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Introduction

This work was carried out within the department Génie Mathématique et Modélisation (GMM) of
the Institut National des Sciences Appliquées de Toulouse (INSA Toulouse). The INSA Toulouse is
one of the 204 French engineering schools accredited on September 1, 2020 to issue an engineering
degree. It benefits, as a public institution of higher education and research, from the status of a
Public Establishment with a Scientific, Cultural, and Professional nature.

This work is devoted to a mathematical study of weighted Poincaré inequalities and their
application to sensitivity analysis. This material is detailed and self-contained except for the
basics of probability and some additional results regarding Sobolev spaces. There is section with
notations at the end of the document.

Functional inequalities and global sensitivity analysis are two active mathematical fields, a
priori distinct. The field of functional inequalities, whose foundations go back at least to the
beginning of the 20th century with the work of Henri Poincaré, studies general inequalities, valid
for a whole class of functions, typically of a Sobolev space. The field of global sensitivity analysis
is more recent and is part of an approach of explainability. It seeks to quantify the influence
of input variables on the output of a multivariate function f: RY —- R, expensive to evaluate.
The latter can in particular represent computer codes modeling complex phenomena or artificial
intelligence algorithms, the functioning of which is not well understood. An important connection
between the two domains was initiated by (Lamboni, looss, Popelin, and Gamboa 2013), in which
it is shown that the inequality that appears between two sensitivity indices stems directly from a
Poincaré equality. This leads to revisit the Poincaré inequalities in a perspective of explainability
of computer codes and artificial intelligence algorithms.

The structure of our report consists in three chapters. In the first one, we give a review on
sensitivity analysis and Poincaré inequalities. Within two sections we cover the motivation and
definition of total Sobol indices and DGSM indices and their relation through Poincaré inequalities
for Sobolev spaces defined from probability measures. We characterize the optimal constant of a
Poincaré inequality as the reciprocal of the spectral gap of a differential operator.

In the second chapter we focus on the one-dimensional setting and consider a more general
type of inequality known as weighted Poincaré inequality, due to the presence of a weight on
its right-hand side. We provide the same theoretical background as for the classical Poincaré
inequality, showing that the optimal Poincaré constant is the reciprocal of the spectral gap of
a new differential operator. Later, we extend and support theoretically the ideas presented by

(Song, Tong, Wang, Kucherenko, and Lu 2018) who, given a probability measure, propose the


https://www.math.insa-toulouse.fr/fr/index.html
https://www.insa-toulouse.fr/

choice of a specific type of weight. In particular, we give the explicit expression of such weight
for diverse probability measures and for their truncated versions. Finally, we provide a numerical
method to approximate the weight and its applications to sensitivity analysis.

The purpose of the third chapter is to explain the intertwining technique proposed in (Bon-
nefont and Joulin 2014) for the one-dimensional case, used to upper bound the optimal constants
of weighted Poincaré inequalities. We provide a general proof for the one-dimensional case, under
ideal conditions, and then for the multi-dimensional case we limit ourselves to employ the inter-
twining approach to show its utility by recovering an already established upper bound in (Nguyen
2013) for convex measures.



Chapter 1

Background: Sensitivity analysis and
Poincaré inequalities

1.1 Sensitivity analysis

Sensitivity analysis is the eld dedicated to measure the volatility of a mathematical model (an
output), with respect to the perturbation of the variables on which it depends (inputs), and to

quantify the in uence of these variables within the model. To be more precise, l1ét: R ! R
be a function and letX;:::; X4 be random variables. The random variables are what we called
the inputs and f (X 1;:::; Xy) is the output, the mathematical model.

For example we can consider a study case of an industrial site protected by a dyke, initially
proposed by (Rocquigny 2006) and later taken up in (looss and Lemaitre 2015). The dyke pre-
vents the river from a ecting the industrial site. However, the variable river course produces
over ows that increase the cost of maintenance of the dyke. In this case the inputs are modeled
as independent random variables with distributions as described in the table below. A graphic
representation of the problem is found in the Figure 1.1.

Input Meaning Probability distribution
Q Max. ow rate (m3=s) | G(1013558) on [50Q 3000]
Ks Strickler coe cient N (30;64) on [151 )
Z, Downstream level T (49;50;41)
Zn Upstream level T (54; 55, 56)
L River length T (4990 50005010)
B River width T (295,300 305)
Hg Dyke height U([7;9])
Co Bank height T (55; 555; 56)

G(; ) is the Gumbel distribution with location 2 R and scale > 0, and T (a;c;h (a <
¢ < b) is the triangular distribution with minimum value a, modec and maximum valueb. We do



Figure 1.1: Graphical representation of the dyke and river problem that shows the variables
involved.

not provide the densities of those distributions now to avoid losing our interpretative objective;
they are de ned in Section 2.2.1 where we make a numerical application for the two models that
we introduce below. It is also worth to mention that Gumbel distributions are used to simulate
extreme values.

The outputs of our interest are:

A

the maximal annual over ow (measured in meters)
0 S 1

Q Zm 2y
S=Z7Z, Hqy GCy,+@
\" d b BKS L ]

where the quantity inside the parenthesis is the maximal river height,

the annual cost of the dyke maintenance in million of euros

1
C=1lgo+ 02+0:8 1 e 52 1g o+ o Max (Ha; 8):

We want to study the variation of S and C with respect to each random variable or a group of
random variables. To ful Il our mission we usesensitivity indices tools that belong to sensitivity
analysis. We focus on two of themSobol indicesand DGSM (Derivative based Global Sensitivity
Measure) indices, both belonging to a group of indices calleglobal sensitivity indices. The
interested reader can consult (looss 2011), who made a compendium of this type of methods.

1.1.1 Sobol and DGSM indices

In order to give a de nition of Sobol indices we need théloe ding-Sobol decomposition rst
introduced by (Hoe ding 1948) and then reformulated by llya Sobol in (Sobol and Gershman
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1995). We write such a decomposition further down and from now on we assume that the random

a very important property. In the following, we note by X, the random vector formed by the
random variablesX; with i 2 1 and X | : = X¢1....qgni -

De nition 1.1  (Hoe ding-Sobol decomposition) Let X = (X;:::;Xq) a vector of independent
random variables andf : R? ! R a function such thatE[jf (X)j’] < 1 . There exists a unique
decomposition off (X)) given by X

f(X)= fr(X1); (1.1)

where the sum is taken over all the subsetsfdf :::;dg (including the empty set), such that
E[f, (X,)jX;]=0; foralll f 1;:::;dgandallJ ( I: (1.2)
For the empty set the element of the decomposition is the constant functior= E[f (X)].

Condition (1.2) characterizes the Hoe ding-Sobol decomposition and establishes its uniqueness.
Indeed, taking the expectation (which corresponds to the conditional expectation giveX.) in
(2.1) and using (1.2) for all subsets excepting for the empty set we obtain the rst element of the

and using again the relation (1.2) we get
Ef (X)iXil=E[f (X)]+ fi(Xi)

and we obtainf;(X;) = E[f (X)jX;] E][f (X)]. We can continue in the same way, with subsets
containing two indices, then with subsets containing three indices, etc., to recover all thg(X,)'s
with the recursive formula

G ZELF O] fo(X0):
J( 1

Condition also implies thatE [f, (X, )f;(X ;)] = 0 for eachl andJ distinct, as we check below.

A

If I ( J we condition with respect toX, to get
Elfi (X)fa(X)I=E[E[fi (X1)fa(X3)iX 11 = E[fi (X)E[f5(X,)jX]] = 0:

A

If '\ J 6 ; and one of them is not a subset of the other one we condition with respect to

(for example) X, so that
h h i h h i
EIfi(X)fs(Xy)I=E £ (X))E f;(X3) Xy =E £ (X))E f;(X;3) Xy =0;

where the second equality is due to the fact thaX ; does not depend orX ,;

This in turn implies, since eachf, (X,) is centered (thanks again to (1.2)), that we can decompose
the total variance off (X) as a sum of variances:
0 1

Var(f(X)=Var @ © fi(X)A= | Cov(fi(X):f0G)= . Var(fi(X):
I f 1;::dg 153 f 1;::dg I f 1;::dg



It is then natural to think that each f,(X,) contains the information of the modelf (X) with
respect to the vectorX, only. With this idea in mind, we provide the de nition of the Sobol
indices as the partial variances over the total variance.

