THE DIRICHLET PROBLEM AS THE BOUNDARY OF THE POISSON PROBLEM: A
SHARP APPROXIMATION RESULT

MIHALIS MOURGOGLOU AND BRUNO POGGI

AssTrRACT. On a bounded domain Q c R™!, n > 2, satisfying the corkscrew condition and with
Abhlfors regular boundary, we characterize the dual space to the space N, , of functions u whose
Kenig-Pipher modified non-tangential maximal operator N, () lies in LP(0Q), p € (1, o). We find
that

(N2,))' =Copy ®L7(0Q),  andthat LV (0Q) = 8"*Cy, / Cop,
where C,,, is a certain L” -Carleson space and p’ is the Holder conjugate of p. This answers a
question considered by Hytonen and Rosén.

Inspired by this result and the recently understood characterizations of the L”-solvability of the
Dirichlet problem in terms of the Poisson problem by Mourgoglou, Poggi, and Tolsa, we show a
novel approximation result: for an arbitrary elliptic operator L = —divAV with a not necessarily
symmetric matrix A of real bounded measurable coefficients, the solution space to the Dirichlet

problem with data in L7(9€)
{— divAVu =0, inQ,

u=g, on 9Q,
lies on the weak-* boundary in N, , of the solution space to the Poisson problem
—divAVw = —div F, in Q,
{ w=0, on 0Q,

with F' € C,,, provided that the Dirichlet problem for L with data in L”(9Q) is solvable in Q. This
approximation result is sharp and new even for the Laplacian and on the unit ball.

CONTENTS

1. Introduction

1.1. Further remarks

1.2.  Outline

2. Preliminaries

2.1.  Non-tangential maximal functions and Carleson functions
2.2. Elliptic PDE preliminaries

O N N N LN

Date: February 7, 2026.

M.M. was supported by IKERBASQUE and partially supported by the grant PID2024-157724NB-100: of the Minis-
terio de Economia y Competitividad (Spain), and by IT-1615-22 (Basque Government). Part of this work was carried out
while B.P. was supported by the European Research Council (ERC) under the European Union’s Horizon 2020 research
and innovation programme (grant agreement 101018680).

1



APPROXIMATION RESULT 2

2.3. Useful lemmas 10
3. The dual of the space N, , 11
4. Proof of the Approximation Theorem 17
References 23

1. INTRODUCTION

The LP-solvability of homogeneous boundary value problems for second-order linear elliptic
partial differential equations with non-smooth coefficients on rough domains has been an area of
intense and fruitful research in the last few decades, culminating in shocking equivalences between
certain geometric properties of domains in the Euclidean space and L”-solvability of the homoge-
neous Dirichlet problem for the Laplacian. In the recent article [MPT25], the authors discovered
under no assumptions on the real elliptic operator' and quite relaxed conditions on the geometry of
the domain that the solvability of the Dirichlet problem with data in L?

—divAVu =0, in Q,
(1.1) (D5) u=g, on 6Q,
INWIlzr 0,0y < lgller@oo.e),
is equivalent to solvability of the Poisson-Dirichlet problem
—divAVw = —div F, in Q,
(1.2) (PD}) w =0, on 49,
IN2W)llr@a.o) S I1C2(F)llr@a.o)s
with inhomogeneous data F in the LP-Carleson space C, ;. For the definitions of the non-tangential
maximal operators N and N>, as well as that of the Carleson function 4> and the space C, ), see
Section 2.1 and Definition 2.4. This quantitative equivalence of the problems (1.1) and (1.2) has
garnered interest in the mathematical community and is an ongoing area of research across different
settings and boundary value problems [MZ25, FL, BMP25, FYY].

However, the mechanism that binds the boundary value problems (1.1) and (1.2) together is not
well-understood at the granular level of the particular data. More precisely, in [MPT25] it was
shown that solvability of (1.1) for all g € LP(0Q) implies solvability of (1.2) for all F € C, ),
and viceversa. But now fix g € LP(0Q), and the solution u to (1.1) with this particular g. How
do solutions to the Poisson-Dirichlet problem (1.2) inform properties of this specific solution u?
The proof of the equivalence between (Dé) and (PDIL,) in [MPT25] used deep results about the
harmonic measure, Green’s function, and their well-known relationship to each other and to the
problem (1.1); however, in passing to these kernels, one stops studying a particular solution u and
instead studies global properties of the solution operators to the respective problems. At the end

I The assumptions on the strongly elliptic operator in [MPT25] for the stated result are as general as can be without
degenerating the ellipticity or considering complex coefficients or systems.
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of this process, a robust quantitative equivalence between the global problems (Dé) and (PDIL,) is
established [MPT25, Theorem 1.2 and Theorem 1.8], but it remains unclear what is the relationship
between the problems (1.1) and (1.2) at the level of the particular solutions.

In this manuscript, we seek to gain insight at this deeper level on the relationship between the
problems (Dé) and (PD[L,). Our first main result is the following novel approximation theorem. We
defer all definitions to Section 2.

Theorem 1.3 (Approximation Theorem). Let Q ¢ R™! n > 2, be a bounded domain satisfying
the corkscrew condition and with n-Ahlfors regular boundary, and let A be a strongly elliptic, not
necessarily symmetric real matrix of bounded measurable coefficients in Q. Fix p € (1,00), and
suppose that (DzL,) is solvable in Q. Fix g € LP(0Q), and let u € Ny, N WIIO’CZ(Q) be the unique
solution to the Dirichlet problem
—divAVu =0, in Q,
(1.4) { u=g, on 9Q.

Then there exists a sequence of vector functions {F j} jen C Lip.(Q)"*!, with the following proper-
ties:

(i) There exists C > 0 depending only on dimension, ellipticity, the corkscrew constant, and
the n-Ahlfors regularity constant, such that

(1.5) IFjllc,, < Cligllr@a.o)-
(ii) For each j € N, let w; be the unique weak solution in W(1)’2(Q) to the Poisson problem
—divAVw; = —div Fj, in Q,
(1.6)
w; =0, on 0Q.

Then, w; — u as j — oo in the following topologies:
(a) the strong topology in Cif (Q) for some a € (0, 1).

loc

(b) the strong topology in Wllo’c2 Q).
(c) the weak-* topology in N ,. Moreover, this convergence cannot be improved to con-

vergence in the weak topology in Ny, unless g = 0.

We prove this result in Section 4. Several remarks are in order. First, Theorem 1.3 is completely
new even in the classical setting L = —A and Q = B(0, 1). Second, certain technical parameters and
the boundedness of the domain may be generalized under suitable modifications, see Remark 4.1.
Third, the sequence of approximating inhomogeneous data {F';}; is constructed explicitly in terms
of g modulo regularizations (see (4.2) and (4.5)).

The method of proof does not rely explicitly on properties of harmonic measure nor the Green’s
function. A fundamental object in the proof is the Varopoulos extension of the boundary data g
[Var77, Var78, HR18, HT21, MZ25]. For its construction, we use the state-of-the-art technology in
[MZ25] (see Lemma 2.14) which allows us to write Theorem 1.3 in such high geometric generality.
Since the Varopoulos extension is a nonlinear extension, we are careful with density arguments.

