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Abstract

We establish a new pointwise estimate for a class of rough operators in the setting of metric
measure spaces endowed with a measure which is Ahlfors regular. This pointwise inequality
can be divided in two steps: the first one relies in a subrepresentation formula that involves
a modified Riesz potential and the upper gradient of the function considered and the second
step gives a pointwise control of the Riesz potential in terms of a maximal function and a
Morrey norm. We also investigate a family of functional inequalities that can be deduced
from this pointwise estimate.
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1 Introduction

The main purpose of this article is to study some pointwise estimates for rough operators defined
in the general framework of metric measure spaces (X, d, µ). The analysis of the boundedness
of operators in this setting has been developing for several years and many of the classical tools
and techniques available in the usual framework of Rn (endowed with its natural distance and
measure) have been generalized or adapted to this more general structure. See for example [13],
[15], [26], [31], [35], [38] and the references therein.

Since the work of Coifman and Weiss [4], it is known that the spaces of homogeneous type
provide a general framework in which several results from harmonic analysis on Euclidean spaces
can be generalized. One of the main ingredients of this theory is related to Borel measures µ
that satisfy the doubling property i.e. there exists a positive constant C such that

µ(B(x, 2r)) ≤ Cµ(B(x, r)), (1.1)

for every ball B(x, r) of center x and radius r. In [31] is presented a theory of Calderón-
Zygmund operators on non-homogeneous spaces by replacing the doubling condition (1.1) with
the condition

µ(B(x, r)) ≤ Crn, (1.2)
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where n is a positive fixed number and the constant C is independent of x and r in a separable
metric space.

Let us mention that the doubling property is deeply connected to the Poincaré-Sobolev in-
equality (see [20], [21], [22], [27] and [28]) and all these tools provide an interesting framework
to analyze some properties of generic operators that fall outside the usual setting considered in
previous works.

Motivated by these generalizations, in this article we will study some pointwise estimates
between a particular type of operators and some modified Riesz-like potentials. More specifically
we will consider the following framework:

• Properties of the space. Let (X, d, µ) be a metric measure space and we denote B(x, r)
the open balls given by B(x, r) = {y ∈ X : d(x, y) < r}. The measure µ is assumed to be
a Borelian measure over the metric space X and we will always assume that the spheres
S(x, r) = {y ∈ X : d(x, y) = r} are of measure zero for all x ∈ X and all 0 < r < +∞.

• Properties of the measure. Besides the general properties of the measure µ, we will
consider here a nonnegative, nonatomic measure µ which satisfies the upper and lower
Ahlfors condition:

c1r
ν ≤ µ(B(x, r)) ≤ c2r

ν , (1.3)

for all x ∈ X and 0 < r < +∞, for some power index 0 < ν < +∞ and for some positive
constants 0 < c1 ≤ c2 < +∞. This type of measure µ is called Ahlfors ν−regular measure
in [1], [17], [10].

Remark 1. Under this lower and upper Ahlfors-type condition (1.3) we obtain that the
measure µ is doubling since, for all x ∈ X and all 0 < r < +∞, we have the estimates

µ(B(x, 2r)) ≤ c2(2r)ν = c2
2ν

c1
c1r

ν ≤ c2
2ν

c1
µ(B(x, r)).

The reverse is not true, for example a space with doubling measure which is not Ahlfors
regular is the weighted Rn with dµ = |x|αdx, with α > −n (see [3, Example 3.5, p. 67] for
details).

Note that in the particular case when X = Rn and d is the usual Euclidean distance, we
can easily see that the Lebesgue measure verifies the condition (1.3) with ν = n, as we
have |B(x, r)| = vnr

n where vn is the volume of the n-dimensional unit ball.

We can now define in a usual way the Lebesgue spaces Lp(X), for 1 ≤ p ≤ +∞ as the set
of measurable functions f : X −→ R such that

‖f‖Lp =

(∫
X
|f(x)|pdµ(x)

) 1
p

< +∞,

with the usual modifications when p = +∞. Recall that if 1
p + 1

p′ = 1 with 1 ≤ p ≤ +∞
and if f, g : X −→ R are two measurable functions such that f ∈ Lp(X) and g ∈ Lp′(X),

then we have the classical Hölder inequality given by

∫
X
|f(x)g(x)|dµ(x) ≤ ‖f‖Lp‖g‖Lp′ .

We recall also that the set of locally integrable functions L1
loc(X) is given by the condition

‖f‖L1(A) =

∫
A
|f(x)|dµ(x) < +∞, for all compact set A.
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We will denote by fE the integral average defined as

fE =
1

µ(E)

∫
E
f(x)dµ(x),

where E ⊂ X is a µ-measurable set of positive measure 0 < µ(E) < +∞.

• The upper gradient. In this metric setting, one of the most natural generalization of the
gradient of a function was introduced in [20] as a tool to study quasiconformal maps. Let
f : X −→ R be a L1

loc(X) function, the upper gradient of f is a function g : X −→ [0,+∞]
such that we have

|f(x)− f(y)| ≤
∫
γx,y

gds, (1.4)

for all x, y ∈ X and for all rectifiable curves γx,y joining x to y. See [21] and [22] for more
details and properties of upper gradients.

• The Poincaré-Sobolev inequality. A metric measure space (X, d, µ) is said to support
a (weak) (s, q)-Poincaré inequality with 1 ≤ s < q < +∞, if there exist some constants
1 < C < +∞ and 1 ≤ σ < +∞ such that we have the estimate(

1

µ(B(x, r))

∫
B(x,r)

|f(x)− fB|qdµ(x)

) 1
q

≤ Cr

(
1

µ(B(x, σr))

∫
B(x,σr)

g(x)sdµ(x)

) 1
s

, (1.5)

whenever B(x, r) is a ball of radius 0 < r < +∞, f ∈ L1
loc(X) and g : X −→ [0,+∞] is

an upper gradient of f in the sense of the expression (1.4) above. The definition for spaces
supporting Poincaré-Sobolev inequalities are due to Heinonen and Koskela in [20]. See also
the book [22] for more details.

Remark 2. There is a very deep and strong connection between doubling metric measure
spaces and the Poincaré-Sobolev inequality (1.5). See [2], [16], [27] and [28] for more
details on this topic.

• The Kernels. The properties of the operators we want to study here will depend on the
properties of their kernels and we will consider a kernel K : X ×X \ {x = y} −→ R, which
is a measurable function such that, for all x, y ∈ X (with x 6= y), we have the pointwise
estimate

|K(x, y)| ≤ C

d(x, y)ν
, (1.6)

where ν > 0. We will also assume that, for all x 6= y, the limit

lim
ε→0

∫
{ε<d(x,y)}

K(x, y)dµ(y),

exists for µ-almost every point x ∈ X and finally, we will assume that we have the following
pseudo-radial null condition ∫

{a<d(x,y)<b}
K(x, y)dµ(y) = 0, (1.7)

for all 0 < a < b < +∞ and for all x ∈ X. Note in particular that we do not impose
any regularity condition to the kernel K(·, ·) and this type of kernel considered here does
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not fall in the setting considered in [15], [31] or [38]. Indeed, in these articles the following
“regularity” condition is assumed for the kernels K:

|K(s, t)−K(s0, t)|, |K(t, s)−K(t, s0)| ≤ C d(s, s0)α

d(t, s0)ν+α
,

for some α > 0, whenever d(t, s0) ≥ 2d(s, s0). Instead, we only assume here integrability
conditions for the kernels.

