € L*(B,, dv,),
we define

1

1 Flloo,a = esssup {|f(2)] : z € Bn} .

The space L>*(B,,, dv,) is a Banach space with the above norm.

Remark 1.4.2. If 1 < p < oo, the space LP(B,,, dv,) is a Banach space with the norm || - ||, . When
0<p<l1, LP(B,,dv,) is a complete metric space with the following distance:

p(f,9) =If —9llpa
In particular, L?(B,,, dv,) is a Hilbert space whose inner product is denoted by <, >.
Now we show a relevant property for this measure: the invariance under unitary transformation.

Proposition 1.4.3. Let a > —1, then the unitary invariance of dvy holds. That is
f(Ly(2))dva(2) = | f(2)dva(2), ¥V f € LY (B, dvs), (1.4.3)
B, Br

for every unitary transformation L.

Proof. Using the basic properties of the unitary transformation, putting w := Uz, we find:

IWM} (1 - |2[%)%du(z)

fLu())dvalz) = | (UZ){ (a1 1)

By

:/ f(w)mu—|U—1w|2)|detJCLU1(w)ydv(w)

= [ S = el et ()
=1

f(w)dva(w),
By
where f € L'(B,, dvy). O]
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1.4.2 LP boundedness of a family of integral operators

Many operator-theoretic problems in the analysis of Bergman spaces involve estimating integral

operators whose kernel is a function of the Bergman kernel. We present two estimates that we will
use to prove the boundedness of some integral operator defined in the Bergman space.
The following theorem states asymptotic estimates, for a family of integral functions whose integration
is performed over the open unit ball. We use the symbol « to indicate that two quantities have the
same behaviour asymptotically. Thus, A -~ B means that A/B is bounded from above and below by
two positive constants in the limit process in question. For what concerns the proof of this theorem, the
interested reader can find it, for example, in the book of Zhu, Kehe, Spaces of Holomorphic Functions
in the Unit Ball.

Theorem 1.4.4. Let c € R and t > —1, we introduce

,_ (1 — Jwl?)’
Jet(2) == /JB%n - < z,w > ‘n+1+t+cdv('z)a z € By.

Then, J.; has the following asymptotic behaviour :
1) If ¢ <0, then J.y is bounded in B,.
2) If c=0, then

Jet(z) « log when |z| - 17.

1
1— |22’

3) If ¢ > 0, then
1

TS 2 TR

when |z| — 17.

The next theorem is an essential and general result concerning integral operators with non-negative
kernel: Schur’s test. This theorem will be used to describe the boundedness of a class of integral
operators induced by Bergman type kernels on weighted Bergman spaces. The proof is a fairly simple
application of Holder’s inequality.

Theorem 1.4.5. Let (X,dux), (Y, duy) be measure spaces. Let T be the integral operator given by

Tf(z) = /y K(x,y)f @)y (y),

where K is a measurable positive kernel on X x). Let 1 < p,q < 400 be conjugate exponents. Suppose
there exist positive functions ¢ : Y — (0,+00), ¢ : X — (0,4+00) such that

1) /y K, 9)" () dpyp(y) < Cp(a)?  and  2) /X K (2, 9)e" (2)dpux (z) < Co(y),

then T : LP(Y) — LP(X) is bounded.
Finally, we are going to need the following integral estimate.

Theorem 1.4.6. Suppose a and « are two real parameters. Define two integral operators T and S by

d(w)dvg (w)

- < z,w >)n+iTata

To(z) = (1— |z|2)a/B : e LP(By, dvy)

and
d(w)dvg (w)

= <z w > [priteta

So(z) = (1 — |z|2)“/B e LP(By, dvy).

Then, for —oo <t < oo and 1 < p < oo, the following conditions are equivalent:
a) T is bounded on LP (B, dv;).

b) S is bounded on LP(B,, dv).

c) —pa<t+1<pla+l).
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1.4.3 Change of variables formula and Applications

During the study of the weighted Bergman space, we wish to obtain the boundedness of the point
evaluations linear functionals. For this goal, we will need the following change of variable formula.

Proposition 1.4.7. Let a > —1 and f € L'(B,,, dv,), then

(1 o |a’2)n+1+oc

/ fop(dun(s) = [ 1) dva(2), ¥ ¢ € Aut(By), (1.4.4)

n 11— < z,a > [2(nt+1ta)
where a = ¢(0).

Proof. Every automorphism ¢ € Aut(B,,) can be written as follows

80 = SO(ILUa

where Ly is an unitary tranformation, ¢, is a involutive automorphism and a = ¢(0). Since dv,
is invariant under unitary transformations, assuming that ¢ = ¢4, we have that ¢~' = . Then,
applying Lemma 1.3.14,

z

Fostuyin(w) = SR [ ey pap)e (s il U )Hldfo(z).

B, nll(a+1) < z,a > |?

I
Iy %
5

O]

As a consequence, we have the following formulas. For their proof, the interested reader can find,
for example, in the book of Kehe Zhu, Spaces of Holomorphic Functions in the Unit Ball.

Corollary 1.4.8. If n and k are multi-indezes of nonnegative integers, then

. 0, ifm#k
/ 2"k dug (2) = m!T'(n+a+1) ) (1.4.5)
" F'n+|m|l+a+1)’ N

1.5 Differentiation

The purpose of this section is to illustrate the most important notions of differentiation on B,,.
Using these tools, we will characterise the weighted Bergman spaces in terms of various derivatives.
We focus our attention on two different notions of differentiation. We start introducing the notion
of radial derivative and, for a given function f € H(B,) that admits homogenous expansion in a
neighborhood of the origin, we explicitely compute this type of derivative. Then, we prove a significant
property: a holomorphic function can be obtained from its radial derivative. Finally, we define a family
of invertible operators on the space H(B,,) and collect some fundamental properties.

1.5.1 Notions of differentiation

Definition 1.5.1 (Radial derivative). For a holomorphic function f on B, the radial derivative is
Rf(z) = sza—%(z). (1.5.1)

The radial derivative will be used to produce equivalent norms on the weighted Bergman space.

Remark 1.5.2. In other words, for a fixed z € B,,, the radial derivative is a particular case of the
directional derivative along the vector z. Hence, the radial derivative can be alternatively defined as

RF:)  tim LEET2) = SC)

r—0 r

, T €R.
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Proposition 1.5.3. Let f € H(B,), suppose there exists a sequence of homogenous polynomials
(fx(2))ken, each one of them having degree k, and a polydisc P(a,r), such that P(a,r) C By, so that

+00 +o0
f(z) = ka(z) = Z Z a;z' Yz € P(a,r), (1.5.2)
k=0 k=0 |i|=k

where the convergence is uniform on compact subsets of P(a,r). Then, we obtain

+o0o
Rf(z) =) kfr(2),¥z € P(a,r).
k=1

Proof.
+oo n
i i i
Rf(Z)ZE E E 2k Qiy,..., kg AR
=0 |i|=j k=0
=Jj
—~
+oo n
= E E a¢17.,_,ikzi1...z;c’“...sz E i .
j=0|i|:j k=0

O

In the next proposition, our aim is to prove that we can recover a holomorphic function from its
radial derivative.

Proposition 1.5.4. Let f € H(B,). Then, the following formula holds
1
t
/ th(z)dt — (=)= F(0), ¥z € B, (1.5.3)
0

Proof.

0 t

1.5.2 The operator R*!

An important tool in the study of holomorphic function spaces is the notion of fractional differential.
There are numerous types of fractional differential, we introduce one that is intimately related to and
interacts well with the Bergman kernel functions. More is true, the following family of operators yields
an equivalent norm for both spaces of holomorphic functions studied in this thesis.
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Definition 1.5.5. Let a,t € R such that neither n+«a nor n+a+1t is a negative integer, we introduce
the operator R*! as follows

'n+1l+a)l(n+1+k+a+t)
F'n+l+a+t)'(n+1+k+ )

R f(2) :=

k=0

fx(2), z € P(0,r), (1.5.4)

where P(0,7) is a polydisc such that P(0,7) C B,. Furthermore, the convergence is uniform on
compact subsets of P(0,r).

Proposition 1.5.6. The operator R sends H(B,) into itself. Moreover, R®! admits inverse oper-
ator Ry given by,

*2"’ (n+l4+a+t)Dn+1+k+a)
=0

Fn+14+a)l(n+1+k+a+t)

Rotf(2 fe(z), z € P(0,r), (1.5.5)

and the convergence is uniform on compact subsets of P(0,r).

Proof. Assume that the coordinates zi,...,2j-1,2j4+1, ..., 2n, in (1.5.4), are given some fixed values
ai,...,05-1,0j41,...,an. Then, applying the ratio test, the power series is a convergent power series
in z; on D(0,7;). That is, we have proved that R®! is holomorphic in each variable separately. By
Hartogs Theorem, we conclude that R®! € H(B,). Furthermore, using the Identity Theorem, we
deduce that R*! admits inverse operator. Hence,

+o0o
ZF(n+1+a)F(n+1+k+a+t)f (z)>

Rot 0o R =R,
o BV (2) ¢<hoﬂn+l+a+ﬂﬂn+l+k+a)k

fe(2)

i n+l+a)l(n+l+k+a+t)Tn+1+a+t)I(n+1+k+a)

— I'n+l4+a+t)In+14+k+a)Tn+1+a)f(n+1+k+a+t)

tqu

fr(2)
k=0
O
Remark 1.5.7. In particular, considering o = —n,
“+o0o
_ r(r( + k+ t
R'f(2) == RT" f(z) = k:t
Definition 1.5.8. The linear operator R! is called fractional radial derivative.
Proposition 1.5.9. The operator Rt is invertible with inverse given by
“+o0o
Rif(z) :=R7'f(2) = > k7' fu(2). (1.5.6)
k=1

Moreover, if we endow H(B,,) with the topology of uniform convergence on compact subsets, the oper-
ators R' and Ry are continuous.

It f(2) = !

Proposition 1.5.10. Let a,t € R so that neither n+« nor n+ o+t is a negative integer. Then the
operators R*' and Ra, are the only continuous operators on H(B,) that satisfy

, then the operators R and R, have the following form.

1 1
ot = By, 1.5.
R <(1_ <zw >)n+l+a> (1— < z,w >)nHitart’ Vw € By, (1.5.7)

and

1 1
Roy ((1_ <zw >)n+1+a+t> = - <7wSyia Yw €B,. (1.5.8)
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Proof. We observe that

1 B > F(n+1+k+a)<zw>k
(I- < z,w >)”"‘1+0‘_ki0 ET(n+ 14 «) ’ ’
7i(2)
hence
pat 1 i (n+l+a)l(n+l+k+a+t)D(n+1+k+a)
(1- < z,w >)ntlta —~T(n+1l+a+t)l(n+1+k+a) kT(n+1+aq)
_i n+1+k+a+t)<zw>k
B Fin+1+a+t) ’
1

(1_ < Z,W >)n+1+a+t’

Similarly, we prove (1.5.8.).

<z,w>

k

O]

We prove a further property that gives an alternative description of R*! in terms of polynomials
and standard partial derivatives. This result will be used, in the next chapters, to show that the spaces
of holomorphic functions of our interest can be decomposed into a series of very particular functions.

Proposition 1.5.11. Assume N is a positive integer and « is a real number such that n + « is
not negative integer. Then RV, considered as an operator which acts on H(B,), is a linear partial

differential operator whose order is N having polynomial coefficients, that is

RV = S pm(n) ot (2)

az™m
Im|<N

where p,, are polynomials.

Proof. Fix w € B,,, using the binomial formula,

1 _(1—<z,w>+<z,w>)N
(1— < z,w >)ntlratN (1 < 5 q >)ntltatN
_ <zw >k
Z kl 1_ < z,w >)n+1+a+k'

Furthermore, for each k, using the multi-nomial formula, we can write
< zw >F = (21w + ... + 2,Wp)F

= Z ::'z w™.

Im|=k

Then, there exists a family of constants ¢, , such that

N! <zw> 1
= D cmk”

EW(N — k) (1— < z,w >)ntltatk
lm|=k
using Proposition 1.5.11, we obtain

Ra’N 1

a m (1— < zw >l

k=0 |m|=k
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1.6 The Bergman Metric

In this section, we introduce and collect the basic properties of the Bergman metric. This metric
derives from the Bergman kernel. The current section is organised as follows. First of all, we give the
definition of the Bergman kernel for the open unit ball. Then, we give a detailed description of the
Bergman matrix, so that we will formulate a rigorous definition of the Bergman metric. This section
ends with the notion of the Bergman metric ball that will be used to decompose the open unit ball
and compute the atomic decomposition of the holomorphic spaces of our interest.

Definition 1.6.1. For the open unit ball B,,, we have that the Bergman kernel is given by

1
(1- < z,w >)ntl’

K(z,w) = z,w € B,,. (1.6.1)

1.6.1 The Bergman matrix

In this paragraph, we discuss the Bergman matrix. We start giving the definition and, then, we
prove that this matrix admits a description in terms of the involutive automorphism, the projections,
P, and @Q,, of C". Then, we will have some crucial consequences such as the positivity and the
invertibility of the Bergman matrix. More is true, we show that the invariance under automorphism
holds for the Bergman matrix.

Definition 1.6.2 (Bergman matrix). The Bergman matrix of B,, is the n x n complex matrix

2 82
1 9710 logK(z, z) 8zlaznlogK(z, 2)
B(z) = (bi(2))ij = 1 : . : (1.6.2)
0? 0?
7.0 logK (z,2) 9707, logK (z, 2)

We briefly recall that denoting by
A(Z) = (Zifj)an,

then, fixed z # 0, the orthogonal projection P, from C™ onto the one-dimensional subspace [z]| gener-
ated by z can be written as

P, = Alz)
|22

As well as, the orthogonal projection @, from C" onto C" & [2] is written as

Qz:I_

After this short review, we can provide the following result.

Proposition 1.6.3. For z € B, let B(z) be the Bergman matriz. Then the following properties hold:
a) B(z) = [(1 - [2]*)] + A(2)]/(1 - |2*)%.

b) B(z)" = (1 - |22)[ — A(2)]

0) B(z) = P/ (1~ 522 + Q./(1 - |2[2), = #0.

d) det(B(z)) = K(z, 2),

where @, denotes the involutive automorphism.

Proof. a) By the fact that
1

Kes) = =g

it follows that
IOgK(zv Z) = —(7’L + 1) log(l - ’Z|2)7
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hence

0 Zj .
872]10gK(Z,Z> — (n+ 1)1_7|Z’2, fOI‘ ] == 17...,77,.

For what concerns the second mixed partial derivatives, we find:

o (1= |22) + 2%,
log K = 1 AU R
Gz, K (B2 = (0 DT ey

, fori,j=1,...,n.

Then, the Bergman matrix can be written as

(1= [z + A(2)

PO = e

b) Furthermore, since A%(z) = |z|?A(z), after some lines of calculations the following identity holds

(I = A1 = )] + A(2) = (1= |21,

so that
B(2)™ = (1 |s)(I — A(2)).
c¢) Using a)
1 P P, A(2)
BO =0y aomm T T T e
=A(z)
—_—
Q. P, — |z|?P, +A(2)
T A- 2P (1—[22)2
o Q, P,
DR SRR
d) Since
P, Q.
J(CSOZ(Z) = (1 — |Z|2 + T 1.2 ‘Z‘2> )
and

PZQZPza QZ:Qm Pzszov

where @, is a involutive automorphism. We get

P, Q-
A= =[P

(Jep:(2))? =

T — [z + 2P
(1—12?)

= (= B+ PP,

Recalling that A(z) = |2|?P,, we obtain

B(z) = (Jep:(2))*.
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Since Jep.(2) is self-adjoint and using Lemma 1.3.14, it turns out that

det(B(2)) = | det(Jewp.(2))]?

1 ‘Z‘Q >TL+1

- <z,z>?

= detJrp.(2) <

O
We immediately deduce the following corollary.
Corollary 1.6.4. The Bergman matriz B(z) is positive and invertible.
In the next proposition, we prove that the Bergman matrix is invariant under automorphisms.
Proposition 1.6.5 (Invariance under automorphism). The Bergman matriz B(z) satisfies
B(z) = (Jew(2))B(p(2))Jep(2), ¥ z € B,V ¢ € Aut(B,,). (1.6.3)

Proof. Assume that ¢ = ¢,, where ¢, is an involutive automorphism, for some a € B,,. Hence, using
(1.3.3) and (1.3.11), the Bergman kernel satisfies

K(z,2) = |det(Jop(2))P K (p(2), 9(2)), V2 € By.

We obtain
log K (2, z) = log |det(Jcp(2))|* + log K (¢(2), (2)),

but since
log |det(Jep(2))* = log(det(Jop(2))det(Jop(2))) = log(det(Jow(2))) + log(det(Jep(2))).

Now

0? o 0 1— l|al?
log |det(Jow(2))]? = (n+ 1) =— = log <|1_M|>

%iazj' 0%; aZj <z,a> |2
=(n+1) 0.9 {log (1 — |af?) —log (|1- < z,a > |*)}
0z; 62]- ’
o 0

Writing the automorphism as follows

SO(Z> = ((Pl(z)u 7()071(2))7 z € By,
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applying the chain rule, we find that :

) )
5. log K(z,2) = aflog!Jw Z ~log K(p(2), (=) 5=
Z] i

Applying % and the chain rule, we obtain

2

Dk Oom, -
l K( log K =1,..,n.
o8 K(z.7) 238% m}ja% o8 Kp(2) o) Gt ) ¥ i = Lo

Finally, let ¢ € Aut(B,,) be, then we can find an involutive automorphism ¢, and a unitary transfor-
mation Ly such that ¢ = Lyp,. Hence, arguing in the same way we complete the proof. O
1.6.2 The Bergman metric

For a rigorous definition of the Bergman metric, we need to introduce some tools. Fix z,w € B,
given a smooth curve v : [0,1] — B, so that 7(0) = z and y(1) = w, we define

1{ n L 1 )
1(7) ::/0 > b (Y)Y dt:/o < B(y(0)Y'(t),7/(t) >2 dt (1.6.4)

ij=1
and call
Cow:={7:[0,1] — B,, | v piecewise smooth curve s.t. y(0) = z, (1) =w }.
Remark 1.6.6. Using point ¢) in Proposition 1.6.3, we deduce

Y OF = W ORI +1 <)1) >
(1= (®)?)? '

< B(y(1))y'(1),7'(t) >=
Now, applying Cauchy-Schwarz, we get

Y OF = W OPhOP + <@y O>F . WOP
(1= @)*)? — (1= p@)P)?
Furthermore, we obtain an estimate from below as follows

W OF = W OPHOP + ] <v0).'®) > P o WOF = v @OPrOF
(1= (@) - (1= (®)?)?

_ WORA - o)
TENORE

_ 0P
TP

S04 0) @)
detgl(fy)g/o Wdt.

As a consequence, we prove that [(7) is bounded. Assume without loss of generality that «(0) = 0
and

In other words,

Re(< y(t),+'(t) >) >0, Vteo,1],
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then, integrating by parts, it turns out that

b (t)ldt t = [ 2Re(< A(E), (1) >) /
/01—"Y<f>’2§{1—v<t>!2 = dt}tiﬁﬁ]w)

1 /
< { 1 +/0 2Re(< (), (t2) >)dt} —

L= (D) (1=P®*) t€[0,1]
_ [P+
- {1 (P } Sup O

that is

HOE+1Y
i) < {1 EGE } JSup O

Finally, since \/1 — |y(¢)|? < 1, we find that
1
)= [ pe

Definition 1.6.7 (Bergman metric). The Bergman metric is

B(z,w) = 'yelgfwl(,}/) (1.6.5)

Remark 1.6.8. It is clear that Remark 1.6.6 implies that 5 : B,, x B,, — [0, +00) is a finite metric.
We focus on a crucial property: the Bergman metric is invariant under automorphisms.

Proposition 1.6.9. Let 3 be the Bergman metric, the following property holds:

Ble(2), p(w)) = B(z,w),V z,w € By, (1.6.6)
where ¢ € Aut(B,,).

Proof. Using Proposition 1.6.5 we have that

1
Blp(2), p(w)) =  inf / < Blo(v(1) Jep(v())Y (1), Jep(y(8) (£) >2 dt
e(MECzw Jo

! 1
= it [ < Tt Bt O e 0.4/ > d

1 1
= velgfw/o < B(y(®)Y (t),7(t >2 dt = B(z,w),
O

To conclude this subsection, we provide a formula that describes the Bergman metric in terms of
the involutive automorphism of B,,.

Proposition 1.6.10. Given . an involutive automorphism that interchanges 0 and z, where z € B,,.
Then

(1.6.7)

where z,w € B,,.
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Proof. Since the Bergman metric is invariant under automorphism, we prove the result for w = 0.
Fixed z € B,, and let v : [0,1] — B,, be a smooth curve such that

7(0) =0 and ~(1) = =.
Moreover, we assume that «(t) is regular, that is
v (t) #0, vt €]0,1].
Under these conditions, a(t) := |y(t)| is smooth on [0, 1]. Denoting by
(1) = (@), s m()),
we have that

i Re<A'(t),y(t) >
“O="p0r

Since |v(t)|* =< (1), v(t) >= a(t)?, we differentiate a(t)? to obtain

Re < +/(t),~(t) >

20(t)’ () = 20V (O]

=2Re < 7/(t),~(t) >

=2Re < P’y(t)’/(t)af)/(t) >,

where P, ;) denotes the orthogonal projection from C™ onto the one-dimensional subspace spanned by
~(t). We apply Cauchy-Schwarz inequality to the previous result and it turns out that

|2a(t)a/(t)] = |2Re < Pﬁ/(t)’y'(t),’y(t) > |
< 2| < PypyY' (1), 7(t) > |
< 2|[Pyyy' ()| 1y (#)]

= 2|Py Y (8)]ev(?),

namely
/()] < |Pyyy' (B)],  telo,1].

According to Remark 1.6.6.,

' (B
(1= (®)?)?

_ [Py ()% + Q)Y (1) 2
(1= v(@)]?)?

[Py (£)?
— (1= y@®[2)?

< B(y()Y (), (t) > =
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Hence,

YR,y (1)
2 [ e
Loo/(t)dt
| 1a2<t>‘
Uoo/(t)dt
> | e

lz2l  gs
\// 1—52

si=a(t)

1l 1+ |2
= —lo .
2 %91 2]

In other words,
114z

> —lo
i) 2 5log =2

Finally, considering the curve ~(t) = tz,t € [0, 1], we verify that the equality holds. This means that

1, 147
0,2) = zlog———
80, 2) 39T

and we are done. O

Remark 1.6.11. Recalling that the inverse hyperbolic tangent function, denoted by artanh(z), is

artanh(z) = flog T

defined when |z| < 1. Hence, we easily deduce that equation 1.6.8 can be written as
|p=(w)| = tanh(B(z, w)).

1.6.3 The Bergman metric ball

After the introduction of the Bergman metric, we give the definition of Bergman metric ball and
collect some properties. The Bergman metric ball will be used, for instance, to prove a local estimate
of |f(z)|, from above, in terms of the norm of the Bergman weighted space.

Definition 1.6.12 (Bergman metric ball). Fix z € B,, and r > 0, the Bergman metric ball centered

at z with radius r is
D(z,r) ={w e B, | B(z,w) <r}. (1.6.8)

Moreover, the volume of the Bergman metric ball is denoted by vg(D(z,1)).
In the next Lemma, we explicitely calculate the volume of the Bergman metric ball.

Lemma 1.6.13. Fiz z € B, and r > 0, we have

R2n(1 o ‘2‘2)n+1
(1= B2yt

vB(D(z,7)) = (1.6.9)

where R = tanh(r).
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Proof. The invariance of the Bergman metric under automorphism of B,, says that

D(z,r) = p.(D(0,1)).
Furthermore,

v(p-(D(0, 1)) = / - (w)d(w)

D(0,R)
Hence, using the change of variables formula of Proposition 1.4.7, we find

vp(D(z,r1)) = / dvp(w)

Pz (D(O,?‘))

= / 0 (w)dv(w)
D(0,R)

- (1 [22)"* do(w)
D

O.r) 11— < z,w > [2(n+D)

2n
_ (1 o ’2’2)71—&-1/ R dv(w)
B, |1— < Rz,w > |2(n+1)

- R2n(1 o |Z’2)"+1
- (1 —R2|Z|2)”+1 ’

where in the last equality we used the following identity

_ R2|4[2)nH1 !
/B (1 = B7jaf") dv(w) = —'U(Bn) =1.

1= < Rz,w > |2(nt1) "
O
Corollary 1.6.14. Let r > 0 be, there exists constants ¢, > 0 and C,. > 0 such that
cr(1 = [2]*)" ™ < wp(D(z,7)) < Cr(1 — |2)?)"T, Vz € B,. (1.6.10)

In order to proceed, we recall that

I'n+a+1) -
n!F(oz—kl)/D(Z’T)(l |2]%)%dv(z), a > —1.

Hence, for every a we have the following asymptotic estimate of vy (D(z,7)).

Vo (D(z,7)) =

Lemma 1.6.15. For every couple of real positive numbers r and «, there exist two positive constants
C and c such that the following asymptotic estimate of vy holds

c(1 —|2)?)" ot <o (D(z,7)) < C(1 — |z]?)"TiTe, (1.6.11)
for all z € B,.
Proof. Again, using Proposition 1.4.5, denoting by R := tanh(r) and making some change of variables:

F'n+a+1) CLP\du(s
n!T(a+ 1) /D(m)(l [27)dv(z)

_TPlnta+l) / (1= [2?)" e — fwl?)

va(D(2,7)) =

dv(w).

Finally, observing that we can find two positive constants, denoted by ¢ and C, such that

F'n+a-+1) (1 — |w|?)®
nla+1) |1- < z,w > [2(ntl+a) = 77

for all z € B,, and |w| < R, we obtain the desired result. O
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1.7 Subharmonic Functions

The aim of this section is to collect some results about subharmonic function. Many results of this
subsection are obtained in the real variable case. Hence, the open unit ball B,, can be thought as in
the real Euclidean space R?".

For technical reason, it is convenient to include the definition of upper semicontinuous functions.
Formally, such definition can be stated as follows.

Definition 1.7.1 (Upper semi-continuous function). A function f : B, — [—o0, +00) is said to be
upper semi-continuous if
limsup f(z) < f(z0), V 20 € By. (1.7.1)

Z—r20

We introduce the notion of subharmonic function. We point out that the normalised surface
measure on S, is denoted by do.

Definition 1.7.2 (Subharmonic Function). An upper semi-continous function f : B,, — [—00, +00)
is said to be subharmonic if the following holds

fla) < / fla+r{)do(C), Ya € B,,r € 0,1 — |al). (1.7.2)
Sn
Remark 1.7.3. Intuitively, for a fixed point a € B,,, a subharmonic function f, on a, is no greater
than the average of the values of f in a circle around a.
In the next theorem, we establish an equivalent criteria to recover subharmonic functions.

Theorem 1.7.4. Given an upper semi-continuous function f : B, — [—o00,+00), the following
conditions are equivalent:

a) f is subharmonic in B,.

b) For every point a in B,,, there exists € € (0,1 — |a|) that satisfies

f(a) < A fla+7r{)do(C), YV re|0,¢). (1.7.3)

We wish to understand how fast a function of the weighted Bergman space can grow near the
boundary of B,,. To achieve this goal, the next corollary will be crucial.

Corollary 1.7.5. 1) If a« > —1 and given a subharmonic function f in B, then

F@) < [ flatra)dva(z), Ya € By, € 0.1 o) (L7.4)

2) Let f € H(B,,) and p € R*, then both log|f| and |f|P are subharmonic in B,,.

Proof. 1) The definition of subharmonic function means that

fla) < /S fla+r0)do(C),a € By, € [0,1— |a]).

Then, integrating in polar coordinates, we obtain the desired result.
2) Fix a € B,,, if f(a) = 0, using the mean value property for harmonic functions, we have

log | f(a)] < / log |f(a + r¢)|do ().

n

As well as

Fa) < /S Fla+rOPdo(C), v € [0,1— [a]).
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If f(a) # 0, there exists a positive number € < 1 — |a| such that
f(2)#0, VzeU:={z€B, | |z—al <e}.

Since analytic branches of log f(z) and f(z)P can be defined on U and using the harmonicity of
log|f(z)| on U, the next holds

log |f(a)] = /S log | f(a +rO)lda(C), 7 € [0,¢).

Similarly, using the mean value property for holomorphic functions, we get

fla)y = /S f(a+rOPdo(C), e 0,6),

and, considering the modulus on both sides of the equality, we easily find
f@P < [ Ifa+rOPdso). e 0.0)

Finally, by point b) of the previous Theorem, we conclude that both functions log|f(z)| and |f(2)|P
are subharmonic in B,,. ]

1.8 Complex Interpolation of Banach Spaces

In this section, we talk about a fundamental tool in Analysis: Interpolation of Banach spaces.
Roughly speaking, the Interpolation of Banach spaces consists on the construction of many Banach
space that lie ”in between” two other Banach spaces. There are two major methods for constructing
interpolation of Banach spaces: the complex method and the real method. We discuss the complex
method, because it proceeds by exploiting the powerful tools of Complex Analysis. We start extending
the definition of holomorphic function with values in a Banach space. Then, we introduce the notion
of complex interpolation. Besides, the Definition of compatible Banach spaces is also given. After that
we state a theorem concerning the construction of complex interpolation spaces. We conclude this
section giving an example, perhaps the most important, of complex interpolation spaces. We omit the
proof of all these results because they are just tools that we will use in the description of the Function
spaces studied in this manuscript. Furthermore, the proof of these results requires techniques which
are much different from those in the rest of this thesis.

However, a standard reference for the theory of Complex Interpolation is J. Bergh and J. Lofstrom,
Interpolation Spaces-An Introduction, Springer-Verlag, Berlin, 1976. Another possible reference can
be, for example, J. Garnett, Bounded Analytic Functions, Academic Press, New York, 1982.

