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Abstract

We construct here global mild solutions in a critical setting for a class of transport-diffusion equations
with a drift term that involves rough Calderén-Zygmund operators.
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1 Introduction

In this article we will study some variations of a nonlinear transport-diffusion equation in R"™ with n > 2
where the drift term is given by a vector of rough singular integral operators. We are particularly interested
in the existence of global in time mild solutions in a critical resolution space associated to some (small)
initial data. In this sense, the most representative equation that will be studied here is the following:

At x) = A(t,z) + (T - VO) (L) + f(t),  (t.z) € [0, +oo[ xR, -
1.1
0(0,z) = bo(x), r € R,

where 6 : [0, +oo[xR"™ — R is the unknown, f : [0, +00[xR™ — R is a given external force, fp : R" — R

is an initial data and Tyg = (T1(0),- -+ ,Tw(0)) is a vector composed of n rough singular integral operators
(Tk)1<k<n which are all defined by the expression
Q)
10)@) =po. [ Vo —dy. 1<k<n, (12)

for any locally integrable function ¢ : R® — R, and where the kernels €, : S*! — R are such that
Q€ LY(S" ), / Q, do =0 and Q; € LP(S"1) with 1 < p < n. Note that these operators fall outside

n—1

the “classical” setSting of singular integral operators of convolution type (see Section 4.4 of the book [7]) and
in this sense we will say that the vector Ty represents a rough drift. Some properties of this general family
of rough singular operators were studied in [9], [10] and [13] (although with different conditions over the
kernel function §2). Remark also that since the drift depends on the function 6, we are thus dealing with
a nonlinear transport-diffusion equation. Note finally that the operators T} act only in the space variable
and no interaction is asked in the time variable.
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The system can be seen as a generalization of a class of partial differential equations which came
from fluid dynamics. For example, if n = 2 and if we set Tjg) = (—R2(0), R1(0)), where R; with j = 1,2 are
the classical Riesz transforms (which are singular integrals of convolution type), we obtain the 2D quasi-
geostrophic equation which was intensively studied in a fractional setting, i.e. when the Laplace operator
A is replaced by its fractional power —(—A)% for0 < a < 2:

810 = —(—=A)20 + (Tyg - V). (1.3)

See e.g. [2], [5], [6] and the references therein for more details about this equation.
We can also consider the 3D Navier-Stokes equation 8yi = A@ — (i - V)i — Vp, with 1 div(4) = 0, which
can be rewritten, after the application of the Leray projector P(¢) Y+ V(-A)"IV- U, as

Oyt = At — P(( - V)id). (1.4)

Note that this is also a nonlinear transport-diffusion equation that involves singular integral operators since
the Riesz transforms are intrinsically used in the definition of the Leray projector (although the form of this
equation is slightly different from the one of the equation since the singular integral operator P acts on
the whole nonlinear term (@ - V)i). See the book [3] for essential facts about the Navier-Stokes equations
and see the book [12] for a more advanced study of this system. The equations and contain many
open problems that can be studied in very different directions (existence of mild or weak solutions, energy
inequalities, regularity properties, uniqueness, etc.).

The starting point to construct mild solutions for the system ([1.1)) is given by the integral representation
formula (also known as the Duhamel formula):

+o00 400
O(t,x) = g¢ * Op(x) + / gt—s * (Tjg - VO)(s,)ds +/ gi—s * f(s,x)ds, (1.5)
0 0

and with this integral representation formula we can easily apply the classical Banach-Picard fixed point
algorithm (see [3, Théoreme 4.1.1] for a proof) to obtain a mild solution to the previous problem: indeed,
consider #y : R™ — R an initial data that belongs to a Banach space Ey(R"™) and an external force
f [0, +00[xR™ — R that belongs to a Banach space E¢([0, +oo[xR"™). If E([0,+00[xR") is a Banach
space (usually called the resolution space) such that we have the controls

—+o00
lae * 6ol < Colldoll o, H T
0

and if we have the relationship Col|6o| &, +Cyl fllg, < ﬁ, then by applying the Banach-Picard contraction
principle we obtain a solution 6 € E that is a mild solution of the equation ([1.5)).