• The Operators TK and T ∗K . We will now define, for a suitable function f : X −→ R, the
operator TK , associated to a kernel K that satisfies the previous conditions (1.6)-(1.7), by
the expression

TK(f)(x) =

∫
X
K(x, y)f(y)dµ(y). (1.8)

Associated to this operator we consider the maximal singular operator associated to TK

T ∗K(f)(x) = sup
ε>0

∣∣∣∣∣
∫
{ε<d(x,y)}

K(x, y)f(y)dµ(y)

∣∣∣∣∣ . (1.9)

The operator TK defined in (1.8) with a kernel K that satisfies the conditions (1.6)-(1.7)
will be denoted here as a rough Calderón-Zygmund operator.

• The Riesz-type operator. If f : X −→ R is a locally integrable function then for a
parameter 0 < s < ν, we define the following Riesz-type operator Rs,µ by the expression

Rs,µ(f)(x) =

∫
X

d(x, y)s

µ(B(x, d(x, y)))
f(y)dµ(y). (1.10)

It is easy to see that if dµ is the usual Lebesgue measure and if d(x, y) = |x − y| is the
natural distance over Rn, we obtain the classical Riesz potentials (up to some dimensional
constants): indeed, if we denote by vn the volume of the n-dimensional unit ball, we have

Rs,µ(x) =

∫
Rn

|x− y|s

µ(B(x, |x− y|))
f(y)dµ(y) =

∫
Rn

|x− y|s

|B(x, |x− y|)|
f(y)dy

=

∫
Rn

f(y)

vn|x− y|n−s
dy = c(n)Is(f)(x).

With these concepts at hand, we will now study some pointwise inequalities that involve the
rough maximal operator T ∗K defined in (1.9) and the Riesz-type operatorRs,µ presented in (1.10).

Theorem 1 (Rough Operator estimate). Consider (X, d, µ) a metric measure space en-
dowed with a Ahlfors regular measure µ that satisfies the lower and upper condition (1.3) with
some power constant 0 < ν < +∞ and with constants 0 < c1 ≤ c2 < +∞. Assume also that the
metric measure space (X, d, µ) supports the weak Poincaré-Sobolev inequality (1.5).

For a locally integrable function f : X −→ R, if g : X −→ [0,+∞] denotes its upper gradient in
the sense of the expression (1.4), (which is assumed to be a locally integrable function) and if
we have the condition

21−ν
(
c2
c1

)
< 1, (1.11)
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then for an operator T ∗K defined in (1.9) associated to a kernel K(·, ·) that satisfies the conditions
(1.6)-(1.7), we have the following pointwise estimate

T ∗K(f)(x) ≤ CR1,µ (g) (x), (1.12)

where R1,µ is the Riesz-type operator defined in the expression (1.10) above.

Some remarks are in order there. First we note that the estimate (1.12) above is a generaliza-
tion to nonconvolution type Calderón-Zygmund operators in a metric measure framework with
measures being Ahlfors regular of our previous work [6] and, to the best of our knowledge, this
result is new for this class of “rough” operators. Remark next that, as pointed out before, we
do not impose any Lipschitz-Hölder regularity to the kernels K(·, ·) but instead we require the
pseudo-radial null condition (1.7). This conditions is reminiscent of the case of convolution type
operators as considered in [6], [23], [24] or [25], where the operators considered there are of the
form

TΩ(f)(x) =

∫
Rn

Ω(y/|y|)
|y|n

f(x− y)dy,

and in this case the null condition (1.7) is a straightforward consequence of the fact that the

function Ω : Sn−1 −→ R is such that

∫
Sn−1

Ω dσ = 0. Note now that the condition (1.11) is

essentially technical and imposes a special behavior of the measure µ and we do not know if it
is possible to get rid of this condition. To finish the remarks, we point out that it is an interest-
ing open problem to generalize the estimate (1.12) to a metric measure setting where we only
dispose the upper Ahlfors condition µ(B(x, r)) ≤ c2r

ν . This research program will probably
require a different approach which it is outside the scope of this article.

The estimate (1.12) can be transformed into a more useful pointwise inequality and for this we
need to introduce two more objects.

• Maximal functions. For a locally integrable function f : X −→ R, we define the maximal
function Mµ by the formula

Mµ(f)(x) = sup
B3x

1

µ(B)

∫
B
|f(y)|dµ(y), (1.13)

where the supremum is taken over all open balls B that contain the point x.

• Morrey spaces. For 1 ≤ p ≤ q < +∞, the Morrey spaces Mp,q
µ (X) are defined as the set

of all measurable functions f : X −→ R such that the condition

‖f‖Mp,q
µ

= sup
x∈X, r>0

(
1

µ(B(x, r))
1− p

q

∫
B(x,r)

|f(y)|pdµ(y)

) 1
p

< +∞, (1.14)

is satisfied. Note in particular that if p = q, then we recover the usual Lebesgue spaces,
i.e. we have Lq(X) =Mq,q

µ (X).

Our next result show explicitly how to control the Riesz-type operatorRs,µ by maximal functions
and a norm of a Morrey space.

Theorem 2 (Morrey-type pointwise inequality). Consider (X, d, µ) a metric measure space
endowed with a measure µ that satisfies the upper and lower Ahlfors condition (1.3) with a power
index 0 < ν < +∞ and constants 0 < c1 ≤ c2 < +∞.
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Let f : X −→ R be a measurable function that belongs to a Morrey space Mp,q
µ (X) defined in

the expression (1.14) above with 1 < p ≤ q < +∞.

If 0 < s < ν is a parameter such that s < ν
q , then the Riesz-type operator Rs,µ(f) defined in the

expression (1.10) can be controlled pointwise in the following manner:

|Rs,µ(f)(x)| ≤ CMµ(f)(x)1− qs
ν ‖f‖

qs
ν

Mp,q
µ
, (1.15)

where C = C(s, c1, c2, ν, q).

We first remark here that if X = Rn (with its natural structure) and if dµ = dx is the usual
Lebesgue measure, then we easily recover some previous results (see e.g. [6]). Next note that

if p = q > 1 we obtain the estimate |Rs,µ(f)(x)| ≤ CMµ(f)(x)1− qs
ν ‖f‖

qs
ν

Lq(µ) which is a gener-

alization of the classical Hedberg inequality [18] to metric measure spaces when the measure
is regular in the sense of the Ahlfors condition (1.3). See also [36, Theorem 2.3] for a similar
result in a slightly different framework. Let us also mention that some boundedness properties
of quite similar operators were studied in [15], [35], and [36] or [37].

The previous result, while interesting in itself, is merely a pretext to obtain a pointwise
control over the operators T ∗K (applied to some suitable function f) by the maximal function of
the upper gradient g of f and a Morrey norm of the upper gradient g. More precisely, we have:

Theorem 3 (A new pointwise inequality). Consider (X, d, µ) a metric measure space en-
dowed with a measure µ that satisfies the Ahlfors condition (1.3) with a power index 0 < ν < +∞
and constants 0 < c1 ≤ c2 < +∞ and that supports the weak Poincaré-Sobolev inequality (1.5).