In the framework of Banach spaces, we meet at least two different definitions concerning holomorphic
functions: strongly and weakly holomorphic functions. In this section we will essentially restrict our-
selves to the first one and it will be called holomorphic function. However, these two definitions of
holomorphy turn out to be equivalent.

Definition 1.8.1. Let X be a Banach space and 2 C C an open subset. Let f : Q@ — X be a
function. f is called holomorphic in € if there exists

lim f2) = f(=0) =: f'(20) € X, Vz €.
Z—r20 Z— 20
In order to introduce the complex method of interpolation, we give the following definition.

Definition 1.8.2 (Compatible Banach spaces). Given two Banach spaces Xy and Xi, we say that
they are compatible if there exists a Hausdorff topological linear space X such that both of them are
continuously embedded in X.
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Using the above notation, the embedding of Xy and X; in X allows to consider the two linear
subspaces Xy N X7 and X7 + X5 of X.

Proposition 1.8.3. Equip Xo N X1 and X + X1 with the following norms:
||zl xonx, = max ([|z||xo, [|z|lx,) and |[|z||xo4x, == nf {[|zo||x, + [|z1]|x, : @ = z0 + 21, w0 € Xo, 71 € X1}
Hence, we get that (Xo N X1,|| - ||xonx,) and (X1 + Xo, || - ||xo+x,) are Banach spaces.

In this section, the open strip is S := {2 € C| 0 < Re(z) < 1}.

Definition 1.8.4. Given a compatible pair of Banach spaces Xy and X7, let F(Xy, X;) the space of
all functions f from S into Xo + X; with the following properties:

a) f is bounded and continuous on S.

b) f is holomorphic in S.

c) fliy) € Xo,Vy € R.

d) f(1+iy) € X1, Yy € R.

F(Xo, X1) is clearly a vector space. We endow F(Xp, X7) with the norm

[ f]]F := max (Sup [Lf (i)l xo, sup [[f(1+ iy)l!)ﬁ) '
R yeR

ye
Moreover, F becomes a Banach space with the above norm.

Definition 1.8.5. Given 0 < 0 < 1, let Xy be the space of vectors x in Xy + X; such that x = f(0)
for some f in F(Xo, X1). We norm Xy with

|2|x, := inf {[|f||l7 -z = f(0)} .
We obtain that
Proposition 1.8.6. Xy := (Xy,|| - ||x,) is a Banach space.

Definition 1.8.7 (Complex Interpolation). The space Xy is called the complex interpolation space
between Xy and Xj.

Remark 1.8.8. In other words, Complex Interpolation studies the family of spaces Xy that are
intermediate spaces between Xy and X; in the sense that

XoNX; C Xy C Xog+ Xy,

where the two inclusions maps are continuous. Moreover, to emphasise the fact that Xy depends on
both Xy and X7, we write
Xo = [Xo, X1l

The complex method of interpolation spaces is functorial in the sense of the following theorem.

Theorem 1.8.9. Assume Xy and X, are compatible, Yo and Yy are compatible. Fix 6 € (0,1), suppose
there exists a linear operator T : Xog + X1 — Yy + Y7 that maps Xg boundedly Yy, with norm My,
and X1 boundedly into Y1, with norm M. Under these conditions T maps [Xg, X1]g boundedly into
[Yo, Yilg ,with norm at most My~ °M{.

Finally, we give one of the most important examples of complex interpolation spaces. This in-
terpolation concerns LP spaces (over any measure space). We don’t prove this result. However, the
idea used in the proof follows the same lines as in the proof of the Riesz-Thorin theorem. Of course,
interpolation can also be performed for many other normed vector spaces than the Lebesgue spaces,
but we will just concentrate on Lebesgue spaces in this section to focus the discussion. That is, for
example, determine the complex interpolation space of the holomorphic spaces studied later.

Theorem 1.8.10. Let (X, u) be a measure space and 1 < py < p1 < 0o, then

[LPO(X), LY (X)]p = LP(X), 0< 0 <1, (1.8.1)
with equals norms, where
1100
Po P
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Chapter 2

Weighted Bergman spaces

In this chapter we study the weighted Bergman spaces, induced by radial weights. The current
chapter is organised as follows. We start introducing the weighted Bergman spaces. Then, we provide
an integral representation formula that, in the theory of Bergman spaces, will be proved to be very
useful in many different situations. We will concentrate on the general aspects and basic properties
of these spaces such as, for example, completeness, density of polynomials and invariance under auto-
morphism. Hence, to prove these facts, we provide a pair of tools: the first one asserts that functions
in a Bergman space cannot grow too rapidly near the boundary and the second one establishes a local
estimate, from above, of the partial derivative in terms of a suitable constant and the norm of the
function itself.

In the current chapter, after a briefly review of some definitions, notations, and some basic properties
of Hilbert spaces with reproducing kernels, we discuss a concrete example: the space of all holomorphic
functions on the ball which are square integrable with respect to the volume measure dv,, for a > —1.
In this chapter, we introduce one of the most important operators acting on holomorphic spaces: the
Bergman projection, which is the integral operator induced by the Bergman kernel. After collect some
basic properties, we will find necessary and sufficient conditions for which such operator is bounded.
Then, we discuss a crucial consequence of the boundedness of the Bergman projections: the descrip-
tion of the dual space of the weighted Bergman space.

We present a new notion of derivative: invariant gradient and, so that, we will obtain a characterisa-
tion of the weighted Bergman space in terms of this type of derivative, the radial derivative and the
holomorphic gradient respectively.

After that, we study the atomic decomposition of Bergman spaces: we introduce a family of functions
that are called atoms, whose construction is based on some sharp estimates about Bergman metric
and Bergman kernel functions in the unit ball B,,, and show that every function in the Bergman space
can be decomposed into a series of them.

Finally, we conclude this chapter with the complex interpolation of the weighted Bergman spaces.
For this chapter the main references are:

P. L. Duren, A. Schuster. Bergman Spaces. The American Mathematical Society, 2004.

K. Zhu. Spaces of Holomorphic Functions in the Unit Ball. Springer, 2005.

2.1 The Bergman Space A?

The definition of Bergman space is given as follows.

Definition 2.1.1 (Weighted Bergman Space). Given o« > —1 and 0 < p < 400, the weighted Bergman
space, on the open unit ball B,,, is defined as

AP .= [P(B,,, dv,) N H(B,). (2.1.1)

In other words, the weighted Bergman space A% consists of all holomorphic functions f on B,, for
which

il = { [ f(Z)!pdva(Z)}l/p i

n
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When 1 < p < +o0, the space A%, equipped with || - ||p.q, is @ norm space. If 0 < p < 1, the
triangle inequality fails, but the inequality

1F + 9llpa < 1f115.a + llgllpa

is often an adequate substitute. Hence, for 0 < p < 1, the space A%, is a metric space where the metric
is defined as

a(f,g9) = IIf = 9llpa-
Finally, for p = 400, AS° denotes the space of essentially bounded holomorphic functions in B,,. This
space is endowed with the following norm

[ £lloc = esssup { |f(2)] : 2 € Bn} .

However, regardless of what p is, we are going to call || - ||, the norm of A%.

Remark 2.1.2. The assumption that @ > —1 is crucial. In fact, the space LP(B,,, dv,) does not
contain any holomorphic function other than 0 when o < —1. If o = 0, we use AP to denote the
ordinary unweighted Bergman spaces. Moreover, since H(B,,) is a complex vector space, we deduce
that A% is a linear and convex subspace of LP(B,,, dv,), for every 0 < p < occ.

By the definition, if p < g, we trivially notice that

Al C AP,

In the next Lemma, we establish an integral representation formula in H(B,,). In this thesis, such
formula will be used in a large number of proofs. We remark that the only assumption that we use is
the holomorphicity of f.

Lemma 2.1.3. Let a > —1 and f € H(B,,), the following formula holds

f(z)—/B( fw)dvg(w) (2.1.2)

1— < z,w >)ntite’
for all z € B,,.

Proof. Since f € H(B,,), by the mean value property, we have that
f(0) = A f(r&do(€), 0<r<1.

Then, multiplying to both sides by 2nr?*~1(1 — r?)%dr, integrate in polar coordinates, it turns out
that
! T(a+1)
0) [ 2021 (1 = r?)%dr = f(0)
70) [ 2t =y = O S
1
:/ 2nr? (1 —rHdr [ f(ré)do(€)
0 Sn

— / Fw)(1 = [w]?)*dv(w)
B

That is
f0)= [ flw)dva(w).

B
Hence, replacing f by f o ¢., making an obvious change of variables, we obtain

f(w)dvg (w)

= (1— 2 n+1+a/ )
fz) = (1 —[z[%) b, (I— <w,z >)THa(1= < z,w >)Hi+a

Finally, fixing z € B,, and replacing f by the function L(w) := (1— < w,z >)""*f(w), we get the
wished result. ]
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In the next Theorem, we provide a pointwise estimate, for a function f € A%, in terms of the
LP—norm. As a consequence, we will know more about how fast a function in A% grows near the
boundary of B,,.

Theorem 2.1.4. Let 0 < p < 0o and o > —1, the following estimate holds

[ f1lp

where f € AL

Proof. We first assume that z = 0. The holomorphicity of f, on B,,, implies that |f|P is subharmonic.
Hence, using point 1) in Corollary 1.7.5 and Holder inequality, we find

FO)P < /B | () Pdva ()

In general, for any f € H(B,,) and z € B,,, we introduce the holomorphic map
(1 _ |Z|2)(n+1+a)/p

(1- < w, z >)2(ntl+a)/p’ w € By.

F(w) := fop,(w)
Applying Proposition 1.4.7 and putting f(w) := f o ¢,(w), we have

IF|E, = / |F (w) Pdua(w)

n

(1 _ |Z|2)(n+1+a)
— p
N /JBn [frop=(w)] 1— < w,z > |2ntlta) dva(w)

= [ 1fov:0p:)Pduaw)

n

= |f1p.a
That is, the norm of F' agrees with that of f. Moreover,
F(2)(1 = [z = |[F0)] < [|Fllpa = |If |l
and we are done. O

Basically, we proved that, for every function f € A%, point-evaluations are bounded. Moreover,
this fact will be treated during the description of the dual space of A%,

Remark 2.1.5. A consequence of the previous estimate is that the convergence of a sequence of
holomorphic functions, with respect to the LP—norm, implies the uniform convergence on compact
subsets and so, by Weirstrass theorem, the limit function is clearly holomorphic. As a prove, let
0<p<1land f e AL, inequality (2.1.3) shows that

[ f1lp

sup |f(z)] < (1— p2)(n+1+a)/l>'

[z|<p

Another important consequence of Theorem 2.1.4 should be noted. If a sequence of functions
(fn)nen € AL is bounded in norm, then it is locally bounded. So, by Montel’s theorem, it constitutes
a normal family; some subsequence converges locally uniformly on B,, to a function of A%.

In order to prove that, when 1 < p < oo, A% is a Banach space and, for 0 < p < 1, a complete
metric space we need the following important result. Actually, this is a sort of generalisation, on
compact sets {z € C" | |z| <r} where r € (0,1), of Theorem 2.1.4. More is true, this result will be
used, for example, to treat the Bergman space A2, the description of the dual space of AL and the
characterisation in terms of derivatives of it.
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Lemma 2.1.6. Letp >0, a > —1, 0 < r < 1 and m = (my,...,my) a multi-index of nonnegative
integers. Then, there exists C := C(z,r,n,m,a) > 0 such that

8771
\ L) < Cllfllpes (2.1.4)

ozm (2)

for all f € AL and |2| <.

Proof. We start assuming m = 0 and, in this case, we just apply Theorem 2.1.4 or Remark 2.1.5.
After that, for m =1, fix § € (r, 1), using Lemma 2.1.3, we get

dw)dv,
f(52) = /B n <1—fi Z)wlgﬂa“’ 2 € B,

Then, replacing 6z by z, we find
fw)dvg (w)
= J.

— < %7% >)n+o¢+1’

Since

o0

_/ C(n+m|+a+1) |z|™! [w™
\w\<(5 m=1 (

m— O+ at 1) g1 gn 1 ()ldvaw)

/ 0 f(w)dva(w)
w

5 02 (1= < zyw >yrrat]

= D(n+[m|+a+1) [z
/|w|<5 2 (m— 1T (n+a+1) 6m1 | f(w)|dva (w)

1
= T

§2(n+a)+1
= (6 — |2])2(n+a+1) sup {|f(w)| : |w| < 0} .

This means that, for |z| < 4, we have

_ 0 f(w)

SO(w) = & (1_ < Z,w >)n+a+1 € Ll(Bnudva)'

Hence, applying the dominated convergence theorem, differentiating under the integral sign and using
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Theorem 2.1.4:

9z (z)‘ EE (1- < z,w >)ntotl

of 0 f(w)dvg (w)
/|w|<6

9 f(w)dva(w)
B /w<6 9z (1— < z,w >)ntatl

0 = Fn+|m|+a+1) ., .
= /w<5822 T a1 - 0 Jwduaw)

m=

D |m|+a+1) |2
= /w|<6 m—1 (m—-DIM(n+a+1) gm—1 |f(w)|dva(w)

52(nta)+1
< G panerer R @) vl <)

grnte) I/

< b=
N (5 _ ‘Z|)2(n+a+1) (1 _ |5|2)(n+1+o¢)/p
Theorem 2.1.4

In other words, considering the limit when ¢ approachs to r, we have

of p2nta)tl |1/ 1]p,a
&(2) > (T‘ — |Z|)2(n+a+1) (1 _ T2)(n+1+o¢)/p

Proceeding similarly, for any multiindex m, we easily find

m (m+1)(n+a)+1
9 f(z) < r Hf”p,a 7 ‘Z‘S’r’,
Hzm (r _ ’z‘)(m—i-l)(n—l—a—i-l) (1 _ T2)(n+1+a)/p

and we are done. O

As a consequence of all these tools, we have the following Corollary that contains the most impor-
tant result of this section.

Corollary 2.1.7. Let p > 0 and o > —1, the weighted Bergman space Ab, is closed in LP(B,, dvy).
Hence, for 1 < p < oo, the weighted Bergman space AL, with topology inherited from LP(B,,,dv,), is
a Banach space and is a complete metric space when 0 < p < 1.

Proof. Let {fn(2)},en € A&, where 0 < p < 400, such that
S 1~ Sl =

for some f € LP(By,dv,). Since {fn(2)},cy is a Cauchy sequence in A, by Theorem 2.1.4, we have
that {f,,(2)},cy is uniformly Cauchy on each set {z € B, : |z| <}, for 0 <r < 1, and must converge
to a holomorphic function in such set. By the arbitrariness of r, the sequence { f,,(2)}, ¢y converges to
a holomorphic function ¢g(z) on B,,. Finally, by the uniqueness of pointwise limits in Hausdorff spaces,
we must have f(z) = g(z) for almost all z € B,,. We've proved that f € H(B,) and, hence, f € A5,
Similarly, for p = 400, we prove that AS° is closed in L*>°(B,,, dv,) and hence is a Banach space. [

In many applications, we need to approximate a general function in the Bergman space AL by
a sequence of nice functions. The following result gives two commonly used ways of doing this: fix
f € AL, we prove that f can be approximated in A% norm by its dilations and polynomials.

Proposition 2.1.8. Let p > 0 and o > —1. Then, polynomials are dense in A,
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Proof. For 0 < r < 1, let f € AL and denoting by f.(z) := f(rz). Hence, we obtain that {fT}re(O,l)
are bounded and {f},¢( 1) € AL, Our aim is to show that

lim 1f, = fllpe = 0.
r—1
We have

fr = f

ba= [ U@ =t + [ 15 - ) Pdva()
|z|<1—e

1—e<|z|<1

= A+ B.

For every 0 < e < 1 fixed, since { fT}re(O,l) converge uniformly to f on compact subsets, it follows that
A — 0 as |z| — 17. Moreover,

/1€<Z|<1 |f(r2)|Pdva(z) < / 1£(2)|Pdva(2).

1—e<|z|<1

Therefore, using the absolute continuity of the Lebesgue integral, we find

P p
B< /1_€<|Z<1 £ (r2)] dva(z)+/1_€<|z|<l £ (2)Pdva(2)

2 2)|Pdvug (2
<2 EPG)

<4
for € small enough. By the arbitrariness of §, we deduce

im [|f; = fllpa = 0.
r—1

Now, fixed r € (0,1), we can approximate { fT}re(O,l) uniformly by polynomials basically using the
expansion in homogenous power series. That is, if f(rz) = > 7, ax(2r)¥, we define the sequence of
polynomials as f¥(z) := Zszo ay(rz)k. Then, an immediate application of the dominated convergence
theorem implies that { fT}rG(O,l) can be approximated in the norm topology of AL by polynomials.
Finally, using the triangle inequality and the same notation used above

1 = £ Mo S Mf = Fellpa + 11 = f Ipya

and we easily obtain the desired result. ]

Remark 2.1.9. It is easy to see that the estimate given in Theorem 2.1.4 is optimal, namely, the
exponent (n + « + 1)/p can’t be improved. However, as a consequence of Proposition 2.1.6, using
polynomials approximations and following the same lines as in the previous proof, we can show that

lim (1 — |z[?)("Fe+D/Pr(z) =0, (2.1.5)

|z]—1—
whenever f € AL, p € (0,+00) and a > —1.

Proof. For a holomorphic polynomial f(z) = Z;-V:O a;jz’ we have that

N
lim (1= [z)TFFVPIf()] = lim (1= [o)FerDPLY " a;20

|z]—1— |z]—1— =0
N
< lim (1 — |z?)(vtetD/p a;| =0.
Jim (1 12P) > ol
|z|<1 Jj=0
——
<+o00
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Namely, in this case, (2.1.5) holds. Now, fix f € A% and r € (0,1), by the fact that {fr}re(0,1) can be
approximated uniformly by polynomials, we deduce

lim (1 — [z|2)Fe+D/Pf(rz) = 0.
|z]—1—
Finally, for any f € AL, since
hm7 If = frllpa =0,
r—1

using the triangle inequality and Theorem 2.1.4, it turns out that

lim (1 — [z} f()] < dim (1= o)V f () = fo(2)[ 4+ lim (1= |o?) D2 (2))

|z| =1~ |z| =1~ |z| =1~

< lim [[f = fllpa+0<e,

T zl—1
for r large enough. This completes the proof. O

Proposition 2.1.8 states that given f € A%, one can find a sequence of polynomials that approach
f in norm. Actually, we can improve this result, for p > 1, by showing that f can be approximated
by the most natural choice of polynomials: the partial sums of its homogenous expansion series. To
this end, we will need the following instruments.
For any holomorphic function f, we define tha partial sum operator Sy : H(B,,) — H(B,,) as follows

N
Snf(z) = Z anz",
n=0

o0
where f(z) = Z an,z" is the homogenous expansion of f.

n=0

Lemma 2.1.10. Let (X,||-||) be a Banach space of holomorphic functions on the open unit ball such
that polynomials are dense. Then

lim |[Sxf—fl|=0,VfeX <«  supl|Sn| < .
N—oo N>1

This Lemma is not proved. However, the interested reader can find all the details of this result
on, for example, Bergman Spaces by Peter L. Duren and Alexander Schuster.
In the next theorem we study the approximation in norm by its Taylor polynomials. In fact, in the
next theorem we show that this is possible if 1 < p < +oc.

Theorem 2.1.11. Let 1 < p < oco. If f € AL, then the partial sums of its Taylor series converge in
norm to f.

Proof. (Hint) We just observe that we can find a constant C' > 0 such that

SN fllpa < Cllfllpar N €N,

applying Lemma 2.1.10, the result follows easily. O

Remark 2.1.12. The fact that the above theorem fails when p = 1 can be shown, for « = 0, by
1— 2

considering functions of the form f(z) := (1_(<Z7G(L)>)3, where a € B,,.

We end this section by proving that the map defined as Ty, : f — f o ¢, where ¢ € Aut(B,,),
sends the Bergman space A%, into itself, for 0 < p < 4o0.

53



Proposition 2.1.13. Let f € A} and ¢ € Aut(B,,), then
fope A,
where a > —1 and 0 < p < +o00.

Proof. First of all, it is clear that f oy € H(B,,). Then, for 0 < p < oo, using the change of variables
formula of Proposition 1.4.7 , we obtain

(1 _ |a|2)n+1+a

| 1fovtrdn = [ LCLk doa(2)

By

|1f < z,a> |2(n+1+a)

(1 _ ’a‘2)"+1+a

</ VP e ()

1 antitae
B m /B () Pdva(2),

n

where a = ¢(0). O

Remark 2.1.14. In Proposition 2.1.13, we had the linear operator

and we proved that
(1+ ]+
Hf ° 90||p,a S (1 B |a|)(n+1+a)/pr |p70“

where a = ¢(0). Moreover, we easily notice that the following estimate from below holds:

(1 ] 4/
Hf © QOHILOC 2 (1 + ’a|)(n+1+a)/p”f‘|p7a

Denoting by L£(A%, AL) the space of linear operators from A%, to itself and
Tl zcaz a2y == sup ||f o @llpa, we find that

1 £1lp,a=1
(1= Ja) 0/

+ ‘a|)(n+1+a)/p
(1 + |a|)(+1+e)/p < Tleca,az

_ ‘a|)(n+1+a)/p'

(1
)S(l

Remark 2.1.15 (Uniformly convexity of A% for 1 < p < 0o). It is known that the spaces LP(B,,, dv,)
are uniformly convex for 1 < p < oo, but not for p =1 or p = co. Since every subspace of a uniformly
convex space must have the same property, each of the Bergman spaces A%, with 1 < p < oo, is
uniformly convex.

2.1.1 The space A2

In this section we concentrate on the case p = 2. We start recalling the most important facts
about Hilbert spaces with reproducing kernel. In this short review, we suppose to deal with spaces of
functions defined on B,, but, of course, this theory can be generalised on any domain of C". We remark
that all these results are provided without proofs. After such review, we will have the necessary tools
to prove that Ai is a Hilbert space with reproducing kernel defining a canonical inner product on
A2 and, so that, the associated reproducing kernel will be calculated in closed form. Hence, we will
discuss about some properties of the kernel previously computed such as, for example, the invariance
under Aut(B,,).
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Let H := (H,<,>3) be a Hilbert space of functions, where <, >, denotes the inner product, de-
fined on a set B,, and suppose that the point evaluations are bounded linear functionals on H, that
is, for each z € B,,, there exists a constant C, > 0 such that for all H we have

[f(2)] < Cel fllne- (2.1.6)

Such inequality implies that the linear functional
L.(f) = f(2), feH,

is bounded. Applying Riesz-Fisher theorem, there exists k, € H such that, for all f € ‘H we have

< fikz >n= f(2).
Definition 2.1.16. We define a kernel function K : B,, x B,, — C by setting

K(z,w) = k;(w). (2.1.7)
The kernel K is called the reproducing kernel for H.

Proposition 2.1.17. The kernel K satisfies the following properties:
1) f(z2) =< f,K(-,2) >y, Vf € H and z € B,,.
2) K(w,z2) = K(z,w), Vz,w € B,,.

The following result establishes conditions that characterise the reproducing kernel of H.

Lemma 2.1.18. Let H(z,w) be a function on B,, x B,, such that
1) H(-,w) € H , for all w € B,, fized;

2) < f,H(-,2) >u= f(2), for all f € H and z € B,,.

Then, H(z,w) coincides with the reproducing kernel K(z,w) of H.

It will also always be the case that, for each compact subset £ C B,, there exists C' := Cg > 0
such that for all f € H we have

Sug!f(Z)l < Ol flln- (2.1.8)

ze
If (2.1.8) holds, then clearly the convergence in H implies the uniform convergence on compact subsets
of B,,.
There is an intriguing formula connecting the Bergman kernel function with the notion of complete
orthonormal system. We will use it to compute the Bergman kernel function for the unit ball.

Proposition 2.1.19. Let H be a Hilbert space of holomorphic functions on B, for which condition
(2.1.8) holds. Let {¢;} be an orthonormal basis for H. Then the series

+o0o
> i) (w)
j=1

converges uniformly on compact subsets of B, x B, to the reproducing kernel K(z,w) of H.

An interesting consequence of this proposition is the following result that shows that the repro-
ducing kernel K satisfies an extremal property. As a straightforward consequence of this result, we
will calculate, on Section 2.3 of the current chapter, the operator norm of a linear functional defined
on the space A2: the point-evaluation linear functional.

Corollary 2.1.20. Let H be a space of holomorphic functions on By, for which condition (2.1.8) holds
and let K(z,w) be its reproducing kernel. Then

K(zz)= sup  [f(2)
Fer|Ifllu=1
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After this introduction, we are ready to study an example of Hilbert space with reproducing kernel:
the weighted Bergman space A2.

Definition 2.1.21. We call the function
K%(z,w):= Ky (2), zweDB, (2.1.9)
the reproducing kernel of A2.
In the next theorem we prove the main result of this subsection.

Theorem 2.1.22. Suppose a > —1, the space A2 is a Hilbert space with reproducing kernel. Fur-
thermore, A2 can be equipped with an inner product so that the associated reproducing kernel has the

exTPTession
1

K*(z,w) = (= < 7w >y’ z,w € B,. (2.1.10)
Proof. For p > 0 and o > —1, the Bergman spaces AL are closed subspaces of L?(B,,dv,). Since
L?(B,,, dv,) is a Hilbert space, we obtain that A2, equipped with the inner product <, >, is a Hilbert
space as well.
By Theorem 2.1.4, the point evaluations are bounded linear functionals on A2. Hence, by the Riesz-
Fisher Theorem, there exists a unique function K¢ € A2 such that

fw) =< [, K >a=/B f(2)Kg(2)dva(z), f € A2, (2.1.11)

that is called the reproducing formula for f in AZ2.
In order to compute K, (z,w), we proceed as follows. Applying Corollary 1.4.7 and Proposition 2.1.5,
the following functions form an orthonormal basis:

= \/FEZ!;(T et (2112)

where m runs over all n-tuples of nonnegative integers. Using the multinomial formula and Proposition
2.1.19, it turns out that

Kq(z,w) = Z em(z)em(w)

m

B m'Fn+a+1)

1
(1— < zyw >)ntlte’

Moreover,
Ka(za ’LU) = Ka(w7 Z).

For any fixed w € B,,, we notice that

and, since

= Z\em(w 2

" T e <%
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Hence,
K%(z,) € A2

)

for w € B, fixed. Finally, from Lemma 2.1.3

()
0= 4 dua(w).

— < zyw >)ntlta
in other words, K“ satisfies the reproducing property. ]

Remark 2.1.23 (Uniqueness of the reproducing kernel). We should emphasise that among functions
in A2, the kernel K,(z,w) is uniquely determined by its reproducing property. This is part of the
Riesz representation theorem: if a function I, (w) = L(z,w) belongs to A2 and also has the reproducing
property, then f(z) =< f,l, >, and so < f,k, — [, >,= 0 for every f € A2. But this fact implies
that k., — [, = 0, so that K(z,w) = L(z,w) for all z,w € B,,.

In the next proposition we obtain a characterisation of A2 in terms of Taylor coefficients.

Proposition 2.1.24. Let f € H(B,,), assume that the homogenous expansion in power series of f is

+o0

f(z) = Z amz",Vz € By,

m=0

Then, f € A2 if and only if the following condition is satisfied

T 1
> - (ntatl) oo (2.1.13)
>0F(n+ |m| +a+1)
Proof. After some computations, we find
o0
/ 1£(2)]Pdva(2) = / Z axam 2"z dvy(2)
n Brn k,m=0

miI'(n+a+1) 9
T+ [l +a+ 1)

O]

We conclude this section with one of the main features of the Bergman kernel: the invariance
under the group Aut(B,,).

Proposition 2.1.25. Let K, (z,w) be the Bergman kernel. Then

Ko (z,w) = det(Jep(2)) Ka(o(z), o(w))det(Jop(w)), (2.1.14)

where ¢ € Aut(B,,).
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Proof. Defining H(z,w) := det(Jep(2))Ka(p(2), o(w))det(Jop(w)), we have

< f(w), H(w, ) >a = ; f(w)det(Jep(w)) Kalp(w), o(2))det(Jep(z))dva(w)

— det(Jop(2) / (f 0 1) (p(w))det(Jep (1)) Ka(p(w), o)) dua(w)

B
— @I ) | (- ¢—1><¢<w>>mm@<w>, o (2))dva((w))

= det(Jro(2)) op L w;aw,zdvaw
t(Jew( ))/n{(f ) (e( ))det(cho(w))}K (p(w), p(2))dva(p(w))
_— 1
=de Nf(2) —/——
t(Jew(2)) )det(JW(Z»
= f(2).
Finally, using Lemma 2.1.17, we obtain the desired formula. O

2.2 Bergman Type Projections

We verified that A% is a closed supspace of LP(B,,dv,). This implies, in particular, that there
exists an orthogonal projection P, from L?(B,, dva) to A2, which is called the Bergman projection.
The boundedness of the Bergman projection on L?(B,,dv,) is trivial from the general theory of
Hilbert spaces, but its boundedness on LP(B,,dv,), for p # 2, is not obvious at all. Furthermore,
the Bergman projection is a central object in the study of holomorphic function spaces. In fact, for
example, the boundedness of the Bergman projection on LP(B,,dv,) immediately gives the duality
between the Bergman spaces. Hence, understanding its behaviour and estimating its size is therefore
of vital importance on several occasions. We start giving the definition of Bergman projection.