In Theorem 1.3 (ii), the solutions {w;}; to the Poisson problem are stated to converge to u in
three different topologies. Of these, the most interesting one is in (ii) (c), because convergence in
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the weak—=x topology of N> , is a global (i.e. up to the boundary of 2) convergence result, while the
topologies in (ii) (a) and (b) are fundamentally local in Q. Indeed, if one wanted to show only the
local convergences in (ii) (a) and (b), this would be a simple exercise by setting F'; = V(u{;), where
{j is a cutoff function compactly supported in Q \ B(9€2, 1/ j), and locally regularizing u further if
needed. We leave the details of this exercise to the reader. However, if one set up the F'; in this
way, then certainly neither (i) nor (ii) (c) would hold in general.

Thus, the contribution of Theorem 1.3 is that it gives the correct (and heretofore unknown) global
approximation of solutions to the Dirichlet problem (1.4) by solutions to the Poisson problem (1.6)
with trivial boundary data, as detailed in (ii) (c), and with the appropriate uniform norm control
implied by (i). Theorem 1.3 may appear counterintuitive at a first reading, because solutions to the
Dirichlet problem are not trivial at the boundary, while solutions to the Poisson problem (1.6) are
always trivial at the boundary. This observation does preclude convergence in stronger topologies,
and is essentially the reason that the convergence in (ii) (c) cannot be upgraded even to the weak
topology in Ny ..

We defer to Section 1.1 below several further remarks on Theorem 1.3.

Of course, to use the weak and the weak-x* topologies of N , in Theorem 1.3 requires an under-
standing of the dual and predual spaces to Ny ;. This program was initiated by Hytonen and Rosén
[HR13] when Q is the upper-half space. Motivated by the works [AA11, AR12] on maximal regu-
larity estimates and boundary value problems for nonsmooth elliptic systems, Hytonen and Rosén
asked in [HR13, p.2] what the dual and predual of N , are. In [HR13] they showed that for all
p e, e0),

Copy @ (N2, and Ny, =(Cyp)".
So the predual of N , was identified, but its dual space was not. Nevertheless, they proved impor-
tant quantitative estimates in [HR13, Theorem 3.1] (see also Proposition 2.5 below) which showed
that C; ;y cannot miss too much of (N ,)*; more precisely, the quotient space (N3 ,)*/Cy ) is
forced by [HR13, Theorem 3.1] to be in the boundary of C, , in the weak-* topology of (N2 ,)*;
that is,

(1.7) (N2,p)"/Capr = (8" 7 Cap)/Capr.
These results were recently generalized to domains with significantly rougher geometry in [MPT25].

The second main result of this article is that we have managed to characterize the dual space
to N ,, answering the question posed by Hytonen and Rosén in [HR13]. For technical reasons,
we use a stricter definition of the space Ny, than in [HR13, MPT25], whereby we consider the
completion of C(Q) in the N , norm; see Definition 2.4 and Remark 2.6. The use of this more
restrictive definition is natural and goes back to the foundational work of Coifman, Meyer and
Stein [CMS85], but see also Remark 3.15. Our precise result is as follows.

Theorem 1.8 (The dual of N, ). Let Q C R™! n > 2, be a domain satisfying the corkscrew
condition and with n-Ahlfors regular boundary, either bounded or with unbounded boundary, and
let r € [1,00), p € (1,00), with ¥, p’ the respective Holder conjugates. Then the identity

(1.9) (N..p)* = Cp py ® L7 (0Q, 0)

holds in the sense that
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(i) Forany F € Cp ;y and g € L7 (0Q, o), the functional T given by

T() := / ude+/ ugdo, u €N,
Q oQ

is a well-defined bounded linear functional on N, .
(ii) If T € (N,.,)", then there exist unique F € C, ;y and g € L? (8Q, ) such that

(1.10) T(u):/ude+/ ug do, forallu € N,
Q oQ

See also Remark 3.1 about the case r = co. Theorem 1.8 is shown in Section 3. By Theorem
1.8, and (1.7), we immediately conclude that

(1.11) L7 (0Q,0) = (0" *Cp ) /Cp .

The identity (1.11) is heavily related to the deep non-linear extension and trace results that Hytonen
and Rosén obtained in [HR18].

At this point we are ready to reveal a structural connection between Theorem 1.8 and Theorem
1.3. The observant reader may have noticed that in the characterization (1.9) of the dual of Ny,
the two subspaces C, ,y and L7 (8Q, ) correspond exactly to the spaces for the data in (PD[L,/)
and (Dé,) respectively. Furthermore, by (1.11), we know that the latter is the weak-* boundary of
the former. Does this identified structure in (1.9), (1.11) “lift” to the level of the solutions to the
boundary value problems (PDIL,,) and (Dé,)?

The answer is at least partially yes, and indeed, we first sought to answer the question of Hyténen
and Rosén about the dual of N ,, and obtained Theorem 1.8. Having obtained (1.9) and observed
(1.11) as its consequence, it is exactly the remarks and the question raised above that inspired us to
seek and prove the approximation result, Theorem 1.3, which we now reinterpret as follows.

Corollary 1.12 (D) lives on the boundary of (PD})). Retain the setting of Theorem 1.3. Let 7,
be the space of all solutions to the problem (Dé) in (1.1), and let 22, be the space of all solutions
to the problem (PDILj) in (1.2). Then 9, lies on the boundary of &7, in the weak-* topology of N, .
That is,

(1.13) Dy C (" D) | Py,

as subspaces of No ).

Note the structural similarity between (1.13) and (1.11). It is in the precise sense of Corol-
lary 1.12 that one can thus identify the Dirichlet problem with L? data as being a subset of “the
boundary” of the Poisson-Dirichlet problem with inhomogeneous data in C; .

1.1. Further remarks. It is natural to wonder whether an analogue of Theorem 1.3 holds for the
classical Dirichlet problem (1.4) with continuous boundary data, but this is not feasible. Indeed, in
this case the uniform estimate which corresponds to the non-tangential maximal function estimate
in (1.1) is the classical maximum principle,

”u”(;(ﬁ) < “g”C(ﬁQ)-
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First, note that there is not even a well-defined weak-* topology on C(Q) since this space does
not admit a predual, because Q is an infinite compact metric space [DDLS16, Chapter 6]. But the
issue is not merely definitional: the uniform norm is too strong to control the natural candidates for
sequences of inhomogeneous data {F';} ; for the Poisson problem 1.6. Thus it is not even clear that
an analogue of the quantitative estimate (1.5) is possible in this case.

A discussion about the approximation of solutions to the Dirichlet problem with L? data (1.1)
would be remiss without a comparison to the relatively well-understood theory of e-approximators
[KKPT00, HKMP15, HMM16, GMT18, HT20, BPTT24]. The e-approximators were often used
to construct the Varopoulos extension of boundary data in L”(0€2), although recent techniques
[HR18, MZ25] show that the existence of e-approximators to solutions of (1.1) is not required to
construct Varopoulos extensions. Given g € L”(0Q2) and u the solution to (1.1), there is a sequence
{u;} of e-approximators which converge to u in the strong topology of Ny ,, and Vu; € C,, for
each j € N. However, in contrast to the sequence {w;}; in Theorem 1.3, the g-approximators do not
solve the Poisson-Dirichlet problem (1.2), as they are typically designed to stay close to g on 9,
and thus far from trivial on 0Q. Moreover, the sequence {Vu;}; is not in general bounded in C,, for
any r € (1, oo], whence it is not clear that there is a corresponding sequence of inhomogeneous data
{F;}; with —divAVu; = —div F; in Q and such that the uniform estimate (1.5) holds. We conclude
that the approximators {w;}; from Theorem 1.3 are completely different from g-approximators in
both qualitative and quantitative properties.