< Cyllfll gy (1.6)
E

“+o00
| as (e )| < Cullslole (1.7)
0

E

As we can see, we can construct mild solutions to the system as long as we have good functional
inequalities that can lead us to estimates of the form and . In this sense, although very similar
to the system , the equations and are more “flexible”, since the Riesz transforms (R;)i<j<n
are bounded in all the usual spaces (for example in the Lebesgue spaces LP(R™) with 1 < p < 400, we have
|R;(8)]|r»r < C||0||Lr). However, in the case of the rough singular integral operators (T})i<x<n considered
in the expression above and associated to a kernel €, € LP(S"™1) with 1 < p < n, we do not have,
to the best of our knowledge, such flexibility and this will introduce some rigidity in the functional frame-
work that will be used to obtain mild solutions. Indeed, we only know how to prove the generic estimate
[T%(0)[lLs < C[VO|| Lo with s = 2 “— < g < n (see the Lemma [2.1{ below) and this implies in
particular that the “price to pay” to obtain a control of the quantity ||7%(0)||zs 1s to consider a L9-norm of




the gradient V@, but not of the function 6, and we don’t know if a better estimate in the range of Lebesgue
spaces is available for this type of rough operators that does not involves a gradient. This lack of flexibility
in the functional estimates will be a determining factor when choosing functional spaces in order to close
the fixed point argument.

As mentioned above, we are interested here in global in time mild solutions of the problem and one
particular way to achieve this is to consider a functional framework that is adapted to the dilation structure
of the equation. Indeed, if 6(t,x) is a solution of the equation associated to an initial data y(x) and
to an external force f(t,z), and if we define 0 (¢, ) = M(\%t, \x), for some real parameter A > 0, then it
is not difficult to see that the function 6,(¢,x) is also a solution of the problem with an initial data
Or0(t, 7) = Mp(Az) and with an external force fy(t,x) = A3f(A\*¢, Ax) (note in particular that this scaling
property with respect to the time and space dilation is the same as the one for the Navier-Stokes system
(1.4)). Thus, if the functional spaces Ey, E and E satisfy the scaling invariances

10x0ll0 = 101l 2os  I/ally = IfllEys and [|x]le = [10]|&, (1.8)

the constants Cp,Cy and Cp in (1.6)) and (1.7) may not depend on the time variable: we will thus obtain
global in time mild solutions under an inevitable smallness assumption.

We will thus study in this article global mild solutions in a critical framework for the system (1.1) as
well as some variations of this nonlinear transport-diffusion equation.

In our first result, we consider an example of scaling invariant functional spaces for the initial data Ey,
the external force E/y and for the resolution space E that will lead us to global in time mild solutions for

the problem ([1.1)):

Theorem 1 (Global Mild Solutions for the system (1.1))). Consider a drift vector Tig conformed by
rough singular operators Ty, of the form given in associated to kernels Qx € LP(S"1) with 1 < p < n.

n—q

Let 0y : R™ — R be an initial data that belongs to the homogeneous Besov space Ey(R™) = BooT’q(]R”):

29—n
100l 2y = sup t 24 [[g¢ * Oo|lyjr1.e = |00l n—q , < +o00, (1.9)
>0 Boo!
with 1 < pnfzin <q<n<2qandlet f:[0,+00c[xR™ — R be an external force that satisfies
3_n . 1 1 1 1
| fllE, = sup t2 2| f(t,-)||lLe < o0, withl<po<n<3pand - —— < - < —. (1.10)
t>0 q n 0 q

If the quantity ||0o| g, + || f]|£, is small enough, then there exists a global in time mild solution 0(-,-) of the
equation such that

29—n
61 = sup ¢35 01, s < 00 (111)

;qu

Some remarks are in order here. Note that the functional spaces Eg(R") = Bo = (R"), E¢([0, +oo[xR")
and the resolution space E([0, +00[xR") are indeed scaling invariant with respect of the dilation structure of
the equation -in the sense that we have the identities — and we will show in Section that the constants
Co,Cy,Cp that appear in the estimates and do not depend on the time variable: we will thus
obtain, in a very natural manner, global in time mild solutions for the system . Note also that the
lower condition 1 < —£2— < ¢ is related to the information available over the kernels 2, € L#(S"~1) (with
1 < p < n) while the condition ¢ < n < 2q is essentially technical. Thus, the values of the parameter ¢ that
govern the initial data as well as the resolution space and the external force are driven by the information
available over the kernels : if p — n, these kernels are in some sense less rough and we have o fplfn —1
which gives us a wide interval of possibilities for the parameter g, however if p — 1 the operator is rougher




and this forces o fr’z_n — n, restricting the choice of the parameter ¢q. As we can see, the values of the

parameter ¢ are very sensitive to the information available over the kernels €25, and for this reason, in order
to keep things simple, we asked the same information for all the kernels €.