Definition 2.2.1. Let o > —1, we introduce

Py(f)(z) := : f(w)KY(z,w)dve(w), f € L*By,dvy). (2.2.1)

Remark 2.2.2. First of all, we prove that P,(f)(z) is well defined. Using the uniform convergence
on compact subsets of K, it turns out that

n+k+a
LAGICIEN |Z Tttt 0t D)< o> ()

'n+k+a+1
|Z ! 2 (w)

< T(n+a+1)

Jw|<1

n

1
= e o, ()

From Holder inequality, we deduce

1
(1 _ ‘Z|)n+1+a

[Pa(f)(2)] < [ fllp.ar 2 € By, 1< p < oo
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For p = oo, we have

| Pa(f)(2)] S/ |f (w) || (2, w) |dva (w)

n

< fllea [ 1K w)ldenw)

n

1/2
= Wl ([ 1RG0 Paino)

Holder

1
(1 _ ’2’2)(71—‘,—14-04)/2’

= [[f1lo0

z € B,.

This means that, although the Bergman projection of P, is originally defined on L?(B,,dv,), we
clearly extends the domain of P, to L'(B,, dv,). In other words, since LP(B,,, dv,) C L'(B,,, dv,) for
1 < p < o0, we can apply P, to a function in LP(B,,dv,) whenever 1 < p < oco. Moreover, these
inequalities suggest how the behaviour of the Bergman projection is near the boundary of B,,. In fact,
for 1 < p < 00, we prove that

lim Po(f)(2)(1 — |2))"TF* =0, f € LP(B,,dv,)

|z| =1~
Let f(z) := Ip, () the indicator function be, then
lim_ Po(f)(:)(1 = o)™ = Tim (1 [s])rite

|z]—1— |z]—1—

=0.

Hence, for any simple function we easily obtain the same result. Finally, fix f € LP(B,,, dv,) and let
a sequence of simple functions f,(z) be such that

lim ||fn = fllpa =0,

n—-+o0o
then
Jm (P (DI )< T Paf = )N ) T [Pa(fa) ()]0 2

< lim [[f = fallpa
|z]—1

<e,
for n large enough. Similarly, for p = 400, we show that

lim  Po(f)(2)(1 — |2|?)mH1+e)/2 — g,
|z]—1—
Remark 2.2.3. For 0 < p < 1, in general, the Bergman projection is not well-defined. As a prove,
we consider the following counterexample. For sake of simplicity, we suppose that « = 0 and z = 0.
Let the following function be

Fw) = — € IP(By, dv) \ LB, dv), p € (0,1).

ST
Hence, under these conditions and using integration in polar coordinates, we get that the Bergman
projection is

RO = [ ogdelw) = .

B, 1 — ’w|2
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A further property of the Bergman projection is given by

Proposition 2.2.4. Let o > —1, we have that

Po(f)(2) € H(By),
where f € LP(B,,,dv,) and 1 < p < co. Moreover, P, sends the weighted Bergman space AL to itself.
Proof.

Po(f)(2) = [ f(w)K*(z,w)dva(w)

Bn

1
/ Fw TC(n+|m|+a+ )zmﬁmdva(w)

m!I'(n +a+1)

(n+ml+a+1) , Pt ml+atl) .,
_Z\/ m!T'(n+a+1) /nf(w)\/ m!I'(n 4+ a+1) 0" dva(w)

=Pm

o0
= meem(z)
m
The fact that P, : A}, — A%, for 0 < p < oo, follows easily from Lemma 2.1.3. This completes the

proof. ]

In the next Lemma, we prove that the operator P, maps L?(B,,, dv,) boundedly onto the Bergman
space A2,

Lemma 2.2.5. Let o > —1, the Bergman projection is the Hilbert space orthogonal projection of
L2 (B, dvy) onto its closed subspace A2.

Proof. Since P, f(z) € H(B,,), applying Lemma 2.1.3 , we get
Pyf(z) =< Pof, K¢ >, .

By the other hand, using Fubini Theorem

< Pyof,KY >4 = / P, f(w)K%(z, w)dv,(w)

n

_ / { A f(;g)Ka(w,x)dva(x)}K%w)dw(w)

— /an(g;) {/Bn K“(z,w)K“(w,:r)dva(w)}dva(rv)

f(x)K*(z,z)dva ()
By

=< [,K¢ >,

that is,
< Pof, KT >0=< [, K] >,

where f € L2(B,,,dv,) and z € B,,. In other words, we used the reproducing property of K to P,f.
Hence, we deduce that (f — Pf) is orthogonal to K. Furthermore, the last equality also implies that
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the Bergman projection must be given by integration against the Bergman kernel.
Now, P, f(z) is well defined for all f € L2(B,, dv,). This fact was proved on Remark 2.2.2.. However,
since K@ € A2 C L?(B,, dv,), using Cauchy-Schwarz we notice that

[ f(w)K“<z,w>dva<w>\ < 1B lzallfll2a < oo.

Finally, using the notation of Proposition 2.2.4 and Bessel’s inequality, we have

| VPaf () Pa(e) = 3 pdy < em(ehresz) >
. -

= Z|pm|2
m

<150
we conclude that P, f(z) € A2. O

Remark 2.2.6. Alternatively, we can show that P, is the orthogonal projection proving that

Pyo Py =P, and < Pof,g >oa=< f, Pag > for f,g € L2(B,,dv,). The former identity follows by
the reproducing property of the Bergman kernel when acting on functions in A2, while the latter one
follows from the hermitian symmetry property. Hence, we have

< P.f,9>a :<Z<f76m >a tm, 9 >a

m

:Z<faem >a< em, 9 >a

m

=< f72<gvem >aem >Oé

m

=< f,Pag >a -
That is, we used the characterisation of orthogonal projections.

Corollary 2.2.7. Let f € L*(B,,,dv,) and ¢ € Aut(B,,). Then
Pa(f 0 p)(2) € AZ.

Proof. Under these conditions, it turns out that (foy)(z) € L?(B,, dv,). Hence, applying the previous
lemma, the wished result is obtained. O

Remark 2.2.8. In Lemma 2.2.5 we showed that

[1Pa(f)

20 < ||fll2.05

this fact implies that
1 Pall 222 (B dva),42) < 1.

Actually, the exact operator norm is one. This can be proved as follows

HPa(f)HZa =||[Pao Pa(f)||2,a
= HPa(Poc(f))HZa
< |Pall2(p2(Bn dva),42) 1 Pa (2,0
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that is
L < ||Pall2(z2(Bn,dva),A2)-
The fact that ||Pal|z(22(8,,dva),42) = 1 Will be crucial when we discuss the dual space of A2
Furthermore, let ¢ € Aut(B,,), then we have that
[1Pa(f 0 )20 < If 0 pll2.a

(1-+ Ja]) 14072

= (1= [o)) o Tra)2 12,0

that is
(1-+ Ja]) 14072

HPa(f ° Q)O)”Q,Oé S (1 _ |a’)(n+1+a)/2 ||f||27047

where a = ¢(0).
Finally, we prove that the operator P, is not injective. It suffices to prove that Ker(P,) # {0}. Let
the function f(z) := z* be, where k € N*\ {0} . Then

1
m'F (n+a+1) Jg,

o0

Z n + ‘m’ + o+ 1) /0 (1 o T2)ad’l°/ §m+kd0(£)

mI'(n+a+1)

m
=0, m+k>1

=0.

We remark that we have applied a more general result concerning formulas for images of special classes
of functions under the Bergman projection. The interested reader can find further details on the book
Bergman spaces by Peter Duren and Alexander Schuster, Chapter 2 Lemma 6.

In Chapter 1, we presented some estimates concerning the boundedness of a family of integral op-
erators. These tools are going to be used to understand how the operator P, acts on other LP(B,,, dv,)
spaces, for p # 2.

As a special case of Theorem 1.4.6, considering the operator 7" and putting ¢ = 0, in the following
result are given sufficient and necessary conditions for the Bergman projection to be bounded.

Theorem 2.2.9. Let -1 <y< o0, - 1<a<ooandl <p<oo. Then
P, : LP(B,,dvy) — AP is bounded <= p(y+1)>a+1. (2.2.2)

First, considering v = « and, secondly, p = 1, we find the following corollary.

Corollary 2.2.10. P, is a bounded projection from LP(B,,,dv,) onto A% if and only if p > 1, and P,
is a bounded projection from L'(B,,dv,) onto AL if and only if v > a.

Remark 2.2.11. Note that, for p > 1 and p(y + 1) > (a + 1), A5 can be thought as the quotient
space induced by the Bergman type projection

P, : LP(By, dva) — AP (2.2.3)

By the open mapping theorem the quotient norm on A% is equivalent to the || - ||p o norm on A%
because the operator in (2.2.3) is bounded and onto.
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Remark 2.2.12 (Unboundedness of the Bergman projection). Whithout loss of generality we assume
a =~ = 0and p = 1, we prove that the Bergman projection is not a bounded operator from L!(B,,, dv)
to L'(B,,dv). If Py : L'(B,,dv) — L'(B,,dv) was bounded, Py : L= (B, dv) — L*(B,, dv) would
also be bounded. But for fixed £ € B,,, define the function

ge(2) = (1 =261 — z¢| 2.
Then ge € L>®(B,,, dv) and ||g¢||oo = 1, while

r

1
e A e

is not bounded for £ € B,,. This shows that Py does not map L*>°(B,,,dv) boundedly to L*>(B,,, dv),
and, hence, that the Bergman projection is not a bounded operator from L'(B,,,dv) to L'(B,, dv).

2.3 Duality

The aim of this section is to identify the dual space of A%, when 1 < p < +o00. We will see that the
boundedness of the Bergman projection plays a fundamental role in this representation. For 0 < p <1,
the dual space structure of A%, is more delicated and involves the Bloch spaces, which are introduced in
the next chapter. In order to proceed, we begin with reviewing some notions from Functional Analysis.

Suppose (X, ||+ ||x) is a normed vector space over the field C, a linear functional
f: X—C
is said to be bounded if there exists a positive constant C' such that
[f ()] < Cllaf|x (2.3.1)

for all z € X.
The dual space of X, denoted by X*, is the vector space of all bounded linear functionals on X.
Namely,

X*:={f: X — C| f bounded linear functional} .

For any bounded linear functional f on X, we use || f||x+ to denote the smallest constant C' satisfying
(2.3.1), that is
Ifllx+ =inf{C >0:[f(z)| < Cllz|lx},

or equivalently

A lxr = sup {[f(@)] [ [|=][x =1}

Then, it is easy to check that X™* becomes a Banach space with this norm.
The bidual space, denoted by X™**, consists of all continuous linear functionals A : X* — C. This
space is endowed with the following norm:

[Allx= = sup {[R(H)] | [IFllx- =1}
Each element = € X generates a scalar function J(z) : X* — C by the formula:
J(@)(f) = f(=z), f e X,

and J(z) is a continuous linear functional on X*, that is, J(x) € X*. One obtains in this way a
linear map
J: X — X

called evaluation map. By the Hahn-Banach theorem, J is injective and preserves norms:
(@) x = [l]x,
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that is, J maps X isometrically onto its image J(X) in X**. Furthermore, the image J(X) is closed
in X**. The space X is called reflexive if it satisfies the following equivalent conditions:

1) the evaluation map J : X — X™* is surjective,
2) the evaluation map J : X — X™** is an isometric isomorphism of normed spaces,
3) the evaluation J : X — X™** is an isomorphism of normed spaces.

Moreover, every closed linear subspace of a reflexive space is reflexive and, if X is Banach space,
the following are equivalent:

1) The space X is reflexive.

2) (James’ theorem) Every continuous linear functional on X attains its norm, that is, there ex-
ists an element = of unit norm such that |f(x)| = ||f||x* .

Let @ > —1 and 8 > —1, it is a well-known fact that, for 1 < p < oo, the dual space of L?(B,, dv,) is
isometrically isomorphic to L(B,,, dvg), where

1 1
-4+ —-=1 and vy=
p q

SRS
2™

and the pairing is given by

Fy(f) = ; f(2)g(2)dvy(2), f € LP(By,dva), g € LI(Bn, dvg).

Essentially the above representation holds for functionals (A4%L)*. Namely, each such functional is
uniquely represented in similar way by a function g € Aqﬁ, but there is an important difference: for
p # 2, the induced isomorphism between (A%)* and A% is no longer an isometry, although the norms
of Fy and g are equivalent in the sense that they are bounded by constant multiples of each other.

Besides, recalling that, by Theorem 2.1.4, the point evaluation, at any z € B,, is a bounded lin-
ear functional on A% and, hence, (A4%)* is a nontrivial Banach space for all p > 0 and all a > —1.
Now, we can prove the main goal of this section.

Theorem 2.3.1. Let > —1, § > —1, 1 < p,q < oo such that

1 1
—-+-=1 and 7:g+é.
p q p g
Then, the following identification holds
(AR)" = A} (2.3.2)
under the integral pairing
Ff) =< g == [ 5()a)de2), (233

where f € AL, g € A%. Furthermore, the identification of (2.3.2) holds so that the norms of Fy and g
are equivalent. In other words,

CillEll(azys = Ml9llas < CollFgllazy

for some positive constants C1 and Cs.
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Proof. First of all, we show that the weighted measure dv,(z) is well-defined:

v=t
p g

We start proving Aqﬁ C(AR)". Let g € Aqﬁ and f € A%, we define the linear functional

Fy(f) =< f,9>y= / (1= [zP)*Pf(2)(1 = |2[2)P/ag(z)dv(z)

Bn

hence, applying Holder’s inequality, we find

[Ey (D < 1 Fllp.allglles,

that is

||Fg||(Ag)

in other words, F, € (A%)". To show that ¢ is unique, assuming without loss of generality that

= Zakzk, Vz € B,,

then
Zak/ kdvq,
— [ [P (2)

m!I'(n 4+ v+ 1)
"Tn+|m|+y+1)

Thus, if Fy, (2™) = F,,(2™) for all m, since polynomials are dense on every Bergman space, then, we
deduce g1 = go.

Conversely, for what concerns (A45)" C A%, let F € (AL)", by the Hahn-Banach theorem, F extends to
a bounded linear functional on LP(B,,, dv,) with the same norm. So that, by the duality of L? spaces,
there exists h € LY(B,,, dvy) such that

where f € LP(B,, dv,). Let

Then,

/ |H(2) [ dvs(2) = <2 / (1~ 228 ()| 9dus (2)
B, Bn

= |h(2)|%dva(z) < 00,



that is, H € LY(B,, dvg) and

P, ()% = [ F)0 o) DR~ )3 o)
By Y Br

= [ J(R)I(2)dva(2)
Bn,

=F(f), feAL.
Moreover, since the following conditions hold
a>-1 <= qgy+1)>p+1 and B>-1 < p(y+1)>a+l.

Hence, as a consequence of Theorem 2.2.6, both projections P : LP(B,,, dv,) — A% and
P, : LY(B,, dvg) — A% are bounded. Finally, denoting by g := P, (H ), we have that g € A% and

F(f)=<f,H >,
=< P’Y(f)vH>’y
=< f,Py(H) >,

=<f,g >

that is
F(f)=<f,g>y, VfeAb.

Now, since HFH(A%)* = ||H||q,8, We get

Hg .6 — HP'Y(H)Hqﬁ

< HP’y||£(Lq(Bn,dvﬁ),Aqﬁ)||H|’q,6

= 1Pyl 2(za(Bn.dvg),a9) [ Fll(a5)-

namely, the above identification holds with equivalent norms.
Finally, if p = ¢ = 2, from Remark 2.2.8, we know that

1Py 2228 0,05),42) = 15

hence, in such case, we obtain
19llq.s < [[Fll(ag)- < llglla,s,

that is,
lgllas = 1]y

In other words,
(A%)* = A3,

is an isometric isomorphism. This completes the proof. O

Remark 2.3.2. It is evident from the previous proof that the representation of the dual space of A%
depends heavily on the boundedness of the Bergman projection. The proof does not extend to Al
because, if p = 1, the Bergman projection is bounded if and only if we have that both v > « and
~ > (3 hold. But, under such conditions, we would have that

y>a= 0>«
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and
v>B=a>0,

which is clearly a contradiction.
In particular, choosing oo = 3, we find

Corollary 2.3.3. Let a > —1, 1 < p,q < oo such that

S+ =1
poq

Then, the following identification holds with equivalent norms
(AR = 4
under the integral pairing
<f,9>a, [feAL, g Al

Moreover,

(AP)*™ = AP, (2.3.4)
That is, for 1 < p < 0o, the Bergman spaces AL are reflexive.
Remark 2.3.4. Actually, (2.3.4) can be alternatively proved as follows. For 1 < p < oo, the space
LP(B,,, dv,) is reflexive. Since A5, C LP(B,,dv,) is a closed subspace, we deduce that the weighted

Bergman spaces AL are reflexive, for 1 < p < co. Hence, as a consequence, by James Theorem every
linear functional of (AL)* attains its norm.

Remark 2.3.5 (Point evaluation Linear Functional). From Theorem 2.1.4, for any f € AL and
0 < p < oo, we had that
[ £1lp.a

1f(2)] < (1 — |2[2)(nt1te)/p

Hence, the linear functional given by the point evaluation, denoted by L.(f) := f(z), satisfies

1
[Lz2[l(ar)- <

= u}_|zp)m&1+ayp’()<1’<‘+o°

For p = 2 we are able to exactly calculate this norm. In fact, applying the extremal property of
Corollary 2.1.20, it turns out that

1
||Lz||(A§)* = (1 - |Z|2)(n+1+a)/2'

Finally, we can find the element where L, attains its norm as follows: let a point w € B,,, the function

K%(z,w)

, Jal =1,
K*(w,w)

f(z):=a
is such that

1 ll2.0 = 1K (2, w)||2.0

1
VE*(w,w)

K> (w,w)
K> (w,w)
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Hence, choosing w = z, we find

(1 — |2[2)(nt1ta)/2”

We give a further example of linear functional on LP(B,,, dv,), for 1 < p < oo, and the behaviour
of its norm operator: the Bergman projection P,.

Example 2.3.6. In Remark 2.2.2, we proved that

[ llp.a
[Pa(f)(2)] < W,Z €B,, 1 <p<oo.

Hence, fixed z € B,,, the linear operator
Po(-)(2) : [ € LP(By,dva) — Pa(f)(2) € C

satisfies

1
1Pellwe@adoay < T memear 2 € Bus LS p <o

Finally, for p = oo, we have

1
1Fallwe @ < G- mmrrarz:

Remark 2.3.7 (Uniformly convexity and Strictly convexity). For 0 < p < 1, assume that A% is not
reflexive. This fact will be proved in the next chapter. Hence, from Milman-Pettis theorem, the space
A?, is not uniformly convex. However A%, for 0 < p < 1 is strictly convex. This last assertion can be
verified as follows. Suppose f,g € AL, so that ||f||1.a = |lg|l1.a =1, and ||f + g|[1,« = 1. Then

1+ 9l = [1fllLa +[lg]

this is possible only if f(z) = Ag(z), where A(z) > 0 at every point z where f(z)g(z) # 0. But
A = f/g is a meromorphic function, so the requirement that \(z) > 0 forces it to be constant. Thus
f(2) = cg(z) for some constant ¢ > 0. But now it follows ¢ = 1, since ||f||[1,o = ||g||1,o = 1. Thus
f = g, which proves that Al is strictly convex. Finally, using the same approach, we can also show
that the Bergman space AL, for 0 < p < 1, are strictly convex.

1,9

2.4 Characterisation in terms of derivatives

We begin the current section recalling the notion of holomorphic gradient and introduce the in-
variant gradient. After that, we obtain a result that compares the various derivatives that we use for a
holomorphic function and, as a consequence, show that the holomorphic gradient admits an estimate
from above and below in terms of the invariant gradient and the radial derivative respectively. The
invariance, under the action of Aut(B,,), of the invariant gradient is also proved. Then, we provide
an embedding lemma for Bergman spaces. Finally, the main goal of this section will be proved: we
establish various characterisations of A%, in terms of higher order derivatives and, hence, obtain some
straightforward consequence as well.

In this section, and throughout this thesis, we will write

Vi(z) = <g(z),...,£(z)> (2.4.1)
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and call |V f(z)| the holomorphic gradient of f at z. Similarly,

Vf(z) = V(fo¢:)(0), (2.4.2)

where ¢, is the involutive automorphism. \% f(2)| will be called the invariant gradient of f at z.

The following formula provides the bridge between the objects mentioned above and the radial deriva-
tive.

Lemma 2.4.1. Let f € H(B,,), then the following formula holds
Vi@ =1 =12V - [Rf(2)]7), Vz€B, (2.4.3)
Proof. Writing
f(z) =u(z1,y1, s Tny Yn) + i0(T1, Y1, ooy T, Yn), Where u,v : B, — R,

so that we get
‘f|2 = u(xlvyla "-7xn7y’ﬂ)2 + ’U(.’L'l,yl, ...,-’En,yn)2-

After some computations, we find
O, |12 = 2, )0, ule, y) + 20(2, 9)0u,0(@, ), J = 1,.00m,

as well as
Ay, 1F1? = 2u(z, y)dy,u(z, y) + 2v(z,y)0y,v(z,y), j=1,..,n

Hence,
Doy | F12 = 2 (00,u(,9))” + 2u(w, 1)y, 0, y) + 2 (92, 0(2,9))” + 20(2, 1) Do, v0(@, ), G =1,000m,

8yjyj’f’2 =2 (ayju(xv y))2 + 2U(.’E,y)ayjyju($,y) +2 (8:113'1}(337 y>)2 + 2'1)(.1’, y)ayjij($7y)7 ] = 17 ey T

Since, as a consequence of the Cauchy-Riemann equations in several variables, u and v are harmonic
functions, we deduce that

ASIP)0) =D (Duya, | F1P + Dy £7)

j=1

= 2u(0,0) Au(0,0) +2v(0,0) Av(0,0) +2 |Vul|?* +2 |Vo|?
SN—— S—— S—~— SN——
=0 =0 =[VFO))  =[VFO)?

= 4|V f(0)%,

that is
A(f12)(0) = 4|V £(0)[*.

Moreover, using the definition of invariant Laplacian and (2.4.2), the above equality implies
A(If1%)(0) = A(If* 0 90)(0)
= A(|f[*)(0)
=4[V (O

= 4|V f(0)[%,
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by the other hand,
AV f(2)]P =4V (f o) (0)

= A(If 0 ¢:*)(0)

= A(If1)(2),
that is B _
AV )P =A(SP)(2).

Since, using the conjugation properties of Wirtinger operators, we have

|Rf(2

that is

~ _ IfP
RGP =D 2z 0207, (2)

To conclude, we use Proposition 1.3.19. as follows

n B 8ﬂfﬁ
BASE) =40 1oF) 300y =575

n 82 f2 n B 82 f2
= 41— (Z i azJaLj (6= 2 = 82!8,‘2*3‘ )

i,j=1

P
(Z 52,5, f(Z)Q)

= 41— :) (VS ()P = [RFG)P)

namely,

A(IfP)(z) = 41 = 21*) IV (2)P = IRF(2)P) -

Finally, we substitute this last equality in (2.4.4) and the wished result is obtained.
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Remark 2.4.2. In the former proof we used the following property

Of (\OF .\ _ DIfP
0z; i 87]‘ 2= 6z¢8§j )

where f is any holomorphic function. As a prove, using Cauchy-Riemann equations (that is (1.2.1)),
the conjugation properties of Wirtinger operators and the product rule, we find

P>, _ 9 aff)
ﬁziafj ¥ _87@ 0z; (Z)

_i 267?2 igz
- 52 { g @+ o)

O9f, Of . D Of
_8723-(2)87:2-('2)4_ (2)87,%872]-(2)

_of, . of

—6727287222)

By the fact that the invariant Laplacian is invariant under the action of the automorphism group,
we have the following important corollary.

Corollary 2.4.3. |Vf| is Mobius invariant, that is
V(fo@)(2)| = (V) op(z)l, Vf € H(By), (2.4.5)
where ¢ € Aut(B,,).

Proof. Since B B
AV = AUF)(2),

this fact implies
4|(V) o p(2)* = A(If)(e(2)
= A(f o))

= 4V(f o ) (=),
and this completes our proof. O

A fundamental tool, that follows from the previous lemma, will be the following chain of inequal-
ities.

Lemma 2.4.4. Let f € H(B,,), then

(1= [zP)Rf(2)| < (1= |2V f(2)| < [Vf(2)], ¥ 2 € By (2.4.6)
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Proof.

n

0
R(2)|= szajk
k=1

2}1/2

of
8zk

n 1/2 n
2
= {Zee} {2
Cauchy—Schwarz k=1 k=1
=[]V f(2)] <V f(2)I,

that is,
[Rf(2)| < IVf(2)],

and, multiplying both sides by (1 — |z|?), we clearly get the first inequality. For the second inequality,
using Lemma 2.4.1 and |Rf(z)| < |z||Vf(2)], it turns out that

Vi) = V= zP)(VFE)P - Rf(Z)P)

> V(1= [P)(IVFE)P - 2PIVF)P)

= (1= [z)IVF(2)l.
O

The next lemma is a key estimate for the study of Bergman spaces, when 0 < p < 1. It will be
needed several times later in this thesis.

Lemma 2.4.5. Given 0 < p <1 and a > —1, then

n!l'(a+1)

—_— p
F(n + o+ 1) Hf”p@év v f € Aa- (247)

/ FEI(L = [2f2) /o= gy () <

n

Proof. Writing
[f(2) = [F PR,
nI'(a+1)

Tntatl and applying Theorem 2.1.4 to | f(2)|!7P, we get

denoting by cq,n =

/ F(@)[(1 = |22y Htre/r=it Dy (2) =/ [ @PIF )P~ |2t gy (z)

n Bn

f & e n a)/p—(n
= / FEF ((1 — z||‘2)”(i+1+a)/17> (1= [of)lmittel/r=iay(z)

FNn+a+1)

n!T(a + 1) (1—|z[*)*dv(z)

= ol FIL27 /B P

dva(2)

= canllfllp.as
and we are done. O

Remark 2.4.6. As a further consequence of Theorem 2.1.4, we notice that the exponent
n+1+a
B = nrita (n+ 1) is the best possible one. Moreover, the previous result should be considered
p

as an embedding of the Bergman space Ag into AL, for 0 <p < 1.
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Remark 2.4.7. Since, for 0 < p < 1,

1
p

defining the linear functional ® : A%, — C as follows
O(f) = i f(2)dvy(2).
Hence, as a consequence of the previous Lemma, we find
D[l (azy- < 1.
Moreover, (2.4.7) can be written as follows

1y < M fllpas 0<p <1,

that is, the continuous embedding of AZ into AL.

If n =1, we clearly have

Rf(z)=2f'(z), V@I =11 V)= 1= PIf ()],

and notice that the functions

(L= PR, (L= PIVIE)L V)

have exactly the same boundary behaviour on the unit disk. In higher dimensions, the three functions
above no longer have the same boundary behaviour. However, in the next theorem we show that
when integrated against the weighted volume measures dv,, these differential-based functions not
only exhibit the same behaviour, they also behave the same as the original function f(z). Besides,
this result will be used to illustrate the complex interpolation of the Bloch space.

Theorem 2.4.8. Let « > —1, p > 0 and f € H(B,,), then the following are equivalent:
a) f € Ab

b) [Vf(2)| € LP(By, dva)

c) (1= |2P)IVf(2)| € LP(Bn, dva)

d) (1= [z]?)|Rf(2)| € LP(Bn, dva).