Finally, we emphasize that the principal challenge of this work lies in identifying the correct
statements of our main results, Theorems 1.3 and 1.8. Once these formulations are in place, the
overall strategy becomes clearer, although the proofs themselves remain technically demanding.

We defer all further historical remarks to the survey in [MPT25].

1.2. Outline. The rest of this manuscript is organized as follows. In Section 2 we introduce all
relevant definitions and state useful technical lemmas. In Section 3 we prove Theorem 1.8, and in
Section 4 we prove Theorem 1.3.

2. PRELIMINARIES

If x e R"! and r > 0, by B(x, r) we denote the Euclidean open ball of radius r centered at x. If
E c R™!and r > 0, we set B(E,r) := {x € R : dist(x, E) < r}, and 1z is the indicator function
of E. We write a < b if there exists a constant C > 0 so that a < Cb and a <; b if C depends on the
parameter r. We write @ ~ b to mean a < b < a and define a ~; b similarly. Throughout, the letter
C denotes a constant that does not depend on the salient parameters in a given proof, and the value
of C might change from one line to the next.

We denote by m = my the Lebesgue measure on R, d € N.
A set E ¢ R™! is called n-Ahlfors regular if there exists some constant Co > 0 such that

Cy'r" < H'(B(x,r) N E) < Cor", forall x € E and all 0 < r < diam(E),

where H" is the n-dimensional Hausdorff measure, which we assume to be normalized so that it
coincides with m,, in R”.
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By a domain we mean an open set. If Q is a domain in R"*!', we denote by o = H"|sq the
n-dimensional Hausdorff measure restricted to 0€.

We say that a domain Q satisfies the corkscrew condition if there exists ¢ > 0 such that for each
x € 0Q and every r € (0,2 diam Q), there exists a ball B ¢ B(x, r) N Q so that r(B) > cr.

Throughout the rest of this article, Q denotes a domain in R"*! satisfying the corkscrew condi-
tion and with n-Ahlfors regular boundary.

Recall that C°(€) is the space of compactly supported smooth functions in €, and that for
p € [1,00), WP (Q) is the Sobolev space of p-th integrable functions in Q whose weak derivatives

exist in £ and are p-th integrable functions, while Wé’p () is the completion of C.°(Q2) under the

1

10c(€2) functions whose

norm [|ully1.rq) := llullr@) +IVullLe ). Moreover, WI’P(Q) consists of the L
weak gradient is p-th integrable over Q.

If X is a metric space, by Lip.(X) we denote the space of Lipschitz functions compactly sup-
ported in X.

2.1. Non-tangential maximal functions and Carleson functions. For ¢ > 0 and £ € 0Q, we
define the cone with vertex & and aperture a > 0 by

Ya(&) = {x € Q: |x - ¢ < (1 + a)d(x)}.

Define the non-tangential maximal function of u € L3 (€2) by

2.1) No@)(€) := sup |u(x)|, foré& e 0Q.
x€ya(§)

Following [KP93], we introduce the modified non-tangential maximal function Xfa,@,r for a given
aperture a > 0, a parameter ¢ € (0, 1/2], and r > 1: for any u € L .(Q), we write

~ 1/r
22) Nz u)(€) = sup (]i( ol ) T g€ 00,

x€yqo(é)
For p € (1, o), the L? norms of non-tangential maximal functions are equivalent under changes of
a or the averaging parameter ¢. For ease of notation, we will often write K/W = ~a,@,r if we do not
wish to specify ¢. When we do not need to specify neither @ nor ¢, we will write N' = Ny, ¥ = Vq,
and Kfr = /A\//a,@,r.
Let g € [1,00] and ¢ € (0, 1/2]. Define the g-Carleson functional of a function H : Q - R, H €
Ljo.(Q) by

1 l/q
(2.3) Gy (H)(E) 1= sup — (][ HIT) dm, €€ 00,
B(£,r)NQ B(x,¢6(x))

n
>0 T

The case ¢ = oo is defined with the appropriate analogue. For p € (1, 00), the L? norms of the
Carleson functionals €7 , defined in (2.3) are equivalent under a change of the averaging parameter
¢, and thus we write 6, = ¢;, if we do not need to specify ¢.

Definition 2.4 (The spaces N,., and C,,,). Fix a domain Q satisfying the corkscrew condition and
with n-Ahlfors regular boundary. By C (Q) we denote the space of continuous functions on Q (the
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closure of Q) with compact support in Q. Fix ag > 0, & € (0, %], and write K/, = K((lo,ﬁo,r’ and
6, := 62, Note that the functionals

lullN,, = IN@llr 002,095 lullc,, = 1€-llLr@a.0)

define norms on C.(Q) and on C.(Q), respectively. Let N,., be the completion of C.(Q) under the
norm || - ||n, ,, and let C,,, be the completion of C.(2) under the norm || - ||c,,- By [MPT25, Lemma
2.5],if r, p € (1, 00), we may also identify C, , as the Banach space of functions u € L] () such
that ||€(w)llzr@a) < +oo.

The following proposition establishes a certain quantitative quasi-duality between the spaces
N,, and C. ;. When Q is the half-space, these estimates were shown by Hytonen and Rosén in
[HR13, Theorem 3.1, Theorem 3.2]. The general case cited here was shown in [MPT25].

Proposition 2.5. Let Q c R"! n > 1, be a domain satisfying the corkscrew condition and such
that 0Q is n-Ahlfors regular. Suppose that either CQ is bounded, or that 0 is unbounded. Let
P,q € (1,00) and p’, g’ their Holder conjugates. Then N, , = (Cy )", and moreover,

luH |l 1) < [INg@llr@)ll€y Hllp 90), u€ L, (Q),H e L, (Q),

loc

IIK/q(u)IILp(aQ) < sup ‘ / Hudm], ue Li]OC(Q),
H:H(fq/(H)HLpr(aQ):l Q
16y Hllpr ooy S SUP ‘ | Hu dm‘, He Ll (.

w:|INqullLp a)y=1

Remark 2.6. Observe that our definition of N,,, in this manuscript technically differs from the
definition of the same symbol in [MPT25], or from the analogous symbol in [HR13]. For each
r € [l,00) and p € (1,00), let Nr,,, be the Banach space of functions u € Lj () such that
IIK/,(M)II Q) < +oo. In [HR13, MPT25], the space N,,p was considered, rather than the the com-
pletion of C, (Q) under the norm || - ||Nr,p- Notice that N,,, C N,, p trivially. The essential distinction
between these spaces, from our point of view, is that arbitrary elements in Nr, p» need not have well-
defined traces on 0Q2 (since they may oscillate uncontrollably near €2 while still maintaining finite
Il - lN,, norm), but arbitrary elements in N, , always have well-defined traces on 9Q, as we will
see in short order. This subtle change in the definition of N,., will allow for a significantly cleaner
characterization of its dual space in Theorem 1.8. On the other hand, the heart of the matter is not
sacrificed, since our techniques also yield extensive insight into the arbitrary elements in the dual
space of Nr, p» as explained in Remark 3.15.

Lemma 2.7. Let Q ¢ R"™! n > 2, be a domain satisfying the corkscrew condition and with n-
Ahlfors regular boundary, let r € [1,00), p € (1,00) and u € N,,. Then ulpq € LP(0Q, o) (in the
sense of traces).