Remark now that we can also consider the more common (but smallerEI) homogeneous Sobolev space

n—gq
q q

W%’q(R”) for the initial data 6 instead of the Besov space Bo ~— (R™) without any change on the con-
clusion of the previous theorem. Note in particular that when n = 3 and ¢ = 2 (and thus we should have
Q) € LP(S™ 1) with g < p < 3), we obtain for the initial data the Sobolev space H%(R‘g) which was consid-
ered by Fujita & Kato in [§] in the context of the Navier-Stokes equations.

However, if we are interested in considering the largest functional space for the initial data 6y then,
due to the maximality of the homogeneous Besov spaces (see [14]), we should consider the Besov space
Eo(R™) = B3"®(R™), but based on the work of Bourgain & Pavlovic [1] in the Navier-Stokes equations,
this functional space seems to be completely out of reach for the system (|1.1)) since the nonlinear term
(Tjg - VO) is far more rigid (due to the presence of the rough drift) than the term (- V)@. The study of a
more general initial data fy that the one considered here will probably deserve a separated study and this
constitutes a new open problem in the setting of the rough drift nonlinear equation (|1.1J).

="

In the previous theorem, we asked for the initial data the condition 8y € Bo' q(]R“) with 1 < — fr";_n <
g < n < 2q. We will see now that, if we modify the equation ([1.1]), then it will be possible to consider an
initial data in a negative regularity homogeneous space. Thus, our first attempt to modify the equation

(1.1)) so that we could consider an initial datum in a maximal homogeneous Besov space is the following:

80(t, x) = AO(t, z) + div(T 0)(t,z) + f(t,z), ()€ [0,+oo[xR™,

[(~A)"246) (1.12)

0(0,z) = bp(z), x € R".

If we compare the previous equation to the system , we can see two major modifications. The first one is
related to the nonlinear term which is written in a divergence form: we have now div(T6) instead of T - V.
Note that in fluid dynamics, a divergence-free property is usually asked, and therefore this modification
is generally harmless. The second modification, stronger than the previous one, is a regularization of the
rough singular integral drift T which is meant to compensate the lack of boundedness in Lebesgue spaces
of the operators Ty: this will allow us to consider a more general initial data, but it will also change the
scaling of the equation. Indeed, note now that if 6(¢,x) is a solution of the equation , associated to
an initial data 6p(x) and an external force f(t,z), then for any v > 0, the function 0, (¢, ) = v20(v?t,vx) is
also a solution of the equation , associated to an initial data 6,0(x) = v20p(vz) and an external force
fu(t,x) = v*f(v%*t,vx). These relationships are related to the scaling invariance of the equation and they
give a hint where to find critical functional spaces.

Our next result is the following one:

Theorem 2 (Global Mild Solutions for the system (1.12])). Consider a drift vector T conformed by
rough singular operators Ty, of the form given in associated to kernels Qi € LP(S"™ 1) with 1 < p < n.

2g—n

Consider 6y : R* — R an initial data such that 8y € By ° ’q(R"), with 1 < pnf_";_n <qg<n<2q,ie.:
2qg—n
160l 20, =supt 2 |lg; * 6|lLa < +oo, (1.13)
By 77 t>0
and let f : [0, +0o[xR™ — R be an external force such that
3_n
1L, = sup #2722 £t )0 < +oo, (1.14)
>

n—gq

'"We have the inequality ||6o|| n-q . <ol n—q ,, from which we deduce the inclusion W%’q(R") C Bt ’q(R”).
Bt W

q
oo



with1<g<n<3gand%—%<%<%.
If the quantity ||00|| . T Iflle; is small enough, then there exists a global in time mild solution 6 of
the equation such that

61z = sup 5 (1,120 < +oc. (115)

We first remark that the functional spaces used in the previous result are indeed critical with respect to the
scaling of the equation ([1.12]) as we have the indentities

H9u0H - —-H90H 2-n oo | folle, = [ flle,  and  [|6u]le = [16]|e,

and we will see that the constants Cy, Cy and Cp in the estimates (1.6) and (1.7)) will not depend on the

time variable which will guarantee the existence of global in time mild solutions for the system ([1.12]). Note
2q—n

now that, although we can now consider the Besov space Bs ¢ (R™) for the initial data, due to the
modiﬁcation of the drift term made in the equation ([1.12)) which introduces a different scaling, this Besov