Moreover, the quantities

v, Pdv,(z pap 2)|Pdv, (2 — 2|2 2| Pdv, (2
/Bnlvf(Z)lda(), /Bnu 22)[V £(2) Pdva(2) | /(1 22)|RF (=) Pdva2).

n

are all comparable to
[ 1tGpdne),
whenever f € H(B,,).
Proof. We start proving that b) implies ¢). From the inequality
(1= PV < V)
of (2.4.6), multiplying both sides by (1 — |z|?)® and then integrating, we easily obtain
11 = 2PV fllpa < [V [p.a-
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¢) = d), from the inequality
(L= [zP)Rf(2)] < (1= [z)Vf(2)]

of (2.4.6), and, proceeding similarly as in the previous case, we get the desired result.
Now, our aim is to prove that a) implies b). Defining g(w) := fog.(w) and choosing 5 > «, where ¢,
is the involutive automorphism, from Lemma 2.1.6 there exists a constant Cy := C1(z) > 0 such that

Vo) < Cs [ lgw)Pdos(w)
Hence, using the change of variables formula of Proposition 1.4.7, our result is

|f (w)[Pdvg(w)

L e e |
B
then, integrating both sides respect to dv,(z) and using Fubini’s theorem, we find that

/ IV f(2)[Pdval(z) < C’l/ (1— 1212)"+1+ﬂdva(z)/B |f (w)|Pdvs(w)

= <zw > PO

(1 _ ‘Z|2>n+1+6
L 1= < z,w > |20 F146)

= G [ Iftw)Pduse) [ doul2)

Fubini "
(1 _ ‘Z|2)n+1+5+a
_ P
=0 [ () [ G e )
Denoting by t :=n+4+ 1+ a and ¢:= 8 — a > 0 and applying Theorem 1.4.4, we find

(12
e < zw > e

[ Fi@Pane <o [ s [ o

n

< 02/]B |f(w)|pdvﬁ(w)(1 — |w|2)_(ﬁ_a)

- CQ/ F)P(L ~ [w?)= =) (1 — jw|?)Pdo(w)

n

yer /B F)P(1 = [w]?)*dv(w)

e / | (w) [Pda(w),

that is

/ ¥ F ()P dua(z) < C / () Pdv ().

n n

Finally, we substitute f — f(0) instead of f:

/ ¥ () Pdua(z) < C / (2) = FO)Pdua(2),

n n

and we obtain the desired result.
We wish to prove that d) implies a). We apply Theorem 2.1.4, choosing § > 0 large enough, to obtain

Rf(z) = /B (1—R£(Zf1}>/i)(gl+ﬁ’ 2B, (2.4.8)
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We observe that

)
R7(0) =Y 52000
k=1"""
=0.
Hence, (2.4.8) can be written as
1
rit) = [ R0 (g —1) dostw

More is true, using formula (1.5.3), we also have

1 z
1) =10 = [

1 1 dt
=/ Rf(w)/0 <(1_ < trw S 1) dvg(w)—,

that is,
50— 50 = [ Riw) [ : 1) dvg(w) & (2.49)
: I, v 0o \(1— < tz,w >)nH1+58 VBN o
If we define the kernel
! 1 dt
H = —-11=
(2, w) /0 ((1 —t < z,w >)t1ts ) t’
then, (2.4.9) becomes
£:) = 10 = | RF)H (. w)dvs(w)
We proceed estimating the kernel H(z,w) as follows
VAl — (1 —t < 2w >)"HBHLN at
H - : —
’ (Z,w)‘ /0 < (1—t< Z,w >)n+6+1 > t ’
1
< z,w>dt
<
s¢ /0 (1—t < z,w>)nth+l
=C|-(1-t < z,w>) Y
_ C
Tl < z,w > AT
that is ~
C
Then, we have that
- Rf(w)
|f(z) = f(0)| <C <0y (1 — |w|?)Pdv(w). (2.4.10)

We use this inequality as follows: we consider two cases, the first is regarding 1 < p < co. Chosen
large enough so that
0<a+1<pp.
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Then, as a consequence of Theorem 1.4.6, where we put a := 8 — 1, a = 0, and

$(w) = [Rf (w)|(1 — [w]?), we find

1 —[w?)”!
< zyw > B

F(2) = FO)Pdva(z) < € (RF@I(1 — )} — dow)) dua(z),
I8 (L i

that is, f € LP(B,, dv,).
We prove the case 0 < p < 1. We choose § large enough so that

n+1+p3
P

8= —(n+1)

where 8 > a+p > —1. Hence, using Lemma 2.4.5 and the inequality (2.4.10), where we put a := 3/,
we have that

Rf<w) 2 n+2+’8’ —(n+1)
1@ - g0 < [ | ) 0 ) dv(uw)
- Rf(w) ’
~~ (1_ <Zuw>)n+ﬁ p,B’
Lemma 2.4.5 ’

Afterthat, applying Fubini and Theorem 1.4.4 part ¢), where we put t = a, ¢ := np+pS—n—1—a > 0,
it turns out that

/ 1F(E) = FO)Pd () < / 2 / n
(1= 22"

= [ irspany) [ S )

) _— (1 Jsf2)° ”
= [ 1Bste) Py [ dv(2)

. ‘1_ <z,w > ‘n—i—l—i—a—i—(pn—&-p,@—n—l—a)

p

11— < z,w > |*th

< Cy - |Rf (w)[Pdv(w) (1 = [w]*)*Pduv(w)
Theorem 1.4.4

that is

/ £ (2) = f(0)Pdva(z) < CJ/ (1= |2P)IRf()))" dval2).

n n

Finally, it’s easy to notice that this proof produces equivalent norms on A% in terms of radial derivative,
the holomorphic gradient and the invariant gradient of f. O

In the following corollary we provide a criterion, in terms of partial derivatives, to determine
functions of the Bergman spaces.

Corollary 2.4.9. Leta > —1,p>0, N €N and f € H(B,). Then

8m
feA — (1- |z2\)Na—n{(z) € LP(B,,dvy), |m| =N (2.4.11)
z
Proof. We start proving (=) by induction. For N = 1, we just apply the equivalence a) and ¢) of
the last theorem. For N = 2, let f € AL, using the same equivalence, it turns out that
of

— c AP

5. atpr ©= 1,...,n.
7
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0
Hence, we apply the implication a) = ¢) to the function a—f, we obtain that
i

0% f
_ 2
(1= P

(2) € LP(B,,, dvayp), 4,5 =1,..,n

To prove the general case, that is for any arbitrary N € N, we basically use the same idea.
(«<=) In this case, we just repeat reversing the same argument. O

A further consequence is given by the following corollary.

Corollary 2.4.10. Suppose o > 1, p > 0 and assume that f € AL. Then the integral

/ ()P ()
> [ o

1s comparable to
m
omf
3zm

L

(2)| dva(2),

m|<N |m|=N

whenever f € H(Bn)

2.4.1 Characterisation in terms of R*!

The aim of this subsection is to obtain a characterisation of the Bergman space A%, for every
0 < p < 00, in terms of the operator R*!. We start with the following corollary, that follows from the
integral representation formula of (2.1.2)

Corollary 2.4.11. Assume that « > —1,¢t >0 and f € H(B,,). If neither n+ « nor n+ a+t is not
a negative integer, then

o _ frw)dva(w)
R tf( ) - rl—lgl* B, (1— < Z, W >)n+1+o¢+t’ (2412>
and
atf(z) = lim f(rw)dvas+(w) (2.4.13)

ro1- Jp, (1= < z,w >)ntita’

In particular, the limits above always exist.

Proof. Fixed r € (0,1), let the dilation function f,(z) = f(rz) be. Applying Lemma 2.1.3, we have
frl(z) = / q frwldvalw) =g

— < zyw >)ntlta

Now, since
. fr(w) _ f(w)
Tl_l)nlr{ (1— < z,w >)ntltatt — (1 < z g >)ntltatt’ Vwe B,

and

fw)dvg(w ot 1
/n (1_ <(Z,7)J) >)(n+)1+a+t = B, f(w)R ’ <(1_ < z,w >)n+1+a> dva(w)

_ poyt f(w)dva(w)
- /m

1— < 2,w >)n+iTa

= R f(2).
Hence, we deduce that
. fr(w)dva(w) t
1 = R%
T B, (1— < z,w >)ntitatt 1),
this proves (2.4.12). To show (2.4.13), we proceed similarly. O
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Remark 2.4.12. Moreover, we've proved the following identity

RO f(w)dva (w) . |
/Bn (=< 2w 555 = /B fw R <<1_ <w >>n+1+a> dva(w),

where f € H(B,,).

In order to prove the main goal of this subsection, we need the following lemma concerning the
image of the Bergman kernel under the action of the operator R*' and its inverse operator R .

Lemma 2.4.13. Suppose neither n 4+ s nor n+ s+t is a negative integer. If 5 = s+ N for some
positive integer N, then there exists a one-variable polynomial h(< z,w >) of degree N such that

1 h(< z,w >)
S,t . ,
R (1— < z,w >)"t+8 B (1= < z,w >)nHi+6+ (2.4.14)
Furthermore, there exists a polynomial P(z,w) such that
1 p
Bs = &) (2.4.15)

T(1- < zyw >)nFIAEL (1— < 2w >)n AT

Proof. Using the definition of R*! for 3 = s + 1, there exists a positive constant C' such that

1 :C§§k+n+1+s

Rs’t
(1- < z,w >)nH1+8 k!

Tn+1+k+s+t)<zw>k
k=0

:C§jrm+1+k+s+w

1) <z,w>k+

n+1l+4s
+C§:—?T—Tm+1+k+s+w<%w>k
k=0

o
r 1+ k& t
:C<z,w>z (nt1+ +S+)< ky

X zZ,w >
k=0

o
1
O P ks t) < 2w >

k!
k=0
_ CT(n+1+8+1) +C(n+ﬁ)F(n+ﬁ+t)
(1= < z,w >)nHHBH (1— < z,w >)ntB+t

'n+1+B8+t)+(n+ B (n+B+t)(1- < z,w>)

= (1= < 2,w )BTt

Namely, for 5 = s+ 1, (2.4.14) holds. In general, if 5 = s+ N, there exists a positive constant C
such that -

Rt = < z,w >
(1— < z,w >)"t1+8 k! ’ ’

k=0

where p(k) is a polynomial having degree N that can be written as a linear combination of

1, k k(k—1), ... k(k—1),...,(k—N+1).
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Hence, to prove (2.4.14), we proceed exactly as in the case N = 1.
To show (2.4.15), using Proposition 1.5.10, Proposition 1.5.11 and the fact that R,; and RsttN
commute, it turns out that

1 _ s+t,N 1
B s L S i

1
— RS+t,NR
st (1_ < zw >)n+1+s+t

— Rs+t,N 1
(1— < zyw >)ntlts

_ Z pm(z) 0 1

=N 0zm (1— < z,w >)ntits
m|s

where p,,,(2) is a polynomial. This completes our proof. O

Remark 2.4.14. As a consequence of the previous lemma, we can compare the behaviour of R*! and
RP. In fact, there exist a family of constants {Cj}, such that

N
h(< z,w>) = ch(l— < z,w >k

k=0
Then, using Proposition 1.5.10, we find
N
1 1
s,t _
R (1_ < Z,Ww >)n+1+5 - ;}Ck (1_ < zZ,w >)n+1+ﬂ+t—k

Finally, we differentiate respect to w to obtain

N
R = CoR™' +) " CkRgys i kR,
k=1

where we easily notice that Cy # 0. For any f € H(B,,), the function Rﬂ_i'_t_k;’kRﬁ’tf is a k—th integral
of RP*f, for every 1 < k < N, and, hence, is more regular than R%!f. In other words, the behaviour
of RSt and RP'f are often the same. Finally, we estimate h(< z,w >) as follows. Using the above
notatio, Cauchy-Schwartz inequality, we get

N
h(< z,w >)| <> |[Cyl2"
k=0

and, from (2.4.14) and putting C := Z;QVZO la|2¥, we easily deduce that

1
(1—- < z,w >)nt1+8

h(< z,w >)

Rs,t

< h(< z,w >)
T (1= < zyw >)nHIEAA

< C
S <zw> pripr
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We are ready to prove the main goal of this subsection.

Theorem 2.4.15. Assume o > —1, p > 0 and t > 0. If neither n + s nor n+ s+t is a negative
integer, then there exists positive constant ¢ and C such that

c / F@)Pdualz) < /B (1 |22 Ro (=) Pdva(z) < C / F(2)Pdual2), (2.4.16)

where f € H(B,,).

Proof. Let B = s+ N, where N is a positive integer large enough so that 8 > —1. Then, we use the
integral representation formula of Lemma 2.1.3, we can write

f(2) =/ a f(w)dvs(w) z € B,.

— < z,w >)nHHET

Applying the operator R*! to f, using the previous formula, Remark 2.4.14 and Lemma 2.4.11, we
can find a positive constant C'; such that

’Rs’tf(z)’ < Rs,t/ ( f(w)dvﬂ(w)

- < 2,0 >)n 177

IN

/ Rs,t( f(w)dvﬁ(w)

1— < z,w >)nt1+6

_ / h< z,w >) f(w)dvg(w)
L (1= < z,w >)nHlHAE

|f (w)|dvg(w)

<C .
>0 - |17 <z,w > |n+1+,8+t
We rewrite ()]s ()
t w)|dvg(w
[R*'f(2)] < Cl/B 1< ow s AT (2.4.17)

that implies

o fw)|dvg(w
R - 1P <o Py [ T B,

If p> 1 and N is large enough so that

a+1l<pB+1),
so that, from Theorem 1.4.6, there exists Cy > 0, independent of f, such that

/ (1= |2 R f(2)Pdva(z) < Cs / )P dualz).

n n

If 0 < p < 1, we write

n+1l+d
p="TEE (g,
p
where N is assumed large enough such that o/ > a. Using Lemma 2.4.5, (2.4.15) and, again, (2.4.17),

there exists a constant C'5 > 0 such that

wisep < { [ Al }

. 11— < z,w > |n+1+,8+t

f(w) p
P

S 0301 / (1— < z,w >)”+1+ﬁ+t d’l}al(w>
= P |f(w)|P

= 0301 /B |1— < Z, W > |n+1+a/+tpd'l)a/ (U})

80



After that, multiplyng from both sides by (1 — |z|?)Pdv,(z), integrating and, hence, from Fubini’s
Theorem and Theorem 1.4.4, there exists a positive constant Cy, independent of f, such that

[ =B P < 60t [ (- R [ 7wl oo (1)

. . B, ’1_ < z,w > ’n+1+a/+tp

p p (L[

<Gy [ 17(w)Pdva (w) (A= |oP)r e
B ! Bn “ B, |1— < z,w > |n+1+a’—a+(tp+a)

RyeleNe: / F@)P = [w2)* dug (w)

Bn

_Geyer / [ (w) Pdva ().

n

Next, assuming that the function (1 — |z|?)!R*!f(2) € LP(B,,) and from Remark 2.4.12, the function

9(2) = Ci:u 12PRPf(2) € LP(By, dvg).

Furthermore, using Corollary 2.4.11, Fubini’s theorem and Lemma 2.1.3, it turns out that

Pﬁ(g)(z) = /IB% (1_ - zg,gliul)”-*-l-&-ﬁ (1-— |w\2)5d1}5(w)
= [ Y R ) Sy s o)

Co+t 2\t . f(r:c)dvﬁ(a:) 1
/Bn e (1= kel {T—IPIH /JB%n (1— < w,x >+ | (1— < 2w >)n+1+5d“ﬁ(w)

. dvﬁ+t(w)
=1 d
i, S0 [ s

o f(rz)dvs(z)
= lim
ro1- Jp, (1= < z,x >)nH1+s

= f(2).
If 1 < p < oo, from Theorem 2.2.9, we deduce that f € A%L. For 0 < p < 1, writing f = Pgg as

RO
f(z) = 05/IB (- <= Qf(;u))n+1+ﬁ(1 — |w*)Fdvg(w), =z € By,

where C5 is a suitable positive constant. We also assume that IV is large enough so that

1 /
6+t:”+p+a—(n+1)

for some o/ > 1. Applying Lemma 2.4.5, there exists a positive constant Cg such that

[RPf (w)P
1— < z,w > |(nt1+5)p

P < Co /B Ao (w),
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for all z € B,,. Now, since
m+1+B8)p=n+1+a —pt
=n+l+a+ (@ —pt—a),
again, assuming that IV is large enough so that
o —pt—a >0,

and, finally, using Theorem 1.4.4 and Fubini’s theorem, there exists a positive constant C7 such that

/ &) Pdva(z) < Cr / (1 [wf2)P!| RS f (w)|P g (w).

B n

We proved (2.4.16). O
To conclude this subsection, we give the following trivial corollary.

Corollary 2.4.16. Letp >0, a > —1, t > 0 and assume that neither n+s nor n+ s+t is a negative
integer. Let f € H(B,,), then the following are equivalent

1) fe Al

2) (1—[2P)' R f(2) € LP(By, dva)

2.5 Atomic Decomposition

The purpose of this section is to present a proof of the atomic decomposition for weighted Bergman
spaces. That is, for any f € AL, we show that f can be described in terms of a linear combination
of a particular family of functions, called atoms, that are defined using the reproducing kernel of the
space A2. In some sense, they play the role of an orthonormal basis for this space, although we will
see that they are not mutually orthogonal. Besides, as a consequence of this process, we will deduce
a fundamental topological property of the Bergman space: the lack of local convexity, for 0 < p < 1.

First of all, denoting by (-, -) the Bergman metric, we recall that for » > 0 and z € B,, the set
D(z,r) ={w € By : B(z,w) <r} (2.5.1)

is the Bergman metric ball at z.
In order to give a constructive proof of the atomic decomposition for Bergman spaces, we need a pair
of estimates. This is the content of the next lemma.

Lemma 2.5.1. For every r > 0 there exists a positive constant C, such that

_ 1— l|al?
cl< <O (2.5.2)
and )
1 —
Ot < a” ¢ (2.5.3)
1-<a,z>|

for all a,z € B, such that B(a,z) < r. Furthermore, if r is bounded above, the constant C, can be
chosen to be indipendent of r.

Proof. Under the above conditions, writing z = ¢,(w) for some w € B,, with 5(0,w) < r, applying
Lemma 1.3.9 follows that ) )
12?2 = (1 — |w[*)(1 — |a[*)

- <a,w > 2

1—
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We notice that D(0,r) is actually a Euclidean ball centered at the origin and having radius less than
1. This fact allows us to find a positive constant C' such that

1
< = w2 < C, VYa € B,,Yw € D(0,7),
SO W
1—la
cl<

for all a and z with 8(a, z) < r. (2.5.2) is proved.
In order to prove (2.5.3), we proceed as follows. Using the involution property of Proposition 1.3.11,
we know that z = ¢, (w) if and only if w = ¢,(z) and, hence, applying Lemma 1.3.9, we get

(1 —lal*)A = |2*)

1—|w? =
[l - <a,z>|?

To conclude, using the boundedness of 1 — |w|?, from above and below, and since 1 — |a|? is comparable
to 1 — |z|?, the result follows easily. O

As a consequence of Lemma 1.6.15 and Lemma 2.5.1 we have the following corollary.
Corollary 2.5.2. Let a € R, r;1 > 0, 72 > 0, and r3 > 0. Then there exists a constant C > 0 such

that
vo(D(z,71))

—1
O S o (Dw, )

<C (2.5.4)
for all z,w € B, with B(z,w) < ;.

Many techniques in Mathematical Analysis involve covering lemmas, namely, ways to decompose
the underlying domain into special nice pieces. In the next Lemma, we provide an example of this
technique.

Lemma 2.5.3. Let R > 0 and M € N, there exists N € N such that every Bergman metric ball of
radius v, where r < R, can be covered by N Bergman metric balls having radius r/M.

Proof. Let a Bergman metric ball D(a,) be, where 0 < r < R. Put § = r/M and let {D(ag,d/2)}p,
be a finite covering of D(a,r), where each a; € D(a,r). Our aim is to obtain an other covering of
D(a,r): put @} := ay and let @), be the first of {az, as, ...} such that 3(a}, a}) > 6/2. Then, we choose
the first term af, after af, whose Bergman distance is at least §/2 from both a and af. The covering
obtained at the end of this process, denoted by {D(a},0)}, satisfies

Blaj, a3) > 6/2, i#j.

By the fact that the family of sets {D(aj,,r/4M)} are disjoint and contained in D(a,r+r/(4M)), the

following inequality holds
r T
o0 (D ok gyg)) < v (P (o + 7))

Using the previous corollary, there exists a constant C' := C(R, M) > 0, that is independent of r, such

that r r
v(D (ar+g37)) < v (P (dk 737))
for every k. Finally, putting N = [C] + 1, the wished result follows easily. O

We now present a useful decomposition of the open unit ball into Bergman metric balls.
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Theorem 2.5.4. There exists N € N such that for any 0 < r <1 we can find a sequence {ax} € B,
such that the folllowing properties hold:

1) B, = | D(ax, 7).
k

2) The sets D(ax,r/4) are mutually disjoint.
3) Each point z € B,, belongs to at most N of the sets D(ay,4r).

Proof. 1) Fix r € (0, 1], following the same lines as in the first part of the previous proof, we can find
a sequence {ay}; € B, such that

B, = U D(ay,r)
k

and that §(a;,a;) > r/2 for all i # j.

2) This property follows as a fairly application of the triangle inequality.

3) As a consequence of the previous Lemma, every D(ay,4r) can be covered by N Bergman metric
balls having radius r/4, where N is independent of r. Hence, assuming by contradiction

N+1

A ﬂ D(aki,ﬁlr)
=1

then ay, € D(z,4r) for 1 <i < N + 1. Let D(z;,r/4), 1 <i < N, be a cover of D(z,4r). Then at
least one of D(z;,7/4) must contain two of ax;, 1 < j < N + 1. Applying the traingle inequality, such
points must have Bergman distance less than r/2, which contradicts the second assumption made on
{ax} during the previous paragraph. O

Remark 2.5.5. We notice that we could have proved the result for any fixed radius greater than r/4.
Using the above notation, we give the following definition.

Definition 2.5.6. We will call r the separation constant for the sequence {ax}. Moreover, the sequence
of complex numbers {a} is called an r—lattice in the Bergman metric.

For the sake of convenience, we collect some elementary facts, on the Bergman metric, about
holomorphic functions in the unit ball B,, and the automorphism group Aut(B,). In the following
Lemma, for any f € A%, we prove that the point-evaluation, for a fixed z € B,,, can be estimated from
above by v, (D(z,7)) and the integral of | f|P, respect to dv,, performed on D(z,r) for some r > 0.

Lemma 2.5.7. Assume r >0, p >0 and o > —1. Then there exists a constant C > 0 such that

P < e [, WPt

for all f € H(B,) and all z € B,,.

Proof. From Proposition 1.6.10, D(0,r) is a Euclidean ball centered at the origin with Euclidean
radius R = tanh(r). Then, using the subharmonicity of |f|P and Corollary 1.7.5, it turns out that

p ; w p v (W
FOF < o p ) o, H Pt

where f € H(B,). We substitute f by f oy, and use the change of variables formula of Proposition
1.4.7, we get

va(D(0,7)) 11— < z,w > [2(n+1+a)

Finally, applying Lemma 2.5.1, the result is obtained. O

_ 2’2 n+1+4+ao
If(Z)I”Sl/D( W (L= o) )

The following result is an identity concerning the involutive automorphism. Actually, this is a
generalisation of Lemma 1.3.9 and is not proved.
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Lemma 2.5.8. Suppose a € B,, and let ¢, the involution automorphism be. Then

(I-<a,a>)(1- < z,w >)
(1- < z,a>)(1- < a,w >)’

I-< QOa(Z)v(pa(w) >= (2'5'5>

for all z,w € B,,.

Fix ,u,v € B, and R > 0 such that u,v € D(0, R). In the next lemma we provide an estimate
from below of the distance, under the Bergman metric, between u and v in terms of the hermitian
inner product of C" involving z,u and v.

Lemma 2.5.9. Let R > 0 and b € R. Then, for all z,u, and v € By, so that f(u,v) < R, there exists

constant C > 0 such that

_ b
m —1| < CB(u,v), (2.5.6)

where B(u,v) is the Bergman metric.

Proof. Since f(u,v) < R, denoting by r := tanh(R) € (0,1), we can write v = ¢, (w) where |w| < r.
Let 2’ = ¢,(2). Hence, as a consequence of Lemma 2.5.1, it turns out that

1 — |ul?

1—<ZU>:7
' 1- <2 u>’

and
1 —|uP)(1- < 2w >)

(1- <2 u>)(1- <u,w>)

1-<z,v>=
Then, using these two equalities, we find

(1-<z,u>)P  (I-<u,w>)°

(1-<z,o>)P  (1- <2 w>)P

and hence
(1— < z,u >)° - =<uww > — (1—- < 2w >)b

(1— < z,0>)P (1- < 2,w>)°

By the fact that |2/| < 1 and |w| < r, we get
l—-r</l-<Zw>|<2

Furthermore, because of | < u,w > | < r and | < z/,w > | < r, there exists C; := Cy(r,b) > 0 such
that

(1— <u,w >’ — (1- < 2w > <Ci| <2y w > — <u,w> |

Finally, since the Bergman metric is equivalent to the Euclidean metric on the relatively compact set
|w| < r, there exists Cy > 0 such that

|w] < C25(0,w)
= C25(0, pu(v))

- CQﬁ(uv U)

wher v = ¢, (w) and S(u,v) < R. O
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Remark 2.5.10. Putting b = 1 in the previous Lemma, applying the triangle inequality and, then,
repeating the same argument with b = —1, we find that for every R > 0 there exists a constant C' > 0
that satisfy

e <zu>| (2.5.7)

c
T l-<zyo>| T

for every u,v and z € B,,, such that 5(u,v) < R.

Lemma 2.5.11. For every k > 1 there exists a Borel set Dy, such that the conditions hold

1) D(ag,r/4) C Dy C D(ag,r) , Yk > 1.
2) DyND; =0, fork #j.

3) Bn =) Dx
k
Proof. Let k > 1, we define the family of sets

B = D(ag, ) — | ) D(aj,r/4)
J#k
so that F,. satisfies
D(ag,r/4) C Eyx, C D(ag,r)

Furthermore, {Ej},cy is a covering for B,. To prove this fact, we notice that if z € B, then
z € D(ay,r) for some k. If 2z € D(a;j,r/4) for some j # k, then z € Ej; otherwise z € Ej.
We construct the Borel sets as follows: let Dy = E; and inductively define

k
Dyjy1 = Epp1— | Dy, k>1
j=1

so that {Dy}, is a disjoint cover of B,,. As a prove, if z € B,,, then z € Ej, for some k. If k = 1, then
z € Dq. If k£ > 1, then either we have z € D; for some 1 < i < k, or we have z € Dy,.
For each £ > 1 we have

Dy C E, C D(ak,T’).

We prove that D(ag,r/4) C Dy. The case k = 1 follows easily from D; = E;. For k > 1 we proceed
as follows: fix z € D(agy1,7/4) C Exy1. Then z ¢ E; for any 1 < ¢ < k, which implies that z ¢ D, for

any 1 < ¢ < k. This shows that
k

2 € By — U D; = Djy1,
i=1

and we are done. O

We wish to improve the partition of the sets {Dy}, in Lemma 2.5.11. To this end, we partition
the set Dy and use automorphisms to carry the partition to {Dg};~,. In order to proceed, we pick
n a positive radius such that the quotient n/r is small. Then, fix {zk}k:L”J € D(0,7). These points
depend on 7, in the sense that {D(z;,n)} cover D(0,r) and that {D(zj,n/4)} are disjoint. After that,
following the same lines as in the former proof, we can enlarge every set D(z;,1/4)ND(0,r) to a Borel
set F; so that E; C D(z;,n) and

J
D(0,r) = J B,
j=1
is a disjoint union. The automorphisms are used as follows: for £ > 1 and 1 < j < J, we define

akj = Pay (Zj) and
Dyj = Di N @q, (Ej)
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where ay; € D(ay,r) for all £ > 1 and 1 < j < J. By the fact that

J

Dy, = | J Dy
j=1

is a disjoint union for every k, we get a disjoint decomposition of B,
oo J
= J U D
k=1j=1
We introduce the following two operators on L!(B,,,dvs) and H(B,,) respectively.

Definition 2.5.12. Fix a real parameter b > n and define 8 =b — (n+ 1). We define

_ |w|2)b- (1)
Tf(z):/ (1= Jul) L f(w)dv(w), f € L'(B,,dvs) (2.5.8)

and

SF(z) = iz v (Di;) f(ak;) (25.9)

(1— < z,a; >)°
where f € H(B,,).

Remark 2.5.13. We remark that the operator T' depends on the parameter b. Moreover, the operator
S depends on both the parameter b and the partition {Dy;} and hence, as a consequence, depends on
the separation constant r and 7.

The following Lemma plays a fundamental role in the atomic decomposition of Bergman spaces.

Lemma 2.5.14. Let any p > 0, a > —1, there exists a constant C' > 0, independent of r and n, such
that

F(2) = Sf(2)| < C io: (1-— |ak|2)(pb—n—1—a)/p / )P () 1/p 2510
z) — 2)| < Co w) Pdvg (w 5.
—~  [l-<za>| D(a,2r)
forallr <1, z€B,, f € HB,) and where
B tanh(n)
A T T (2.5.11)
Proof. Using Lemma 2.1.3 and since 5 > —1, we can write
f(w)dvg(w)
= —_ B,,.
1) /IB%n (1- < z,w >)b’z <
{Dy;} is a partition of B,,, this fact implies
Z Z dvg(w
k=1 j=1" DPrj
and, hence, we can write
f(ag;)
d )
1) ZZ/ { 1—<zw>) (1—<z,akj >)b v (w)

k=1 j=1"Dkj

We apply the triangle inequality to obtain that
|f(2) = Sf(2)] < I(2) + H(2),
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where

and

> — < zw>)
) =YY s [ e = 1|l wldusto

it < z,ap; > b 1— < z,a; >)

For sake of simplicity, we will denote
Iy = [ 15w~ flay)|dos(w),
Dy

and, using the change of variables formula of Proposition 1.4.7, we get

|f 0 pay, (W) — foa,,(0)]
Ty = (1— a2 / ; ;O )
J J Ekj ‘1_ < w’ ak] > ’2(1’L+1+ﬂ) ’8

where
Erj = Pay,; (Drj)
C Pay; © Pay, (D(24,1))
= QPa,; (D(ak;,n))
= D(0,n)

We observe that, for w € Ej;, the quantities (1 — |w|?)? and |1— < w, ag; > | are both bounded from
below and from above. Furthermore, since ay; € D(ag,r), we deduce that the quantities 1 — ]akj]2
and 1 — |ag|? are comparable. Hence, there exists a constant C' > 0, independent of r and 7, such that
Iij can be estimated as follows

i < CO= ™ [ 1f 0 guy,0) = f o pug, (0)do(w)

We put 1’ = tanh(r), n’ = tanh(n), and R = n’/r’. Moreover, since 7 is much smaller that r, we can
assume R < 1/2.

For any h € H(B,), using Lemma 2.1.6, there exists a constant C' > 0, independent of r, 7, k and 7,
such that

1/p
vl <c ([ wraw) . <
In particular, defining h(z) = g(r'z), where
9(2) = fopa,(2), 2z € By,

After the most obvious change of variables, we get

1/p
r'|Vg(r'z)] < C <,12n/ g(w)]pdv(w)> , 2 € By,
(r)?™ Jp(o.r)

we can rewrite the above as

1/p
1
Vg(2)] < CW (/D(O,r) |g(w)pdv(w)> ,Vz € D(0,n). (2.5.12)
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Now, for any w € Ey; C D(0,7), the following identity holds

1 n
g(w) — g(0) —/0 <Zwi§5 (m)) dt
i=1 v

lg(w) — g(0)] < 7' sup{|Vg(u)| : u € D(0,n)}.

Hence, as a consequence, Ij; can be estimated

and clearly implies that

I; < Cn'(1 = |ag))" ™ Po(Ey;) sup {|Vg(u)| : u € D(0,n)}.

We combine the above with (2.5.12) to obtain

1/p
Crf 2\n+1+4 p
I; < W(l — |ag|*) U(Ekj) /D(O,r) lg(w)[Pdv(w) .