_ Var(f, (X))
' var(f (X))

and the total Sobol index associated with is the sum of the variances of all thé;(X;)'s that
contain information about the vectorX,, over the total variance:
0 1

fi(Xy)A:

tot — 1

" = Var (f (X)) Var (f;(X,)) =

1
—— _ _Var@
Nis: Var (f (X))

J\16;

The total Sobol index S measures the total in uence of the random vectoX, within the

think about it as the relevance percentage of . By the other hand, a major disadvantage of Sobol
indices is their high computational cost due to their de nition based on conditional expectations.

We shift our focus from Sobol indices and now we proceed to introduce another sensitivity
index known as DGSM (Derivative based Global Sensitivity Measure), whose de nition is simpler
but we need to assume that the functiorf is di erentiable, at least in a week sense (see Section
1.2, page 10).

de ned as 2 3
2

X f
=4 200

i21

DGSM indices are the average variation df with respect to directionsx; for all i belonging to

Additionally, DGSM indices are cheap to compute if we know the partial derivatives df or if

we can approximate them numerically. However, the drawback with them is their incapability to
give an interpretative measure of the in uence of the random variables;, since we do not have a
precise notion of when a derivative is small or large. For this reason we seek a relation between total
Sobol and DGSM indices in such a way that we can derive information aboBf** from . This

is achieved withPoincaré inequalities that establishes the connection between sensitivity analysis
and functional inequalities. The next section is appropriately devoted to Poincaré inequalities.
For now, we limit ourselves to mention their restricted de nition to smooth functions and how
this notion establishes the relation between both indices.

h i
Var(f (X)) CE jr f(X )j2 ; for all f smooth enough (2.3)
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wherej j is the Euclidean norm inRY. Later in Section 1.2 we precise the class of function we
work with to avoid the smooth enoughambiguity.

With this notion on the table the following proposition shows its application to sensitivity
analysis.

f1;:::;dg) and X | are independent. Letf : RY! R be a smooth function. Suppose that the
vector X, satis es a Poincaré inequality with some constant, > 0. Then the following inequality
holds

tot I .
s G Var (f (X))

Proof. We have to show that 0 1

X
Var @ fJ(XJ)A C

J\16;
SinceP ne: f3(Xy) is a centered random variable we have that
0 1 20 1,3
X X
Var@ T f(X)A =EJ@ T fy(X5)A S
J\16; J\16;
2 2p 1, 33
X
=efEf@ " f,(xy)A X £5:
J\16;

Since we x X | with the conditional expectation, by independence oK, and X |, the random
quantity inside it only depends onX, and it is the expectation ofE i nie: Ta(Xy) ? X 1 (with
X, considered xed). Furthermore,P ne: Fa(Xy) is centered with the conditional expectation
with respect to X |, since
2 X 3 X h i X h i
E4 fa(Xy) X 5= E f5(X5) X = E f5(X3) Xangnyy =0:
J\16; J\16; J\16;
Where in the two last equalities we used again the fact thaX, and X | are independent (note
that J\ ( 1)= Jn(J3\ 1)) and the overlapping condition (1.2). This allows us to apply Poincaré
inequality (1.3) to the function =~ ;6. f; (as a function ofx,, with x |, xed). It follows that

0 1 2 2 o0 o0 11, 33
X X X
var@  f,x)A ElcEd @e@e” f,x,)AA x L
J\16; i21 J\16;
2 1,3
X @5
= CE4 ——(Xy) ® (1.4)
21 g3 @K
But thanks to the decomposition off , fori 2 | xed we have that

0 1

@f_ @g X [ a_X @I
@x  @X ;¢ 14g 33i @X

which is the same expression that appears in the expectancy on the right-hand side of (1.4), thus
the proof is complete. m



Proposition 1.1 allows us to doscreeningwith the random variables X, i 2 |. This means
that, instead of determining that X; is in uential, we decide that it is not relevant to the model
f (X) if our observations show us that, for example,

S 5%

|
C1 Var(t (X))
We can estimate numerically the variance of (X) with the Monte-Carlo method and the DGSM
index |, as well if we know the derivatives of or if we can approximate them numerically, which
is usually the case. The next task is then to learn to determine the best Poincaré constant, given
a random vector X, or to nd upper bounds for it. We deal with it in the next section and in
Chapter 3.



1.2 Poincaré inequalities

Poincaré inequalities in probability theory owe their name to the homonymous inequality in theory
of Sobolev spacesClassical Poincaré inequality states that if is a subset ofRY bounded in at
least one direction, then there exists a constar@ > 0 such that

kfk.o  Ckrfkia ;

for every functionf in the Sobolev space afero traceHJ() . As we do not delve into this speci c
space, we recommend Section 9.4 of (Brezis 2011) to the interested reader. Althought Poincaré
inequalities in probability theory are inspired from the classical Poincaré inequality for Sobolev
spaces, it is important to keep in mind that they are very di erent mathematical concepts.

In this section, we limit ourselves to introduce Sobolev spaces de ned from a probability
measure instead of the Lebesgue measure and present a related result on spectral decomposition
that lead us to characterize the optimal Poincaré constant. Everything established here provides
a summary of material extracted from Roustantet al. (2017), adapted to the multi-dimensional
case, and the spectral theorem comes from (Allaire 2007).

De nition 1.4  (Lebesgue space)Let RY be an open set and a probability measure on .
The Lebesgue spack?() is the set of (equivalent classes given by thealmost-surely equality
of) measurable functions such that jf (x)j> (dx) < 1 . L2() is a Hilbert space with the inner
product 7

H;gi. = f(xX)g(x) (dx); forall f;g 2 L?() :

De nition 1.5 (Weak derivative and Sobolev spaces)Given a function f , we say that another
function g is the i"-weak derivative off if

S @ T el

f(X)=—(x)dx = a(x)" (x) dx; forall" 2 Cy () :
@x
We noteg = @@;. The Sobolev spackl *() is space of functions inL?() such that all their weak
derivatives are also inL?() , that is
( )

Hi()= f 2L2%0) g;z L2() ; foralli2 J;dK :

H1() is a Hilbert space with the inner product
z z
Higin: = f(x)g(x) (d)+ rf(x) rg(x) (dx); forallfig2H() :

Now we can de ne properly the Poincaré inequality (in probability theory) for Sobolev Spaces.

De nition 1.6  (Poincaré inequality). Let RY be an open set and let be a probability measure
on . We say that satis es a Poincaré inequality withC > O if
Z Z 2 Z
Var (f) = f(x) f(y) (dy) (dx) C jr f(x)j2 (dx); forall f 2 HY() : (1.5)

The smallest (optimal) constantC for which (1.5) holds is denoted bZp ( ).
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By de nition the constant Cp( ) is given by

Var (f)
C = su R— - :
) R R T eF (@)

f 6 constant

1.2.1 Spectral interpretation

We move on theL?() spectral decomposition theorem that we use to characterize the constant
Cp( ). We rst position in the context of general Hilbert spacesy  H, such thatV has its own
inner product h ; iy, which is di erent from the inner product h ; iy that it inherits from H.

We need the notion of compact embedding between spaces and the notion of coercivity of a bilinear
operator. First, we say thatV is compactly embedded irH if for every bounded sequence W,
there exists a sub-sequence that convergenceddn Secondly, a bilinear operatoa: V. V! R

is said to be coercive if there exists a constant- 0 such that

a(u;u)  kukl;  forallu2 V:
The following spectral theorem is extracted from (Allaire 2007), page 214.