Proof. Fix u € N, ,. Then there exists a sequence {uy} C C.(Q) such that uy — u strongly in N, .
Since B
V(&) < N(v)(), for all £ € 9Q, and all v € C.(Q),
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then note that for all k, £ € N,
ek — uellroa.o) < lluk — uelln,, — 0 ask, £ — oo,

so that {u;} is Cauchy in LP(0Q)). Let g, := limj u; in the strong L? topology. It is easy to
check that g,, as an element in L”(0Q), is independent of the approximating sequence {u}. Since
u was arbitrary in N, ,, then by a standard argument, there is a bounded linear trace operator
T :N,, — LP(0Q,0) given by T(u) = g, for all u € N, ,, which satisfies that

(2.8) gullro) < llulN,,-

It is clear that u = g, o-a.e. on 9Q whenever u € C.(Q). We thus write u|so := g, and the desired
result follows. m]

2.2. Elliptic PDE preliminaries. We assume throughout that A is a real, not necessarily symmet-
ric (n + 1) X (n + 1) matrix of merely bounded measurable coefficients in Q verifying the strong
ellipticity conditions

n+1

1
(2.9) Ve <y Aoy Al < 5. x€Q, FeR™L

i,j=1

Define the elliptic operator L acting formally on real-valued functions u by

Lu = —div(AVu) = — f: 9 (aija—"’).
e 6)6,‘ 8xj

We write AT for the transpose of A, and L* = —div A’V
We will also make use of the conormal derivative. Let 7 (9€2) denote the trace space of wWh2(Q);
that is, 7 (0Q) is the quotient space wi2(Q)/ Wé’z(Q).

Definition 2.10 (Conormal Derivative). Given H € Lip.(2) and the unique weak solution v €
W&’Z(Q) to the Poisson problem

T —divAVv = H, in Q,

211 { v =0, on 0Q.

define the functional

(2.12) {,(¢) = B[v, @] := / AVVWO dm — / H®dm, p € T(0Q),
Q Q

where ® € W'2(Q) satisfies Tr @ = ¢. It is easy to see that £, (¢) is well-defined and independent of
the extension @, since v solves the equation Lv = H in the weak sense. We call ¢,,(¢) the conormal
derivative of v, and denote 0,,v = {,.

Definition 2.13 (The Dirichlet problem (D;)). Let p € (1,00). We say that the (homogeneous)
Dirichlet problem for the operator L with LP data in Q is solvable (write (DIL,) is solvable in Q), if
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there exists C > 1 so that for each g € C(9Q2), the solution u to the continuous Dirichlet problem
—divAVu =0, in Q,
{ u=g, on 0L,
satisfies the estimate
IN@lroo.0) < Cligllroo.o)-

2.3. Useful lemmas. The following extension result is fundamental to our program.

Lemma 2.14 (The Varopoulos extension, [MZ25, Theorem 1.4]). Let Q C R™! n > 2, be a do-
main satisfying the corkscrew condition and with n-Ahlfors regular boundary, and fix g € Lip (0Q).
Then there exists a function ® : Q — R with the following properties:
(i) ® € C*(Q) N Lip(Q) N WH2(Q).
(ii) IN(®)llLr(o) + 16 (VO)|Lr(o) S NIgllLr(o), for each p € (1, 00].
(i) IN6QVO)lro) < l18llLr(o)-
(iv) ®lsq = g continuously.
We call @ the Varopoulos extension of g onto Q.
We will also make use of the following technical approximation of integrable functions on the
boundary of a domain by continuous functions on the boundary, essentially mentioned in [CHM 19,

Lemma 3.5] without proof. The result is indeed a straightforward generalization of the classical
theory of convolutions and approximate identities, thus its proof is omitted.

Lemma 2.15. Let ¢ € C°(R) be such that 10,1y < ¢ < 102). Foreacht > 0and h € LIIOC(GQ, o)
define

Pih(&) := /(m (&, DM do(), &€,

where

E—ﬁ»

0, 0) = faggp(lf;d)d()'(z)gp( f

&, € 0Q.

The following hold:
(i) If h € L1(0Q,0), q € [1,0), then Pih € L*(0Q) N C(0Q), and P;h —> h strongly in
L1(0Q,0)ast — 0.
(ii) If h is continuous at ¢ € 0Q) (as a function on 0Q), then P,h(§) converges to h(€) ast — O.
(iii) If h € L1(0Q, 0), g € [1, o0], with supp h is contained in a ball of radius r, then for each
t > 0, supp P,h is contained in the concentric ball of radius r + 2t.

Next we record the easily shown fact that for each compact set K C €, the space L"(K) embeds
continuously into N, .

Lemma 2.16. Let Q c R"™! n > 2, be a domain satisfying the corkscrew condition and with
n-Ahlfors regular boundary, let K be a compact subset of Q, and r € [1,0), p € (1,00). Then there
exists a constant Ck such that for every u € L'(K) with u = 0 on Q\ K, we have the estimate

IN:@llr@og) < Crllullr ).
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The following technical result shows that N, , misses from N, p» only the behavior at the boundary
of the domain (see Remark 2.6 for the definition of Nr,p); it will be useful later in the proof of
Theorem 1.8. Its omitted proof is a straightforward density argument using Lemma 2.16.

Lemma 2.17. Ler Q c R™! n > 2, be a domain satisfying the corkscrew condition and with
n-Ahlfors regular boundary, let K be a compact subset of Q, r € [1,0), p € (1,0) and u € L{ ()

b loc
with |IN;(Wllrq) < +00. Then ulg € N,.,. More precisely, there is a sequence {v;}; C C.(K) such
that v; — ulg strongly in N, ,, and in L'(K) as j — oo.

3. THE DUAL OF THE SPACE N, ,
In this section, we prove Theorem 1.8.

Remark 3.1. There is no hope for the identity (1.9) to be valid with r = +co. Indeed, note that N, ,
coincides exactly with the completion of C.(Q) in the norm || (u)|| »» Where N is the classical non-
tangential maximal function (with a possibly slightly larger cone aperture), and the dual space to
this space is well-understood. For instance, if €2 is the half-space, then the dual space of N ; is
known to be precisely the space of Carleson measures [CMS85], and Carleson measures need not
obey the decomposition in (1.9). As a concrete and easy example, consider the Dirac delta measure
with pole at a point x € Q; then it is straightforward to explicitly compute that this is a Carleson
measure and that it represents a bounded linear functional on N, , for any p € (1, o).

Proof of Theorem 1.8. Fix r € [1, ), p € (1, 00). From [HR13, MPT25], it is already known that

(3.2) Crpy C (N,

We show that

(3.3) L7 (0Q,0) € (N, )",
and that

(3.4) (N,,)" € Cppy & LF (8Q, 0),

with the latter containment being the challenging one. Note that (3.2), (3.3), and (3.4) together
imply the desired identity (1.9). In particular, (3.3) and (3.4) together imply the statement (i) of the
theorem.

Proof of (3.3). Fix g € L” (9Q). Define the functional

Tg(u) = / ul(?dio_, uc Nr,pa
0Q
and note that, by Lemma 2.7, T, is well-defined on N,.,. Moreover, by Holder’s inequality,

1Tl < Nullzroe gl any < i, gl ooy

where we used (2.8). Since g was arbitrary, the containment in (3.3) is shown.
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Proof of (3.4). Let T be a bounded linear functional on N,.,. In particular, T is a bounded
linear functional on C.(Q). By the Riesz Representation Theorem, there exists a unique (complex
or signed) regular Borel measure p on € such that

(3.5) T(u) = / udy, for each u € C.(Q).