Assume that 21−ν
(
c2
c1

)
< 1 and let f : X −→ R be a measurable function. If g : X −→ [0,+∞]

is an upper gradient of f and if g belongs to a Morrey space Mp,q
µ (X) defined by the expression

(1.14) above for some parameters 1 < p ≤ q < +∞ such that q
ν < 1, then we have the following

pointwise estimate

T ∗K(f)(x) ≤ CMµ(g)(x)1− q
ν ‖g‖

q
ν

Mp,q
µ
. (1.16)

Proof. This result is a consequence of the two previous theorems. Indeed, by the inequality
(1.12) we write T ∗K(f)(x) ≤ CR1,µ (g) (x) then, since by the estimate (1.15) we have

R1,µ (g) (x) ≤ CMµ(g)(x)1− q
ν ‖g‖

q
ν

Mp,q
µ
,

we easily derive the pointwise estimate

T ∗K(f)(x) ≤ CMµ(g)(x)1− q
ν ‖g‖

q
ν

Mp,q
µ
,

and this ends the proof of the theorem. �

As we can see, the pointwise inequality (1.16) is a straightforward consequence of the Theorems
1 and 2. This control (which is, to the best of our knowledge completely new in this framework)
will lead us to some interesting functional inequalities that will be presented in the Section 4
below.

The plan of the article is the following. In Section 2 we present the proof of the Theorem
1, while in Section 3 we prove the Theorem 2 and, finally, in Section 4 we will present some
applications of the previous pointwise estimate (1.16). The constants that appear in this paper,
such as C, may change from one occurrence to the next.
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2 Proof of the Theorem 1

Let us start by recalling the definition of the operator T ∗K given in the expression (1.9) above:
we thus have

T ∗K(f)(x) = sup
ε>0

∣∣∣∣∣
∫
{ε<d(x,y)}

K(x, y)f(y)dµ(y)

∣∣∣∣∣ ,
and for some ε > 0 we consider now the operator

T εK(f)(x) =

∫
{ε<d(x,y)}

K(x, y)f(y)dµ(y).

We recall that we have T ∗K(f)(x) = sup
ε>0
|T εK(f)(x)| and that |TK(f)(x)| ≤ T ∗K(f)(x).

Now, for a function f ∈ L1
loc(X) and for some k0 ∈ Z so that 2k0−2 < ε ≤ 2k0−1, we write

T εK(f)(x) =

∫
{ε<d(x,y)≤2k0−1}

K(x, y)f(y)dµ(y) +
∑
k≥k0

∫
{2k−1<d(x,y)≤2k}

K(x, y)f(y)dµ(y).

If we assume the pseudo-radially null condition (1.7), we can introduce some constants, that we
define later on, in the previous expression to obtain

T εK(f)(x) =

∫
{ε<d(x,y)≤2k0−1}

K(x, y)(f(y)−ck0)dµ(y)+
∑
k≥k0

∫
{2k−1<d(x,y)≤2k}

K(x, y)(f(y)−ck)dµ(y),

from which we deduce the inequality

|T εK(f)(x)| ≤
∑
k∈Z

∫
{2k−1<d(x,y)≤2k}

|K(x, y)(f(y)− ck)|dµ(y).

Now, since by the hypothesis (1.6) we have the control |K(x, y)| ≤ C
d(x,y)ν for all x 6= y, we can

write (recalling that we integrate over the set {2k−1 < d(x, y) ≤ 2k})

|T εK(f)(x)| ≤ C
∑
k∈Z

∫
{2k−1<d(x,y)≤2k}

1

d(x, y)ν
|(f(y)− ck)|dµ(y)

≤ C
∑
k∈Z

∫
{2k−1<d(x,y)≤2k}

1

(2k−1)ν
|(f(y)− ck)|dµ(y),

which we rewrite as follows

|T εK(f)(x)| ≤ C2ν
∑
k∈Z

∫
{d(x,y)≤2k}

1

2kν
|(f(y)− ck)|dµ(y).

Now, if we set two parameters 1 < ρ, ρ′ < +∞, where ρ′ is such that ρ′ = ρ
ρ−1 < ν, then by the

Hölder inequality with 1
ρ + 1

ρ′ = 1, we write

|T εK(f)(x)| ≤ C2ν
∑
k∈Z

1

2kν

(
µ(B(x, 2k))

) 1
ρ

(∫
{d(x,y)≤2k}

|f(y)− ck|ρ
′
dµ(y)

) 1
ρ′

.
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Since the measure µ is upper Ahlfors regular, we have µ(B(x, 2k)) ≤ c22kν and we obtain

|T εK(f)(x)| ≤ C2νc
1
ρ

2

∑
k∈Z

1

2kν
2
k ν
ρ

(∫
{d(x,y)≤2k}

|f(y)− ck|ρ
′
dµ(y)

) 1
ρ′

≤ C2νc
1
ρ

2

∑
k∈Z

1

2
kν(1− 1

ρ
)

(∫
{d(x,y)≤2k}

|f(y)− ck|ρ
′
dµ(y)

) 1
ρ′

,

and we have (since 1− 1
ρ = 1

ρ′ ):

|T εK(f)(x)| ≤ C2νc
1
ρ

2

∑
k∈Z

1

2
k ν
ρ′

(∫
{d(x,y)≤2k}

|f(y)− ck|ρ
′
dµ(y)

) 1
ρ′

≤ C2νc
1
ρ

2

∑
k∈Z

(
1

2kν

∫
{d(x,y)≤2k}

|f(y)− ck|ρ
′
dµ(y)

) 1
ρ′

,

using again the fact that the measure µ is upper Ahlfors regular, we have 1
2kν
≤ c2

1
µ(B(x,2k))

and

we obtain

|T εK(f)(x)| ≤ C2νc2
∑
k∈Z

(
1

µ(B(x, 2k))

∫
B(x,2k)

|f(y)− ck|ρ
′
dµ(y)

) 1
ρ′

.

We fix the constant ck = fBk = 1
µ(B(x,2k))

∫
B(x,2k)

f(y)dµ(y), so we can write

T εK(f)(x) ≤ C
∑
k∈Z

(
1

µ(B(x, 2k))

∫
B(x,2k)

|f(y)− fBk |
ρ′dµ(y)

) 1
ρ′

.

Now we apply the Poincaré-Sobolev inequality given in (1.5) in order to obtain (with the values
1 = s < ρ′ < ν):

|T εK(f)(x)| ≤ C2νc2
∑
k∈Z

(
1

µ(B(x, 2k))

∫
B(x,2k)

|f(y)− fBk |
ρ′dµ(y)

) 1
ρ′

≤ C2νc2
∑
k∈Z

2k
1

µ(B(x, σ2k))

∫
B(x,σ2k)

g(y)dµ(y), (2.1)

where g is an upper gradient of f in the sense of (1.4). We study now the sum in the previous
formula:

S =
∑
k∈Z

2k
1

µ(B(x, σ2k))

∫
B(x,σ2k)

g(y)dµ(y),

(note that we thus have |T εK(f)(x)| ≤ CS ) which we rewrite as follows

S ≤
∑
k∈Z

2k

µ(B(x, σ2k))

∫
{σ2k−1<d(x,y)≤σ2k}

g(y)dµ(y)︸ ︷︷ ︸
(A)

+
∑
k∈Z

2k

µ(B(x, σ2k))

∫
{d(x,y)≤σ2k−1}

g(y)dµ(y)︸ ︷︷ ︸
(B)

. (2.2)
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We will estimate each of the previous terms separately.

• For the term (A) above, we consider first the quantity

2k

µ(B(x, σ2k))

∫
{σ2k−1<d(x,y)≤σ2k}

g(y)dµ(y),

but since we are working over the sets σ2k−1 < d(x, y) ≤ σ2k, we easily deduce the control
σ2k ≤ Cd(x, y) and we can write

2k

µ(B(x, σ2k))

∫
{σ2k−1<d(x,y)≤σ2k}

g(y)dµ(y)

≤ C

σµ(B(x, σ2k))

∫
{σ2k−1<d(x,y)≤σ2k}

d(x, y)g(y)dµ(y).