Theorem 1.1 (Spectral theorem) Let V and H be two real in nite dimensional Hilbert spaces.
We assume thaty H with compact injection and thatV is dense inH. Leta:V V! Ra
symmetric bilineal form which is continuous and coercive ov&f. Then there exists an increasing
sequence n)n2n Of real non-negative numbers which tend to in nity, and there exists a Hilbert
basis ofH, (un)n2n, Such that

U, 2 V; and a(un;Vv) = phug;vig; for all v2 V:

We call the theorem abovespectral theorembecause eachu, and , are the solution of the
spectral problem: ndu2 V and 2 R such that

a(u;v) = hu;viy; forall v2 V:

We take the particular case withV = HY() andH = L?() but they do not satisfy the
requirement of the spectral theorem (1.1) yet. In order to achieve this, we assume thatis
bounded of classC? (check the page 272 of (Brezis 2011) for the de nition of clas3! sets, but
basically it means that the boundary of is smooth) and that the measure admits a density

with respect to the Lebesgue measure which is bounded from above and from below by two
constantsm; M > O:
m x) M; forallx2 : (1.6)

Such an assumption implies, if we denote the Lebesgue measure by Leb, thdt) = L2, () and

HY()= HL,() . Moreover, the pairs of normk k., k kLz o, andk k1, K kH1 are equivalent
to each other. Then the results on the spacds?, () and HLeb() are still valld for the spaces
L2() and HY() . In particular, H() is dense inL?() and the Rellich compactness theorem
(Theorem 4.3.21 in (Allaire 2007)) states thatH!() is compactly embedded in.2() . Now we
can justify the spectral theorem forL?() andH?() .

11



Theorem 1.2. Let RY be an open set of clas€?, (dx) = (x)dx a measure on such
that (1.6) is true. Then there exists an increasing sequen¢e,)non Of real positive numbers which

tends to in nity, and there exists a Hilbert basis of.2() , (f,)n2n 2 HY() N, such that
z z
rfa(x) rgx) (@dx)= , f,(X)g(x) (dx); forall g2 HY() : 2.7)

Furthermore, the constant functionfy = 1 is the eigenfunction associated with the rst eigenvalue
o = 0. The smallest non null eigenvalue; is called thespectral gap

Proof. For the proof we use the spectral theorem 1.1 wit¥ = HY() andH = L2() . The

bilineal operator we consider is thed() inner product, which is obviously continuous and
coercive. Then by theorem 1.1 there exists a sequence of eigenvalUg$,.n and its respective
sequence of eigenfunctions ,)non 2 HY() N, which is a Hilbert basis ofL?() , such that

z z z
fa()g(x) () + 1 fa()r g(x) ()= "n fa(x)g(x) (dx);  forallg2 HY() :
Zy
To recover (1.7) we subtract the term  f,(x)g(x) (dx) and take ,=~, L1 ]

Theorem 1.2 gives us a nice expression Gf( ) in terms of the eigenvalues of the spectral
problem (1.7). The fact is that the Cp( ) is equal1l= ,, where ; is the spectral gap given in
Theorem 1.2, and that the respective eigenfunctiofy is such that the Poincaré inequality holds

with equality. Indeed, on one hand we have that
z z

irf2001% (dx) = 1 jfi(x)j® (dx)
(such equality will show that the Poincaré inequality holds with equality withf;). Then

_ _ \Var (f) _ Var (fy) __ Var (f) _
Cel)= 3P RUT007 @) NI 00 @) 1N R0P (@)

f 6 constant

(1.8)

But fo =1 and eachf,, (n 2 N) are orthogonal inL?() , so that

Z Y4 Z

2
Var (f1) = jfy(x)j® (dx) f200 (dx) = jf(x)j* (dx)
and Cp( ) 1= ;. By the other hand forf 2 H1() , sincegn)nZN is a Hilbert basis ofL?() ,
there exists a sequence of real numbgia,),>n such thatf = ,yanfn=a+ |, ja.fn. Thus
we have
P
Var (f) _ . Var gty

Crfe03 (A, ga nF;\ fr()f (%) (dx)
. o aianfZVar (f,)
o 1an. " fa(X) m o@mfm(x) (dx)
n 1NJ@n)

n 1 njanj2
1-

1
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Then, by taking the supremum over the functiond 2 H() , it follows that Cp( ) 1= 1.
There is another interpretation of the spectral gap ; in terms of the spectral theorem of a

di erential equation if the density of is expressed as(x) = e V™) with V: | R asmooth
function. It turns out that the considered spectral theorem: nd Oandf 2 HY() such that
z z
rf(x) rgx) (dx)= f (x)g(x) (dx); forallg2 HY() ; (1.9)
is the variational formulation of the spectral problem in partial di erential equations: nd 0
andf 2 C1() \ C?() such that
8
R Lf(x) = fxX)r V(X) rfx)= f (x) on ;
@f (2.10)
> =~ -0 .
: @n 0; on@ ;
Where% is the di erential of f in the direction of the unit normal n of

Indeed, on one hand, if Oandf 2 C%() \ C2() are solution of (1.10), for eveng 2 H()
we have

z z
f(x)a(x) (dx) = Lf (x)g(x) (dx)
z z
= f(x)gx)e V@ dx+ r V(x) r f(x)g(x)e V™ dx:
We introduce :HY() ! L2?(@ the trace operator (check Section 5.5 in (Evans 2010)) that

extends the notion of values on the boundary of functions iR *( ). Taking g and integrating by

parts the rst integral on the right hand side of last display it follows that
FO0g() ()= rfe) r ge¥ (Qdx = (g)ds+ rV(x) rf)gx)e ™ dx
Z 7 @ @n Z

= rf() rgxeY®dx  rv) rfxgxe Y®dx+ 1 V(x) rf(x)gx)e V™ dx
=Rt g ()

and this is precisely (1.9). On the other hand, if is a smooth function that satis es (1.9) with
some 0, to recover (1.10) we suppose thate¥ 2 H() for everyh 2 H1() . For example,
it is enough to suppose that eacl%’ is bounded. For allg2 H%() we have

z z
f)g(x) (dx)= rf(x) r gx)e Y& dx
z z Z af
= f(x)gx)e V®dx+ r V(x) r f(x)g(x)e V® + o @n (ge V)ds
z z
= Lf (x)g(x)e V) dx + of (ge V)ds: (1.11)
@ @n
In particular if we take g2 C4 () , then
z z
f (x)g(x) (dx) = Lf (x)g(x) (dx); 892 Cqy ()
and by density of C{ () in L?() we obtain that Lf = f . Finally, injecting the latter in
(1.11) and takingh 2 H() and g= heV it follows that

Z
@f -n- 1y -
. n(h)ds_o, forallh2 H() :

13



We conclude that%;: 0 thanks to the fact that the image of is dense inL?(@) .
Actually, everything we made here makes sensefifbelongs to the Sobolev space

( @gqg @g )

H?() = 2L%() — 2 L3() ; forallij 2 30K ;
() g2 L%() @x @1@x 0) j
where the second derivatives ajf are also de ned in a weak sense as functions such that
z z
@ @g 1
X X) dx = X)" (X) dx; forall' 2 C :

Therefore, if the eigenfunctionf, associated with the spectral gap ; belongs toH?() , then ;
is the rst non null eigenvalue of the di erential operator L in (1.10).

Next, we present a powerful criterion to determine if an eigenfunction of the operatdr is
e ectively the one associated with the inverse of the optimal Poincaré constant, but it is speci c
for the one dimensional case.

Proposition 1.2. Let be a probability measure ofla;) R (a <Db). Suppose that there exists
an non null eigenfunctionf of L which is strictly monotonic and is such thaf Ya) = f {b) = 0.
Then, if is its corresponding eigenvalue, we have th@( )=1=.