But, by a change of variables, we notice that

(1 = o )" Ldv(w)
g(w)|Pdv(w :/ f(w)P ‘
L., latwra o P

Since Lemma 2.5.9 says that the quantities 1 — |ay;|? and |[1— < w, ag; > | are both comparable to
1 — |ag/|?, where w € D(agj,7), and, by the fact that D(ax;,7) C D(ax,2r), we have that

Pdo(w I G 0 Pdo(w
/D(O,r) lg(w)Pdv(w) < (1 — Jap2)"H /D(ak,Qr) | f (w)[Pdv(w).

More is true, since 1 — |a|? is comparable to 1 — |w|? for w € D(ay,2r), we find

: < Pdve (w
/D(O,T)| (w)ifdvl) = (1= |ag[*)n+1+e /D(ak,Qr) ()l dva ).

The above inequality combined with the estimate of the previous paragraph gives

/

1/p
Ty < S (1 |y )P t-eoy( 5, ) / v ] .
(r/)1+(2n/p) D(ag,2r)

Since,

and

<
Il
—_

M~

v(D(z5,1/4))

1

<.
Il

> CJ(?’]’)Zn

and the last equality follows from Lemma 1.6.13, we get
J
Zv Ej) < Co(D(0,7)) = C(r')*".
7=1
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Combining this with the estimate in the previous paragraph, we obtain

O 1/p
E 2\(pb—n—1—«a
ij < (r’)1_2”+(2”/p) (1 - |ak| )(p )/ </D(ak 2r) |f’pdva> .

Jj=1

From Lemma 2.5.9, for each £ > 1 and 1 < j < J, we have that |1— < z,a,; > |b is comparable to
|1— < z,a; > |°. Hence

[e.o]

1/p
1 . ’ak’ pb n—1—a)/p /
I(2) < e
(2) < (r')1= 2n+ (2n/p) ; 11— < z,a; > |° D(ag,2r) e

In order to estimate H(z), for sake of simplicity, we let

- |
ij

where £ > 1 and 1 < j < J. Applying Lemma 2.5.9 and (2.5.2) the following estimate

(1- < z,a5; >
(1- < z,w >)b

—1) £ () ldus ()

Hyj < On(1 — Jay?)’ / 1 (w)do(w).

ij

Afterthat, for every w € Dy, using Lemma 2.5.9 we find

1/p
1 p
) <C ((1 e L) dva<w>> |

Hence, we can estimate Hy; :

1/p
j < Ol = |ag|?)P = Py(Dy ) </D( \f(w)\pdva(w)> :

ag,2r)

Furthermore, since

Mk

v(Dy;) = v(Dy)
7=1

< v(D(ag,r))
< O(1 — Jag )",
this implies that
J 1/p
S Hyy < Ol — Jag )@=/ / Fw)Pdva(w) | .
7j=1 D(ak,Qr)
Finally, applying Lemma 2.5.9, |[1— < z,ay; > |° is comparable to [1— < z,a;, > |” and hence
o0

1/p
— |ag|?) pb n—1-a)/p / ,
w) [Pdvug, (w .
Z o oS T \ oo F O d0()

and we are done. O

We are finally ready to prove the main result of this section: the atomic decomposition of A%,
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Theorem 2.5.15. Assume p >0, a > —1 and b > 0 such that

1 1
b > nmax <1, > +2 + . (2.5.13)
p p

Then, for every f € A% there exists a sequence {ay}, € By, such that

o0

— |ag|*)tPom—1me)/p
Z - <iasp — *€ B, (2.5.14)
k‘ )

where {ci}, € 1P and the series converges in the norm topology of A%.

Proof. Suppose that f(z) is defined as (2.5.14) and {ay}, is an r-lattice in the Bergman metric whose
existence follows from Theorem 2.5.4. Our goal is to prove that f € AL. To this end, we introduce
the following sequence of functions

G
(1— < z,a >)°

fr(z) =

We notice that, if p > 1, we have

1
pb > pn max <1,> +a+1
p

=pn+a+l

>n+a+ 1.

If p <1, we have

1
pb > pn max (1,) +a+1
p

=n+aoa+1.
In other words, the assumption on b implies that
pb>n+1+a, Vp> 0.
Hence, applying Theorem 1.4.4, we obtain
{fx(2)}, € AL, Vk € N.

We consider two cases: if 0 < p < 1, then

1o < Z [k P fel [ s
k=1
since {ci}, € [P and {fr(2)}, € AL , we get f € Ab.
If p > 1. We denote by Dj, the family of sets from Lemma 2.5.11 and with Ip, the indicator function.
Then, defining

[e.9]

F(2) = lexlva(Dy)PIp, (),

k=1
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we obtain

p

1 !Ck\v (D)™ ?Ip,(2)| dva(2)

k=1

e z/

J

p"qg

|ek[Pva (Dy) /D dvg(2)

b
Il
—

lex|P < oo.

o

e
Il
—

Since,
pb—n)>a+1, p>1

By Theorem 1.4.6, the operator on (2.5.8) is bounded on LP(B,, dv,). Afterthat, applying the operator
T to F, we get

o — |w 2\b—n—1
TFG) =3 lesloa(D) 7 [ )

_ b
— L=< z,w > |
Then, using Lemmas 1.6.15 and 2.5.1, we find

Va(Dy) ~ (1 — |ag[>) T+

and
1 —|w]® ~1— |ag)?,w € Dy.

Furthermore, from (2.5.7) we obtain that |[1— < z,w > | and |1— < z,a; > | are comparable for
w € Dy. As a consequence, there exists a constant § > 0 such that

0ot
>6Z|c\ S Vz € B,.

By the triangle inequality
1
() < STF(2), 2 €By.

Now, since F' € LP(B,,dv,) and T is a bounded operator on LP(B,, dv,), it turns out that f € A%
and exists a positive constant C, independent of f, such that the following estimate holds

| 1P <Y ap.
B k

If {a}, is replaced by {akj }j, the previous proof, with some obvious adjustment, still works. We
prove this fact as follows. If

(1= lag, [Py ob-n-1-/p

chk] (1- < z, a, >

k=1 j=1

since
1— |akj|2 ~1—]ax* and |1-< zoag; > |~ 1= < z,a; > 12,

we find a constant C' > 0 such that

(1~ fag2) -1
<C)» d
2 Z k (1— < z,a, >)° ’
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where
J
Clk = Z |ij|.
j=1
Using Holder’s inequality,

J
i l? < TP ferg [P,
j=1

hence

Z|dk’p<=]p/q22|ck P < oo,

k=1 j=1

that is, {dj} € IP. This fact, for what was shown previously, clearly implies that f € AL.

The first part of the proof is completed: we proved that if f is defined by (2.5.14), then f € AL, using
a sequence {ay}, whose existence is guaranteed by Theorem 2.5.4 or an associated sequence {axj} j
that was constructed on Lemma 2.5.14. We remark that we have not supposed any further condition
about the separation constants r and 7.

In the second part of the proof, our aim is to show that if f € AL, then f must admit a representation
as in (2.5.14). In order to proceed, let an r—lattice {as}, in the Bergman metric and the n—lattice
{ak; }j with the corresponding finer partition { Dy;} of B,, whose construction was explained on Lemma
2.5.14. From such lemma and the first part of this proof, there exists a constant C7 > 0 such that

[ 176 = s <clapz / ) Pdva(z)

ak,Qr)

where o is as (2.5.11). Since each point of B,, belongs at most N of D(ag,2r), we have

/ (2) = 8(2)Pdva(z) < CroPN / 2)[Pdua(2).
B

Denoting with I the identity operator and choosing 7 small enough so that C; No? < 1, then the
operator I — S has norm less than 1. Under these conditions, from standard Functional Analysis, we
deduce that the operator S is invertible on A% and, as a consequence, f € A% must be written as

e (a0t
f(Z) - chj (1_ < 2, ag; >)b )

k7j

where
vg(Djr)g(ax;)
(1~ Jagg ) =127

ij =
and g = S~'f. Applying Lemma 1.6.15, we find
vs(Dji) < vp(Dr) ~ (1= |ag)" 7 = (1 —Jax|*)".

Then, using the equivalence between 1 — |ag|? and 1 — |ajx|?, there exists a positive constant Co,
independent on f, such that

D el < Co > (1= far?)" g (arg) P

ik jk

We use Lemma 2.5.7 to each g(ay;), 1—|ag|? is comparable to 1—|ay;|* and that D(ay;,2r) C D(ag, 2r).
Hence, we recover a further constant C5 > 0 such that

Z e < 03JZ/ 2)Pdva(z).

(ak,2r
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Finally, since every point of B,, belongs at most N of the sets D(ag,2r), we have

Z lers P < C'3JN/

The proof of the theorem is completed

2)|Pdve(2).

Remark 2.5.16. In other words, if {c;}, € [P and f is written as in (2.5.14), there exists a positive
constant C', independent of f, such that

| 1P <Y lap
Bn k

and we also get that f € Ab.

Conversely, if f € AL, we can pick a sequence {c}, so that f
is represented as (2.5.14). Hence, we find a positive constant C, independent of f, such that the
folllowing inequality holds

S jalr <C / D Pdva().

We summarise the above two inequahtles as follows

/ |f(2)|Pdva(z) ~ 1nf{z lek|P @ f satisfies (2.5.14) } (2.5.15)
By

Essentially, we proved that the spaces A% and [P are isometrically isomorphic and, hence, as a
consequence we have the following further property of the Bergman space

Corollary 2.5.17. Let « > —1 and 0 < p < 1. Then, the Bergman space AL is not locally convex.
Moreover, let ¢ > p, then the inclusion AL C AL, is compact

The following two corollaries are concerned with two special cases. First, we assume that p > 1
and b =n + 1+ a. Then, in the next case, we suppose p=1and b =2(n+ 1+ «)

Corollary 2.5.18. For any a > —1 and p > 1 we can find a sequence {ay}, € B, such that f € A%
s represented as follows

— |a|2)(n+1+a)/q
f(Z):ZCk:((l a7

p 1— < z,ap >)ntlta

(2.5.16)
where 1/p+1/q =1 and {c}, € IP.

Corollary 2.5.19. For any o > 1, there exists a sequence {ay}, € B, such that, for every f € A
the following representation holds

— la.|2 (n+1+4a)
£2) = 3 o0l

— (1= < z,a5 >)AnHl+e)

(2.5.17)
where {cx},, € 1L

To conclude this section, in the following corollary we provide a particular atomic decomposition
in terms of elements of the Bergman space itself

Corollary 2.5.20. Let o > —1, p > 0 and two real positive numbers r and q such that

11 1

p oq T
Then, under the above conditions, every f € Ab, can be decomposed as

= gr(2)hi(2), z € By,
k

(2.5.18)
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where g, € AL and hy, € A”,. In particular, if 0 < p < 1, we can find a positive constant C, independent
on f, such that the following holds

ra < Cllfllpa- (2.5.19)

> lgullgalli]
k

Proof. If f(z) # 0,Vz € B,,, we just write

F(z) = P f ()P,

so, putting h(z) := f(2)?/" € A", and g(z) := f(2)?/? € A%, the result follows easily. In general, the
atomic decomposition of f is given by

F(2) =" fu(2),
k

where
(1= Jax )= eeorr

(1— < z,a; >)°

Jr(2) = ¢

that, when ¢ = 0, is either identically zero or, when ¢, # 0, nonvanishing on B,,. Finally, if ¢ # 0,
the factorization is f = f,f/q ,f/r. O

2.6 Complex Interpolation

In this section, under the condition 1 < p < oo, we prove that the Bergman spaces A% interpolates
in the same manner that every LP(B,,dv,) space does. We remark that the case p = oo will be
discussed in the following chapter.

Theorem 2.6.1. Let a« > —1 and 1 < py < p1 < 0o such that, we have
1 1-6 0
= +

p Do p1 ’

for some 6 € (0,1). Then
(A%, AZtle = AL

with equivalent norms.

Proof. Let f € AL, for any complex number ¢ so that 0 < Re ¢ < 1, we define the function

F) ()
he(z) = [f(z) AP0 TP/ 2 € By,
E] "
Pick some 8 > « and let f¢ = Pg(h¢). We notice that f¢ is continuous in the closed strip 0 < Re ¢ < 1.
As a consequence of Theorem 2.2.9, for 1 < ¢ < oo, we obtain that Pg is a bounded projection from
Li(B,,, dv,) onto AL. Moreover, there exists a positive constant C' > 0 such that the following holds

1 fcllpo,0 < Cllhcllpg,a = Cllfpa

po,or = PO,
when Re ( = 0. If Re ( =1, we have
fellpy.a < Cllhcllp o = ClI o

p1,x — p1,&

This fact proves that, when ||f|lo < C||f||p.as | = fo € [AR, AB]p.
Now, we suppose that f € [AR’, AR']y. Hence, f is holomorphic and

f € [P (B, dvy), L By, dva)lg = LP(By, dva).

In other words, f € AL. This completes the proof. O
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Chapter 3

Bloch spaces

In this chapter we study the Bloch space and the little Bloch space. The Bloch space appears as
the image of the bounded functions under the Bergman projection, but it also plays the role of the
dual space of the Bergman spaces for small exponents (0 < p < 1).

The current chapter is organised as follows. Section 1 deals with the introduction of the Bloch space,
we focus our attention on many different characterisations and some basic properties.

Next, in Section 2, we give a complete description of the little Bloch space and summarise some ele-
mentary properties that can be deduced, as a closed subspace of the Bloch space.

In Section 3 we present a classical method, perhaps the most important, to construct not-trivially
function for both the Bloch space and the little Bloch space. So that, we will give some relevant
applications of it.

The objective of Section 4 is to represent the dual space of A%, for 0 < p < 1, in terms of the Bloch
space and the dual space of the little Bloch space in terms of AL. Of course, we will also mention
some straigthforward consequence of this representation.

The Bloch space is prominent among Mobius invariant function spaces. In fact, in Section 5, we prove
that the Bloch space is the largest possible space of holomorphic functions whose seminorm is invariant
under the action of the automorphism group Aut(B,).

In Section 6, we give a short description of the pointwise multipliers of the Bloch space and the little
Bloch space. In fact, after recalling some notion and necessary tool, we provide a useful characterisa-
tion of both spaces studied in this chapter.

In section 7, we show that the Bloch space admits an atomic decomposition that turns out to be sim-
ilar to that of the Bergman spaces. This means that the results concerning the atomic decomposition
of the Bergman spaces, obtained in chapter 2, will be crucial.

In Section 8 we illustrate the complex interpolation of the Bloch space and, so that, give much more
evidence that such space behaves like the limit of A% when p — co.

For this chapter the main references are:

J. Garnett. Bounded Analytic Functions. Academic Press, New York, 1982.

Miroslav Pavlovic. Decompositions of LP and Hardy Spaces of Polyharmonic Functions. 1996.

G. Ren, C. Tu. Bloch space in the Unit Ball of C". 1992.

K. Zhu. Spaces of Holomorphic Functions in the Unit Ball. Springer, 2005.

3.1 The Bloch space B

This section starts with the definition of the Bloch space, denoted by B. We will concentrate
on different aspects such as invariance under the action of the group Aut(B,), separability and com-
pleteness. After that, we will prove various characterisations of the Bloch space: in terms of the
holomorphic gradient, the radial derivative, as the image of the bounded functions under the Bergman
projection, higher order derivatives and fractional radial derivatives. In this section we will exhibit
the intrinsic connection between the Bloch space and the Bergman metric. Namely, we will prove that
the Bloch space consists exactly of those holomorphic functions that are Lipschitz from B,, with the
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Bergman metric to C with the Euclidean metric. We discuss the relation between the Bloch space
and the Bergman space A%, for 0 < p < oo.

Definition 3.1.1 (Bloch space). The Bloch space, denoted by B, is defined as

B:.= {fGH(IBn) | 1| fllB := sup ]6f(z)]<oo} (3.1.1)

ZEBn

The elements of B are called Bloch functions. Finally, we easily notice that B is a complex and convex
vector linear space.

In the following proposition, as a consequence of Corollary 2.4.3, we give an important property
of the Bloch space: the invariance under automorphisms of B,,.

Proposition 3.1.2. The Bloch space B is invariant under the action of Aut(B,). Moreover,

1foells = IIfllB (3.1.2)
for all f € B and all p € Aut(B,,).

Proof. Using Corollary 2.4.3, we find

1f o ¢lls = sup [V(f o) (2)|
z€EB,,

= sup [(Vf) o o(2)]
z€B,,

= sup |(Vf)(w)]

weB,
= [I£lls,
and we are done. O
Remark 3.1.3. Since || - || identifies functions that differ by a constant, we immediately notice that

|| - ||z is not a norm but is a semi-norm. Furthermore, B is the largest possible space of holomorphic
functions whose seminorm is invariant under the action of the automorphism group. This property
will be proved in Section 5.

Our first goal is to define a invariant seminorm on the Bloch space in several equivalent ways. In
order to proceed, we need the following definition.

Definition 3.1.4. Let f € H(B,,), we introduce

Qp(z) = sup {’ < Vi) > |}, z € By,. (3.1.3)

weem\{0} (V< B(z)w,w >

Theorem 3.1.5. Let f € H(B,,) and z € B,,. Then, the following quantities are equal:
a) Qf(2).
b) <B(2)71Vf(2),Vf(z) >/

B <5<|f|2><z>>” :
! .

d) |V f(2)]-
e) [(1= 2 (IVf(2)] = |Rf(2)|})]/2.
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Proof. From (2.4.4), we obtain that the quantities ¢) and d) are equal. Then, from Lemma 2.4.1 follows
that d) and e) are the same. We wish to prove that a) and b) are equals. Putting w := B(z)~"/?w in
the definition of Q¢(z) and using Cauchy-Schwarz, it turns out that

{r < Vf(2), B(z) 2w > r}

|w]

Qf(2) = sup
weCn\{0}

z)~t/ Z2),w
— s {|<B<>12Vf<>, >|}

 weem\{o} |w

= |B(2)"12Vf(2)]

=< B(2)1V[(2), Vf(z) >'/?.

Finally, to prove that b) and e) are equal, using point b) of Proposition 1.6.3 and the previous equality,
we find that

Qf(2) =< B(2) 1V f(2),Vf(z) >/

1/2
- [« (=P T = A@)V1(). V1) >]

= [ = 2PV (2) = < A(Z)Vf(2), V(z) )]

1/2
n

0
= [P | 9r < P Z o
Z]
1/2
= [ - AV - [RP] .
This completes the proof. O
Theorem 3.1.6. The Bloch space B is complete.

Proof. Assume that {fi}, is a Cauchy sequence on B such that f;,(0) = 0. Since, from Lemma 2.4.4,

(L= 2)VF()] < [VF)I-

k} is uniformly Cauchy on every compact set of B,,. Hence, from Weier-

821‘
strass theorem and the completeness of C, there exists f € H(B,), with f(0) = 0, such that

lim fi.(2) = f(2)

k—o0

So, as a consequence, {

and
lim Ofk
k—o00 622

(2) =

uniformly on every compact set in B,,. By the fact that {f}, is a Cauchy sequence, for any ¢ > 0,
there exists N € N such that
||fk‘_fl||6<€a k>N7Z>N

So that, applying part e) of the Theorem 3.1.5, we get
(1 =22V (fr = )R = [R(fe = fi)(2)°) <, k>N, 1> N.
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Finally, considering the limit [ — oo and the supremum over z € B,,, we obtain
I1f = fills < &, Vk > N,
and we are done. O
Actually, more is true.

Theorem 3.1.7. The Bloch space B can be made into a Banach space by introducing the norm

A= 1O+ [1£1ls (3.1.4)

Hence, we easily deduce that the Bloch space, endowed with || - ||, is locally convex and locally bounded.

It is inconvenient, by using the definition, to verify that a certain function belongs to the Bloch
space. Hence, we will give several conditions that are equivalent to but more easily verifiable than the
definition. To this end, we need a pair of tools. We start with the following lemma.

Lemma 3.1.8. Assume 3 € R and g € L'(B,,, dv). If

f(z):/Bn (1g(w)d”(w) € B, (3.1.5)

— < z,w>)8’

then

IVf(2)| < V2|81 — \z|2)1/2/B l9(w)ldv(w) Vz € B,

L= < z,w > B2

Proof. If B < 0, it is clear that f € H(B,). If 8 > 0, we have
g(w)dv(w
o= [ e
B, (

1— < z,w>)8

=Y S [ sttt

where we used the uniform convergence of on compact subsets. Furthermore

(1- < z,w >)P

F(2)] < /IB l9(w)ldv(w)

=< zw> |8

1
< = /L lstwldute) <o
in other words )
1) < = rlolh

Now, fix a € B,,, making the change of variables w — ¢, (w) and using (2.5.5), we obtain that (3.1.5)
becomes as follows

o w _ (12 n+1
Fom(a= [ teoe Aoy

— < @a(2), pa(w) >)P |1— < w,a > |2(0+D)

e s
(1—1a?)?  Jg, a 11— < w,a> 20+ (1— < z,w >)#

dv(w)v
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SO

(- <za>)P (1—la®>)™ (1-<a,w>)?
fo @a(Z) = W /En(go SOa)(w) ‘1_ <w,a> ‘2(n+1) (1_ < 7w >)ﬂdv(w). (3.1.6)

Then, using the product rule and the dominated convergence theorem, we have

O(f o ‘Pa)(z)
8Zj

. _|al2)n+1
_M/B (g0 a)(w) (1 —fal") )(1—<a,w>)ﬁdv(w)+

o (1—la]?)? 11— < w,a > [2n+l

a n+1
oy [, o) C e <o sy

_ a2 n+1
o L o) el — @)1 < ayw >)Pdo(w),

(1 —[aP?)P Jg, 11— < w,a> 2+
that clearly implies

B (L — |af?)"*

Vf(a)= (1—!al)/ (go soa)(w)uf “w.a s D (@ —a)(1— < a,w >)do(w).  (3.1.7)

Again, making the change of variables w — ¢4 (w), it turns out that (3.1.7) is written as follows

5/ a)g(w)dv(w >, (3.1.8)

1—<aw>)f3

so that
= |(pa(w) — @)||g(w)|dv(w)
<
IVf(a)l <8 I T RS
i [ OB T < w e > P)_Jgtw)ldv(w)
B 1- <a,w> | - <a,w> |
< !BI/ VA —laP)A-[<wa> DA+ ]<w,a>]) |g(w)|dv(w)
< B 11— < a,w> | 11— <a,w>|8
<l [ YZIaPRO-T<wa>] lgw)dv(w)
Bl . [1- <a,w>| - <a,w>|?
<1V [ V=P
\1— < a,w > |A+/2’
and we are done. 0

The second tool is an identity that establishes the connection between the radial derivative and
the integral representation formula of Lemma 2.1.3.

Proposition 3.1.9. Let f € H(B,). Then, the following holds

fw) < z,w >
(1_ < Z,w >)7’L+2+OL

Rf(z)=(n+1+ a)/ dve (w). (3.1.9)

n
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Proof.

RIG) =3 52 ()
k=1
N0 F(w)
- k=1 D2k {/JB (I- < z,w >)”+1+a d”a(w)} 2k

= (n+1+a) {/n ( F o) dva(w)} 2k

1— < z,w >)nt2ra

flw) < z,w >
(1= < z,w >)ntte

- (n+1+a)/ dva (w)

O]

Now, we are ready to prove the following characterisation of the Bloch space in terms of the
holomorphic gradient and the radial derivative. Furthermore, in this theorem, we prove that the

Bloch space can be considered as the limit case of Af, as p — +o0.

Theorem 3.1.10. Assume o > —1 and let f € H(B,,). Then, the following are equivalent:
a) f€B.

b) (1 — |22 |V f(2)| is bounded in B,,.

c) (1—|z|2)|Rf(2)| is bounded in B,.

d) There exists g € L*°(B,,) such that f = P,g.

Proof. From Lemma 2.4.4, we easily obtain that a) implies b) and b) implies ¢) as well.
We prove that ¢) implies d) as follows. Let the following function be

o) = - oy [ AU,

Ca B, (1— < z,w >)n+2+a’

where
'n+a+1)

nT(a+1)

Coq —

Then, using the boundedness of (1 — |z|?)|Rf(z)|, the integral representation formula of Lemma 2.1.3

and Proposition 3.1.9, it turns out that

g(z) = =1 {(1 - 122)/]B ( S f(w)dua(w) + (1 - 2\2)/13 <zZHw>

Car 1— < z,w >)nt2te

1— < z,w >)ntlta 1— < z,w >)nt2ta

(1_ < Z,W >)n+2+a

{
_ Casl {(1 CP)f() + (1 - 12\2)/& L f(w)dva(w)}
{

(L= )
(= PG+ (SR )
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Now, using (1.5.3) and the fact that (1 — |z|?)|V f(z)]| is bounded, we find

/1 Rf(tz)dt‘
O t

1
/ <Vf(tz),z > dt‘

0

£ (2) = f(0) =

1 1— 1222
< tz)| ———5dt
< [ Vel —g

1
< sup (V)= ) | gt

— sup (I9F)I(1 - fuf?) {/1 ! dH/llldt}
web, S T N
1 L2 1 Ly }
v 1wl / dt — 50— dt
53&0 Jwt =l )){2!:4 o 141tz 2|z] Jo 1—t[2]

sup (1)l ) 51 tox (1))

weB,, 2|z| 2|

> and, since from de I'Hopital theorem

i)

1 1+ 2| 1 2|7|
lim — lo = lim — o +
1210 2]] g(l— |z|> 12120 2] 2] ( 1— 7]
1 2|7
= 11m —-
|2|-0 2|z| 1 — | 7]

This fact shows that f grows at most as fast as log <

we have that

lim (1 —|z%) <
|z\—>1—

and by the fact that

=1,
it turns out that
- : (1 [¢P?)
< S 1-— + ——— R
lollca < 2% sup {1 RIS + g | RSG)

Coy z — |z]?
<5 sup {sup (97 ) 50~ Pyox (1) + S Rs 1)

Ca zeB, lweB, |Z‘ n+l+a

< Q.
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In other words g € L*(B,,). After that, applying Fubini’s theorem, we get

Pag= [ e - o) [ Tl

— < x,z >)ntotl Ca 1— < z,w >)nt2+a

B | J (w)dva (w)
= /IB%n (1- <,z >)n+a+1dva+l(z) /IB%n (1= < z,w >)"+2+a

1
B, (1— <,z >)rtotl(l— < z,w >)nt2t+e

dva 1 (Z)

_ =k Lk +n+a+2)T(j+n+a+l) [,
N f(w)dva(w)ZZx]w El(n+2+4+a) jT'(n+14+a) /ZJZ dva+1(2)

B =0 k=0 "
> T(k| +n+a+2) Dkl +n+a+1) KT(n+a+2)
_ k—k
= an<w)d“a<w)kzzo ET(n+2+a) kT(m+1+a) T(n+kl+a+2)
> Lkl +n4+a+1)
_ dvg, k—k
/an(w) Y (w)%x v ET(n+1+ )
-/ f (w)dva (w)
; (1_ <z,w >)n+1+a
=/

We prove that P,g = f and, hence, that ¢) implies d).

Finally, we wish to prove that d) implies a). We assume that f = P,g for some a > —1, where
g € L*°(B,,). First of all, from Proposition 2.2.4, we have that f € H(B,). Then, from Lemma 3.1.8,
we deduce that there exists a positive constant C' such that

2\«
- 1.12V1/2 (1 — [w[*)*dv(w)
95 < Cllallo1 ~ 1e)2 [ iRy e e B

As a consequence of Theorem 1.4.4, the integral on the right side of the inequality is bounded in Bj,.
In a few words, we obtain that |V f(z)| is bounded in B,,. This completes the proof. O

Remark 3.1.11. In other words, the equivalence between point a) and d) says that, for « > —1, the
Bergman projection P, is a bounded linear operator from L*°(B,) onto B. More is true: recalling
that, from Remark 2.2.2, we had

lim Palg)(2)(1 — |22)"150)/2 = 0, ¥ g € L(B,,).

|z|]—1—

Hence, as a further consequence of the equivalence between point d) and a) in Theorem 3.1.10, we get
the following boundary behaviour property of Bloch functions:

lim f(z)(1—|z]))HH+/2 =0, v f e B.

|z|]—1—

The Bloch space can also be described in terms of higher order derivatives and, more generally, in
terms of fractional radial derivatives. This is the content of the next theorem.

Theorem 3.1.12. Assume that Nis a positive integer, t > 0 and f € H(B,,). If « is a real parameter
such that neither n+a nor n+a+t is a negative integer. Then, the following conditions are equivalent:

1) feB.
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2) The function (1 — |z|?)R¥!f(z) is bounded in B,,.
3) The family of functions

are bounded in B,,.

Proof. We start proving 1) = 2). Let f € B, by Theorem 3.1.10, there exists a function g € L*°(B,,)

such that (w)dus (1)
B g(w)dvg(w
f(z) = /Bn (0= < 2, )78 (3.1.10)

where § = a+ K and K is a positive integer large enough so that § > —1. From Lemma 2.4.13, there
exists a one-variable polynomial h(< z,w >) and a positive constant ¢, such that

h(< z,w >)g(w)dvg(w)
(1- < z,w >)n+1+ﬁ+t ’

R™'f(2) = ca/

n

then, applying Theorem 1.4.4, it turns out that

/ h(< z,w >)g(w)dvg(w)
. (1_ < z,w >)n+1+6+t

(1= )R f(2)] = call = |2)"

/ h(< z,w >)g(w)(1 — ]w|2)5dv(w)‘
; (1- < z,w >)n+1+ﬁ+t

< callgllooa sup [A(< z,w >)|(1 = [2*)!

zZ,WEB,

/ (1 = [w[*)Pdv(w)

(1- < z,w >)n+1+ﬁ+t

~ 1
< callglloo,a sup |h(< z,w > 1— 20—
all Hooaz,wEIBn’ ( )1 —z[7) TERL

= caCllglloo.a sup |h(< z,w >
2z, WEB,,

< 0.