Since over the set {σ2k−1 < d(x, y) ≤ σ2k} we have d(x, y) ≤ σ2k, then we obtain
1

µ(B(x,σ2k))
≤ 1

µ(B(x,d(x,y))) , and we can write

C

µ(B(x, σ2k))

∫
{σ2k−1<d(x,y)≤σ2k}

d(x, y)g(y)dµ(y)

≤ C
∫
{σ2k−1<d(x,y)≤σ2k}

d(x, y)

µ(B(x, d(x, y)))
g(y)dµ(y).

With this estimate at our disposal, we obtain

(A) =
∑
k∈Z

2k

µ(B(x, σ2k))

∫
{σ2k−1<d(x,y)≤σ2k}

g(y)dµ(y)

≤ C

σ

∑
k∈Z

∫
{σ2k−1<d(x,y)≤σ2k}

d(x, y)

µ(B(x, d(x, y)))
g(y)dµ(y)

≤ C

σ

∫
X

d(x, y)

µ(B(x, d(x, y)))
g(y)dµ(y).

Now, recalling the definition of the operator R1,µ given in (1.10) above, we finally obtain
the estimate

(A) ≤ C

σ
R1,µ (g) (x).

• For the term (B) in (2.2) we consider the quantity:

(B) =
∑
k∈Z

2k

µ(B(x, σ2k))

∫
{d(x,y)≤σ2k−1}

g(y)dµ(y).

Due to the upper and lower Ahlfors regularity of the measure µ given by the conditions
(1.3) we have

µ(B(x, σ2k−1)) ≤ c22−ν(σ2k)ν ≤ c2
c1

2−ν c1(σ2k)ν ≤ c2
c1

2−νµ(B(x, σ2k)),

so we can write
1

µ(B(x, σ2k))
≤ 2−ν

c2
c1

1

µ(B(x, σ2k−1))
,
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and we have

(B) =
∑
k∈Z

2k

µ(B(x, σ2k))

∫
{d(x,y)≤σ2k−1}

g(y)dµ(y)

≤
∑
k∈Z

2k 2−ν
c2
c1

1

µ(B(x, σ2k−1)

∫
{d(x,y)≤σ2k−1}

g(y)dµ(y).

We now obtain the estimate

(B) ≤
∑
k∈Z

21−ν
(
c2
c1

)
2(k−1) 1

µ(B(x, σ2k−1))

∫
{d(x,y)≤σ2k−1}

g(y)dµ(y),

which we rewrite as

(B) ≤ 21−ν
(
c2
c1

)∑
k∈Z

2(k−1) 1

µ(B(x, σ2k−1))

∫
{d(x,y)≤σ2k−1}

g(y)dµ(y),

and we thus have

(B) ≤ 21−ν
(
c2
c1

)∑
k∈Z

2k
1

µ(B(x, σ2k))

∫
B(x,σ2k)

g(y)dµ(y).

With these estimates for the terms (A) and (B), getting back to (2.2) we can write

S ≤ C

σ
R1,µ (g(x)) + 21−ν

(
c2
c1

)∑
k∈Z

2k
1

µ(B(x, σ2k))

∫
B(x,σ2k)

g(y)dµ(y)

≤ C

σ
R1,µ (g(x)) + 21−ν

(
c2
c1

)
S ,

but since we have by hypothesis (1.11) the constraint 21−ν
(
c2
c1

)
< 1, we obtain

S

(
1− 21−ν

(
c2
c1

))
≤ C

σ
R1,µ (g) (x),

which we rewrite as

S ≤ C ′R1,µ (g) (x).

Thus, coming back to (2.1) we have

|T εK(f)(x)| ≤ CR1,µ (g) (x),

and from this estimate (which is uniform in ε > 0) we deduce the wished control

|T ∗K(f)(x)| ≤ CR1,µ (g) (x),

and this ends the proof of the Theorem 1. �
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3 Proof of the Theorem 2

Our starting point is the definition of the operator Rs,µ given in the formula (1.10) above, indeed
we have:

Rs,µ(f)(x) =

∫
X

d(x, y)s

µ(B(x, d(x, y)))
f(y)dµ(y).

By considering a positive parameter K > 0 that will be fixed later we can write

|Rs,µ(f)(x)| ≤
∫
{d(x,y)<K}

d(x, y)s

µ(B(x, d(x, y)))
|f(y)|dµ(y) +

∫
{d(x,y)≥K}

d(x, y)s

µ(B(x, d(x, y)))
|f(y)|dµ(y)

= R1 +R2. (3.1)

The quantity R1 above is treated in the following manner:

R1 =

∫
{d(x,y)<K}

d(x, y)s

µ(B(x, d(x, y)))
|f(y)|dµ(y)

=

+∞∑
j=0

∫
{K2−(j+1)<d(x,y)<K2−j}

(
d(x, y)s

µ(B(x, d(x, y)))

)
|f(y)|dµ(y).

Noting that over the set {K2−(j+1) < d(x, y) < K2−j} we have the control

d(x, y)s ≤ Ks2−sj ,

and since we have the set inclusion B(x,K2−(j+1)) ⊂ B(x, d(x, y)) if K2−(j+1) < d(x, y), then
we can write

µ(B(x,K2−(j+1))) ≤ µ(B(x, d(x, y))),

and using the lower Ahlfors condition (1.3) we obtain

c1(K2−(j+1))ν ≤ µ(B(x,K2−(j+1))) ≤ µ(B(x, d(x, y))),

from which we derive the inequalities

d(x, y)s

µ(B(x, d(x, y)))
≤ Ks2−sj

µ(B(x,K2−(j+1)))
≤ Ks2−sj

c1(K2−(j+1))ν
=

2ν

c1
Ks2−sj

1

(K2−j)ν
.

Noting now that by the upper Ahlfors condition (1.3) we have the estimate 1
(K2−j)ν

≤ c2
µ(B(x,K2−j))

,

we thus obtain the inequality

d(x, y)s

µ(B(x, d(x, y)))
≤ 2ν

c1
Ks2−sj

c2
µ(B(x,K2−j))

.

With this control at hand we can then write

R1 ≤
+∞∑
j=0

∫
{K2−(j+1)<d(x,y)<K2−j}

(
2ν

c1
Ks2−sj

c2
µ(B(x,K2−j))

)
|f(y)|dµ(y)

≤ 2νc2
c1

+∞∑
j=0

Ks2−sj
1

µ(B(x,K2−j))

∫
B(x,K2−j)

|f(y)|dµ(y)

≤ 2νc2
c1

+∞∑
j=0

Ks2−sjMµ(f)(x) =
2νc2
c1
KsMµ(f)(x)

+∞∑
j=0

2−sj ,
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where in the last estimate we used the definition of the maximal functions Mµ given in the
expression (1.13) above. We now obtain the control from which we easily deduce the following
estimate for the first integral of (3.1):

R1 ≤ CKsMµ(f)(x), (3.2)

where C = C(s, c1, c2, ν).

Now, for the quantity R2 in (3.1) we write

R2 =

∫
{d(x,y)≥K}

d(x, y)s

µ(B(x, d(x, y)))
|f(y)|dµ(y) =

+∞∑
j=0

∫
{K2j≤d(x,y)≤K2j+1}

d(x, y)s

µ(B(x, d(x, y)))
|f(y)|dµ(y).