For the proof, we repeat what we did in (1.8) to obtain thatCpo( ) 1= . In this case we

show that f is centered by the fundamental calculus theorem since
f(x) (dx)= = f (x)e V®dx
a Zab
1
= ( Lf)(xe V™
°z

| =

b(f %) VY)f (x)) e V™ dx

a

z2 .
f% v "(x)dx

a

| =

1 fqpe V® fYae V@

=0:

The converse inequality employ€hen's variational formula that we state in the next subsection
and that we re-demonstrate for measures dR in Chapter 3, via intertwining techniques.

Remarks. " In this case the spectral theorem (Theorem 1.2, page 12) is not needed.

We can also adapt the resultib= 1 or(and)a= 1 |, ifinstead of the boundary conditions,
we suppose that is such thatlim,; f9qx)e V® =0 or (and) lim,,;; fqx)e V® =0.

We end this section mentioning that it is not always possible, or it is complicated, to obtain the
optimal Poincaré constantCp( ) as the inverse of the spectral gap; for example if its associated
eigenfunction does not exist. This could be the case if the eigenfunctions do not form a countable
family and then the spectral gap might not be an eigenvalue but rather de ned as an accumulation

14



point of eigenvalues. Another possible problematic case could occur if we do not know an easy
explicit expression for the optimal constant. Therefore, another of our interests is to provide
upper bounds forCp ( ), when we are unable to calculate it. Some usual criteria are presented in
Subsection 1.2.3 and a recent method is fully dedicated in Chapter 3.

1.2.2 Examples

In a spirit of exempli cation, in this subsection we exhibit the optimal Poincaré constant of
some well known probability distributions in the one dimensional setting (uniform, normal and
exponential distributions).

Uniform distribution U(a;b).

The density function of the uniform distribution for x 2 [a; j can be written as (x) = b—la =
exp( log(b a)). Then the spectral interpretation proposed in the preceding section tells us that
the optimal constant of the Poincaré inequality for the uniform distribution is the inverse of the

smallest eigenvalue > 0 of the following problem:
8
= f (X

fYa)
In order to have a nicer equation to solve, we re-scafe with the function de ned as g(x) =

f((b a)x+ a), for all x 2 [0;1]. Sinceg®¥x) =(b a)?f °¢x), problem 1.12 becomes
8
< g%¥x)+(b a)?g((x)=0; for all x 2 (0;1);

+ g¥0)= g11) = 0:

Its general solutions are expressed as

f9%%) (log(b a)¥qx) = f%x); for all x 2 (a;b);

(1 = o: (1.12)

g(x) = Acos (b a)p_x + Bsin (b a)p_x ; (1.13)

with A;B 2 R. The constantB has to be equal to zero thanks to the rst boundary condition
because

gY0) = B P~
From the second boundary condition which igq1) = A(b a)p “sin (b a)p =0, wedo
not want A to be equal to zero because otherwigewould be identically zero. Then this condition
characterizes our 's as = G 161)2k2 2 with k 2 N. But, since we are only interested in the
smallest eigenvalue, which is the inverse of the optimal Poincaré constats, we takek = 1 and

obtain that

Cp=1= 4= iz(b a)z:

Once discovered the optimal Poincaré constant of the uniform distributiob([a; ) we complete
this example by providing the eigenfunction associated with;. Recall that it is the function for
which the Poincaré inequality holds with equality. By takingA = 1 (this is possible because the

eigenfunction is unique up to scaling) and replacing; in (1.13) we obtain the function
s

gx)=cos (b a) Z(bla)ZX =cos(x):
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Finally, returning scaling, the wanted eigenfunction is

X a X a
f(x)=g b a = Ccos b a for all x 2 [a;b:

Normal distribution N (0;1).
We deal with the standard case only because, for the general case, we can consider a scaling, as

we did in the previous example. The writing of the density function oN (0; 1), (X) = 912:e S =

x2 1
7 2) , allows us to see that the di usion operator associated with the Poincaré inequality
is de ned as , 'y
1
Lf (x) = f ) XE éIog(2 ) FU%) = FRX) xfFY%):

Easily we recognize that the identity functionf (x) = x is a eigenfunction of L with its respective
eigenvalue = 1. Then, sincef is monotonic andlim,;; fqx)e % = limy. f9Yx)e % = 0,
Proposition 1.2 along with the remarks below of it ensure that is indeed the eigenfunction
associated with the inverse of the optimal Poincaré constaf@, so thatCp = 1= =1.

Moreover, it is possible to build a unique sequence of orthonormal polynomidldy)y.n that
form a basis ofL2(R) ( (dx) = lfe e dx), known asHermite polynomialsand such that each
Hy &k 2 N)2 is of order k and an eigenfunction of L, with eigenvalue ¢ = k. Then, since
912: R X%e 7 = 1, the identity function is exactly the polynomialH,. For a lot more of information
about Hermite polynomials we recommend the Section 2.7.1 of (Bakry, Gentil, and Ledoux 2013).

It is worth mentioning that, for reasons of applicability, optimal constants of Poincaré in-
equalities for truncated measures on intervals are of our interest as well. However, truncating
the measure modi es the associated eigenvalue problem by adding boundary conditions, which
usually makes it theoretically more di cult to deal with. For example, the eigenvalue problem
associated with the Poincaré inequality for the truncated normal measure on the intervid; b,

1

_ . L. R _ . .
(dx) = e x*=2 (where Z is the renormalization constantZ = P Pe ¥*=2(x), is written as

8
<fRx) xfUqx) = f Ax); for all x 2 (a;b);
fa)= fqb =0:

Here the identity function can not be an eigenfunction because it does not satisfy the boundary
condition. Roustant et al. (2017) recognized that actually the eigenfunctions aréummer series
and characterized the spectral gap in terms of them.

Exponential distribution E()( > 0).

As mentioned, it is not always possible to get the optimal constant of a Poincaré inequality
explicitly as the inverse of the spectral gap if the associated eigenfunction does not exist. The
Poincaré inequality for the exponential distribution ejemplify this idea. Denoting the measure

(dx)= e *1pa1y ( > 0), by a method di erent than the spectral interpretation, we show that
Crp( ) = 4= 2 On one hand, (Bobkov and Ledoux 1997) (page 387) came up with the idea to
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obtain the rstinequality Co( ) 4= 2. For every di erentiable function f we have that

Z
Var (f)=r§£g 01 f(x) a)? (dx)

1
o () f(0)* e * dx:

We integrate by parts the integral on the right-hand side inequality in order make appear the
norm kf %, .. We have

Z, 1 Z,
QO fO)2e *dx= (f(x) f(0)’e S A FO)Fe X dx

Holder's inequality lets us control

zZ, z, 1z,
f(x) f()>e *dx 2 . (f(x) f(0)?%e * dx . if (x)j°e * dx

2 %1 ) R S
== (f(x) f(0)" e *dx . ifYx)j° e X dx

N

N[

Then 7

1 z
o (e f(0)% e * dx

NES

1 2
ifYx)j e X dx
0
and z, , 4 z,
var (f) F) fO)e *dx —
0 0

if)j* e X dx;

sothatCp( ) 4= 2.

On the other hand, to achieve the converse inequality we approxima@-( ) from below by
the variances of functionsf.(x) = e* over the integrals of their derivatives squared. For any
0<"< = 2(sothatf.2 H(0;1))) we compute

Var (f
Cp( )= sup R1 ” .2( ) < d
f2Hi1) o JFAX)” e X
f 6 constant

R R
o if-()j* e *dx (g f-(x)e *dx)?

LitAx)i2 e x dx
Rol e xdx 2 Rol e dx
R
"2 01 e" )x dx

N
=z ¢ )F
5
2" )
— 1 ¢ )2
"2
_¢)r @ ).
)2
The limit "!  =2entails that Cp( ) 4= 2.
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NeverthelessCp ( ) is not an eigenvalue of the spectral problem associated with the Poincaré
inequality. If that was the case, then there would be a functiof such that

8
< f%%)  f qx) = Tzf (x); for all x > 0;
f%0) = 0:

Then one can prove that such function ig (x) = 1 % X €2*, but it does not even belong to
L2((0;1 )), and consequently it can not be an eigenfunction.