Q
Consider the following claim.

Claim 3.6. The measure ¢ decomposes as
(3.7 du=Fdm+ gdo,

where m is the (n + 1)-dimensional Lebesgue measure restricted to €, o is the n-dimensional
Hausdorff measure on 0Q, F € Cp ;y, and g € L7 (0Q, o).

Assume Claim 3.6 for the moment. Let 7' be the functional given by

f(u) = / ude+/ ug do, u€N,,.
Q 0Q

By Carleson’s Theorem and Hélder’s inequality, it is clear that T is a bounded linear functional on
N,.,. Moreover, Claim 3.6 gives that T'(u) = T(u) for all u € C.(Q). However, if u € N, . then
there exists a sequence {u} C C.(Q) with uy — u in N,,p, and

T(u) = lim () = lim T(ur) = T(u).
Thus the identity (1.10) holds. Finally, F' and g are unique since y is unique by the Riesz Repre-

sentation Theorem. This ends the proof of (ii) of the theorem, modulo the proof of Claim 3.6.

Proof of Claim 3.6. By the linearity of the integral and the linearity of 7', without loss of generality
we treat only the case where u is a positive measure on Q. In this case, the identity (3.5) gives us
that 7T is a positive linear functional on C.(Q2). Define

Q. = {er:é(x)>T}, for each T > 0.

We break the proof of the claim into several parts.

Absolute continuity of ¢ with respect to i in compact subsets of Q. Fix a compact set K C Q
and let E C K be an arbitrary Borel set. We will prove that
(3.8) u(E) < Cm(E)",
Since K C Q is compact and € is an open set, k := dist(K, 0Q) > 0, and ¢ := diam(K) < +oo. Fix
z€ E, let U c Q be an arbitrary open set that contains E, and for each 7 > 0, define

U, :=UnQ; N B(z, 1000¢).

Note that for all 7,7 € (0,k], Uy isanopen set, E C U, C U, C U if t < 7, and dist(U, 0Q2) > T.
Now let ¢ € C.(Uy/2) be a continuous bump function with ¢ = 1 on Uy and 0 < ¢ < 1. Then we
have that

M(Uk)=/U d,u=/Qluk dﬂﬁ/g¢dﬂ=T(t/’))SCIIK/r(fﬁ)IILP(ag)-
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Let us control the term on the right-hand side. Note that for any x € Q, if there exists y €
B(x,6(x)/2) N Ugjz, then k/3 < 6(x) < C¢L. Since supp ¢ € Uy, it follows that

supp N,(¢) C B(z, C0).

Moreover, for each & € 9Q and each x € y(£), we have that

1 1

v ¥ _ntl 1 _nel 1
(][ | |¢|’dm) < (][ 10, dm) < CO0) " mUp )t < CK"F m(Upp)*,
B(x,%2) B(x,%)
where C depends only on n and r. Putting these observations together, it follows that

u(Uy) < CNGlson) < Cor (B, CEY N 0Q) PK m(Uyo)?
or succinctly, 1
H(Up) < Cm(Uygp2)7, for all open U D E.
By the outer regularity of u, we see that
U(E) < u(Uy), for all open U D E,
so that
3.9) U(E) < Cm(Uk/z)%, for all open U D E.

Taking infimum over all open U in € containing E and using the outer regularity of the Lebesgue
measure m, from (3.9) we get (3.8), as desired.

Consequently, u < m on compact sets in Q. By a standard diagonalization argument it follows
that there exists a non-negative, locally integrable Borel measurable function F : Q0 — R such that
dulg = F dm|g for any compact set K C Q; and moreover, for any u € C.(Q),

(3.10) /udu=/ud,u+/ ud,u=/ude+/ udu.
Q Q Q. Q Q.

Integrability property of F. Let us show now that F' € LI’(;C(Q). Fix a compact subset K of
Q. By the density of continuous functions in L"(K) and the duality of Lebesgue spaces (recall that
r € [1,)), we know that F € L" (K) if and only if there exists a constant C such that for each
v € C.(K), the estimate

‘/Vde‘ < C”vHL'"(K)
K

holds. But any arbitrary v € C.(K) can be extended trivially to C.(Q)withv=00nQ\ K. Using
(3.10) and (3.5), it follows that

‘/dem‘ = ‘/dem‘ = ‘/vd,u‘ =|T)| < C”K{rvllp < Vil
K Q Q

where in the last estimate we used Lemma 2.16. We conclude that F € L" (K), as desired.

Carleson property of F'. We now show that F € C . Fix z € Q such that F(z) # 0, for each
k e N, let Ky := Q;x N B(z, 1/k), and let F : Q — R be the function defined as

Fr(x) :== F(x)1g, (%), for each x € Q.
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It is clear that for each k, F} is a non-negative Borel-measurable, integrable function on Q, with
support in the compact set Ky, and with Fy < Fy.1 on Q. Moreover we have that F; — F pointwise
as k — oo in Q.

We first show that for each k, Fy € C,» ;y. By [MPT25, Proposition 2.3], we have that

’

(3.11) IFde,, s sp | / uFydm
uel], (Q):INull,=1" /€

loc

where we know the integral on the right-hand side is ﬁniteN (for each fixed u) since Fi € L” (K)
and Fy is supported on K. Fix arbitrary u € Lj (€2) with [|[N,ul|, = 1, and note that

loc

/ ulFydm = / (u(x)l K (x)) F(x)dm(x).
Q Q

By Lemma 2.17, there is a sequence {v;}; C C.(Kj) such that v; — ulg, strongly in N,., and in
L’(K) as j — oo, which coupled with the above identity implies that

/ uFiydm = lim [ v;Fdm,
Q Jme Jk

since F € L (K). On the other hand, using (3.5), (3.10), and the fact that T is a bounded linear
functional on N, ,, for each j € N we have that

\ / v,-de] = [T())| < Clvlis,
Q

where C is independent of j and k. When passing j — oo, we see that

’/ uky dm‘ <C,
o)

Since u was arbitrary, from (3.11) we conclude that
(3.12) IFilc, , <C.

Hence Fy € C, )y for each k € N, and moreover, the constant C in (3.12) is independent of k. By
straightforward applications of Fatou’s Lemma, one may show that

6 (F) < lilgn inf €, (Fy) on 092,
whence, by Fatou’s Lemma again,
€ (Pl < liminf 15, (Flj, < €,

where C is the constant from (3.12). Thus F € C,» y, as desired.

Absolute continuity of u with respect to o on compact subsets of Q2. From (3.10) and the
arguments above, we fully understand the behavior of 1 on Q. Since Q = Q U dQ and the latter
two sets are disjoint, it remains only to understand the behavior of y on Q. First we show that
ulogo < o. Fix a compact set K C Q, and a non-empty Borel set S ¢ K N 9Q. Since u is regular,
we have that

u(S) = inf {u(U) : S c U and U is open in Q}.
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If U is an arbitrary open set in Q containing S, then note that S ¢ U N dQ, whence
u(S) < u(U N o) < u().

It follows that o
w(S) =inf {(UN6Q) : S c Uand U is open in Q}.