Since over the set {K2j ≤ d(x, y) ≤ K2j+1} we have the control d(x, y)s ≤ Ks2(j+1)s as well as
the set inclusion B(x,K2j) ⊂ B(x, d(x, y)), we obtain µ(B(x,K2j)) ≤ µ(B(x, d(x, y))) and we
have

d(x, y)s

µ(B(x, d(x, y)))
≤ Ks2(j+1)s

µ(B(x,K2j))
,

so we can write

R2 ≤
+∞∑
j=0

Ks2(j+1)s

µ(B(x,K2j))

∫
{K2j≤d(x,y)≤K2j+1}

|f(y)|dµ(y)

≤
+∞∑
j=0

Ks2(j+1)s

µ(B(x,K2j))

∫
{d(x,y)≤K2j+1}

|f(y)|dµ(y),

which can be rewritten in the following manner

R2 ≤ CKs
+∞∑
j=0

2(j+1)s 1

µ(B(x,K2j))

∫
B(x,K2j+1)

|f(y)|dµ(y).

Now, with the Hölder inequality with 1
p + 1

p′ = 1 and 1 < p < +∞, we have

R2 ≤ CKs
+∞∑
j=0

2(j+1)σ 1

µ(B(x,K2j))

(∫
B(x,K2j+1)

|f(y)|pdµ(y)

) 1
p
(∫

B(x,K2j+1)
dµ(y)

) 1
p′

≤ CKs
+∞∑
j=0

2(j+1)s 1

µ(B(x,K2j))

(∫
B(x,K2j+1)

|f(y)|pdµ(y)

) 1
p

µ(B(x,K2j+1))
1
p′ .

Now, we rewrite the previous expression as follows (where 1 < p ≤ q < +∞):

R2 ≤ CKs
+∞∑
j=0

2(j+1)sµ(B(x,K2j+1))
1
p′

µ(B(x,K2j))

×µ(B(x,K2j+1))
1
p
− 1
q

(
1

µ(B(x,K2j+1))
1− p

q

∫
B(x,K2j+1)

|f(y)|pdµ(y)

) 1
p

≤ CKs
+∞∑
j=0

2(j+1)sµ(B(x,K2j+1))
1− 1

q

µ(B(x,K2j))

(
1

µ(B(x,K2j+1))
1− p

q

∫
B(x,K2j+1)

|f(y)|pdµ(y)

) 1
p

,
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and thus, using the definition of the Morrey spaces Mp,q
µ (X) given in (1.14), we obtain

R2 ≤ CKs‖f‖Mp,q
µ

+∞∑
j=0

2(j+1)sµ(B(x,K2j+1))
1− 1

q

µ(B(x,K2j))
.

Using again the upper and lower Ahlfors condition (1.3), we observe that we have

µ(B(x,K2j+1))
1− 1

q

µ(B(x,K2j))
≤ c2(K2j+1)

ν(1− 1
q

)

c1(K2j)ν
=

c2
c1
K−

ν
q 2
ν(1− 1

q
)
2
−j ν

q ,

so we can write

R2 ≤ CKs‖f‖Mp,q
µ

+∞∑
j=0

2(j+1)sµ(B(x,K2j+1))
1− 1

q

µ(B(x,K2j))

≤ CKs‖f‖Mp,q
µ

c2
c1
K−

ν
q 2
ν(1− 1

q
)

+∞∑
j=0

2
−j ν

q
+(j+1)s

= CKs− ν
q ‖f‖Mp,q

µ

c2
c1

2
ν(1− 1

q
)+s

+∞∑
j=0

2
−j( ν

q
−s)
,

and since the previous sum converges (recall that we have s < ν
q ) we finally obtain

R2 ≤ C ′Ks− ν
q ‖f‖Mp,q

µ
, (3.3)

with C ′ = C(s, c1, c2, ν, q).

With the estimates (3.2) and (3.3) at hand, we can come back to the expression (3.1) and
we obtain

|Rs,µ(f)(x)| ≤ R1 +R2 ≤ CKsMµ(f)(x) + C ′Ks− ν
q ‖f‖Mp,q

µ
.

To continue, we set K =

(
Mµ(f)(x)
‖f‖Mp,q

µ

)− q
ν

, and we have

|Rs,µ(f)(x)| ≤ CMµ(f)(x)1− qs
ν ‖f‖

qs
ν

Mp,q
µ
,

which is the wished inequality and this ends the proof of the Theorem 2. �

4 Functional inequalities

Once we have at our disposal the pointwise estimate (1.16) it is a relatively easy task to deduce
a family of functional inequalities. First we consider for some real parameter r, a functional
space (Er, ‖ · ‖Er) given by the condition

Er(X) = {f : X −→ R, f is measurable and ‖f‖Er < +∞},

where ‖ · ‖Er is a “norm” which depends on the parameter r. We can assume for simplicity that
1 < r < +∞ - the typical example of such space is the Lebesgue space Lr(X) endowed with the
usual norm ‖ · ‖Lr . If the quantity ‖ · ‖Er satisfies the following conditions:

• if we have two measurable functions f, g : X −→ R with the (a.e.) pointwise inequality
|f(x)| ≤ |g(x)| valid, such that f, g ∈ Er(X) then

‖f‖Er ≤ ‖g‖Er . (4.1)
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• for some real positive power ρ, such that ρ r > 1, we have the identity

‖|f |ρ‖Er = ‖f‖ρEρr , (4.2)

whenever f ∈ Eρr(X). Note in particular that for the usual Lebesgue spaces we have
‖|f |ρ‖Lr = ‖f‖ρLρr and also for the Morrey spaces given in (1.14) we have the identity
‖|f |ρ‖Mp,q

µ
= ‖f‖ρMρp,ρq

µ
.

• for a generic maximal operator Mµ we have the boundedness in the spaces Er(X).

‖Mµ(f)‖Er ≤ C‖f‖Er . (4.3)

Now if we consider the generic pointwise estimate

T ∗K(f)(x) ≤ CMµ(g)(x)1− q
ν ‖g‖

q
ν

Mp,q
µ
,

(where the indexes ν, p, q are given in the context of the Theorem 3) we can use the property
(4.1) to obtain:

‖T ∗K(f)‖Er ≤ C
∥∥∥Mµ(g)1− q

ν

∥∥∥
Er
‖g‖

q
ν

Mp,q
µ
,

and then by the property (4.2) for the space Er(X) we have

‖T ∗K(f)‖Er ≤ C ‖Mµ(g)‖1−
q
ν

E(1− qν )r
‖g‖

q
ν

Mp,q
µ
.

Next, if the maximal operator Mµ is bounded in the space E(1− q
ν

)r(X) then by the property
(4.3) we have that

‖T ∗K(f)‖Er ≤ C‖g‖1−
q
ν

E(1− qν )r
‖g‖

q
ν

Mp,q
µ
, (4.4)

which is the functional inequality that we want to establish (of course, as long as we have that
the upper gradient g satisfies g ∈ E(1− q

ν
)r(X) and g ∈ Mp,q

µ (X)). Let us insist that we did
not specify in the inequality above the relationship between the indexes r, ν or p, q and thus
the previous functional inequality must be understood as a “theoretical” and fairly general esti-
mate: the relationship between these indexes must be understood in the setting of the Theorem 3
and also must be related to the properties of the functional framework given by the space Er(X).