1.2.3 Usual criteria for bounding the optimal constant in dimension
one

We present three results used to control the optimal constant of the Poincaré inequality for any
probability measure. The rst of them is derived from (Muckenhoupt 1972), who not only bounds

the optimal constant from both sides, but also characterizes if a probability measure satis es a
Poincaré inequality. This form of the theorem is extracted from (Roustant, Barthe, and looss
2017).

Theorem 1.3 (Muckenhoupt). Let (dx) = (x)dx be a probability measure orfa; b (1
a<b 1 ). Let m be a median of , that is, m 2 (a;b) such that ((a;m]) 1=2 and that
(Im;b)) 1=2. De ne the quantities
Z . Zy 4

A= aiti‘r)n (&%) X Wdy; A= mi;lg) (b)) m Wdy:

Then admits a Poincaré inequality if and only ifA and A, are nite, and in this case

;max(A AL) Cp( ) 4max(A ;A)):

The second bound we consider is a classical result that pertains to Bakry-Emery theory (see
for example the Proposition 4.8.1 in (Bakry, Gentil, and Ledoux 2013)) dedicated to probability
measures (dx) = e V™) with V that satises a V?® ¢ (c > 0). In general, if V is convex, is
known as a log-concave measure.

Theorem 1.4. Let (dx)= e V™ dx be a probability measure oifa; b (1 a<b 1 )with
V 2 C?((a;b) such thatV® ¢ (c> 0). Then

Ce( ) i3

As an example of application we can think about the standard normal distribution. Given
that the density function is (x) = s+-e x*=2 \ve have thatV{x) = (x2=2) = 1. Then, Theorem
1.4 leads us to the rst bound for the optimal Poincaré constanCp( ) 1 (remember that the
second example in the previous section stated th&@p( ) =1).

The concluding result we display in this segment is called the Chen's variational formula (Chen
1999). Once again the version of this theorem is taken from (Roustant, Barthe, and looss 2017).
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Theorem 1.5 (Chen's variational formula). Let (dx) = e V) be a probability measure on

(a;b (1 a<b 1 ), with V2 C?(a;b), and letL be the diusion operator de ned as
Lf =% V%2 Then .
o (Lg(x))
=sup inf ~——~
Co()  groean  g(x)

In particular, Chen's variational formula allows to obtain one of the desired converse inequality
to prove the Proposition 1.2 (page 14). Indeed, if is a monotonic eigenfunction of L with
eigenvalue > 0, then

1 PR G ') LU € B 0°9) R
Co( ) le?zf;b)w_ x'z”é;b)W‘ '

HenceCp( ) 2.

We supply a proof of Chen's variational formula for measures dR via intertwining arguments
in the last chapter of this writing (page 43).
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Chapter 2

Weighted Poincaré inequalities on
Intervals

Other types of inequalities have been studied for multiple purposes. With the aim of providing
bounds for Sobol indices, in this section we consider one of them, calledighted Poincaré in-
equality, which is a generalization of the classical Poincaré inequality. In the following we consider

=( a;b (a<b)anopen interval, a probability measure (dx) = (x)dx on(a;b and a positive
function 2: | R*.

De nition 2.1. Let (dx) = (x)dx be a probability measure on = ( a;b (a < b) and let
2:(a;b ! R*" be a positive function. We say that satis es a weighted Poincaré inequality
with weight 2 and with constantC > O if

|
Z, z

b ) Z
Var (f)= . f (x) af(y) (dy)

b
(dx) C 2(x) jf (x)j® (dx); forallf 2 HY() :
a
(2.1)
We denote the smallest constar@ for which (2.1) holds byCp(; 2).

The study of weighted Poincaré inequalities has been addressed in several works, either for
a general weight or for some types of probability measures with a speci ¢ weight. Among them
we can cite: (Huguet 2023), dedicated taonvex measuresBonnefont et al. (2016), dedicated to
exponential power distributionsand generalized Cauchy distributionsSonget al. (2018), where
theyRchoose 2 in such a way that (2.1) holds with equality with the functionf (x) = x E[ ]=
X 2x (dx).

One of the main reasons that inspires the study of weighted Poincaré inequalities is the fact
that they include probability measures that do not satisfy classical Poincaré inequalities, as for
example the so-callecheavy-tailed distributions Furthermore, from what is written in the page
190 of (Bakry, Gentil, and Ledoux 2013), we know that if a probability measure (on R for
example) satis es a Poincaré inequality, then they have exponential moments:

z S a
e’ (dx) < 1 for all s < :
R () Ce( )

(2.2)
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a property which is not satis ed by heavy-tailed distributions like the Cauchy law (dx) =
@y 9X

We have prepared three sections. In the rst one we o er the same theoretical background as
for the classical Poincaré inequality, demonstrating that for a given weight, the optimal constant
of the corresponding weighted Poincaré inequality is the inverse of the spectral gap of a di usion
operator. In the second section we give a very small extension of the research of Seingl.
(2018). The considered problem here is di erent: given a probability measure and the function
f(x) = x E[ ], we look for the associated weight 2. Next we propose a numerical method
to approximate such weight, the associated optimal Poincaré consta@(; 2), and we show
its utility to sensitivity analysis in a practical case. Finally, in the third section we give a brief

summary of some usual criteria to bound the optimal constant in dimension one.

2.1 Spectral interpretation

We suppose that there are some constants;; m,; M1; M, such that
O0<mq (X) M, 0<m, 2(X) M>: (23)

Then, the measures and (dx) = 2(x) (dx) are equivalent and have the same Lebesgue and
Sobolev spaces. Our assumption also preserves the spectral theory for classical Sobolev spaces, as
we did in last chapter.

Theorem 2.1. Let = ( a;b be an interval and (dx) = (x)dx a probability measure on
verifying (2.3). Then there exists an increasing sequenge,)n.n Of real positive numbers which

tends to in nity, and there exists a Hilbert basis of.2() , (f,)n2n 2 HY() N, such that
z z

b b
) 2)fp()g¥x) ()= _fa()g(x) (dx);  forallg2 H*() (2.4)
Furthermore, the constant functionfy = 1 is the eigenfunction associated with the rst eigenvalue
0= 0.

In this case each couplé ,;f,) is solution of the spectral problem: nd 2 R* andf 2 H1()

such that
Z

z
’ 2(x)f (x)g4x) (dx) = bf(x)g(x) (dx); forall g2 HY() : (2.5)

Proof. We use again the spectral theorem 1.1 (page 11) with the spadds= L?() andV =
H() . Our bilineal form this time is

aiHY() HY) ! R . :
b b
(Fg) 7t altg)= T(x)gkx) (d)+ 200 LX) (dx):

Condition (2.3) for 2 guarantees the continuity and the coercivity of.. Indeed, for the continuity

we have
z

Zy b
a(f;g) = ) f(x)g(x) (dx)+ ) 2(x)f {x)g4x) (dx) k f Kk 2 kgk . + Mkf ‘kLz kg‘kLz
max(1; M) kf k1 kgk,: :
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To expose the coercivity ofa we write
z z

afit)= JeOP @9+ 20Jf 007 ()
z z
OO @0+ my ifT0 (@9

min(1; m,) kf k2 :

Once veri ed that a satis es the conditions of Theorem 1.1, this last one tells us that there exists
a sequence of eigenvalu€s,),.n and its respective sequence of eigenfunctio(fs,)non 2 H() N,
a Hilbert basis ofL?() , that satisfy

Zy Zy Zy
fa(x)g(x) (dx)+ 2)f 2)0%%) (dx) = Tn fa(X)g(x) (dx); forallg2 H*() :

We take , = 7, 1lto recover (2.4). O

Repeating exactly the same process done in last chapter in (1.8) (page 12) it can be shown
that the Poincaré constantCp(; 2) is equal tol= ;.