Now fix an arbitrary open set U in Q containing S, and let V := U N dQ. Note that V is relatively
open in 0Q, although V is of course not open in Q. Let z € S, £ := diam K and write

Vi =V N B(z20).
Itis clear that S c V| c V and that V| is relatively open in Q2. Now let /2 : 9Q — R be defined by

W) =1y, (),  £e€Q.

Then it is straightforward that 0 < h < 1, h € LP(0Q, o), supp h = V1, and h is continuous on each
point of Vy, since V| is relatively open in Q. Now, in the notation of Lemma 2.15, let

S = P%h, for each k € N.

By Lemma 2.15, we see that {f;} € C.(0Q) (since i has bounded support), each f; is non-negative
on 092,

(3.13) fe — h, pointwise on V| as k — oo,

and f; — h strongly in LP(0€, o) as k — oo. Then note that
u(Vl)z/ hduz/ hdu < liminf fkd,usliminf/ fedu,
60 Vi k—o00 Vi k—o00 20

where we used Fatou’s LemmaZ. Next, for each k, let u; be the Varopoulos extension of f onto €2,
as in Lemma 2.14. Then

G [ fdu= [ wde= (1@~ [ wran] < [c 1, IR @l
0Q 0Q Q

where we used (3.10) and Carleson’s Theorem. In the previous estimate, C is independent of k, K,
S,V,z, and €. Using Lemma 2.14, we have that

IN@ollr@oe) S Ifill@ae, — foreachk €N,
and since || fill, — O'(Vl)% as k — oo, from the previous estimates we deduce that
u(Vy) < Co(V1)7,
where C is independent of S, K, V, z, and £. In particular,
u(S) < Ca(V)yr.

Since V = UNAQ and U was an arbitrary open set in Q containing S, taking infimum over all such
U in the previous estimate and using the outer regularity of o, we conclude that

wW(S) < o (S)r.

Note carefully that we strongly needed f; — h pointwise in (3.13), and not merely pointwise o-a.e., since we do
not a priori assume any relation between y and o.
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Hence u(S) — 0 as o(S) — 0, so that u < o on compact sets contained in 0Q2. Thus again by a
diagonalization argument we conclude that there exists a non-negative Borel measurable function
g : 0Q — R such that du|s = gdo|s for any Borel set S € 9Q. In particular, for any u € C.(Q),

/udy=/ ugdo.
0Q 0Q

Combining this last identity with (3.10) gives the desired identity (3.7), but it remains only to show
that g € L” (0Q, o).
Integrability property of g. In fact this is already essentially contained in the previous argu-

ment: we know that g € LP/((?Q, o) if and only if there exists a constant C > 0 so that for all
f € C.(0Q), the estimate

| [ fsdo| < Clifiran
0Q

holds. Given an arbitrary f € C.(0Q), let u be the Varopoulos extension of f onto Q (see Lemma
2.14). Then, proceeding similarly as in (3.14), we see that

| [ ssdo] < [c+ Wi, , IR0,
0Q
The desired estimate follows by using the fact that

IN: @00 < Nfllr@,0)-

Thus g € Lpl(aﬂ, o). This concludes the proof of Claim 3.6, and with that, the end of the proof of
Theorem 1.8. O

Remark 3.15 (On the dual of Nr, p)- As mentioned in Remark 2.6, the space N, that we consider is
a strict subset of the space Nr,p considered originally in [HR13, MPT25]. It is natural to wonder if

there is an analogous characterization of the dual space of Nr, » as the one achieved in Theorem 1.8
for the space N, ,. In fact, there is a corresponding natural result, easily gathered from the proof of
Theorem 1.8, as follows.

First, each bounded linear functional 7" on N,’ p» must still obey identity (3.5) (valid foru € C (D))
with the measure pu still satisfying the same decomposition from Claim 3.6. Nevertheless, the
identity (1.10) does not necessarily hold for arbitrary u € N, .

Second, if g € L (0Q, o), and we define the linear functional £, on C Q) by

(g, u) := /a 8@ u) do(é), u € C(Q),
Q
then by the Hahn-Banach Theorem and the fact that
1Cgs ] < gl o lidlliroy < gl ol

we may extend £, to a bounded linear functional on Nr,p. This is true despite the fact that the
generic functions in Nr,p do not have well-defined traces on 9. The price paid from using the
Hahn-Banach extension is the loss of uniqueness of the extended functional.
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4. PROOF OF THE APPROXIMATION THEOREM

In this section we prove Theorem 1.3. Before we do so, let us briefly remark on some of the
hypotheses and choice of parameters in the theorem.

Remark 4.1. The boundedness of the domain is not essential, but it affords us a relatively simpler
proof. The parameter 2 in N> , and in C, , can be relaxed to r € [2, c0) everywhere in Theorem
1.3. Furthermore, if A is locally Lipschitz continuous in €2, then the parameter can be relaxed to
r € (1, 00). The sequence {F';}; depends on this parameter, but the constant in (1.5) does not.

Proof of Theorem 1.3.
Part 1. Case g is Lipschitz continuous.

Proof of (i). Suppose that g € Lip(0Q) and let ® = @, be the Varopoulos extension of g onto Q
as in Lemma 2.14. Now, for each j € N large enough (namely, such that 2=/ < diam 9Q/2), let |
be a cut-off function satisfying that ; = 1 on B(0€, 2-U+D) supp n; C B(0Q, 277y, |V il < 2/, and
0<mn; <1. Weset

4.2) Fj:= —AV(®n)).
It is clear that
(4.3) |Fj| < InjAVO| + |®AV7)l,
and by Lemma 2.14 (ii) and the boundedness of A, we immediately have that
10 (1, AVO)ILr (o) < NI8llLr(o)-
It remains to control the second term on the right-hand side of (4.3). We claim that
4.4) Coo(PAVR ) S MIND), pointwise on 9Q.

Taking the claim for granted for a moment, we easily see by the properties of the Hardy-Littlewood
maximal function and Lemma 2.14 (ii) that

16 (@RAVY )Ly S IN@)Izr(oy S NgllLr(o)-

These bounds together imply that F ;i € Cw,p, and by Holder’s inequality in fact we have that
Fj € C,, for all g € (1,00]. Now, for each g € (1, ), by the density of Lip.(€2) in C,, (see
[MPT25, Lemma 2.5]), we may find compactly supported Lipschitz vector functions F'; such that

4.5) 1€,(F; = F Doy < 2711gllro)-

This finishes the proof of (i) when g is Lipschitz continuous, modulo the claim.