Let us remark now that when dealing with norms over functional spaces, it is quite natural to
ask for the condition (4.1), however the property (4.2) is far less natural and in some situations
the boundedness of the maximal function Mµ given in (4.3) just fails (think for example in the
space L1(Rn) where we do not have Mµ : L1 → L1).

In what follows we study some functional inequalities that can be deduced from the pointwise
estimate given in the expression (1.16).

• Lebesgue spaces Lr(X). Note that for, 1 < r < +∞, the norm

‖f‖Lr =

(∫
X
|f(x)|rdµ(x)

) 1
r

,

obviously satisfies the property (4.1) and for the property (4.2), as announced before, we

simply have ‖|f |ρ‖Lr =

(∫
X
|f(x)|ρrdµ(x)

) 1
r

= ‖f‖ρLρr . Moreover, following [4], [30], the
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maximal function Mµ associated to the measure µ and defined in the expression (1.13)
above, satisfies the control

‖Mµ(f)‖Lr ≤ C‖f‖Lr ,

as long as 1 < r < +∞. Under the hypotheses of the Theorem 3 (i.e. f : X −→ R is
a measurable function, g : X −→ [0,+∞[ is an upper gradient of f and g is such that
g ∈ Mp,q

µ (X) with 1 < p ≤ q < +∞ and 1 < ν
q , 1 < p ≤ q < +∞) if 1 < r < +∞ is an

index such that (1− q
ν )r > 1, then setting Er(X) = Lr(X) in (4.4), we obtain

‖T ∗K(f)‖Lr ≤ C‖g‖1−
q
ν

L(1− qν )r
‖g‖

q
ν

Mp,q
µ
. (4.5)

To the best of our knowledge the previous estimation (4.5) seems to be new in this setting.

Remark in particular that if we set r = qν
ν−q and p = q, since we have the space identification

Mq,q
µ (X) = Lq(X), we easily derive from the previous estimate the following inequality

‖T ∗K(f)‖Lr ≤ C‖g‖1−
q
ν

Lq ‖g‖
q
ν

Mq,q
µ

= C‖g‖1−
q
ν

Lq ‖g‖
q
ν
Lq ,

i.e.
‖T ∗K(f)‖Lr ≤ C‖g‖Lq ,

and this gives a new Sobolev-like inequality.

• Lorentz spaces Lr,m(X). Lorentz spaces are an useful generalization of Lebesgue spaces.
For a measurable function f : X −→ R, for α ≥ 0 and for some indexes 1 ≤ r < +∞ and
1 ≤ m < +∞, we can characterize the Lorentz spaces Lr,m(X) by the condition

‖f‖Lr,m = r
1
m

(∫ +∞

0

(
αµ ({x ∈ X : |f(x)| > α})

1
r

)m dα
α

) 1
m

< +∞,

and when m = +∞, we simply write ‖f‖Lr,∞ = sup
α>0

{
αµ ({x ∈ X : |f(x)| > α})

1
r

}
. For

these spaces it is easy to see that we have the property (4.1) as well as the property (4.2):
for some index ρ > 0 and for 1 ≤ r < +∞, 1 ≤ m ≤ +∞, we have

‖|f |ρ‖Lr,m = ‖f‖ρLρr,ρm ,

see [5, Proposition 1.2.11] for a proof. The boundedness of the maximal function Mµ in
this context was studied in [4], [30], see also [29].

Now, in the framework of the Theorem 3, if f : X −→ R is a measurable function and if
g : X −→ [0,∞) is an upper gradient of f , then by applying the Lorentz norm Lr,m to the
pointwise inequality (1.16) we easily derive the functional control

‖T ∗K(f)‖Lr,m ≤ C‖Mµ(g)‖1−
q
ν

L(1− qν )r,(1− qν )m
‖g‖

q
ν

Mp,q
µ

≤ C‖g‖1−
q
ν

L(1− qν )r,(1− qν )m
‖g‖

q
ν

Mp,q
µ
,

where we have q
ν < 1, 1 < (1− q

ν )r < +∞ and 1 < (1− q
ν )m < +∞. The boundedness of the

maximal function Mµ in the context of measure spaces was studied in [4], [30], see also [29].
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A particular case of the previous inequality is the following: if 1 < r < +∞ is such that
(1− q

ν )r = 1, then we can write, by taking the Lr,∞ norm to the both sides of the pointwise
control (1.16):

‖T ∗K(f)‖Lr,∞ ≤ C‖Mµ(g)‖1−
q
ν

L(1− qν )r,∞‖g‖
q
ν

Mp,q
µ

= C‖Mµ(g)‖1−
q
ν

L1,∞‖g‖
q
ν

Mp,q
µ
,

and since the maximal function Mµ is bounded from L1(X) to L1,∞(X), we obtain the
estimate

‖T ∗K(f)‖Lr,∞ ≤ C‖Mµ(g)‖1−
q
ν

L1,∞‖g‖
q
ν

Mp,q
µ
≤ C‖g‖1−

q
ν

L1 ‖g‖
q
ν

Mp,q
µ
.

Note that, in the scale of Lebesgue and Lorentz spaces, the case when (1− q
ν )r = 1 seems

to be a lower end point for the parameter 1 < r < +∞.

• Morrey spaces Mp,q
µ . These spaces were introduced with the condition (1.14) above. As

before, the property (4.1) is straightforward and for ρ > 0 we can write (as long as ρp > 1)

‖|f |ρ‖Mp,q
µ

= sup
x∈X, r>0

(
1

µ(B(x, r))
1− p

q

∫
B(x,r)

(|f(y)|ρ)pdµ(y)

) 1
p

= sup
x∈X, r>0

 1

µ(B(x, r))
1− (ρp)

(ρq)

∫
B(x,r)

|f(y)|ρpdµ(y)

 1
p

= ‖f‖ρMρp,ρq
µ

,

which is the property (4.2). The boundedness of the maximal function Mµ in the setting
of Morrey spaces was studied in [36] and [37] (see also the references therein).

In the setting of the Theorem 3, if f : X −→ R is a measurable function and if g : X −→
[0,+∞] is an upper gradient of f , we can obtain the following inequality

‖T ∗K(f)‖Mp1,q1
µ

≤ C‖Mµ(g)‖1−
q
ν

M(1− qν )p1,(1−
q
ν )q1

µ

‖g‖
q
ν

Mp,q
µ

≤ C‖g‖1−
q
ν

M(1− qν )p1,(1−
q
ν )q1

µ

‖g‖
q
ν

Mp,q
µ
,

where we have q
ν < 1, 1 < p ≤ q < +∞ and 1 < p1 ≤ q1 < +∞, 1 < (1− q

ν )p1 < +∞ and
1 < (1− q

ν )q1 < +∞.

This estimate seems to be new in this context. Note that one particular case of the previous
inequality is given when (1− q

ν )p1 = p and (1− q
ν )q1 = q: we can then deduce from (4.6),

the control

‖T ∗K(f)‖Mp1,q1
µ

≤ C‖g‖1−
q
ν

M(1− qν )p1,(1−
q
ν )q1

µ

‖g‖
q
ν

Mp,q
µ

= C‖g‖1−
q
ν

Mp,q
µ
‖g‖

q
ν

Mp,q
µ

≤ C‖g‖Mp,q
µ
.