As with the classical Poincaré inequality, when (dx) = (x)dx = e V®) dx, whereV : (a;b) !
R and 2 are dierentiable functions, there exists a di erential operatorL associated with the
weighted Poincaré inequality (2.1) in the sense that the spectral problem (2.5) is the variational

formulation of the spectral problem in partial di erential equations: nd f 2 H2() and 0
such that 8 o
— 1 — . .
S LX) = gy ( 29y (x) = f (x) on (a;b); 2.6)
fqa) = fqb = 0;

A numerical method implemented to solve this spectral problem (an in particular to approximate
the optimal Poincaré constantC(; 2)) can be consulted in Appendix A.
Let us show the equivalence between the two problems. First,fifand are solution of (2.6)
then, for everyg2 H1() we have
Zy Zy 0
_FOgx) (dx= 79 ()g(x) dx
z

LEP. 2(x)F (%) (X)g(X) Z+ ab 2(x)f (x)gAx) (x) dx

z

= 2091 gt () dx

Conversely, it is possible to show that if 2 H() such that the last equality is true, then it

belongs toH?() (see the Theorem 2 of (Roustant, Barthe, and looss 2017)). This allows us to

integrate by parts to obtain
z z

H09900 ()

20 0010 () i

z b 0 h i b
70100 (0 ‘g dx 20011 (9900 |
VA

b
| LE()g(x) dx + ‘DfY (Do *(@f Ya) (@g@: (2.7)

22



By taking g2 C§ () we obtain

Zy Zy
f(x)g(x) (dx)= Lf (x)g(x) (dx); forallg2 Cd () :

The density of Cf () in L?() leads us toLf = f . Replacing this last equality in (2.7) it

follows that
2(0f (be VPgb)  *(a)f Ya)e V@g(a) = 0:

We conclude thatf Ya) = f {b) = 0 if we take into consideration a functiong that vanishes ina
but not in b and another one that vanishes irb but not in a).

2.2 A specic choice of weight

Recall that the function f of problem (2.5) associated with the inverse of the optimal constant is
centered because it is orthogonal to the constant functiohin L2() . In addition, it can be shown
that f is the only monotonic solution (actually it is strictly monotonic) of the problem. One can
for example adapt the same idea introduced in Roustamt al. (2017), page 3093. We can then
propose a di erent related problem considering? not xed: we x instead f, ;== f 2 H?() a
centered and strictly monotonic function, and force 2 to be the weight for whichf is the rst
non constant solution of (2.6). For this new problem, the rst thing to notice is that the we can
choose without lose of generality the eigenvalug to be one because if some functiof? satis es

L0 %hy= £ (0 forallx2 (a:h:
(x)
for some > 0, then the weight ~>= is the solution of
1 2e0 O
) ~f x) = f(x); for all x 2 (a;b: (2.8)

The solution 2 of this last equation is easily obtained. We multiply (x) on both sides to get
260 ") = f(x) (x):

Then, remembering thatf is strictly monotonic and so in particularf °> 0 (or f°< 0) on (a;b),
we have

o Z x .
2(x) = TOR] 2(a)f Ya) (a) . f(y) (y)dy for all x 2 (a;b); (2.9)
where the whole constanK := 2(a)f {a) (a) has to be equal to zero knowing that we want
z z
TR (@0= TR (09 (210)

Notice that (2.10) comes from (2.5) with =1 andg= f.
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Indeed, replacing 2 in the left-hand side of the equality above it follows from (2.9) that
()t 0i° (x) dx

f %) 2(x)f Ax) (x) dx

Z

fO(X) K f(y) (y)dy dx
Zy Z,

K@ fb) fO(X) ] f(y) (dy dx: (2.11)

Next we exchange the order of the integrals via the Fubini theorem. This is allowed to do because
ZpZy Zy Zy
L VOf ()i (y)dydx= L )] Y1 (y) dy dx;

where the integral on the right-hand side is nite becausé belongs toL?() (so that the integral
inside is nite) and becausef °belongs toL?() as well.

Interchanging the integrals in (2.11) we obtain
!

Zp Zp Zyp
I TP (dx= K (@ fB) | TTdx 1) ()dy
Z
=K@ (0 0O (O M)
4 y4
=K@ fB) 1O (0 My IHOF )y
Zp

K@ fo)+ i W)i* (v) dy:

In the last step we used the fact thatf is a centered function. Finally, the mixing between the
last equation and the relation (2.10) gives us thaK = 0 and we obtain the weight, that from
now on we will callassociatedwith and f , given by

1 “x
fAx) (x) a
We can divide the functionf ° sincef is strictly monotonic.

If fYa) 6 0 and f {b) 6 0 we also have that ?(a) = ?(b) = 0 sincef is centered (Dire que
nous n'avons pas les conditions du théoréme spectrale), buf ifis a function such thatf {a) = 0
f %%a) exists and it is not null, or such thatf Yb) = 0, f °¢b) exists it is non null, we can extend
the de nition of 2 to [a;d with the values

_ (@ _ f.
%(a) = fo%a) and %(b) = fof)

2(x) = f(y) (y)dy for all x 2 (a;b: (2.12)

R
Indeed, given thatfa) = 0 and de ning the di erentiable function g(x) = Xf(y) (y)dy, we
can write

2 =
(x) fO()()g() 1
_ 1@ 1 A9 9@,
(x) @ xoa
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So we obtain the limit

f(a) .
f °fa)’

1
(a)f Ra)
If f{b) =0, the proof is similar to get the expression of 2.
Songet al. (2017) got the same expression (2.12) reasoning in the spirit of the calculus of

variations but for the specic casef (x) = x m (wherem =E[ ] = ;)x (x) dx) and without

showing that K has to be zero. If we take the functiorf (x) = x m, the weight associated with
f and s

lim 2(x) = oa) =

f(a) (a)=

1
(a)f Ra)

z

2(x) = (1)() x(m y) (y)dy; for all x 2 [a;Q: (2.13)

Here we extended the de nition of the weight to the closed intervdla;  becausef {a) 6 0 and
fYa) 6 0.

For the rest of the subsection we focus on this speci c weight for di erent measures de ned
over all R and for truncated measures as well. We ignore the dependency éfwith the function
f (x) = x m. Before giving some examples, we announce two interesting properties. The rst
one is dedicated to the weight of a random variable under scaling and translation.

Proposition 2.1. Let X be a real random variable that admits a probability distribution(dx) =
x(X)dx on (a;b (1 a<b 1 ). We note by % its associated weight which is de ned
in (2.13). Let ; 2 R ( 6 0) and consider the random variabler = X + supported on
[a + ;b + ] Then the weight 2 associated withY is given by

)= 22 Z(x ) forallx2[a + ;b + [

Proof. The density function of the random variableY is v(x)= % x (X ) Lia+ b + 1(X).

Then, the weight 2 is explicitly given by the formula (2.13) and we nd that
Z X

2 () = 1 1
v(X)= o ik ), EY] y)=x =y ) dy
= EXI+ ) W) xSy ) e

x (X ) @

Then, via the change of variabley = z + we get

, 1 Zix )
v(x) = . (( EIX]+ ) (z + ) x(2) dz
x =(Xx ) @
1 Zix )
= 2 i) - (E[X] 2) x(2)dz
=22 )

O

The second property below ensures that a weight associated with a truncated measure converges
point-wise to the weight associated with the measure without truncation.
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Proposition 2.2. Let ,,(dx) = (x)dx be a probability measure orfa; b (1 a<b 1)
with its associated weight g;b expressed by the formula (2.13). Consider the sub-intenai; )
(a;b and consider the truncated probability measure of on (&;9) given by

1
ap(dX) = Zus () Ly (%);

Z
whereZ, 4 = (x) dx is the normalization constant. Then, the weight g,ﬁ associated with the
; A ;

measure ,g4 converges point-wise to az;b ( g,ﬁ seen as its extension by zero outsi(qa;f))).