Proof of Claim (4.4). Fix & € 0Q. Note that Vr; is supported on the strip S ; := B(9€, 277y \
B(09Q,2U*D), which allows us to write

2J
(4.6) Coo(PAVY)(E) S sup — sup  |D(y)l dm(x).
r>2-G+) T JONBENNS ; yeB(x,6(x)/2)
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Now fix € (2-U*D diam 0Q/2) and M € Z such that 2¥ > r > 2M~1 We need to decompose
QN B(&,r)N S jinto annular regions. To this end, write

A ={xeQnS; : xe B2\ B, 251, keZ, k>—j+3.
Next, note that for each k > —j + 3, the collection of balls {B(x, @)} xeA j is a Besicovitch

covering for Aj;, and so by the Besicovitch Covering Theorem we extract a finite collection

{Vele = {B(xe, %)}[ of such balls with uniformly finite overlap (depending only on dimension).
Hence

an | sup K0y dm()
QNBE,NNS j yeB(x,0(x)/2)
<[/ s epldm( + Z S [ s joidn]
QﬂSjﬂB(g‘f,Z’/H) yeB(x,6(x)/2) Vi yeB(x,0(x)/2)

=—j+3 ¢
M-1
=: Iy + Z Iy.
k=—j+3
We control Iy first. Note that
QNS;NBE2T) Cy,0),  forall{ € QN B(&,277%)
for « large enough (namely @ > 31), and so

sup DY) < Np(D)(D), forall x e QNS ;N BE277) and all £ € 0Q N B(£,277).
yeB(x,6(x)/2)

It follows that

Ino s/ | ][  Na(®)Q) dor () dm(x) ~ 27 /  Ne(®)Q) do(©).
QNS jNBE2-1+3)J 0QnB(E2-7+3) HONB(£2-7+3)

We turn to [ for fixed k > —j + 3. It is clear that for each ¢,
{yeQ : yeBx %) for some x € Vi } C Blxz, 26(xc)),
and if £, € Q) is such that |x; — &¢| = dist(x,, Q) = 6(x¢), then
B(xy, %(5(}@)) C ve(0) for each £ € W, := 0Q N B(, %(5()65)).
for a > %. Therefore, for each ¢,

sup Oy < N(D)(), for all £ € Wy and all x € V.
YEB(x,6(x)/2)

Hence, using that 6(x;) ~ 27/, it follows that

48) > /V sup ()| dm(x) <Y /V | N(@)(Q) o (¢) dm(x)
¢ ¢ ¢/ We

7 YEB(x.6(x)/2)

<Y MO0dr©) <27 Y [ M@ o),
¢ ‘ ¢ t
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We now show that there exists N € N (depending only on dimension) such that for each k, each
{ € UpW; can belong to at most N sets in the union. Indeed, if W, and W,, intersect for some ¢, m,
then from the definition of W, and repeated application of the triangle inequality we deduce that
|xe — x| < %2‘1 . It follows that if £ € Ny Wy for a subcollection {W }¢, then

Up Ve C B(x,y, %Tj ), for some x,, in the subcollection {x; }¢.

As the V; have uniformly finite overlap, it follows from the last containment that there can be at
most a uniformly finite number N of elements in the subcollection {V },. Using this result in (4.8),
we deduce that

> / sup ()| dm(x) < 27 / N@)()dor(2).
7 Ve UeWe

YEB(x,0(x)/2)

Note that if £ € U;Wp, then | — &| = 2% (with universal constants independent of dimension).
Indeed, this follows by straightforward applications of the triangle inequality. Hence, there exist
universal a, b > 0 such that if Cy := {¢ € 0Q : a2k < |¢ — & < b2¥*1}, then U, W, C C, and so

L<27 | N@Qdo©Q),  k>-j+3.
Ck

It is easy to see that the Cj’s have uniformly finite overlap, and so

M-1 .
> ns2i | N@)Q) dor ().

k=43 AQNB(Eh2M)\B(£,a2-7+3)

Adding our estimates for Ipg and the sum of the I;’s, from (4.7) we see that

/ sup o0l dn(o) < 271 | N@)E) d(©).
QNBE NS yeB(x,5(x)/2) AQNB(E,b2M)
Using this estimate in (4.6), we have that
1
Coo(@AVY)(E) S sup — N(@)(Q) do(§) < MIN(@)(&),

rs2-G+h T JaqnBe,cr
as desired.

Proof of (ii). We continue to assume that g € Lip(dQ2). Note that, in this case, by the Wiener
regularity theorem we have that the solution to (1.4) satisfies u € C(2) N Wh2(Q) and ulyo = g
(both in the pointwise sense and in the sense of traces in the space 7(0Q) = W'2(Q)/ Wé’z(Q)).
Let w; be as in (ii) (with F; defined in the paragraph leading up to (4.5), with ¢ = 2), and let us
begin with (ii) (c). By hypothesis (D[L,) is solvable in Q, which implies by [MPT25, Theorem 1.2]
that (PDé) is solvable in Q, and therefore

IN2WDIr o) S NCF ey < Ngllero)s

where we used (1.5). Note also that u € Ny, trivially. Let p’ be the Holder conjugate of p. By
[HR13, MPT25], we know that (C; /)" = Ny ,; thus, to show the weak-* convergence in Ny, is
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precisely to show that

4.9) /(wj —u)Hdm — 0, asj— oo, foreach H € Cy .
o)

Assume first that / € Lip,.(€2), and let v € WS’Z(Q) be the weak solution to the Poisson problem

—divATVy = H, inQ,
(4.10)
v=0, on 0.

Using the conormal derivative (see Definition 2.10), it follows that
4.11)

/ (wj—uHdm = / ATV (w; = uydm — 8y, v, wj — u) = / ATV (w; = u)ydm + 8y, v, u),
Q Q Q

where we used that (8,,AT v,w;) = 0 for each j. On the other hand, note that
(4.12) / ATV (w; — u)dm = / ATVYVYw;dm — / ATVYWVudm
Q o) o)

:/AijVvdm—/AVqudm:/Fvadm,
Q Q Q

since Lu = 0, Lw; = —divF;inQand v € WS’Z(Q). Next, using the definition of F'; and F i (see
(4.2) and (4.5)), we have that

(4.13) / FjVvdm = / (Fj— Fj)Vvdm - / AV(®n;)Vvdm,
Q Q Q
and

4.14) ‘ /(Fj - Fj)VVdm’ < |G(F; - Fj)”L”(o-)||N2(VV)”LP'(O—) < 278l 1 C(EDlle(or,
Q

where we used that the Poisson-Regularity problem (PRIL; ) is solvable in €, since (Dé) is solvable
in Q (see [MPT?25, Definition 1.6 and Theorem 1.8]). Next, we see that

(4.15) —/AV(CDnj)Vvdm: —/ATVVV(CDI]j)dmZ —(GVATV,CDnj)—/HCI)njdm
Q Q Q

where we used the definition of the conormal derivative. Putting (4.11) together with (4.12), (4.13),
and (4.15), we get that

(4.16) /Q(wj—u)Hdmz —/QH(Dnjdm + (0y v, u—Onj) + /Q(Fj—Fj)Vvdm.

The third term on the right-hand side of (4.16) vanishes as j — co due to (4.14). The second term
is identically O for all j since u—®n; € Wé’z(Q), and this is true by virtue of the fact that both u and
®n; are in WH(Q) N C(Q) and ulsq = Pnjlaq = g (see [SZ99]). As for the first term, notice that,
since H has compact support in Q and suppn; C B(0L, 277, it follows that for all j large enough
(depending on the support of H), this term becomes identically 0. This establishes the convergence
(4.9) in the case that H € Lip.(Q2).
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Now suppose that H € C,  is arbitrary. Since compactly supported Lipschitz functions are
dense in C; ;y (see [MPT25, Lemma 2.5]), there is a sequence {Hy}renw C Lip.(€2) such that

162(H — Hllpy () = 0 as k — oo.