In other words, (1 — |2|?)!|R*!f(z)| is bounded in B,,.
A similar argument proves that 1) = 3). In fact, from (3.1.10), since the derivative of a polynomial
is a polynomial too, applying Theorem 1.4.4 and denoting by

Cy := sup
ZE]BTL

0
gh(< Z,w >)’ and Co:=(n+1+p+1t)sup |h(< z,w >)|,
i z€By
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we have that
0 B 9 0 h(< z,w>)dvg(w)
L=t [ stz g2l

2. p Z, W n Z, W
= ca(l— |2P) / g<w>{( px(<5w>)  (nt1+Hh(<e, >)}dvﬁ(w)

1— < z,w >+ (1= < z,w >)n+2+8

(1= 2%

o)
(< 2w >) (n+1+ Bh(< z,w >)
2 0z; ) y
< call= )9l {<1_ e - ) L)

1— < z,w >)"HH8 (1= < z,w >)n 248

2p zZ,w n 2w
< call = |#)lg]lo / { = (Kpw>) _ (n+1+ A<z, >>}dvﬂ<w>

+ s

< cal = [2®)llglloo {01

/ (1= |21*)Pdv(2)
. (1

— < zyw >t

/ (1= |21*)Pdv(2)
a

1— < z,w >)"t2+8

|

< ca(l = [2)|9llocaCiC + CaCallgll.as

of

that is, (1 — |z|2)8—
2

(z) is bounded in B,,. Proceeding similarly, we prove that

am
(-1 Le), mi=n,

are all bounded in B,,.
We prove that 2) implies 1). Assuming that the function (1 — |z|?)!R%!f(z) is bounded in B,,, from
Remark 2.4.14, the function

c
9(=) = T = o) R (2)
cs
is also bounded in B,,, where § = a 4+ K. Using Fubini theorem and (2.4.12), we get

CB+t . Bt f(w
Palo)e) = [ -y e LY

% (1- < z,w >)nt1+8

B £
- [ e )

(1= < zw >)nFIHB

es(1 — [w]?)Pdv(w)

1 . f(ra)dvg(x)
= d |
/Bn (1— < z,w >)nti+h vp+e(w) lim B, (1— < w,z >)nt1+6+t
| dug4(w)
=1 d
r—lgl* B, f(rz)dvs() /IBn (1- < z,w >)"HHB(1— < w,x >)nt1+H6+t

L f(rz)dvs(a)
= 11m
ro1- Jp, (1— < z,x >)n+1+5

= f(2).

Hence, from Theorem 3.1.10, we deduce that f € B.
Let’s prove that 1) and 3) are equivalent. Suppose that 3) holds. Then, proceeding by successive
integration, we obtain that

(1= 1P) gL, 1<k <,
are all bounded in B,,. So, f € B. We conclude that 1) and 3) are equivalent. O
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In the following proposition, we provide a description of the Bloch space in terms of derivatives
and the automorphism group Aut(B,,).

Proposition 3.1.13. Suppose m = (mq,--- ,my,) is any given multi-index of nonnegative integers
with |m| > 0 and let f € H(B,,). Then, f € B if and only if
8771
sup {‘W(O)‘} < 00 (3.1.11)
P€Aut(By,) 0z

Proof. Assume that f € B and that m = (my, mo,...,m; +1,...,my). From (1.2.11), putting a = 0, it
turns out that

oz 0| = | @y /bopm oz @ (e

| @m)n /C(O,rl) /C(O,rn) 0z; ©) (E1)m ... (&n)mm

B ml!...mn!/ / ﬁg)\/1—|§|2 de,...dé,
2" Jeory  Joor) 920 /T — €2 (E)™ L (€n) ™

Ssup{l—le/Qz‘} / /
2€By, ( ’ ‘ ) azj( ) (27-‘-)71 C(0,r1) C(0,rn) 1-— ‘§|2 |£1’m1 oo |£n|mn
mql...mp! { 241/2 of ‘}
— 1— =L
VI = r2(r)mi=1(ry)mn—1 Zseu]]gl (1—1z%) 9z (2)
=:C
< C|fls-

Then, we replace f by f o ¢ and the first implication is proved.
Conversely, suppose that (3.1.11) holds. Hence, choosing m = (1,0, ...,0) and ¢ = ¢,, we obtain that
there exists a positive constant C such that

I(f o)
——=(0)| < C
‘ 0z1 () = b
and, choosing m = (0,...,0, 1 ,0,...,0), it turns out that
~—
j—th
A(f o ps) .
— 20 <C;,j=2,..,n.
‘ (92] ( ) — j’] ) 7n

This fact implies that

wp [V(F 0 02)(0)] = sup | 322 g
ZE]Bn ZE]B’VL ]:1 82]
< sup C?
z€B,, ; J
< 0.
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In other words,
115 < oc.

O]

The Bloch space can also be characterised in terms of the Bergman metric. In fact, the seminorm
|| - |5 is related to the Bergman metric in a very precise way.

Theorem 3.1.14. Let f € H(B,,), then

£ (2) = f(w)]

151l = sup { 1 =18

:z,weBn,z;«éw}, (3.1.12)
where B is the Bergman metric on B,.
Proof. Assumed that ||f||s < co. Fixed two points z,w € B,,. Let

’7:7(75)’ 0<t<1,

be a smooth curve from w to z in the Bergman metric. Then, using (3.1.3), it turns out that

n

1
/0 (Z v;<t>£<v<t>>> dt

k=1
/1
0

1
- /0 Qr(+()V/< BT 1) 2/(0) >dt

1f(2) = flw)| =

> k052 (00|

k=1

= || fll8B(z, w).
From this estimate, we obtain
1f(z) = f(w)] }
supq ——————— z,w € By, zF w,e <||fllg, Vf € HB,). 3.1.13
{Ho -1 #ub<ifl (B.) (3.1.13)
In order to prove the other inequality, we proceed as follows. Supposing that
|f(z) — f(w)

C::sup{ :z,wEBn,z#w}<oo.

Bz, w)
Hence, putting w = 0 and using (1.6.7) in (3.1.12), we obtain

C 1+ ||
1) - 500 < S1og (115)

o that FE) = JO) _ C (14
Z) — V4
El 2|zrl°g<1— rz)’ V4 € Bu A\ 10}

Let u any unit vector of C™ be. Then, taking the directional derivative of f at 0 in the u—directional
yields
- 1 1
Zukﬁ(O) <C lim —log + 12| =
P Oz,

l2|—0+ 2|2] 1—|z]
This proves that Q(0) < C. Finally, using the invariance of the Bergman metric under the automor-
phism group, we get

|f op(2) = fop(w)
B(z,w)

C’:sup{ :z,wEIB%n,z;zéw}7 Vo € Aut(B,).
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That is,
Qf(Z) = Qfogo(o) < C, Vz € Bn-
We conclude that ||f||g < C and, hence, (3.1.12) holds. 0

As a consequence, we have that

Corollary 3.1.15. Let f € H(B,,). Then, f € B if and only if there exists a positive constant C such
that

£ (2) = f(w)] < CB(z, w)

for all z and w in B,,.

Remark 3.1.16. Theorem 3.1.14 has some immediate consequences. First, assume that f € B and
w = 0. Then, we obtain

1+ |z]
1—|z]

()] < 1113 log ( ) L1F0).

This means that point evaluation is a bounded linear functional on the Bloch space, with a norm that
is uniformly bounded on each compact subset of B,,. This fact, together with the maximum principle,
implies that if a sequence of functions converges in the Bloch norm, then it does so locally uniformly.
After that, we also notice, from (3.1.12), that a Bloch function reduces lengths by a fixed factor from
the hyperbolic metric on B, to the Euclidean metric on C.

Moreover, we’ve proved one of the important properties of Bloch functions: the growth is controlled

by
o 1+ 2|
S\T— )

Finally, we will show later that such growth rate is actually achieved by the following functions in B,

1+ <z,w>
=1 —_— B
R e IR

where w is any point from S,,.

As a further consequence of Theorem 3.1.14, we provide a characterisation of the Bloch space in
terms of the involutive automorphism.

Corollary 3.1.17. Assume that « > —1, p > 0 and f € H(B,). Then f € B if and only if there
exists a positive constant C such that

[ lrowe) - f@PanG < ¢, aes,, (3.1.14)

n

or equivalently,
(1 _ ‘a|2)n+1+a

|1_ < Z,a > ‘2(n+1+a)

[ 116 - sy
Proof. First of all, from Proposition 1.4.7, we deduce that (3.1.14) and (3.1.15) are equivalent. Then,
assume that f € B. Hence, by Theorem 3.1.14 or equivalently Corollary 3.1.15, there exists a positive
constant C' such that

dva(2) < C, a€B,. (3.1.15)

£ (2) = f(w)| < CB(z, w)
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for all z,w € B,,. So, after some computations, using the invariance of the Bergman metric (that is
B(pa(z), pa(w)) = B(z,w)) and the most obvious change of variables, the above inequality implies

/ £ 0 pal2) — [(@)Pdva(z) < CP / B(¢a(2), a)Pdva(2)
B, By

=C? | B(2,0)Pdv,(z)

By
! 1+r\1”
< Cp(QW)"ca/ [log ( >} (1 —r3)2rdr
0 1—r
= Cp(27r)"ca/ 2Pexp(—z(a+ 1))dx
log(2)

< 00,

for all a € B,,. So that
sup / 1 0 @a(2) — F(a) Pdva(z) < oo,

a€B, n

and this shows the first implication. Regarding the reverse implication, let any g € H(B,), from
Lemma 2.1.6, we can find a positive constant C' > 0 such that

Vo) <C [ lat:) =~ a0)Pidva (o)
After that, we replace g by f o ¢, to obtain
VH@P < C [ 1fopulz) =~ f@)Pdun()

for all @ € B,,, and the wished result follows easily. O

Not only can the Bloch seminorm be defined using the Bergman metric, the following result shows
that the Bergman metric can also be recovered from the Bloch seminorm.

Theorem 3.1.18. We have

B(z,w) =sup{ |f(z) = f(w)| : [Iflls <1} (3.1.16)
for all z and w in B,,.

Proof. Since from Theorem 3.1.14 we have

1F(z) = F(w)| < [|1l88(z, w),

that clearly implies
sup{ |f(2) = f(w)] : [[flls <1} < B(z,w),

for all z and w in B,,.
To complete this proof, we show that there exists a function such that the inverse direction of the
above inequality holds. Assume that z # 0 and consider the following function in B,,,

1 <\z|+<w,z>
= O —_—m

w € B,.
|z|—<w,z>)’ "

We start proving that ||h||g < 1. First of all, we notice that

h(z) = ~log (ij:j) . h(0) =0,

110



and

oh . §k|Z|

= 1<k<n.
w) 22— < w,z >2" "~ ="

owy,

Then, defining 2’ = z/|z|, using Theorem 3.1.5 point e) and the triangle inequality, we obtain
[Vh(w)? = (1 = [w*)(|Vh(w)|* — [Rh(w)[?)

22 (2 — | <w, 2> [?)

= (1— |w|?
(1= Jwl) 22— < w,z >2 2

1—|<w, 2 >?)
11— < w, 2 >2|?

= (1wt

< \1—<w,z'>

2| 11— < w, 2 >? |
11— < w, 2’ >2 |2

=1,

for all w € B,,. Hence,

5<z,0>=;10g<1f}j:>

= [h(2) — h(0)]

=sup{|f(z) = FO)] : [Iflls <1}.

Finally, using the invariance under Aut(B,,), the above implies

B(z,w) < sup{|f(z) — f(w)] : [|fllz <1}
for all z and w in B,,. We are done. O]

We wish to give a higher-dimensional version of the Holland-Walsh characterisation of the Bloch

space. For this result, the main reference is Bloch space in the Unit Ball of C", written by Guangbin
Ren and Caifeng Tu.
In order to prove this characterisation, we need the following estimate concerning harmonic functions.
We don’t prove this result. But, the interested reader can find all the details on Decompositions of L
and Hardy Spaces of Polyharmonic Functions, written by Miroslav Pavlovic (Journal of Mathematical
Analysis and Applications 216, Article nu. AY975675, 1996).

Lemma 3.1.19. Let f € J:={f € C®(B,,) : Af =0} and0 < p < co. Then, there exists a positive
constant C := C(p,n) such that

fap< / F )P dvaly) (3.1.17)
™" JB(z,r)
and o
V)P < < / £ () Pdva(y) (3.1.18)
™" JB(z,r)

Moreover, we need the following facts concerning the Bergman metric ball D(a,d) and the involu-
tive automorphisms. Again, the reference for their proof is Bloch space in the Unit Ball of C", Lemma
2.1, by Guangbin Ren and Caifeng Tu.
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Proposition 3.1.20. For any z,w € B,,, with z # w, we have that

1—|p.(w)? (1= |21 — |w]?)
o (w)[? lw — 2|2 : (3.1.19)

Furthermore, the following holds

B (a, 5(1_2’a|2)> c D(a,5) (3.1.20)

and, defining the measure dr(w) = (1 — |w|?)™"dw on B,,, we have

1)
7(D(a,6)) = 7(B(0,0)) = n/ "1 — %)t (3.1.21)
0
We are ready to prove the following theorem.
Theorem 3.1.21. Let f € H(B,,). Then, f € B if and only if

S = sup  (1—[)V2( — w2 L& =W (3.1.22)

2,WEBy ,z7#wW |Z - w|

Furthermore, the seminorms sup (1 — |2|?)|V f(2)| and S(f) are equivalent.
ZGBn

Proof. We start assuming f € B. Then, for any z,w € B,,, applying Cauchy-Schwarz, the convexity
of B,, and using Lemma 2.4.4, we have

)= s = | [ Loz + (1 - e

= Z(zk—wk) ; af(tz-l-(l—t)w)dt

yA
k=1 k

Jikkwwdi<[

1
SV—M¢@AKvﬁ@%+O—wwwt

9
8zk

IA

(tz+ (1 — t)w)‘ dt>2

dt
1—Jtz+ (1 —t)w|?

1
sv—wwwﬂmA

dt
1— [tz + (1— t)w]

1
gv—wNWﬂwA

dt
<v—wwvmm/’¢l_tl_mhﬁl_k)
__ lz—wlVnllf]lsT
(1 — [w])/2(1 — [2])/2’
that implies
(1= o221 — oy 2 L =T oy g (3.1.23)

|2 = w|
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This proves the necessity.

Conversely, assume that f € H(B,,) satisfies (3.1.22). We show that f € B as follows. Fix ¢ € (0,1)
and, since f is harmonic, we can apply Lemma 3.1.19, so that there exists a positive constant such
that

-ERIvsEI<e [ f(w)ldr(w),

(2,6(1—|2|2)/2)
for every z € B,,. Combining this result with (3.1.20), we have

(- PV S |<c/ w)ldr(w), Vz € By,
Hence, fixing z € B, replacing f by f — f(z) and applying (3.1.21), it turns out that

-2V <C |f(w) = f(2)|dr(w)

D(z,9)

< sup |f(w) = f(2)|7(D(2,90))

weD(z,5)
< sup [f(w) = f(2)].
weD(z,8),w#z

But, since for every w € D(z,d) we have |¢,(w)| < §. This fact implies

1_52 \/]‘7|QOZ
§ T es(w )\

Hence, from (3.1.19), it follows that

VIZ® _VOERYV )

0 - |lw — z|

(z,0).

From,

Q- PV <C  sup (1= [2P)2 - )2 E )] (3.1.24)

weD(z,0),z7w |Z - ’UJ|
we easily obtain that

sup (1 — |23 |V f(2)| < C sup sup  (1—[zH)Y%(1 - |w|2)1/2M
2€By, 2€By weD(z,0),z7#w ’Z - w’

<C sup (1_ ’2’2)1/20_ ‘w’2)1/2M.
>~ 2, WEB, ,zF£w ‘Z — w‘

This fact implies that f € B. Finally, we notice that the two seminorms of the Bloch space B,
supep, (1 — [2?)|Vf(z)| and S(f), are equivalent. This completes the proof of Theorem 3.1.21. [

Remark 3.1.22. In the former proof, we used that

1— |tz 4+ (1 —t)w| > /(1 —t)(1 — Jw]) /(1 - |z]). (3.1.25)
In fact, using the triangle inequality, we have
[tz + (1 = thw| < tfz] + (1 = 1)l
so that,
1—Jtz+ (1 —tw| >1—tlz] = (1 —t)|w|

=100 —|w]) +1(1 —|z]) .
——— N———

>0 >0
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Thus, for any 0 <t < 1 and z,w € B, it turns out that
l—|tz+ (1 —-tw| > (1 —-t)1—|w|) and 1—|tz+ (1 —t)w| >t(1l — |z|),

that clearly implies

1= Jtz + (1 =ty = /(T = (1 = [w) VAT = [2]).
So, (3.1.25) is proved.

The next results are related to the relation between the Bloch space and the Bergman spaces A%,
for 0 < p < oco. In the following proposition, we start showing that any bounded holomorphic function
on B, is in the Bloch space.

Proposition 3.1.23. Let o > —1, then A C B. Moreover, the following inequality holds

1A lls <[l fllocar ¥ f € AZ

In order to prove this result, we need a generalisation of the Schwarz-Pick Lemma, in several
variables, for holomorphic functions defined on B,,. This is the content of the next proposition.

Proposition 3.1.24. Let f € H(B,,) such that |f(z)| <1, for all z € B,,. Then

n

DR

j=0

a{ (= >\ <1-15)P, (3.1.26)

for any z = (21, ..., 2n) € By,.

Proof. We write z = (21, 22, ..., 2j, ..., Zn), Wj = (21, 22, ..., 2j + hj, ..., zp) € By, for some {hj}j eD. So
that taking the limit h; — 0, for j = 1,...,n, and applying the Schwarz-Pick Lemma to

zn: [f(2) = flwplL —Z(z + h)]|
=A@ |
we obtain
- (1- ’ZJ’ of
Z =i o) <
and the wished result follows easily. O

We are ready to prove Proposition 3.1.23.

Proof. We assume, without loss of generality, that || f||oc,o = 1. So, putting z = (21,0, ...,0) € B,, and
considering f as function of z1, we apply the Schwarz-Pick Lemma to

f(z) — f(0)
— < |z
1— f(0)f(z)
we get
of
0| <1170
<1
Similarly,



Then, put 0 = (0,0, ...,0,0) € B,, in (3.1.26), we easily obtain

n 2
vioP =32
; J

~[9f

)

So that, replacing f by f o ¢,, it turns out

sup |V f(2)] < [[fllos,a
ZeBn

The proof is completed. ]

Remark 3.1.25. The containment A% C B is proper. In fact, the function f(z) = Log(1 — z), where
Log denotes the principal branch of the logarithm, is an example of a function of the Bloch space B
that is not bounded. We prove this fact, in the one-dimensional case, as follows. A simple computation
shows that

171

,00 —

=1
>
n=1

Then, using point b) of Theorem 3.1.12, we find

1
sup (1 — [2[*)|f'(2)] < sup (1 — [2]*)
z€B, z€By, (1 —1z])
= sup (1 +[2])
z€eB,
=2
A further consequence of the characterisation of the seminorm || - ||z in terms of the Bergman

metric is that the Bloch space belongs to every Bergman space A%, for 0 < p < oo. This is proved in
the next corollary.

Corollary 3.1.26. The Bloch space B satisfies
BcC A, (3.1.27)

for 0 <p< oo and a > —1.

115



Proof. Using (3.1.12), with w = 0, and after some computations, we find

/ FEPea(l — 22)du(z) < / () = FOP(L— 22 eado(z) + | FO)P

n n

1
c fox z) — P(1 — r2)22nr®lqy p
< Q/Snd /0 F(2) — FO)P(L = 122202 dr + | £(0)|

1 r 1P
<canllflly [ [los (155)] = e2rar 4 0P

s (120)] a-rrar+ o

-

1
< cozmax 1,2} Cnll 1 [
0

——
Q

1r 2 p
< 2eqmex (1,223 Callslfy [ [l (2] 0= nrar 4 110

o0

=m0 2YOnf [ o%eap(ato e D)+ O
og

< 00,

where, in the last step, the change of variables is given by
1 2
xz=1lo .
& 1—r

Remark 3.1.27. We remark that the containment of (3.1.27) is proper. For example the function

f(2) = (Log(1 — 2))?

O]

is not a member of the Bloch space, while it is in A%, for 0 < p < co. This fact is proved as follows:

Log(1 — 2)||z
sup (1 — %)V £(2)] = 2 sup (1 — |22y LogL = 22|
z€B, z€B, |1 _'Z|

= 2 sup (1 + [z])|Log(1 — 2)||2|
z€B,,

=4 sup |Log(1 — z)|
z€By

= +o0.

This shows that f ¢ B. After that,

/ |Log(1 = 2)|*P(1 — |2|*)*cadu(z) < / (log (|1 + [2]))*(1 — |2[*)*caduv(2)

n n

< log(2).
We conclude that f € AL, for 0 < p < +oo.

In the next result we prove a fundamental and curious property of the Bloch space B.
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Proposition 3.1.28. The Bloch space B is not separable.

Proof. Fix w = rexp(it) = riexp(it1)...rpexp(it,) € C, such that 0, 7”32 = 1, we start considering
the following set of holomorphic functions,

o {5 = T (TR ey )

Clearly, E is uncountable. Moreover,

Oft rexp(—it) rjexp(—it;)

371(2) ) (1 - (Z?ﬂ Zﬂjexp(_itj)f)

so that

" zirsexp(—it;)|?
and ]th(z)|2: ‘23_1 jriexp(—it;)| ..

2
’1 - (Z?:l zjrjexp(—itj)>

1

2
‘1 - (Z?:l zjrjexp(—itj))

IV fe(2)|* =

2

Then, following the same lines as in the proof of Theorem 3.1.21, it turns out that
[fells < 1.
This fact shows that f; € B,V t € [0,27)™ and, in particular,
E CB.

Now we demonstrate that the elements of E are always at a distance greater than ¢ , for some ¢ > 0.
For this goal, let t, s € [0,27)™ such that ¢ # s. Denoting by z = |z|exp(it) € B,,, we have

IV(fe = ) ()2 = (1= [V = £)(2) 2 = |R(fi = f)(2)])

Y iy rilexp(—ity) — exp(—isy)* | X5 zrieap(=it;) — exp(—is;))I®

22 2|2
‘1 - (Z?:l zjrjexp(—itj)) 1- <Z§L:1 zjrjexp(—itj))

= (1 [+

22370 riRe(exp(i(t; — s;))) |21 25 (L — eap(i(t; — 55))

'1 — |2I? (Z}Ll Tj)Q 2 '1 = [2f? (Z?ﬂ Tj>2 2

— (1= |2P)

to obtain

2 —2370 3 Re(exp(i(t; — s7)))
2

sup [V (fy = f)(2)” = sup (1 — |=[) 5
< - - (21)

> sup [2— 2Zr?Re(exp(i(tj —55)))
z€B,,

j=1
=2.
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that clearly implies

sup [V(fi — f)(2)]> > 2.
zEB,

In particular, the open balls B( f, %) are disjoint and uncountable in number. Now assume there is
any dense subset of B, say S, then for all f; € E, there exists € S such that ||z — fi||p < % which
implies that x € B(f, %) Hence, if we allow elements of S to these open balls, it follows that as
the set S is uncountable. So, any dense subset in B cannot be countable. In other words, B is not
separable. ]

Concerning topological properties of the Bloch space, in the following proposition we prove the
lack of strictly convexity.

Proposition 3.1.29. The Bloch space B, equipped with the norm ||f|| = |f(0)| + ||f||B, is not strictly
convexr.

Proof. We prove that
f+gll = 1711+ Mlgll, £#0, g#0,

doesn’t implie f = c¢g,c > 0. Assume, without loss of generality, that f(0) = 0 and choose
g(z) = X, XA € C, we obtain

1f +gll = I\l + sup (1 = [z*)(IVf(2)* = [R(f)(2)]*)-

ZeBn

By the other hand,

1AL+ llgll = (Al + sup (1 = [z)(IVF () * = [R(f)() ),

zebBn
and this completes the proof. O

We conclude this section with the following remark. We prove that, if f, g € B, then, in general,
it is not true that f o g € B. This fact, for sake of simplicity, is proved in the one-dimensional case.

Remark 3.1.30. Let g(z) = Log(1 — z) and f(z) = 2%, Then, as proved in Remark 3.1.25, we have
that
lglls <2 and [[f[|s = 2.

That is,
f,g€B.

But, as proved in Remark 3.1.27, we have that

1f 0 9(2)lls = [I(Log(1 — 2))*||5

=4 sup |Log(1 — z)|
ZGBn

That is, fog ¢ B.

3.2 The Little Bloch Space B,

We proved in the previous section that the Bloch space is not separable. In this section we discuss
a separable subspace of the Bloch space: the little Bloch space. This section is organised as follows.
We start giving its formal definition. Then, we collect some fundamental properties that follow from
the fact that the little Bloch space is a closed subspace of the Bloch space: completeness, boundedness
of point evaluation and boundary behaviour. We show a peculiar property of the little Bloch space:
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density of polynomials. We study the connection with other functional spaces such as A(B,), the
family of Bergman spaces A%, for 0 < p < oo, and, of course, the Bloch space itself. We give the
little Bloch version of many characterisations that have been proved for the Bloch space: in terms of
the holomorphic gradient, radial derivative, image of the Bergman projection of Cy(B,,), higher order
derivatives, fractional derivatives, on both Cy(B,) and C(B,,), in terms of the bergman metric and,
conversely, we show that the Bergman metric can be recovered from the Bloch seminorm. Finally, as
a further characterisation, we provide the little Bloch version of Theorem 3.1.21 that was proved by
Guangbin Ren and Caifeng Tu in 1996.

Definition 3.2.1. The little Bloch space, denoted by By, is defined as
By := {f €B | Hlirr{ IVf(z)| :0} (3.2.1)
z|—1—

Moreover, By is equipped with the Bloch seminorm || - ||5.
Remark 3.2.2. Since |V f(z)| is continuous in B,,, (3.2.1) implies that
IVf(2)] € Co(B).
More is true, as a consequence of point e) in Theorem 3.1.5, we have
Corollary 3.2.3. Suppose f is holomorphic in a neighborhood of B,,. Then
f € Bo. (3.2.2)
Proof. Basically, the fact that f is holomorphic in a neighborhood of B,, guarantees that
lim(|VF(2) — |RF()?) < oo,

|z| =1~

so that
1/2

lim |Vf(z)]= lim (-2 [IVF(2)P = [Rf(2)P])

|z]—1— |z]—1
=0.
]

Proposition 3.2.4. By is a closed subspace of B. Furthermore, the set of polynomials is dense in By
with respect to the Bloch seminorm.

Proof. Let f, € By such that B
lim_|[V(fn = f)(2)] =0,

|z]—1—

then, from the completeness of B, we easily deduce that f € B. Then,
lim |[Vf(2)] < lim |[V(f = fu)(2)|+ lim [Vfu(2)]
|z]—1 |z]—1

|z]—1

=0.

In other words, f € By. After that, let f € By and f.(z) := f(rz), where r € [0,1), the dilation
function of f. Hence, we easily obtain f, f, € B and, clearly, (f — f,)(z) € B. So, using point ¢e) of
Theorem 3.1.5 (or equivalently Lemma 2.4.1), it turns out that

Jim [1f = folls = Jim sup (1= 1=%) (IV(7 = £ = R( = 7))
= sup tim (1= |2%) (IV( = £ = 1B( — £))°
=0.
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Now, in Proposition 2.1.8 we proved that each f, can be uniformly approximated by polynomials
and using the fact that the sup-norm in B,, dominates the Bloch seminorm, we get a sequence of
polynomials f~, choosing N large enough, such that

lim [|f = fNlg < lim ||f = f,lls+ Lm ||f, — £N]]
r—1 r—1 r—1

< <lim IIf = frllawo + lim ||fr — §Ia7m>
r—1- r—1-

<e.

By the arbytrariness of ¢, the desired result follows. O

Remark 3.2.5. In other words, the little Bloch space is the closure of the polynomials with respect to
the Bloch seminorm. Hence, since By is a closed subspace of B, By, endowed with || - ||s, is a complete
space. So, the little Bloch space is invariant under the action of the group of automorphisms of B,.
Moreover, the little Bloch space, endowed with the norm || - ||, inherits, from the Bloch space, the
following properties: local convexity and local boundedness.

However, we remark that, in spite of the polynomials density, there exist functions f in By such that
f cannot be approximated by their Taylor polynomials in the seminorm topology of B. This fact will
be proved when we talk about duality. That is, Section 3.4.

The following result is the Little Bloch version of Theorem 3.1.10: we provide a characterisation
of the Little Bloch space in terms of the holomorphic gradient, the radial derivative and as the image
of the space Cy(B,,) under the Bergman projection.

Theorem 3.2.6. Assume that o > —1 and f € H(B,). Then, the following conditions hold
a) f € By.

b) (1 —|22)|Vf(2)| belongs to Co(By,).

c) (1 —|z[3)|Rf(2)| is bounded in Cy(B,).

d) There exists g € Co(By,) such that f = Pag.