Proof. We note the respective means of,, and 4 as

Zp 1 4%
Map = X (x)dx and myp= -— X (x)dx;
a ' Za;i‘: a
respectively. The weight associated with 4 is

2 _ 1 %
a;f)(x) = W . (Mg Y) (y)dx
z z,
(dy vy (dy ; forallx2 a:h): (2.14)

X

|
3
&
o>

()

For x 2 (a;b xed, we take the sub-interval (a;ﬁ) large enough so that it containsx. Then

H’])(? equality (2.g4x) is valid forx and the two integrals that appear in it converge respectively to
(y)dyand vy (y)dywhena! adue to the continuity of the primitive function of and

ya7! y (y). Reaarding the meamm, 4, the uniform continuity of the integrals also shows that

i i 1 %8 .
im mua= lim =—— x (x)dx
@b (ah) ab &b (ab) Za;ﬁ a ( )
Zy bz
= lim (x) dx X (x) dx
@b (ap & a
Zy 'z b
= (x) dx X (x)dx
a a
Our three limits complete the proof. u

2.2.1 Some weights associated with the centered identity function

Let us compute the weights ? associated with some probability distributions: uniform, exponen-
tial, normal, generalized Cauchydescribed below with the computations) and also the weights
associated with their respective truncated probability measures on intervals. The importance of
covering truncated measures arises from their natural appearance in applications. The weights of
the uniform, the exponential and the normal distributions without truncation have been already
discovered by Songt al. (2018) and they also computed ? for the Beta distribution, the Gamma
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distribution, and the triangular distribution that we introduce in the next subsection.

Uniform distribution U([a; ), (a<b)
We rst write the weight of the distribution U([0;1]), that we denote by [20;1], and later use
the Proposition 2.1 to derive [Za;b], the weight of U([a; B).

Zx 1 1 1 1
2 = — = _ “y2 = = . - 17
0:17(X) = . 3 Y dy SX X 2x(l X); for all x 2 [0;1]:

Then, sinceU([a; ) = (b a) U([0; 1]) + a, from Proposition 2.1 it follows that
1 1 1 1
G (X) = (b a)zé m(x a) 1 m(x ) =5(x ab x); forallx2[al:

Exponential distribution E( ) ( > 0) and its truncation over  [0;a] (a> 0).
First, the mean of the distribution E( ) 0 is given by

Z, 1Z
m = e *dx xe X dx
0 0
1 h I a Z a
= xe * + e * dx
1 e @ 0 0
= ! ae ? }ea+}
1 e @
_ ae 2 1
1 e a
For x 2 [0; a] we have
1, %x
)= ~e* (m y)e Ydy
| |
1 ae @ 1 1
= ~e¥ T 1 e +xe *+-e* =
|
1 ae @ '
= —e¥ 1 ea(1 e *)+ xe *
[
1 1 e*
== a + X
1 e2

When we take the limita ! 1 we recover the weight associated with the exponential distribution
E( ) which is the functionx 2 R* 7! 1x. This is the same expression obtained in Soreg al.
(2018).

Normal distribution N (m;&) (m 2 R, & >0) and its truncation over [a;l (a <b).
We give the weight 2 in function of the density and the cumulative distribution function of

N (0; 1), ) 7.

1 1 2
(x) = %e 7 (x)= 1% e dy; forally 2 R:
1
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We also write 2 in function of the mean of the truncated normalN (m; &) which is

2 1 Zb 2
m= pli e(yzym) dy pli ye (yzz;n?) dy
282 a 2&2 a
Zbom g Zbm
1 z y2 z y2
=%ame2dy p= . (&ytm)e zdy
& oo &
&i-e 7
= & + m
b m am
& &
b m am
_ & &
=m & bm am
& &
We have
#
2 1 1 Zx (v _m)2
(x) = ) )2 pﬁ a(m y)e 2& dy
Poez® =
1 1 Zxm 2 #
:&ﬁp?am(m &y m)e2dy
& &
1 X m a m X m X a
=& - & +(m m
o & & ( ) & &
0 1
e 1 X m X a
= A
&1 m +&m m) X&m 2 2

When we choose and bto be aroundm at the same distancea= m h, b= m+ h (h> 0), so

that m = m, we have |

h2

sz
2()():&2 1 e(2&2) 282

Then, by making h tend to in nity we recover the weight associated with the normal distribution
N (m; &), 2(x)= &, which again matches with the expression that appears in Soegal. (2018).

Generalized Cauchy distribution (dx)= 2(1+x?) ,for > 1=2and Z = RR(1+ x?) dx,
and its truncation over [ b;{ (b > 0).

In this case we consider thF? symmetric case for the truncation only because we can not get a
nice expression for the integral (1 + y?) dy. In this way the mean of the truncated measure is
zero and we compute

Z X
X)= (1+x7) YL+ y?) dy

=) gy
1

3 D 1+x2  (L+x%) 1+ *

If > 1, whenb!1 | we discover the weight associated with the Cauchy distribution without
truncation, given by ?(x) = 2(711)(1 + X?).
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We nish this subsection with the table 2.1 below that summarizes the di erent weights 2

with respect to the measure .

Probability distribution Weight 2
Uniform U([a; H) s(x a)(b x)
, On R* Truncated on [0; g]
Exponential E( ) 1 1 1 e~
X B 1 ea
OnR Truncated on[m h;m+
Normal N (m; &) (x[ m)? hzh']
& & 1 exp — X —
2& 2&
_ OnR Truncated on[ b;§{
Generalized Cauchy T " T 5 5 -
20 1) 1)(1+x) 20 1) 1+x7) (1+x°9) (1+b)

Table 2.1: The weight 2 associated to some probability distributions .

2.2.2

lllustrated examples

We present the performance of the implemented code R, taking as examples the probability
measures considered in Subsection 2.2.1. A summary of the explicit expressions of the weights
associated with such measures can be found on the Table 2.1. We represent graphically the
explicit expressions of our weights and their numerical approximations. For simplicity, for the
corresponding truncated measures, we take the symmetric case only. In the Appendix B we leave
the implemented code to approximate numerically the weights.

Figure 2.1: Weight associated with the uniform distributionU([0; 1]) (black points)
%x(l x), and its numerical approximation (blue line). The two curves are visually super imposed.
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Figure 2.2: Weight associated with the exponential distributiorE(1) 2(x) = x (red line), weight
1512 (black points), and its

associated with its truncated measure of0; 15] [20;15](x) = X A
numerical approximation (blue line). The two curves are visually super imposed.

Figure 2.3: Weight associated with the normal distributionN (0; 1) 2(x) = 1 (red line), weight
associated with its truncated measure of 3; 3] [2 33(X) =1 exp % % (black points), and
its numerical approximation (blue line). The two curves are visually super imposed.
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Figure 2.4: Weight associated with the generalized Cauchy distribution(dx) = Zi(l + x2) 2dx,
whereZ = o1+ x?) 2dx, 2(x) = 1(1+ x?) (red line), weight associated with its truncated
measure on[ 3;3] %(x) = ; (1+x?) :5(1+x??2 (black points), and its numerical approxi-
mation (blue line). The two curves are visually super imposed.