• Orlicz spaces. Let us recall that if φ : [0,+∞[−→ [0,+∞] is a left-continuous increasing
function with φ(0) = 0 which is neither identically zero nor identically infinite on ]0,+∞[,

we can consider the corresponding Young function Φ(t) =

∫ t

0
φ(τ)dτ and then the Orlicz
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space LΦ(X) associated to the function Φ is defined as the set of µ measurable functions
f : X −→ R such that the Luxemburg norm

‖f‖LΦ = inf

{
λ > 0 :

∫
X

Φ(|f(x)|/λ)dµ(x) ≤ 1

}
,

is finite. We can easily see here that if Φ(t) = tp for 1 ≤ p < +∞, we have LΦ(X) = Lp(X)
and we recover the classical Lebesgue spaces. Note now that a Young function Φ is convex,
increasing, left continuous, Φ(0) = 0 and Φ(t) → ∞ as t → +∞. Since the functional
‖ · ‖LΦ is a norm, we have ‖λf‖LΦ = |λ| ‖f‖LΦ and if f, g are two measurable functions
such that |f | ≤ |g| a.e., then we have the order-preserving property (4.1)

‖f‖LΦ(X) ≤ ‖g‖LΦ(X).

However, the property (4.2) should be handled more carefully, and for this, we will use the
following rescaling property as defined in Section 3 of [34]: for any real ρ > 0, we define
the space LΦ

ρ (X) by the condition

LΦ
ρ (X) = {f : X −→ R : ‖f‖LΦ

ρ
< +∞},

where

‖f‖LΦ
ρ

= inf

{
λ > 0 :

∫
X

Φρ(|f(x)|/λ)dµ(x) ≤ 1

}
,

with Φρ(t) = Φ(tρ). With this definition of the functional ‖ · ‖LΦ
ρ

we have:

‖|f |ρ‖LΦ = ‖f‖ρ
LΦ
ρ
,

see Lemma 3.2 of [34] for a proof of this fact.

The last ingredient -the boundedness of the maximal operator- also requires a different
treatment, and it is classical to impose some restrictions on the Young function Φ. A
function Φ satisfies the ∆2-condition if there exists a constant CΦ > 0 such that

Φ(2τ) ≤ CΦΦ(τ),

for every τ ≥ 0. The ∆2-condition implies that Φ is strictly increasing and continuous.
Now, a Young function Φ is said to satisfy the ∇2-condition, denoted also by Φ ∈ ∇2, if

Φ(τ) ≤ 1

2C
Φ(Cτ), τ ≥ 0,

for some C > 1. With these two restrictions, if Φ satisfies the ∆2-condition and Φ ∈ ∇2

then we have the following boundedness property

‖Mµ(f)‖LΦ ≤ C‖f‖LΦ .

See [7] or [19] for a proof of this fact. See also [8] or [11] for more properties of this type of
operators in Orlicz spaces on Rn.

With all these ingredients at hand, we obtain from the pointwise inequality (1.16):

‖T ∗K(f)‖LΦ ≤ C
∥∥∥Mµ(g)1− q

ν

∥∥∥
LΦ
‖g‖

q
ν

Mp,q
µ
.
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Using the space LΦ
ρ introduced above with ρ = 1− q

ν we can write

‖T ∗K(f)‖LΦ ≤ C‖Mµ(g)‖1−
q
ν

LΦ
(1− qν )

‖g‖
q
ν

Mp,q
µ
.

Now, if the function Φ(1− q
ν

) satisfies the ∇2-condition and if we have Φ(1− q
ν

) ∈ ∆2, then
we obtain

‖T ∗K(f)‖LΦ ≤ C‖g‖1−
q
ν

LΦ
(1− qν )

‖g‖
q
ν

Mp,q
µ
.

• Lebesgue spaces of variable exponent. To introduce the Lebesgue spaces of variable
exponent we first need to consider a measurable function p : X −→ [1,+∞], we then define
p− = ess inf

x∈X
{p(x)} and p+ = ess sup

x∈X
{p(x)} and, for the sake of simplicity and to avoid

technicalities, we will always assume here that we have 1 < p− ≤ p+ < +∞. Next, for
f : X −→ R a µ-measurable function we define the modular function %p(·) associated with
the variable exponent p(·) by the expression

%p(·)(f) =

∫
X
|f(x)|p(x)dµ(x),

and we will consider the following Luxemburg norm

‖f‖Lp(·) = inf{λ > 0 : %p(·)(f/λ) ≤ 1}.

We will thus define the spaces Lp(·)(X) as the set of µ-measurable functions f such that the
quantity ‖f‖Lp(·) is finite. The spaces Lp(·)(X) are normed spaces and they have some nice
structural properties (see the books [9], [12] for more details). In particular the Luxemburg
norm is order preserving: if f, g ∈ Lp(·)(X) are such that |f | ≤ |g| a.e., then we have

‖f‖Lp(·) ≤ ‖g‖Lp(·) ,

see [9, Proposition 2.7]. Another particular feature of the Luxemburg norm for Lebesgue
spaces of variable exponent is the following: for all real parameter ρ > 0 such that 1

p− ≤
ρ < +∞, we have the identity

‖|f |ρ‖Lp(·) = ‖f‖ρ
Lρp(·)

.

See [9, Proposition 2.18] for a proof of this fact. For a more detailed study of these spaces,
see the books [9] and [12].

We thus have in this setting the properties (4.1) and (4.2), however, some extra assumptions
on the function p(·) are needed to obtain the boundedness of the maximal operator Mµ

and for this we need to recall some definitions in order to write the condition which gives
the boundedness of the maximal operator Mµ. Indeed, let r(·) : X −→ [0,+∞[ be a
measurable function.

– We say that r(·) is locally log-Hölder continuous and write r(·) ∈ LH0 if there exists a
constant C0 such that

|r(x)− r(y)| ≤ C0

− log(d(x, y))
,

for all x, y ∈ X with d(x, y) < 1
2 .
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– We say that r(·) is locally log-Hölder continuous at infinity with respect to a base point
x0 ∈ X and we write r(·) ∈ LH∞ if there exist two constants C∞, r∞ such that

|r(x)− r∞| ≤
C∞

log(e+ d(x, x0))
,

for all x ∈ X.

– For r(·) ∈ LH0 ∩LH∞ we say that r(·) is globally log-Hölder continuous and we define
LH = LH0 ∩ LH∞.

With these notions, we obtain the following condition: if p(·) : X −→ [1,+∞] is such that
1/p(·) ∈ LH then the maximal function Mµ is bounded in the Lebesgue spaces of variable
exponents:

‖Mµ(f)‖Lp(·) ≤ C‖f‖Lp(·) .

See Corollary 1.8 from [1] and [10, Theorem 1.1] in the setting of spaces of homogeneous
type for a proof of this estimate.

Now, with all these results at our disposal, under the framework of the Theorem 3, if we
apply the Lr(·) norm to the inequality (1.16), we obtain

‖T ∗K(f)‖Lr(·) ≤ C
∥∥∥Mµ(g)1− q

ν

∥∥∥
Lr(·)
‖g‖

q
ν

Mp,q
µ

= C ‖Mµ(g)‖1−
q
ν

L(1− qν )r(·) ‖g‖
q
ν

Mp,q
µ
,

thus if 1 < (1− q
ν )r− ≤ (1− q

ν )r(·) ≤ (1− q
ν )r+ < +∞ and if 1

(1− q
ν

)r(·) ∈ LH, then, by the

boundedness of the maximal function in the Lebesgue spaces of variable exponent, we can
write

‖T ∗K(f)‖Lr(·) ≤ C ‖g‖
1− q

ν

L(1− qν )r(·) ‖g‖
q
ν

Mp,q
µ
.