Proof. Again, from Lemma 2.4.4, we easily obtain that a) implies b) and b) implies ¢) as well. To
prove that ¢) implies d), following the same lines as in the proof of Theorem 3.1.10, we consider the

function )
(1—1z1")Rf(2)
n+1l4+a

o) = (= s ) +

(0}

or equivalently

o) = - ) [ LRl e

. 1— < z,w >)nt2Fa’

where f € B and, as proved, f = P,g. Then, since every function of B grows at most logarithmically
near S,,, we have that

. o [ : o 0= EPIRSC)
1 < 1 1-— 1
o) < | T (1= P+ i G DI

IN

it i (- )lsllstog () + T 7O~ 5P

Ca |lzl>1- 1 — 2]

That is, g € Co(By,). B
Finally, we wish to prove that d) implies a). If d) holds, there exists g € Cy(B,,) C C(B,,). Hence,
by the Stone-Weierstrass approximation theorem, we can approximate g uniformly on B, by a finite
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linear combination of functions of the form h(z) = 2"z We compute the Bergman projection of
h(z) as follows. If m > m’, we have

W dve (w)

Pah(z) = /IBn (1_ < zw >)n+1+a

Tk 1 /
-y PR L [ e, (o)
— ET(n+ 14 «) .

mem/F(|m—m’|—|—n+a—|—1) miI'(n+a+1)
(m—m)T'n+14+a) T'(n+|m|+a+1)

m—-m'+1 .
m+1

Otherwise, if m > m’, it turns out

P,h(z) = 0.

Hence, P,h is a holomorphic polynomial. So, we get
Pah S Bo,

and, by the fact that P, maps L*°(B,) boundedly into the Bloch space and the little Bloch space is
closed in B, we obtain
[ = Pag € By.

O]

Remark 3.2.7. A straightforward consequence of the Proposition 3.2.4 and Remark 3.1.11 is that

lim f(z)(1— |z H1H0/2 =0, Vf € By. (3.2.3)

|z| =1~

In the study of the little Bloch space, the space Cy(B,,) can be replaced by the space C'(B,,). This
is proved in the following theorem.

Theorem 3.2.8. Assume that o > —1 and f € H(B,). Then, the following conditions hold
a) f~E By.

b) [Vf(2)| belongs to C(By,).

c) (1 — 22|V f(z)| belongs to C(By,,).

d) (1 —|2|?)|Rf(2)| is bounded in C(B,).

e) There exists g € C(B,,)) such that f = P.g.

Proof. 1t’s clear that a) implies b). From Lemma 2.4.4, we easily obtain that b) implies ¢) and c)
implies d). Following the same construction used in the proof of Theorem 3.2.6 and Theorem 3.1.10,
we obtain that d) implies e). Finally, to prove that e) implies a), we follow the same lines as in the
proof of Theorem 3.2.6. This completes our proof. O

Remark 3.2.9. We recall that
A(By) :=C (B,) N H(By,),

and, hence, the previous theorem implies that the following inclusion holds

A(B,,) C By.
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Remark 3.2.10. The containment By C B is proper. To prove this fact, we show that, for every
point w € S,,, the function f(z) = log(1— < z,w >) belongs to the Bloch space, but not to the little
Bloch space. Since

8ij_(1—<z,w>)’
it turns out that
- 1 |<Z’U)>|2 1/2
.2 2 2\11/2 _ .2 o )
(0= BT - RGP = [0 1) (e )|
_-(1—\z!2) 1| <zw> 2\
| - < z,w > |?
[ 14| < zw> [\
< (1 -z : :
< |a-lp (E 52

That implies,
sup (1= [z)(IVS (P - [RFEPIY* < 2.
That is, f € B.
By the other hand, choosing z and w such that they are linear dipendent, namely z = rw for some
€ (0,1). We obtain

z,w > |2 1/2
(1 PSP = IRF QP = T |01 (e s e eeea )|

|2|—1 |2]—1- N-<z,w>]2 [1-<zw>|?

1— 2 1/2
— lim |(1—]zP) [<zw>]
2| —1- 11— < z,w > |?

(=)

= lim (1+7)

r—1-

=2

This means that f ¢ By.

We conclude this remark observing that the above process has another interesting consequence. In
fact, we prove that if f, g € By, then it doesn’t implie that fog € By. For sake of simplicity, we prove
this fact in the bidemensional case. Fix w € S,, and define the following two functions

f(z)=log(z+2) and g(z)=-1-<zw>.

Hence,

2|2 2|21 29| )

lim (1= 2P)(V/ ()P = RAP) = lim (1= [2]) <|z TR PR

|z| =1~ |z] =1~
< lim (1—|z%) o
EESE (2|22
=0.
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Similarly,

lim (1—[2[*)(IVg(2)]* = [Rg(2)]) = lim (1—|2P) (Jw* — | < z,w > %)

|z]—1— |z]—1—

< lim (1= ]2*)?|w]?
|z]—1—

=0.
That is f,g € Bp. But, the composition is

(fog)(z) =log(1- < z,w >) ¢ Bo.

In the following theorem, we provide a characterisation of the Bloch space in terms of higher order
derivatives and fractional derivatives. In some sense, this is the analog version of Theorem 3.1.12 for
the space By.

Theorem 3.2.11. Assume that Nis a positive integer, t > 0 and f € H(By,). If « is a real parameter
such that neither n+a nor n+a+t is a negative integer. Then, the following conditions are equivalent:
1) f € By.
2) The function (1 — |z|)R*tf(2) is in Co(By).
3) The function (1 — |z|?)RY! f(z) is in C(B,).
4) The family of functions

11DV L (2) € o)

azm nj)s
for every multi-index m such that |m| = N.
5) The family of functions
N0 f =
(- 1P L) € (B,

for every multi-index m such that |m| = N.

Proof. Essentially, this proof follows the same lines as in the proof of Theorem 3.1.12. O

The next result is the little Bloch version of Theorem 3.1.21. The main reference is Bloch space
in the Unit Ball of C™, written by Guangbin Ren and Caifeng Tu.

Theorem 3.2.12. Let f € H(B,,). Then, f € By if and only if

lmsup (1 ()21 — oty LEL 20

|z[—1~ WEB, ,zFwW |Z - w|

~0. (3.2.4)

Proof. We start assuming that f € By. Let f.(z) := f(rz), r € (0,1). We apply (3.1.23) to obtain the
following first estimate,

(1 B |Z’2)1/2(1 _ ’w|2)1/2|(f - fT)(z) - (f - fr)(w)‘ < CHf B fTHB~

|2 — wl

The second estimate is

(1= [22)V2(1 — [w]) /2 [fr(2) = fr(w)] — r(1=|2[HV2(1 = |w[*)/? (1= r2)Y2(1 — ) |f(rz) — f(rw)]

2—wl (1= [r2A) (1~ [rw[?)l/?

|rz — rwl

<Cllflls

A I2Y1/201 e ]2)1/2
<oA= [2) (1 — |w])
- (1 _ 7”2)1/2(1 _ 7“2)1/2

15

(1~ [22)/2

“Ta)

1flls
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Hence, by the triangle inequality and using the above estimates, we thus find

_ _.(2y1/2
i (1= ey oy 2 E I < i PO E e s -
< Ce.

By the arbitrariness of €, the result follows easily.
Conversely, suppose f € H(B,,) such that (3.2.4) holds. To prove that f € By, we proceed as follows.
(3.2.4) implies that for any £ > 0, there exists 6 € (0,1) such that

sup  (1—|2))Y2(1 - ‘w’2)1/2M

<e,
wWEB, 27w ‘Z — w\
whenever |z| > §. In particular,
sup (1—|Z|2)1/2(1— |w|2)1/2|f(2)_f(w)| <e,
weD(z,8),z4w ’Z - w|
whenever |z| > §. Combining the above with (3.1.24), we find
(1= [zP)IVf(x)] < Ce
for any |z| > J. In other words,
lim (1 [22)[V£(2)] = 0.
|z]—1—
This completes the proof. O

Remark 3.2.13. It is clear that the pointwise estimate of Remark 3.1.16 holds for function of the
little Bloch space too. That is

1+ |2
1 — 2]

()] < 111 log ( ) L0,

where f € Bp.

The next corollary is a significant consequence of the density of polynomials on By and the previous
remark.

Corollary 3.2.14. Let f € By. Then, the following limit holds

lim f(zi =0, (3.2.5)
‘Z|*)1_ 10g
1—1z?
N
Proof. Let fn(z) = Z aiz" a holomorphic polynomial be, we obtain that
k=0
N
N1 PR » 1
21517 Jog 1 21517 Jog 1
1—|z? 1—|z?
=0.
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That is, (3.2.4) holds for holomorphic polynomials. Then, from Proposition 3.2.4, we consider a
sequence of polynomials { fx(2)} yey that converges, with respect to the Bloch seminorm, to f so that

Y (C /I (€ T IR TG
1—|zf? 12 12
14|z
< lim + lim &=k=0"F1
|21~ log 1 A1 1og 1
11z 1|z

<e,

choosing N large enough. By the arbitrariness of e, the desired result follows easily. O

The following theorem is the little Bloch version of Theorem 3.1.18. That is, in the little Bloch
space, we show that the Bergman metric can also be recovered from the Bloch seminorm.

Theorem 3.2.15. We have
B(z,w) =sup{ |f(z) = f(w)| : [|flls <1, f € Bo} (3.2.6)
for all z and w in B,.

Proof. Essentially, this proof is the same as that of Theorem 3.1.18. The only difference is that we
use the family of functions

1 lw|+7r < z,w >
h =1 d ,2 € By,
+(2) 2 Og<|wl—r<z,w >> “5

where w € B,, \ {0} is fixed and r € (0, 1), instead of

1
h(z) = - log <|wH—<z,w>) .

2 lw|— < z,w >
Since we notice that

lim |Vh(z)? = lim (1—|z]?) [7’2|Vh(rz)]2 — ]Rh(rz)]Z]

|z]—1— |z]—1—

<+o0, r€(0,1)

so that we obtain
h € By.

Moreover,

Vhe(2)P = (1= |2) [r?|VA(r2)]* — |Rh(rz)|’]

<+o0, 7€(0,1)
< (1—|2P%) [[Vh(rz)|* — |[Rh(rz)|?]

= |Vh(rz)%.
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Hence, from Theorem 3.1.18, we get

el < I[h[|B

<1

and
e (2) = he(0)] < sup{|f(z) = f(O)] : f € Bo, [|fllz <1}.
Letting » — 17, it turns out
B(z,0) <sup{|f(z) = f(O)] : € Bo, [|flls<1}.
Finally, the reversed inequality follows from Theorem 3.1.18 and we obtain the desired result. O

In terms of characterisations, we give the analog version of Corollary 3.1.17 for the little Bloch
space.

Corollary 3.2.16. Assume that « > —1, p >0 and f € H(B,). Then f € By if and only if
lim |f o wa(2) — f(a)|Pdua(z) =0 (3.2.7)
la| =1~ JB,

or equivalently,
(1 _ |a]2)”+1+0‘

- < 2,0 > Potita)

lim £ (2) = fa)?
Br

la|]—1—

dve(z) = 0. (3.2.8)

Proof. From Proposition 1.4.7, we know that (3.2.7) and (3.2.8) are equivalent. To prove that if
f € By, then (3.2.7) holds, we follow the same approach used in the proof of Corollary 3.1.17 to obtain

(1 _ |a\2)n+1+0‘

/ ()~ F@)P dva(z) < 00,Va € By,

|1_ <z,a> |2(n+l+a)
that means

» (1 _ ’a‘Z)n+1+a )
£ (2) = f(a)] € L' (By, dva) Va € B,.

So that, applying the dominated convergence theorem, we easily find the wished result.

Conversely, assume that (3.2.7) holds, following the same lines as in proof of Corollary 3.1.17, it turns
out that

11— < z,a > |2(n+1+a)

(1 _ |a’2)n+1+a

- < 2,a> Potita)

¥ F(a)] < / £(2) - F(@)P

n

dve(z),Va € B,,.

and taking the limit |a| — 17, to both sides, we complete the proof. O
As a consequence of Proposition 3.1.28, since By C B is a closed subspace, we have the following

Corollary 3.2.17. The little Bloch space By is not strictly conver.

Proof. We just consider the same counter example of Proposition 3.1.28. O

In the previous section we proved that B C AL, for 0 < p < oo. Hence, since By C B, we have the
following trivial corollary.

Corollary 3.2.18. Let, a > —1. Then, the following containment holds
By C A, (3.2.9)
for 0 < p < 0.

A fundamental question about By is whether there is a connection between By and AS°. It turns out
that neither By is contained in A2° nor is AY° contained in By. We start with the following example.
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Example 3.2.19. The function

F(2) = exp <Z+ 1)

is in A3 but not in By.
For sake of simplicity, we consider the one-dimensional case. To prove that f € AS°, we just observe
that

f(2)] < 1f(2)ls, |
e (F15)]
P (22_2'127222))‘

=1

That is, || f||a,c0 < 1 and, hence, f € A.
Then, in order to prove that

lim f'(2)(1 - [2[*) # 0,

|z]—1—

we just consider tha above limit along the real line R. It turns out that

im  (1—)|f() = lim (1—7“2)(1_27“)26Xp<r+1>

reR, r—1- reR, r—1- 1—r

1 1
=2 lim +rexp<r+ )

reR, rs1—-1—1r 1—7r

= +o00.

To show an unbounded function of By, first it is necessary to introduce some notions. This will be
discussed in the next section.

3.3 Construction of non-trivial functions in B and B,.

Goal of this part is to describe a method that is often used to construct non-trivial functions in
the Bloch space, or the little Bloch space, of B,,. A crucial consequence will be the construction of
unbounded functions that belong to the little Bloch space.

First we observe that if m is any integer such that 1 < m < n, and if f is a function in the Bloch
space, or the little Bloch space, on B,,. Then, the function

(215 ey 2m) = [(21y ey Zmy ooy Zn)

belongs to the Bloch, or the little Bloch space, of B,,. This property follows from condition b), or c),
in Theorems 3.1.10 and 3.2.6 respectively. In particular, functions in the Bloch space, or little Bloch
space, of the unit disk D can be lifted to functions in the Bloch, or little Bloch space, of B,,. Hence,
we explain this contruction in the one dimensional case and, so that, will easily deduce the extension
to several variables.

In order to proceed, we need to recall the notion of lacunary series.
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Definition 3.3.1 (Lacunary series). Consider an increasing sequence of positive integers {\,}
Denote by {\},}, oy the increasing sequence consisting of the positive integers not contained in {\, }
Both sequences are assumed to be infinite. The zero coefficients in the series

Z ay, " = Z ema™, (3.3.1)
n m

neN-
neN-

where

hen m = A
- {a*n’ WHER TR = 4ny (3.3.2)

0, when m =\,

are called lacunae. A series of the form (3.3.1) is called a lacunary series and the sequence {\,}, oy is
called a gap sequence.

Remark 3.3.2. First of all, we notice that a lacunary series is an holomorphic function that cannot
be analytically continued anywhere outside the radius of convergence within which it is defined. More
is true, the monotonically increasing sequence of positive natural numbers {\,}, specifies the powers
of z which are in the power series for f(z).

Let’s take a look to a simple example.

Example 3.3.3. Consider the following lacunary function,

Comparing f with the geometric series, we prove that f is absolutely convergent on D and uniformly
convergent on every compact subset of D and, hence, f € H(D). However, f has a singularity at
every point on S, and cannot be analytically continued outside of . In fact, it is clear that f has a
singularity at z = 1. But since,

FE)=f2) =2 [N =f( 2% L fE0)=fGEN 2"

we deduce that f has a singularity at a point z when 22 = 1, and also when z* = 1. So, proceeding
by induction, f must have a singularity at each of the 2™-th roots of unity for all natural numbers n.
Such set is dense on S, and, by continuous extension, every point on S must be a singularity of f.

A further tool that we need is given by the following identity.

Proposition 3.3.4. Let f € H(D), assume that the Taylor series of f is

f(z) = Zakzk, Vz e D.
k=0
Then, we have that
et = (k+2) / (1= |22)f'(2)7*dA(2) (3.3.3)
D

Proof. To prove this result, we can use two different approachs. We show both of them. The first one
is a direct computation and proceeds as follows. First of all, from the Taylor expansion, we have

F(2) = 3 kot
k=1

= Z(k + Dagg12".

k=0
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So that, using the uniform convergence on compact subsets of f and Corollary 1.4.8, it turns out that

(k+2) /D(l — |2 f(2)Z*dA(z) = (k;m Z(j + 1)aj+1/m)2(1 — 21277 d A(2)

J=0

(k+2)(k+1) kI(3)

= Qk+1

2 T(k+3)
k4 2)(k+1) k2!
— 2 (k +2)!
= Qp41-

The second approach follows from the Cauchy integral formula. In fact, using Corollary 1.2.21 (actually
equation (1.2.11)) where we replace f by its derivative f’, we have

1 dF

ap1(k +1) = H%f,(z)

2=0

1 /')

2w Jog, &

dg

1 2T (rexp(if))

T om )y rRexp(ikf) 0.

After that, multiplying to both sides by 2r2**1(1 — r2)dr and integrating in polar coordinates, we
obtain

| 2% ~ 1
(k + 1)r(:fﬁ2)“’““ - % 0 jmde/o 2r(l — 12)dr <=
! 12 1
(k+ l)mak_H =5 f’(rexp(zﬂ))rke:cp(—ikG)dH/0 2r(1 — r?)dr <+
(k+ 1)E!

(k+2)(k+ DRI T /D(l — e ()7 dARz) =

apar = (k+2) /D (1~ [22) ' (2)7*dA(2).

This completes the proof. O

We are ready to prove the following result concerning a classical way of constructing non-trivial
Bloch functions in the unit disk ID using lacunary series.

Theorem 3.3.5. Assume {ny}, is a series a positive integers such that

Nk+1 > /\nk,Vk Z 1, (3.3.4)
where X\ is a constant greater than 1. Let f € H(D) whose Taylor series is
f(z) =) apz™, z€D. (3.3.5)
k=1
Then,
feB << {ap}, is bounded.
Furthermore,

feBy <= lima,=0.
k—o0
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Proof. Suppose f € B. Using (3.3.3), we find

ae] = (k+2) \ [a- ket

/Dzde(z)

27 1
k42l [ ds [ o
0 0

< (k+2)llflls

= 27| f][5-

In other words,
|ag+1| < 27| f]|B, Yk > 0,
that clearly means that the sequence {ay}, is bounded.

Conversely, assume that {ay}, is bounded. So, there exists a positive (finite) constant M that satisfies

lag| < M, YV k> 1,

A
and ny as in (3.3.4). Then, we choose C' = 7 80 that 1 < C' < 0o and

A
N1 (M1 — )

C(ngt1 —nk) =

D | A—1
= Nk+1
That is,
N1 < C(Mpg1 — ni)-
So that,

eyt |27 < Oy = mi) 2"+

S O™ 4o o,

for all k > 1. In particular,
nilzM T SO o+ oM7),
Thus,

/()] < MYl ™ !

k=1
o.9]
<MCY ||
=0

MC

1— [z’
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for all z € D. Hence, f € B.
If f € By, for every £ > 0 there exists 0 < § < 1 such that

F(A=[2) <e, 1= <[z < L.

Using this fact and (3.3.3), ag41 can be estimated as follows:

lagy1] =< (K +2) + (k+2)

/ (1 - |22) ' (2)7*dA(2) / (1 - [22) /' (2)25dA()
0<]z|<1—6 1-6<|z|<1

27 1-6 27 1
< (k+2)|]f\|3/ de/ rk+1dr+€(kz+2)/ do kL dr
0 0 0 1-6

= ||f]|52m(1 — 8)¥*2 4+ e27(1 — (1 — 6)*+2).
That is,
lags1] < || f]ls2m(1 = 0)*+2 + e2m(1 — (1 — 6)*F2).

Hence, taking the limit £ — oo, the above implies

lim |apy1] < e2n
k—H—oo‘ + ‘ - ’
and, by the arbitrariness of €, we deduce
lim |ag 1| =0.
k:—H—oo’ + |

To prove that f € By, assuming that f is defined by a lacunary series whose coefficients tend to 0 and
proceeding in the same manner as above we find the wished result. O

As a consequence, we can easily extend this method to several variables. In particular, as a further
consequence of the former construction, we can prove that the little Bloch space By is not contained
in AZ°. This is the content of the next example that, again for sake of simplicity, we treat in the
one-dimensional case.

Example 3.3.6. Let the following function be,

k
22

) =) —=,

1
where, using the notation of Theorem 3.3.5, a; = — and n; = 2F. We have that

vk

lim arp =0 and ngy1 > Ang, A > 1.
k—+00
Hence, we obtain that f € By. Then, arguing as well as in Example 3.3.3, f has a singularity at every
point on S, and cannot be analytically continued outside of D. In other words, f ¢ AS°.

3.4 Duality

In this section we proceed to identify the dual space of AL, when 0 < p < 1. Furthermore, we shall
also find that Al is the dual of the little bloch space. After the discussion of these representations,
we will obtain some fundamental consequences for the spaces B, By and A%, for 0 < p < 1: lack of
reflexivity, uniform convexity and norm convergence of Taylor series.

We will think of the Bloch space as a Banach space and will use norms, but not semi-norms, on it.
That is, we will consider the Bloch space B and the little Bloch space By endowed with

A= 11 f1ls + [£(0)]-
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In spite of the fact that A% is not a Banach space when 0 < p < 1, we can consider its dual space. In
fact, we define the dual space of A% for 0 < p < 1 in exactly the same way as we do for p > 1. Thus
the dual space of AL consists of all linear functionals F' : AL — C such that

[E(NDI < Cllfllpar | AG

where C'is a positive constant depending on F'. Moreover, when we write || F|[ 2., we mean

1Fl(azy = sup{F(f) | f € AL |Ifllpa =1}
We start identifying the dual space of A%, when 0 < p < 1.
Theorem 3.4.1. Assume a > —1, 0 <p <1 and

1
/3:”*'];'0‘_@_1_1)‘

Then, we can identify the dual space of AL with B, with equivalent norms, under the integral pairing

< f,g>p= rl_ig{ i f(rz)g(z)dvs(z), fe AP, g€ B. (3.4.1)

In particular, the limit in (3.4.1) always exist.

Proof. Let g € B, from Theorem 3.1.10, point d), there exists a function h € L*°(B,,) such that

9(z) =/ (1_};(i)ﬁ)ﬁ;(ﬁ)ﬂ+ﬁ, z € By, (3.4.2)

so that, there exists a positive constant C, independent of g, such that
1lloe < Cllgl|-

Hence, thanks to this estimate, we can exchange the limit with the integral in (3.4.1) and, then, using
Fubini’s theorem, the reproducing formula of Lemma 2.1.3 and Lemma 2.4.5, it turns out that the
integral pairing of (3.4.1) can be written as follows

| <fig>pl=|lim | f(rz)g(z)dvs(z)

r—17 JB,

_ h(w)dvg(w)
/s f(z)dvﬁ(z)/ﬁn (1= < 2,w >)nT1+8

. Aw)dos ()
=\ [ st [ G

_ /nh(“’)d“ﬂ(“’) /M £(2)dvs(2)

1— < w,z >)ntl+h

n+l4a

= |lc w)h(w)(1 — |w|?)” » 7("+1)vw
—5/an()h()(1 wp?) d()‘

< Ao

cs / Flw)(1 — |w|2>”*i*‘“<"+”dv<w>\

< Cllglll[ f1lp.
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That is, g induces a bounded linear functional on A%, under the integral pairing <, > 4.
Conversely, let F' € (AL)* and f € AL, then

f(2) = /Bn ' fr(w)dvg(w) re (0.1),

— < z,w >)nH1HA’

so that, using the homogeneous expansion of the kernel function, we find

F(fr(z))=F< / K f(w)dvs (w) >

— < zyw >+

1
= - fr(w)F <(1_ < zw >)n+1+5> dvﬁ(w)

~~

=g(w)

= | fr(w)g(w)dvg(w)
Br

=< frag >B

So, our aim to show that g € B. We proceed as follows. It is clear that g € H(B,,). Then, interchanging
the differentiation and the application of F', justified by using the homogeneous expansion of the kernel
function, and the fact that F' is bounded on AL, we find

dg(w)
8’[1)2‘

0
B 0z (1— < z,w >)nt1+8

:(n+1+ﬁ)‘F( wi )‘

(1— < z,w >)"t2+8

dva(2) Lp
" |1— <z,w> |p(n+2+5)

< (n+14B)F||(az)- [/B

(1—|z)2dv(z)  1'7
- < Z,w > |n+1+p+a

< (n+ 14 B)F|| az)- [/B I

1
< Cn+1+B)Fllany 7=y
= Twl?)
so that, we have
1
sup (1 — [w|?)[Vg(w)|* < sup (1 — [w]*)(n + 1+ B)VnCl|Flap) w157
wEB, wEB, (1= [w]*)
= (n+ 1+ B)VnClF|| az)-
< 00.
Hence, using point e) in Theorem 3.1.10, we get g € B. This completes our proof. O

Putting p = 1 in the above result, we obtain the following.

Corollary 3.4.2. Let a > —1. Then, we can identify the dual space of AL with B, with equivalent
norms, under the integral pairing

< f,9 >a= lir{l f(r2)g(z)dva(z), fe AL, geB. (3.4.3)
r—=1- JB,

In particular, the limit in (3.4.3) always exist.
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We proceed identifying the dual of the little Bloch space By. After that, we will see some remarkable
consequence of this result and the previous theorem.

Theorem 3.4.3. Assume o > —1. Then, the dual space of By can be identified with AL, with
equivalent norms, under the integral pairing

< f,g >a= lir{l f(2)g(rz)dva(z), f € By, g€ AL, (3.4.4)
r—1- ]Rn

In particular, the limit above always exists.

Proof. Let f € By. From point d) in Theorem 3.2.6, or equivalently point e) in Theorem 3.2.8, there
exists h € Cy(B,,) such that
Pyh(z) = f(z), z € B,.

Moreover, h can be chosen so that there exists a positive constant C', independent of f, such that
|h]|oe < C|fl|5- (3.4.5)

Let g € AL and g,(2) = g(rz), where r € (0,1) and z € B,,, the dilation function be. Then, defining
< fogr >a= /B h(w)gr (w)dva (w),
so that, using Holder’s inequality and (3.4.5), it turns out
| < f.9r >a | < |hllocllglla

< Cllfllsllg]

a,l-

In other words, we have proved that every function g € A}, induces a bounded linear functional on By
via the integral pairing <, >.

Next, our aim is to show that every bounded linear functional on By arises from a function in Al via
the integral pairing <, >,. In order to proceed, we fix a sufficiently large positive parameter b and
consider the operator T defined by

Gy ey £ (0)dva ()
Tf(z) = T \|>/B

Ca (1= < z,w >)ntitatd

Now, let f € By, using (3.4.5) and Theorem 1.4.4, we have that there exists a positive constant C'
such that

Cota 2\b dva(w)
< 0Ty
i) < E - i) | e
AL NN o N—
= TESERL
el
Ca '

That is, Tf € L*°(B,,) and, hence, T : By — L*°(B,,) is a bounded operator. On the other hand,
follows the same lines as in the proof of Theorem 3.1.10, it turns out that

PCV(Tf)(Z) = f(Z),Vf € Bo,z € B,,.
Hence, there exists a positive constant C, independent of f, such that
Lf1] < CIT oo
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We conclude that 7" is an embedding of B into L>°(B,,).

If f is a polynomial, then, follows the same lines as in Theorem 3.2.6, we easly check that T'f is
(1 — |2|%)® times a polynomial, which is a function in Cy(B,). By the fact that Co(B,,) is closed in
L>(B,,), we get that T is an embedding of By into Cy(B,,). Denoting by

T(Bo) = X,

then, X is a closed subspace of Cy(B,,).

Now, let F' € (By)*, then F o T~ ! € (X)*. Using the Hahn-Banach theorem, we extend continuously
F o T~ to the whole space Co(B,,). After that, we apply the classical Riesz representation theorem
for Cy(B,,). So, we obtain a finite complex Borel measure p on B,, such that

FoT \(f) = / f(2)du(z), f € X,
By

or equivalently,

F(f) = / Tf(2)du(2), | € Bo. (3.4.6)

n

If f is a polynomial, using Fubini’s theorem, (3.4.6) can be written as

)= [ ) [ e

Co, (17 < z,w >)n+1+a+b

Chtor 1 — 1212)du(

- /n ) { Zz /n (1—(< z,’u‘; )>)rft+(1+)a+b } dva(w)
Co+a 1 — [z|2)du(z

- foe ] o

= [ fw)g(w)dva(w).
By

By Theorem 1.4.6, we deduce that g € Al. Finally, since polynomials are dense in the little Bloch
space By, we complete the proof. O

Remark 3.4.4. As a consequence of Theorem 3.4.1 and Theorem 3.4.3, we have

(Bo)™ = (Ag)”
=B

D By.

In other words, the little Bloch space By is not reflexive. After that, if we assume that the Bloch
space is reflexive, since By C B is a closed subspace, we would have that the little Bloch space By is
reflexive. That is a contradiction. So, the Bloch space B is not reflexive. Finally, it is a well-known
fact that, for a Banach space X, X is reflexive if and only if its dual X* is reflexive. Hence, we apply
this result putting X = By, so that X* = AL is not reflexive. We summarise all these results in the
following corollary.

Corollary 3.4.5. The Bloch space B, the little Bloch space By and the Bergman spaces AL, for a > —1
and 0 < p < 1, are not reflexive.

A further consequence, from Milman-Pettis theorem, is

Corollary 3.4.6. The Bloch space B, the little Bloch space By and the Bergman spaces AL, for a > —1
and 0 < p < 1, are not uniformly convex.
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In Theorem 2.1.11, we showed that there exist functions in A, whose Taylor series do not converge
in norm. We recall that an example, not proved, of such functions is

1—|af?

fa(2) = A—a:)

Hence, as a consequence of Theorem 3.4.3, we have the following corollary.

Corollary 3.4.7. There exist functions in the little Bloch space By whose Taylor series do not converge
m noTm.

We just give a hint of the proof. All the details can be found on, for example, Duality of Bloch
Spaces and Norm Convergence of Taylor Series, written by Kehe Zhu.

Proof. For sake of simplicity, we consider the one-dimensional case and = 0. It suffices to show that

the operators
00 N
SN : Zbkzk — Zbkzk
k=0 k=0

are not uniformly bounded on Al. That is, there is no constant C' > 0 such that
ISvlh < C,vn > 1.