2.2.3 An application to sensitivity analysis

We use this segment to show an application of weighted Poincaré inequalities. From Section 1.1
we know that if a random variableX; from a collection of independent random variableX ;;::: X4

satis es the classical Poincaré inequality with constanC; > 0 then

2 3

2
1 E4 @(X) = for all f smooth (2.15)

tot _
ST CVartx) T @x

(Proposition 1.1, page 8), whereSP = Var( P 53i f3(X3)) =Var (f (X)) is the total Sobol in-
dex associated withi, de ned from the Sobol-Hoe ding decomposition (De nition 1.1, page 6).
Weighted Sobolev inequalities also provide a way to upper bound the total Sobol indices, involving
the weight 2 on the right-hand side of (2.15).

open interval ;). Let 2;:::; 2 be weight functions. Suppose that each satis es the weighted

Poincaré inequality
z
Var (g) C 2(x) jgd)j* i(dx); forall g2 H* ( ): (2.16)

Then, for everyf 2 H() the following inequality holds

2 3
2

L a4 2x) g;wi) 5 (2.17)

5" Ol )
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Proof. We have to show that

I 2 23

« !
Var  f,(X3) CE4 2(X)) g;(xi) 5:

J3i

L P . .
Having in mind that = ;3; f;(X;) is a centered random variable, we compute

! 2 1,3
X X
Var fJ(XJ) —E4 fJ(XJ) 5
J3i > J23| | 33

X 2
=E4E4 fJ(XJ) Xfl;:::;dgm‘ig!:->5 .
J3i

I 2 | 3
Var f3(X3) E4C 2(Xi) — f (Xi; Xgni) i(Xi)°
J3i i @x 53
2 23
of
= GE4 (X)) —=(Xi) 5;
(Xi) @X( )

where the last equality is due to the fact that the missing elements of the decompositionfotdo
not depend onx;. O

Thanks to Proposition 2.3, in order to upper bound the total Sobol indeg™, it is su cient
to compute Var(f (X)), the optimal Poincaré constantC( 2; ;) and the expected value in the
right-hand side of (2.15), that from now on we will callweighted DGSMindex. We suppose
that each X; admits a density and we focus only on the weights? associated with the functions
fi(x) = x E[X;], expressed in (2.13). This implies thalC( ?; ;) = 1 and that the weighted
Poincaré inequality (2.16) holds with equality withf;. So now we have two possible bounds for
each total Sobol index; the rst one based on the classical DGSM indices and the second one
based on our new weighted DGSM indices, which are adapted to each probability measure. It
is then natural to ask which one of the two bounds is better (closer to the total Sobol index).
Theoretically this is a problem that can be addressed in future research. In this subsection, we
limit ourselves to the observe the performance of each upper bound in a practical case.

Lets now resume our example model of the industrial site protected by a dyke, introduced in
Section 1.1. The random variables which are the inputs of our model are expressed in the table
below
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Input Meaning Probability distribution
Q Max. ow rate (m3=s) | G(1013 558)on [50Q 3000]
Ks Strickler coe cient N (30;64) on [151 )
Z, Downstream level(m) T (49,50, 41)
Zn Upstream level(m) T (54; 55, 56)
L River length (m) T (4990 5000 5010)
B River width (m) T (295, 300 305)
Hqg Dyke height (m) U([7;9])
Co Bank height (m) T (55; 55.5; 56)

Above the Gumbel distribution & ;
density function is given by

(x) = 1 exp +exp

) with location

2 R and scale > 0 is the one whose

for all x 2 R;

and the density function of the triangular distribution T (a; b; 9, represented in Figure 2.5.

8

(
0

2(b x)

2(x a
% (b a)(c a)
§ b ab o

fa x c;
ifc x a
otherwise

Figure 2.5: Density function of the triangular distribution T (a; b; 9 with minimum value a, mode

¢ and maximum valueb.

We recall as well the outputs on which we focus: the maximal annual over ow

S:ZV Hd Cb+@Q

and the annual cost of the dyke maintenance
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Our code implemented inR approximates numerically the total Sobol indices, their upper
bounds based on DGSM indices and their bounds based on weighted DGSM indices (the expression
on the right-hand side of (2.17)), of both outputsS and C with respect to each random variable
involved. Total Sobol and DGSM indices are approximated via the functionsoboljansen

belonging to thesensitivity package, and the weighted DGSM bounds are approximated by
Monte Carlo. The sensitivity package also contains functions used to simulate truncated
Gumbel and truncated normal random variables. To simulate triangular random variables we
employ the packagdriangular . A con dence interval obtained by bootstrapping is provided

as an output of these functions.

First we focus on the maximal annual over owS (2.18). The barplot in Figure 2.6 indicates
the values of the total Sobol indices of each random variable and their upper bounds based on
DGSM indices. We see that the bounds do not stray too far from total Sobol indices excepting
for the maximal ow rate of the river Q and the Strickler coe cient Ks. On the other hand, both
total Sobol indices and the upper bounds suggest to state that,, C,, L and B are not in uential
onS.

Figure 2.6: Barplots containing the values of total Sobol indices (right one) and their upper bound
based on DGSM indices (left one) of the maximal annual over o\8 (2.18).

Barplot in Figure 2.7 contains again the numerical approximations of total Sobol indices and
now we compare them with the upper bounds provided by the weighted DGSM indices. We nd
that, for each random variable, our new upper bounds are more sharp than those based on DGSM
indices without weight, especially with respect to the variabl®) that follows a truncated Gumbel
distribution.
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Figure 2.7: Barplots containing the values of total Sobol indices (right one) and their upper bound
based on weighted DGSM indices (left one) of the maximal annual over o% (2.18).

Now we focus on the annual cost of the dyke maintenan€z Figure 2.10 presents the total
Sobol indices and their corresponding upper bounds based on DGSM indices. In this case the upper
bounds for the variablesQ, K, Z, and Hy are not close to the total Sobol indices; especially the
bound associated with the dyke heighHy, which is quite far from the total Sobol index. The
possible culprit for this to happen is the termmax(Hy; 8) that appears in C, becausex 7!
max(x; 8) is not a smooth function, altought belonging toH() (recall that DGSM indices are
de ned from partial derivatives).

Figure 2.8: Barplots containing the values of total Sobol indices (right one) and their upper bound
based on DGSM indices (left one) of the annual cost of the dyke maintenanCe(2.19).

The next barplots in Figure 2.9 show the comparison between total Sobol indices and their
upper bounds based on weighted DGSM indices. Every bound is more accurate with respect to
the bounds based on DGSM indices without weight, but those related to the random variabl€s
and Hy are still not close to total Sobol indices.
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Figure 2.9: Barplots containing the values of total Sobol indices (right one) and their upper bound
based on weighted DGSM indices (left one) of the annual cost of the dyke maintenaricg2.18).

Speaking in terms of numerical approximations, it is evident that the bounds based on weighted
DGSM indices improve their versions without the weights. Thus, we venture to arm that, at
least for our dyke model, it is better consider our new upper bounds rather than the classical, old
fashioned ones. We suspect that this performance improvement is due to the fact that our models
are close to be linear (or linear) with respect to each random variable, and that the associated
weighted Poincaré inequalities hold with equality with the centered identity function.

We end this chapter with two last gures in the next two pages, Figure 2.10 and Figure 2.11.
Through bootstrapping we compute each index and upper bound 1000 times. Our graphs display
all the numerical approximation of the indices presented in the previous barplots; the rst one
dedicated to the maximal annual over owS and the second one to the cost of the dyke maintenance
C. The vertical lines represent the ranges between the 2.5% and the 97.5% quantiles of the values
obtained by bootstrap. In particular, we can observe that the upper bounds based on weighted
DGSM indices are not only closer to the total Sobol indices but also less variable.
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Figure 2.10: Numerical approximation (points) with the ranges between the 2.5% and the 97.5%
guantiles of the values obtained by bootstrap (lines) of total Sobol indices ( rst graph), their
upper bound based on DGSM indices (second graph) and their upper bound based on weighted
DGSM indices (third graph), of the maximal annual over owS (2.18).

37



	Introduction
	Background: Sensitivity analysis and Poincaré inequalities
	Sensitivity analysis
	Sobol and DGSM indices

	Poincaré inequalities
	Spectral interpretation
	Examples
	Usual criteria for bounding the optimal constant in dimension one


	Weighted Poincaré inequalities on intervals
	Spectral interpretation
	A specific choice of weight
	Some weights associated with the centered identity function
	Illustrated examples
	An application to sensitivity analysis

	Usual criteria for bounding the optimal constant

	The intertwining approach for Poincaré type inequalities
	Intertwining relations in dimension one
	An instructive example for the multi-dimensional case: convex measures

	Finite elements method for the approximation of the spectral gap
	Code implemented in R

	Code implemented in R to approximate the weight associated with the centered identity function
	Notation
	Bibliographie