Remark 3. Note that since in the statement of the Theorem 1 we need the condition (1.11),
it is clear that ν > 1, therefore we can apply a result from [10] namely Corollary 1.5: If
(X, d, µ) is an Ahlfors regular space with dimension 1 < ν, let p(·) : X −→ [1,+∞] be such
that p(·) ∈ LH and 1 < p− ≤ p+ < ν. Define q(·) by 1

p(·) −
1
q(·) = 1

ν . Then there exists

C = C(p(·), ν,X) such that

‖R1,µ (g) ‖Lq(·) ≤ C‖g‖Lp(·) .

Using this estimate and our pointwise estimate (1.12), we obtain that

‖T ∗K(f)‖Lq(·) ≤ ‖R1,µ (g) ‖Lq(·) ≤ C‖g‖Lp(·) ,

which is a useful functional inequality that only involves Lebesgue spaces of variable expo-
nent.

• Orlicz-Musielak spaces

Let us first recall the definition of these spaces. Let ϕ(x, t) : X × [0,+∞[−→ [0,+∞[ be a
function satisfying the folllowing conditions:

(ϕ1) The function ϕ(·, t) is measurable on X for every t ≥ 0 and φ(x, ·) is continuous on
[0,+∞[ for every x ∈ X;
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(ϕ2) there exists a constant C1 ≥ 1 such that 1
C1
≤ ϕ(x, 1) ≤ C1 for every x ∈ X;

(ϕ3) there exists a constant C2 ≥ 1 such that ϕ(x,t1)
t1

≤ C2
ϕ(x,t2)
t2

for all x ∈ X and
0 < t1 < t2.

We define now ϕ̄(x, t) = sup
0<s≤t

ϕ(x, s) and we write Φ(x, t) =

∫ t

0

ϕ̄(x, s)

s
dr for all x ∈ X

and t ≥ 0. For a given function ϕ(x, t) satisfying the conditions (ϕ1), (ϕ2) and (ϕ3), the
Musielak-Orlicz space Lϕ(X) is a Banach space with the following norm (see [34] and the
references therein):

‖f‖Lϕ = inf

{
λ > 0 :

∫
X

Φ

(
y,
|f(y)|
λ

)
dµ(y) ≤ 1

}
.

Since the functional ‖·‖Lϕ is a norm, as in the case of Orlicz spaces, we have that ‖λf‖Lϕ =
|λ| ‖f‖Lϕ for any λ ∈ R and if f, g are two measurable functions such that |f | ≤ |g| a.e.,
then we have the order-preserving property (4.1)

‖f‖Lϕ ≤ ‖g‖Lϕ .

For the property (4.2) we use, as in the case of Orlicz spaces, the following rescaling
property as defined in Section 3 of [34]: for any real ρ > 0, we define the space Lϕρ (X) by
the condition

Lϕρ (X) = {f : X −→ R : ‖f‖Lϕρ < +∞},

where

‖f‖Lϕρ = inf

{
λ > 0 :

∫
X

Φρ(y, |f(y)|/λ)dµ(y) ≤ 1

}
,

with Φρ(x, t) = Φ(x, tρ). With this definition of the functional ‖ · ‖Lϕρ we have:

‖|f |ρ‖Lϕ = ‖f‖ρ
Lϕρ
,

see Lemma 3.2 of [34].

Now, for the boundedness of the maximal operator, we need to consider some conditions
for the function ϕ(x, t). Let us consider p, q ≥ 1 and η > 0 be given.

(ϕ3; 0; p) there exists a constant A2,0,p ≥ 1 such that

ϕ(x, t1)

tp1
≤ A2,0,p

ϕ(x, t2)

tp2
,

for all x ∈ X whenever 0 < t1 < t2 ≤ 1;

(ϕ3;∞; q) there exists a constant A2,∞,q ≥ 1 such that

ϕ(x, t1)

tq1
≤ A2,∞,q

ϕ(x, t2)

tq2
,

for all x ∈ X whenever 1 ≤ t1 < t2;
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(ϕ5; η) for every γ > 0 there exists a constant Bγ,η, 0 < Bγ,η ≤ 1 such that

ϕ(x,Bγ,ηt) ≤ ϕ(y, t),

whenever x, y ∈ X, d(x, y) ≤ γ
tη and t ≥ 1;

(ϕ6) there exist two functions on X, g and h and there is a constant B∞, 0 < B∞ ≤ 1 such
that 0 ≤ g(x) ≤ 1, 0 ≤ h(x) ≤ 1 for every x ∈ X and ϕ(·, g(·)) ∈ L1(X), h ∈ L1(X)
and

ϕ(x,B∞t) ≤ ϕ(y, t) + h(x),

for x, y ∈ X and g(y) ≤ t ≤ 1.

The previous conditions are enough to obtain the boundedness of the maximal functions
in this framework. Indeed, since in our setting the measure µ is Ahlfors ν-regular implies
that µ satisfies the doubling condition. It is known that if µ satisfies the doubling condition
then the space X satisfies the (Mλ) condition for any λ > 0 i.e. there exists a constant
C > 0 such that

µ({x ∈ X : Mλf(x) > k}) ≤ C

k

∫
X
|f(y)|dµ(y),

for all measurable functions f ∈ L1(X) and k > 0, where Mλf is the dilated Hardy-
Littlewood maximal function defined by

Mλf(x) = sup
r>0

1

µ(B(x, λr))

∫
B(x,r)

|f(y)dµ(y)|,

see [14] for more details. In particular for λ = 1, M1 = Mµ the Hardy-Littlewood maximal
operator satisfies (M1).

Next suppose that the function ϕ(x, t) satisfies the conditions (ϕ3; 0, p), (ϕ3;∞, q), (ϕ5; η)
and (ϕ6) stated above for p1, q1 > 1 and η > 0 satisfying η ≤ q

ν . Then there is a constant
C > 0 such that

‖Mµ(f)‖Lϕ ≤ C‖f‖Lϕ ,

for all f ∈ Lϕ(X), see [33, Theorem 3.7 ] for a proof of this fact. See also [32].

Now from the pointwise inequality (1.16), we obtain that:

‖T ∗K(f)‖Lϕ ≤ C
∥∥∥Mµ(g)1− q

ν

∥∥∥
Lϕ
‖g‖

q
ν

Mp,q
µ
.

Using the space Lϕρ (X) introduced above with ρ = 1− q
ν we can write

‖T ∗K(f)‖Lϕ ≤ C‖Mµ(g)‖1−
q
ν

Lϕ
(1− qν )

‖g‖
q
ν

Mp,q
µ
.

Now, if the function ϕ(1− q
ν

) satisfies the conditions (ϕ3; 0, p), (ϕ3;∞, q), (ϕ5; η) and (ϕ6)

for p, q > 1 and η > 0 satisfying η ≤ q
ν , then we obtain the following functional inequality

‖T ∗K(f)‖Lϕ ≤ C‖g‖
1− q

ν

Lϕ
(1− qν )

‖g‖
q
ν

Mp,q
µ
.
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We studied here Lebesgue spaces, Lorentz, Morrey, Orlicz, Lebesgue spaces of variable exponent
and Orlicz-Musielak spaces. This list is of course non exhaustive and any functional space Er(X)
endowed with a norm ‖ · ‖Er that satisfies the properties (4.1), (4.2) and (4.3) we will lead to a
generic estimate of the form (4.4).
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