We may write for each j, k € N,

4.17) /(wj —u)H dm = /(wj —u)(H - Hy)dm + /(wj —wHydm =11+ I,
Note that " ’ ;
I < IN2(w) = Wl 162(H = HOllp (o
< I8l + N2 @l 1G5 H = HOll )

S [II%(Fj)lle(a) + ”g”LP(O'):| 162(H = HllLy (o) S I8llr o l62(H = HllLy (o)

where we used Proposition 2.5 and the solvability of (PD;) [MPT25, Theorem 1.2]. Fix € > 0,
and then by the previous calculations we see that we can fix k large enough so that |I;| < &/2 for
all j € N. With k fixed, since Hj € Lip.(€), we have that for all j large enough, |I»| < &/2, as we
already proved (4.9) when H € Lip.(Q2). We conclude that w; — u in the weak—=x topology in N .

That this convergence cannot be improved to the weak topology in N , unless g = 0 follows
from the fact that L”' (9Q) c (N2,,)* from Theorem 1.8. More precisely, suppose that w; — u
weakly in No ,; then (w;, ¢) — (u, ¢) for each ¢ € (N> ,)*. In particular, by Theorem 1.8 this is
true for arbitrary ¢ € L7 (8Q). However, since w ; =0 on 0Q for each j, it follows that (w;, ¢) = 0
for any ¢ € L (0Q), which would imply that (u, ¢) = O for any ¢ € L (0QY), hence g = ulpg = 0
on Q. This finishes the proof of (ii) (c).

We now prove (ii) (a) and (ii) (b). Recall that F ; was defined in (4.2). Let w; € W&’z(Q) be the
unique weak solution to the Poisson problem

—diVAVWj = —div Fj, in Q,
w; =0, on 0Q.

Then, for each j,k € N, note that Ww; — W, must be the unique weak solution in Wé’z(Q) to the
problem

—divAV(W; —Wwy) = —div(F; — Fy), in Q,
wi—wp =0, on 0L
On the other hand, note that the function ®n; — @y € Wé’Z(Q) is also a solution to (4.18). By the
uniqueness, it follows that
(4.19) W — Wi = O — mp), for each j, k € N,

Let us now fix a compact set K C Q and use the above observation to show that {w;}; (defined by
(1.6)) is a Cauchy sequence in L*(K). Indeed,

Wj—Wk=(Wj—ﬂ/j)+(ﬂ/j—ﬂ/k)+(ﬂ/k—wk)=T]+T2+T3.
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Since K is compact, there exists £ € N (depending on K) so that 2701 < dist(K, dQ). Tt follows
that for all j,k > £, w; — W, = 0 on K, by (4.19). Hence T, — 0 as j,k — oo. As for T, note that

(4.20) lw; = Will2) S IN2Wj =W llrie) S NGEF ;= Fllirey < 277N1gllre)s

where we used the solvability of (PD;) [MPT25, Theorem 1.2] and (4.14). Hence T vanishes in
[*(K)norm as j — oo. In a completely analogous manner, the term 73 will vanish in the L*(K)
norm as k — oo,

We have thus shown that {w;}; is Cauchy in L%(K), and therefore there exists w € L*(K) such
that w; — w strongly in L*(K). By considering an exhausting sequence of compact sets K, in Q
(i.e. Ky € K1 € Q and dist(K,,;, 0Q2) — 0) and a straightforward diagonalization argument, we
may take w to be defined in all of Q and w; — win L?(K) for all compact sets K C Q.

By the previous result and the Caccioppoli inequality, it is an exercise to see that for each com-
pact K C Q, {Vw;} is Cauchy in L*(K), and hence w is weakly differentiable, and w; — w strongly
in W"2(K). In fact, as we have already shown (ii) (c), from (4.9) and the fact that L*(K) Gy,
it follows that {w;}; converges to u weakly in L?*(K), and so we must have that w = u as elements
in L?(K), and hence pointwise almost everywhere in Q. At this juncture we may conclude that
w; — u strongly in Wllo’g(Q), which finishes the proof of (ii) (b).

Finally, by the DeGiorgi-Nash-Moser theory, for each compact K ¢ Q, the C*(K) norm of
wj —u is controlled by [w; — ull;2 g, where K is compact and K € K C Q (see for instance [HL11,
Theorem 4.11]. As w; — u strongly in LfOC(Q), it follows that w; — u converges to 0 in the C*(K)
norm. This ends the proof of (ii) (a).

Part 2. Case g € L”(0Q, o).

Note that we have fully proven Theorem 1.3 in the case that g € Lip(d€2), and we will use this
in the sequel. Fix g € LP(0Q, o). Since Lip(0Q, o) is dense in LP(0€, o), we may find a sequence
{gr}x € Lip(0Q, o) such that g, — g strongly in LP(0Q, o). Foreach k € N, let uy € w2 Q)NC(Q)
be the unique solution to the Dirichlet problem

—divAVu, =0, in Q,
{ U = gk, on 09,
and let {Fy ;}; and {wy ;}; be the sequences described in the conclusion of Theorem 1.3 associated
to gk, and constructed explicitly as described in the proof of Part 1 above.

Now fix a strictly increasing subsequence of natural numbers {ji}; and define
Fi = Fyj,, Wi 1= Wi i
Proof of (i). Simply note that for each k € N,
162 (Fr il oy < lgkllroy < Nlgllzrio

where we have used that the analogous result deduced in the case of Part 1.

Proof of (ii). The statements in (ii) (a) and (ii) (b) follow directly from the analogous results of
Part 1 and the straightforward observation that the convergence in those topologies also hold for
ur — u, since u; — uin Ny ,» (with essentially the same proof). We leave the details to the reader.
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We show (ii) (c). We must show that (4.9) holds; as before, let us first fix H € Lip.(€2). For each
J = Jjk, we may write

/Q(Wk —uwHdm = /Q(Wk’j" —wi, )H dm + /Q(Wk’j —w)H dm + /Q(uk —wHdm =T+ T, +T;s.
Let us see why each of these terms vanish as k — oo, starting with 73. Note that
IT3] < IN2 G — Wl oIl 20y S gk = gl 1G22y
where we used that (Dg) is solvable in Q2. Next, set
Fyj = —AV(Din)), k,jeN.

and Wy ; as the solution to the Poisson problem (1.6) with F k,j in place of F;. Then we write T as
follows:

(4.21) T, = /(wk,jk—ﬂ/k,jk)Hdm+/(v’f/k,jk—Wk,j)Hdm+/(ﬂ/k,j—wk,j)Hdm =: T11+T12+T13.
Q Q Q
Note that

IT11] S INoWi i, = W il G EDro) S 27 Igkllrey < 27 lIglle o),

where we used the estimates in (4.20). Similarly we may obtain

IT131 < 27 llgllzroy < 27 llgllr(o)-
For T,, we use (4.19) to see that

T = / O (nj, —nj)H dm.
Q

By the definition of the cut-off functions 7; and the fact that H is compactly supported in €2, there
exists k* large enough (depending on H) so that for all k > k*, suppn; NsuppH = @. Since
suppn; C suppn;, whenever j > ji, we conclude that T, = 0 for all k > k* and all j > j;. These
past few observations imply that ||| can be made aribtrarily small for all £ large enough and all
j = Jji. Finally, T, vanishes as j — co by (4.9) for the case of Part 1, which we already showed.

The proof of (4.9) in the full generality with H € C; ; follows similarly as in Part 1; one must
use the following adaptation of (4.4):

4.22) Coo(DrAVY ) S MINDy), pointwise on 0€, for all j, k € N.

We leave the details to the interested reader. This ends the proof of (ii) (c). m]
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