From Theorem 1.4.4, there exists a positive constant C' such that
|flli £ C, Va €D.

After that, since the Taylor expansion of f, is given by

o0

fa(2) X =1a®) Y (k4 1)(k+ 2)6’“2’c
k=0

so that, Sy f, can be written as follows

_(n+2)(n+3)@) 2An+3) (@) (1)
1—az (1—az)? (1 —az)?
=41 (2) :=As(z) ::Eg(z)

Snfa(z) = (1~ |al?)

After some computations, it turns out that there exist two positive finite constants C7, Cy such that
[A3(2)[[1 < C1 and  [|A2(2)]]1.

But, concerning the function A;(z), using polar coordinates, Theorem 1.4.4 and integrting by parts,
we find that, respect to with || - ||1, is unbounded as a function of n and a. In fact,

|n+1dA
Cl—az|

|A1ll1 = (n+2)(n+3)(1 — |a|? ’a|n+1/ |z|" T dA(2)

dt

1 = rlale”|

1 1 2
=(n+2)(n+3)(1— |a]2)]a\"+1/ rn+2dr/
T Jo 0

e 1
> . 2 n+l n+2
>c(n+2)(n+3)(1—lal?)|al 77/0 r log<1_r|a‘>d7’

o(n +2)(1 +|af)|a["**

1
2 1_ 2 n+11 _
e+ 2(1 = Ja?) " og () Shi

Finally, the second term above is bounded in a and n, but the first term tends to oo if a = n/n + 1
and n — +oo. This finishes the proof. O
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3.5 Maximality

In this section we show that the Bloch space B is the largest Mobius-invariant linear space of
holomorphic functions that can be equipped with a Mobius-invariant seminorm in such a way that
there is at least one nonzero bounded linear functional on the space. One simple consequence of the
main result is that there are no nontrivial Mobius-invariant closed subspaces of H(B,,) equipped with
the topology of uniform convergence on compact subsets. We start with the following definition.

Definition 3.5.1 (Mobius invariant Banach space). Let X := (X,|| - ||x) a seminormed linear space
of holomorphic functions in B,,. We say that X is a Mobius invariant Banach space if the following
property holds

1feellx =Ilfllx, feX, ¢eAut(By). (3.5.1)

Remark 3.5.2. We will suppose that X is already complete in the semi-norm. In fact, if necessary,
we can consider its completion. Moreover, the map

O(01, s 0) 1= F(21leap(i01), .., |2nlexp(i0,)), (35.2)
is assumed to be a continuous function from [0, 27]™ to X.
In order to prove the main result of this section, we will need the following Lemma.

Lemma 3.5.3. Assume that X is a Mobius invariant Banach space such that contains nonconstant
functions. Then, all the polynomials are contained in X.

Proof. Let f € X a nonconstant function. Suppose the Taylor expansion of f is
oo
f(z) = Z amz™, Vz € B,. (3.5.3)
m=0

Hence, there exists some nonzero multi-index m such that

am # 0.

We fix such index m = (myq,...,my). Let F be the following function,

1 27 27
F(z) = W / e f(|z1lexp(iBy), ..., |zn|exp(iby))exp(—i(m161 + - - - + my0,,))dO; . . . dO,.
0 0

So that, by a direct computation, we obtain

1 27 2m ‘ ) ‘
F(z)= G / e f(z1]exp(iby), ..., |znlexp(i0y))exp(—i(mi01 + - - - + mypby))db: . .. dOy,
0 0
1 2w 2w
=y —— 2" de / 2 do,
(2m)" /0 R
=amz".

In other words, F'(z) = a,,z™. Furthermore, using the fact that X is Mobius invariant, we get

1F]x < [If]lx-

Hence, X contains the monomial z™.

Then, considering the composition between 2™ with all the possible unitary transformations and so,
using the Mobius invariance of X, X contains all homogeneous polynomials of degree |m|. As a
consequence, in particular, for every ¢ € Aut(B,,), it turns out that

Im|

27 opeX.
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Choose ¢ = g, where a = (A0, ...,0) with |A\| < 1. We obtain,

m A—z \I™
“O¢_<1—A;) _ (3.5.4)

For every nonnegative integer I, we can find some X such that the Taylor coefficient of zi of the function
in (3.5.4) is nonzero. Following the same approach used in the first paragraph of this proof, we find

deX vi>o.

Combining this with the remarks in the previous paragraph, we conclude that X contains all polyno-
mials. O

We now show that the Bloch space is maximal among Mobius invariant Banach spaces. Then, we
discuss some related consequence.

Theorem 3.5.4. Assume X is a Mobius invariant Banach space in B,. If there exists a nonzero
bounded linear functional L on X. Then,
X CB.

Moreover, there exists a positive constant C such that

flls < Cllfllx, Vf € X. (3.5.5)
Finally, if L is such that L(1) # 0. Then,

X C A (B,), (3.5.6)

and there exists a positive constant C' such that

[ flloe < Clifllx, Vf € X. (3.5.7)
Proof. Let L be a nonzero bounded linear functional on X. That is,

IL(H)I < Cllfllx, feX.
We start supposing L(1) # 0. Since the mean value property, in the origin, is given by

1
(2m)"

2m 2m
f(0) = /0 ; f(2)dty ... dty,

so that, applying L to both sides, we obtain

1 2 2
f(O)L(1) = n/ / L(f(2))dty ...dt,.
(2m)™ Jo 0
Hence, from the boundedness of L on X, it follows that
[FOILA)] < Cllflx-
Then, we replace f by f o ¢, so that, using the Mobius invariance of X, we get
IfINLA)] < Cllfllx, Vz € By,

We proved that f € A°(B,) and, clearly, that

c

17l < 7

[1£]lx-

After that, we assume L(1) = 0 and X contains a non constant function. Hence, from Lemma 3.5.3,
X must contain all the polynomials. Our aim is to show that there exists some ¢ € Aut(B,) such
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that the linear functional L, (f) := L(f o ¢) satisfies L,(21) # 0. To prove this fact, we proceed as
follows. Let r € (0,1) and a = (r,0,...,0). We consider the following involutive automorphism

() r—z V1—12z V1—1r2z, (3.5.8)
z) = e, — 5.
Pa 1—rzy’  lrzg 77 1—rn ’
so that
r—2z
210 ¢a(2) = 1—rzx
o
=r+(r?-1) Zrk_lzlf
k=1
That is,
[o¢]
z1004(2z) =1+ (r* —1) Zrkilzlf. (3.5.9)
k=1

Arguing by contradiction, assume that L(z1) = 0,Vy € Aut(B,,), and applying L to (3.5.9) we find

0= L%(Zl)

= L(Zl © (Pa)

=L()r+(r*=1) irk_lL(zf).
k=1

So that, we deduce

> kL) =0,V r € (0,1),
k=1
and it follows that

Then, replacing L by L, it turns out

This fact implies that
L(z™) =0,Vm = (m1,...,my) s.t. |m| > 0.
Combining this with L(1) = 0, we find
L =0,

on H(B,). That is, a contradiction. This means that we can assume L(z1) # 0. For f € X, let the

following function be

27
_ % /0 L(F(|2]exp(it))exp(—it)dt.

Using the fact that L is continuous on X, we get

F(f)

[F(NHI < Cllfllx, feX.
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On the other hand, expanding f in homogenous series and using its uniform convergence on compact
subsets, it turns out

1 [ K1 : : . ,
F(f)= / L Z j'aZJ;(O)zﬂJl oo |znmexp(ijt) | exp(—it)dt
0 =0

1 X 1df . NS
- Z '323( )L (‘ZIP o]zl )/0 exp(it(j — 1))dt

That is, F'(f) can be written as follows
=> L(| k| (0). (3.5.10)
k=0

After that, denoting by w = (w1, ..., w,) a unit vector of C™, there exists a positive constant ¢ such
that (3.5.10) can be written as

F(f)=0<Vf0),w>. (3.5.11)
Furthermore, for every 1 < k < n, we can find a unitary matrix Uy such that
Uk (w) = €k,
where {ej,...,e,} is the standard orthonormal basis of C™. Hence, after some computations

F(foUk) =0 <V(foU)(0),w>
=0 <UxV()(0),w >

=06 < Vf(0),Upw >

Namely,
of
F Ug) =6—
(f ° k) 6zk
We replace f by f oy, where ¢ € Aut(B,,), so that, for 1 < k < n, (3.5.12) can be estimated as follows

of | _ IF(fopoly)

(0),Vf € X. (3.5.12)

7o) ALD
< Sl opolillx
= il

Therefore, we obtain
~ C
VS < nSlIfllx VS € X, = € By,

We have proved that
feB and ||flls < Cfllx,

for some positive constant C’. O
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In the remainder of this section, we denote the seminorms of the Mobius invariant Banach space
X and the Bloch space, respectively, by

p(f) = IIfll, and ps(f):=Ilflls, Vfe€X.

Corollary 3.5.5. Assume that X is a Mobius invariant Banach space in B, that satisfies the same
conditions of Theorem 3.5.4. Then, the kernel p~1(0) is contained in the set of constant functions.

Proof. We just observe that the kernel of pg is given by the constant functions. O

Corollary 3.5.6. Let H(B,,) equipped with the topology of uniform convergence on compact subsets
of B,,. Then, the only closed Mobius-invariant subspaces of H(B,,) are {0}, H(B,,), and the constant
functions.

Proof. Let E be a closed Mobius-invariant subspace of H(B,,) with E # H(B,,). Then, there exists a
nonzero continuous linear functional L, with L(f) =0 for all f € E. Let f € H(B,,), we set

p(f) =sup{L(f o) | p € Aut(B,)}.

After that, we define
X :={f € HBn) | p(f) <oo}.

Then, since (X, p) satisfies the hyphoteses of Theorem 3.5.4, by Corollary 3.5.5 p~1(0) is contained in
the constant functions. Besides, let f € E, then

p(f) =sup{L(f o) | p € Aut(B,)}

In other words, we have that
ECp }0) C X.

Thus, E is contained in the set of constant functions. That is, F is either {0} or the constant functions,
as required. O

3.6 Pointwise Multipliers

The aim of this section is to characterise the pointwise multipliers of the Bloch space and the
little Bloch space. The pointwise multipliers of the Bloch space and the little Bloch space were first
characterised by Arazy in the case of the open unit disc of C and later rediscovered by Kehe Zhu in
the case of B,. This section is organised as follows. We start recalling the definition of Pointwise
Multipliers. After that, we provide a crucial tool: we prove that the pointwise multipliers of every
Banach space of holomorphic functions in B,,, such that every point evaluation is a bounded linear
functional, can be embedded into A3°. As a consequence, we apply this result to the Bloch space B
and the little Bloch space By. Then, we illustrate the goal of this section: let f € H(B,), we show
that f is a pointwise multiplier of the Bloch space, and the little Bloch space, if and only if both f
and (1 — |2]2)|Vf(2)|log ﬁ are bounded in B,,.

Formally, the definition of Pointwise Multipliers is

Definition 3.6.1 (Pointwise Multipliers). Let X a space of functions. A function f is called a
pointwise multiplier of a space X if for every g € X the pointwise product fg also belongs to X.
In this section, we denote a pointwise multiplier f of a space X by

fX CcX.
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Throughout this section, we endow B with the following norm

A1 = [f(0)| + sup [Vf(2)], [ €B. (3.6.1)

ZeBn
In order to proceed, we need the following Lemma.

Lemma 3.6.2. Let X be a Banach space of holomorphic functions in B,. Assume that X contains
the constant functions and that every point evaluation is a bounded linear functional on X. Then,
every pointwise multiplier of X is in AX.

Proof. Let f be a pointwise multiplier of X. Since X contains the constant function, we obtain that
f € X. After that, we define the linear operator of multiplication by f as

My (9)(2z) = f(2)9(2),9 € X

Since every point evaluation is a bounded linear functional on X, we have that

[M¢(9)(2)| = [f(2)llg(2)]

< [If1l llgll-

We deduce that M¢(g) is bounded.

Consequently, we denote by e, the point evaluation at z, where z € B, and, hence, by assumption,
e, € X*. So that, considering the action of the bounded linear operator on X* given by the adjoint
operator of My(g)(z), denoted by MF(g), it turns out that

Mj(e:)(g) = e-(My(9))

In other words,

that implies

M3en)(9)
le=(9)]

< |[MF]].

This proves that
[f(2)] < |IMF]], Vz € B,

and we are done. O
As a consequence of this result, putting X = B or X = By, we have the following corollary.
Corollary 3.6.3. Assume that f is a pointwise multiplier of B, or By. Then, f is bounded in B,,.

We are ready to prove the main result of this section: the characterisation of the pointwise multi-
pliers of the Bloch space and the little Bloch space.

Theorem 3.6.4. Let f € H(B,,). Then, the following conditions are equivalent:
a) fB C B.

b) fBy C Bo.

c) f € A and the function

(1= )V F () o2 7=

1s bounded in B,,.
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Proof. We start proving a) = ¢). If fB C B, from the previous corollary, we have that f € A% and,
hence, there exists a positive constant C > 0 such that

1f9ll < Cllgl|, Vg € B. (3.6.2)
After that, since the Leibniz rule is

gVf=V(fg9)—fVg.
So that, assuming without loss of generality that g(0) = 0 and usin Theorem 3.1.18 (actually (3.1.16)),
we have that

1 1 1 1+]z\
(1= RV o = < (= BRIV low 11

= (1~ D)V ()] 38(2,0)

= %(1 — |2V f(2)sup { lg(2)] | llgll < 1}

(112

< [FI 2 s V()] | llgll < 13+

— |22
=B p (19001 1l < 1)

(gl 11 lloo.e + 191D

l\.')\r—l

(I flloc,a + €.

l\')\H

In other words,

1
(1—12»)|Vf(2)|log T S 1 fllso.a + C, V2 € B,

1—|z

and the implication a) == ¢) is proved.

To prove that b) = ¢), we follow the same lines as in the previous implication but, instead of Theorem
3.1.18, we use Theorem 3.2.15.

Next, we wish to prove that ¢) implies a). So, assume that ¢) holds. Since f € AX and g € B, we
proceed with the following estimate,

M‘V(fg)( )< 21— EPIFEIVYE)] + = 12P)g)IV ()

2
1
< gl lallal + gl toe (1471 ) (1 PV AG)
1 1 1
< gl lallgl + gl tow (1= ) (1= PV AG:)
< o00,Vz €B,.

That is fg € B.
Finally, to prove that ¢) implies that a), we proceed as follows. Recalling (3.2.5) of Corollary 3.2.14,
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we have that

im S < tm S0 I+ g im0 )

|z| =1~ |z| =1~ \

< 5l Jim (1= B)IVGE)] + 5 Jim (1= P)la()]VA()

=L dim (- PV ()

2 |z|=1-

£(1 = P iog (1 ) 1V4(2)

<eC.

By the arbitrariness of €, we deduce

Jim (1= [V (f9)(2)] =0,

that is,
fg € Bo.
O

We conclude this section with the following remark. We prove that, if f, g € B, then, in general,
it is not true that fg € B. For sake of simplicity, this fact is proved in the one-dimensional case.

Remark 3.6.5. Let f = g = Log(1 — z). Then,

sup (1 — [2[)|V(fg)(2)] = 2 sup (1 = |2*)| £ (2)I| f'(2)]

ZGBn ZG]Bn

> 2(1 — [2*)|f'(2)| sup |f(2)]

ZEn

2(1 — |2}z 1
Co1—z z:ln
=1
> 21 — 2|2 ZE
n=1
= Q.

That is, fg ¢ B. Moreover,

S

[ Flloc,a =

o)
n=1

= OQ.

Namely, we proved, with a counterexample, that if condition ¢) doesn’t hold then condition a) fails.
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3.7 Atomic Decomposition of B and B

The aim of this section is to prove that the Bloch space admits an atomic decomposition. We
showed that the Bloch space B is identified as the dual space of the Bergman space Al, for a > —1.
Hence, it turns out that this decomposition is similar to that of the Bergman spaces. This section is
organised as follows. We start recalling some tools, notions and a pair of operators, actually intro-
duced in Section 2.5, that are necessary. Then, we provide a lemma that describes the action of the
operators, previously introduced, in the Bloch space B. Such lemma will be crucial for the most im-
potant result of this section. That is, the atomic decomposition of the Bloch space and, consequently,
the little Bloch space.

We begin by recalling some facts studied in Section 2.5. Fix a parameter b > n and consider a
sequence {ay}, that satisfies the condition of Theorem 2.5.4. According to Lemma 2.5.11, we proved
that such sequence induces a partition, denoted by {Dy},, of B,. Moreover, after Lemma 2.5.11,
we described a further partition of each Dy, denoted by Dy, ..., Dy s, into a finite number of disjoint
pieces.

Denoting by a = b — (n + 1), we are going to use the following two operators that act, respectively,
on LY (B, dv,) and H(B,).

Definition 3.7.1. Let f € L'(B,,, dv,), we introduce

_ w2 b—n—1
75 = | A=l ¢ )dow).

- <zw> P

Then, let f € H(B,,), we define

J
=3y elDu)f (o)
k:U:l (1— < z,a; >)’

where {ay;} is the refinement lattice, in the Bergman metric, of {a}.

The following Lemma is a particular case of Lemma 2.5.14 and, of course, plays a fundamental
role in the atomic decomposition of the Bloch space and the little Bloch space as well.

Lemma 3.7.2. There exists a constant C' > 0, independent of the separation constant r, for {ay},
and the separation constant n, for {ay;}, such that

£ (2) = Sf(2)] < CaT(|f])(2), (3.7.1)
forallr <1, z€B,, fe H(B,) and where

tanh(n)

Tanh(r)” (3.7.2)

oc=n+

Proof. Putting p =0 and o = 0 in Lemma 2.5.14, so that we get

() - |<c§jl“‘”) ”“)/ F(w)ldo
‘1_ <z, ar > |b D(ag,2r) I

After that, using (2.5.7), we can find a positive constant C; such that

 [2)0-(nt )
1f(2) — Sf(z \<claz/ (1 — Jw[*)P=nF | f(w)|dv(w). (3.7.3)

D(ay,2r) ’1— < zZ,w > ’b
By the fact that each point z of B, belongs at most N of D(ag,2r), (3.7.3) must implie that

(1~ |w[?)*= D)

1) = SIG) < CoN [ = T fw)ldv(w)

and we are done. O
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We can prove the main result of this section: the atomic decomposition of the Bloch space B.

Theorem 3.7.3. For every b > n there exists a sequence {ay}, C B, such that every function f of
the Bloch space B can be decomposed as follows

Zc (1 fax*)" (3.7.4)

1—<z ag >)?’

where {ci}), € I1°°. Furthermore, since B is identified as the dual space of Al fora=b—n—1, the
series on (3.7.4) converges in the weak-star topology of B.

Proof. Let f defined by (3.7.4) and let {ay}, be a sequence that satisfies the conditions of Theorem
2.5.15. In the first part of the proof we show that f € B. To this end, we start proving that the series
(3.7.4) converges uniformly on compact subsets of B,,, whenever {c;}, is bounded, as follows. From
Lemma 1.6.15, Lemma 2.5.1 and Corollary 2.5.2, there exists a positive constant C such that

Z|ck](1—|ak| <clz/ (1 —|2*)?du(2)

ak aT/4)

<c/ 12)%du(z)

< 0.

Moreover, assuming that {cy}, is bounded. Applying Theorem 1.4.4, we have that there exists a
positive constant C'y such that

o0 dvg(2)
_ 1— 2\b a
1£1l1,0 ;‘CH( o) /man - < za,> [

o
2
<> lekl(1 — |arl*)’ log (1_|ak|2> .
k=1

Then, from the estimate in the previous paragraph, it follows that for any o' € (n,b) there exists a
positive constant C'3 such that

Sleelt =l [ 2 <3 a1 - )

— B, |1— < z,a; > | —

< 00.

In other words, we proved that (3.7.4) converges in the norm topology of Al. To conclude this first
part, we wish to prove that f induces a bounded linear functional on AL under the integral pairing
given by

<0.f >a= /B 9(2) T @) dval2), (3.75)

where g € A2°. Replacing (3.7.4) in (3.7.5), using the fact that (3.7.4) converges uniformly on compact
subsets and the reproducing formula of Lemma 2.1.3, we obtain

<9, f>a= / 9(2) f(2)dva(2)

By

= 1
>t~ )’ [ ) Gz s sy i)

k=

—_

k(1 — lag[*)’g(ar).

M

B
Il

1
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So, the integral pairing is well defined. Hence, using Lemma 1.6.15 and Lemma 2.5.7, there exists a
positive constant Cy such that the above inner product can be estimated as follows,

<0 > <Z/ I ()ldva(2)

(lk,T‘/4)
> 1
<> [ e { / If(w)!dva(w)} du(2)
; D(ay,r/4) D(ap,r/4) (1 — [22])tntt
SSUPp(ay,,r/a) 1 (W) Ve (D(ak,r/4))
i sup | f(w)|va(D(ag,7/4)) / l9(2)] 21 g1 @a(?)
P D(ak,r/4) D(ag,r/4) (1—122))

IN

Vo (D(ag,7/4))
e {D(ES,EM) } Z/ ak,r/4) { (1 — [22])otntt } dva ()

Lemma 1.6.15

< Cysup sup / z)|dva(2)
k {D(ak,r/4 } Z ak,'r'/4

=:C

That is, using the fact that A2° is dense in AJ,, we’ve proved that f induces a bounded linear functional
on Al. Hence, as a consequence of Theorem 3.4.1, f must be a Bloch function.

Furthermore, with some obvious minor adjustments, if the sequence {ay}, is replaced by the more
dense sequence {ay;} k> then, the previous argument still works.

We wish to prove the other half of the theorem. Namely, if f € BB, then f must consist of the form of
(3.7.4). To this end, we need to introduce the following space of holomorphic fuctions

- {f € HBW | |1fllx i= sup (1 — |22 (2)] < oo}.
z€B,

X, equipped with || - ||x defined above, is a Banach space. After that, let S and T be as in Definition
3.7.1. If f € X, replacing b by b+ 1 in Lemma 3.7.2, then, we must have that there exists a positive
constant Cs, independent of the separation constant r for {a;}, and the separation constant n for
{ak;};;» such that

(L= Jwl?)*~"| f (w)|dv(w)

1— < z,w > |PH]

£(2) — 51(2)] < Cs0 / V:cB,
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Moreover, from Theorem 1.4.4 there exists a positive constant Cg such that

If = Sfllx = sup (1 = |2[*)|f(2) = Sf(2)]

Zen

(1 — [w[*)*~" | f(w)|dv(w)
11— < z,w > [pt]

< Cyo sup (1= |22) /

z€B,,

} (1 — [w]*)* " dv(w)

11— < z,w > |bt]

< Cao sup (1 - [2P) | {sup F@)](1— )

z€By, weBy,

/ (1 — Jw[?)*~ " dv(w)

= Cso||f]|x sup (1 —|2|*) 11— <zw > [nri+b—n-D+1

z€B,,

<(A-[z)7t

< C5Ce0| f]|x-

We’ve proved that
Ilf = Sfllx < CsCeollfllx, f € X.

Assumed that the separation constant 1 and r are so that Cgo < 1, then, denoting by I the identity
operator, the operator I — .S has norm less than 1 on X. So, the operator S is invertible on X.
Let f € B, putting &« = b — (n + 1), we define the holomorphic function

g(z) = R f(2),2 € B,,.
By the fact that R%!f is a differential operator of order 1 having polynomial coefficients, we obtain
ge X.
Since S is invertible, defining h = S~'g € X, ¢ admits the following representation

v Dk] akj) (
§ j§ ! 3.7.6)
— b1
= « (1= < z,ak; >)

where

B=0b+1)—(n+1)=b—n.

Applying the inverse of R*!, denoted by R, 1, to (3.7.6) so that, from Proposition 1.5.10, we get that
the following representation holds

f(Z) = Ra,lg(z)

(1— < z,a; >)0*!

oo J 1
— ZZUB(ij)h(a"U)RO‘ 1 ((1_ < z,a; >)b+1>

oo J
_ vg(Dyj) h(ay;)
N ZZ (1- < z,ax; >)°

J
Y gy el
ki (1- < z,a; >)¥
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where
o — U8(Drj)har;)
ST Jag )

Finally, since h € X and
v3(Diz) < vg(Dy)

~ (1= fag ) HHt?

= (1 — [ag )"

~ (1 = Jag|*)"H.

That is
{ij} e .

This completes the proof. O

From the proof of the preceding theorem we obtain the following corollary.

Corollary 3.7.4. The Bloch norm

A= [£(0)] + sup [V (f o ¢2)(0)],

ZEBn

18 comparable to

(= Ja)’
inf : =
o = £6) =3 o s
Our nex goal is to obtain the atomic decomposition of the little Bloch space. To this end, with

some adjustments, we adopt the proof of Theorem 3.7.3.

Theorem 3.7.5. For any b > n there ezists a sequence {a} in B, such that the little Bloch space By
consists exactly of functions of the form

f(z) = ick (= Jail")" (3.7.7)
p (1— < z,a; >)V’
where
lim ¢ = 0.

k—o0

Proof. We proceed following the same lines as the proof of Theorem 3.7.3. Assume that f admits the
decomposition of (3.7.7) and, then, we want to prove that f € By. From Theorem 3.7.3, there exists
a positive constant C' > 0 suh that

= < Rk )b
Yol
1-<z,ar >

k=1

< C'sup ey,
k>1

where we recall that ||-|| is the Bloch norm. If ¢ — 0, then
I — fyll=0
Jim |1F ~ =0,

where {fny} denotes the partial sum of f. By the fact that each fy is an element of By, we deduce
that f € By whenever ¢, — 0.

After that, we prove that every function of By must admit the decomposition of (3.7.7). So, we
introduce the following holomorphic functional space:

Xo:={f€HBn) | (1-12°)f(2) € Co(Bn)},
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and consider the action of the operator S on Xy, with paremeter b+ 1 instead of b. We notice that the
differential operator R*! is an invertible operator from By onto Xy. Furthermore, when the separation
constant r for {a;} is small enough, S is invertible on Xy. Then, from the proof of Theorem 3.7.3,
since f € By C B, f admits the following representation

oo — la.l2)b
k=1

1— < z,a; >)¥’

where
_ va(Drj)h(ak;)

Ci = , Vh € Xg.
7T |agg2)Y °

Since,
v3(Drj) < vs(Dy)

~ (1 o ‘ak‘Z)b-&-l’

and 1 — |ay;|* is comparable to 1 — |ay|?, the condition

lim (1 — |akj|2)h(akj) =0

k—o0
implies that there exists a finite positive constant C' such that

v3(Dy;)h(ak;)

lim c; < li
Fooo M= RS T (= Jag2)P

_ 2\b+1 .
< i (L lae) " hary)
k—00 (1 — |akj|2)b

o 2\b+1 .
< 1 010" hagy)
k—o0 (1 — ]akP)b

=C lim (1 — |ak|2)h(akj)
k—o0

=0.

That is,
li ;=0.
dim

3.8 Complex Interpolation

The Bloch space behaves like the limit of the Bergman space A%, when p — oo. In fact, in this
section, we further remark this type of behaviour illustrating the complex interpolation between B
and the weighted Bergman spaces A%, for a > —1. So that, the fact that B belongs to every Bergman
space is fundamental. We will see that the Bergman projection and the complex interpolation of LP
spaces will be crucial tools for our aim.

In the following theorem we prove the result concerning the complex interpolation of B with AL,
for > —1.

150



Theorem 3.8.1. Assume aa > —1 and

p 7
where § € (0,1) and 1 < p' < oo. Then, the Bloch space interpolates with the Bergman spaces as
follows

[Ag’,B] = AP (3.8.1)
with equivalent norms.

Proof. Fix a real number § so that 3 > a. According to Theorem 2.2.9, the Bergman projection Pg
is bounded from L%(B,,dv,) onto A%, for 1 < ¢ < co. Furthermore, from Theorem 3.1., Pg maps
L*>°(B,,) boundedly onto B.
If f e A, C LP(B,,dv,), we know, from the complex interpolation of LP spaces, that there exists a
family of functions h¢ in

LP(B,,, dvy) + L (B,,) = LP(B,, dv,) (3.8.2)

such that the following conditions hold
a) h¢ depends on the parameter ¢ continuously in 0 < Re ¢ < 1 and analytically in 0 < Re ¢ < 1.
b) he € L (By, dv,) for Re ¢ = 0 and he € L=(B,,) for Re ¢ = 1, with

sup {|IRclF) .+ Re ¢ =0} < ||nl,

and
sup {|[hl[oc : Re ¢ =1} < [[h]lp,a;

c) f=hg. Let fe = Pgh¢. Then f: € AZ' when Re ( =0, fo € Bfor Re ( =1, and fp = f.
Appropriate norm estimates also holds for Re ( = 0 and Re( = 1. This shows that

f € [A}ojzlv B]H

Conversely, if f € [AZ/, Blg, then there exists a family of functions f¢ in
AP +B=Af,

where the parameter ( satisfies 0 < Re ¢ < 1, such that
1) fc depends on the parameter ¢ continuously in 0 < Re ¢ <1 and analytically in 0 < Re ¢ < 1.

2) || fellpr,a for all Re ¢ =0 and || f¢||g < || f]]o for all Re ¢ = 1.

3) f=Tfo

Define

he(z) = P01 |22) (f<<z> T
cp

where 0 < Re ¢ < 1. Using Theorem 2.4.8
HhCHp’,a < CHféHp’,m Re ¢ =0,

Rfc(2) )
n+1+p8)’

and by Theorem 2.2.9
Using the complex interpolation for LP spaces , we have
hg € LP(B,,, dvy,).

Since fg = Pghg, we conclude that
feAb.

This completes the proof. ]
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