_ 2q—
q

space Beo (R”) can not be compared to the Besov space used in the Theorem

The modification introduced in the equation (|1 is qulte strong but as expected it allows us to con-

29g—n n

? (R”) However, the maximal homogeneous
2g—n

Besov space is in this case Bx>>(R") (recall that we have the embedding Boo * ' (R") C Bx2*°(R"™)) and
despite of the regularization of the drift term this maximal functional space seems to be out of reach.

sider the negative regularity homogeneous Besov space B

In our last result, we will modify the nonlinear drift term Tg in its inner structure (but maintaining the
same functions €,) and, for a parameter 0 < o < n, we define now the operator Ti*(¢) by the expression

Qe (y/lyl)
|y|n—e

Note that this is an operator of degree —a as we have TX (¢4 ) (v) = v~ T (¢)(vx) if ¢ (x) = ¢(yx) and thus
some regularizing effect is to be expected: indeed, putting aside the function (2, the operator 7T} can be seen

1(0)@) = po. | bz — y)dy. (1.16)

as a generalization of the Riesz potential I, which is given by the expression I, ( =cCq / o |n -

which has a regularization effect.

Now, if Ty = (T7(0),--- ,T3(0)) is a vector of singular integral operators Tj* of the form 1' we will
study the equation

0u0(t,x) = A0(t, ) + (T - VO)(t,2) + f(t, z), (t,z) € [0, +oo[xR™, 1)
1.17
0(0,z) = Op(x), xeR",

and in the Theorem [3| below we will obtain global in time mild solutions for this equation in an adapted
critical framework. In particular, remark that if (¢, z) is a solution of the problem associated to an
initial data fo(x) and an external force f(t,x), then for all ¥ > 0 the function 0, (t,z) = v T20(72t,yx) is
also a solution of the same problem associated to the initial data 6,0(z) = vty (yx) and to the external

force fy(t,x) = v*T* f(y*t, yx).
Following this critical framework we have the next existence result of global mild solutions:

Theorem 3 (Global Mild Solutions for the system (1.17))). For the equation (1.17), consider a drift
vector T§ with 0 < a < n—1 conformed by rough singular operators T of the form given in associated



to kernels Q, € LP(S"™1) with 1 < p < n.

Let 6y be an initial data such that

(2+a)g—n
[6olleg =sup ¢ 20 [|lge * bollyirre = [160l] n-arars , < +00, (1.18)
t>0 B ¢ ’
with 1 < max{ pn+p o et <4< 145 and let f be an external force such that
(34+a)
1£lle; = supt = TR f(t ) Le < oo, (1.19)
1 _1_1
with max{1, 57} < 0 < 135 and7—5<§<a.

If the quantity ||0olle, + || flle, is small enough, then there exists a global in time mild solution 6 of the
equation such that

2+
16l = sup t 00y < oo (1.20)
>

We first remark now that the functional framework used in this theorem is indeed adapted to the scaling
of the equation as we have the identities ||0,0lls, = [|0olls,, [ f+lle;, = I flle; and [|0,]le = 1|0 and
this allows us to obtain global in time solutions. Next note that if we set @« — 0, then from Theorem
above we recover the results of the Theorem [1} and this indicates a form of stability of our method to obtain
mild solutions with respect to the “regularization” properties of the operators T%* defined in . Let us
mention that the key result that allows us to obtain suitable functional inequalities needed to close the fixed
point argument is the following estimate

: < COVlLa,

175 (¢)

where s = % >1land 1< pnfn » < q < 1} (see Proposition below). Note that the regulariza-
tion effect of this estimate is only related to the choice of the parameters that fix the Lebesgue space in the
left-hand side of the inequality above as we still have a gradient in the right-hand side. The previous esti-

mate, which is proven in the Appendix[A] seems to be new in the context of rough singular integral operators.

To conclude this section, let us make some few general remarks. First note that we do not claim any
optimality for the parameters used in our previous theorems and perhaps a different study may lead to
a wider range of indexes. Note now that the resolution spaces F, E or £ introduced previously share a
common structure: a Lebesgue or Sobolev L? norm in the space variable and a weighted L° norm in the
time variable. Other resolution spaces may also be considered and we do not claim to be exhaustive. Fi-
nally, as it was mentioned above, the study of the largest critical functional space for an initial data (in
order to obtain mild solutions) is sometimes a very challenging open problem and although there is a natu-
ral functional framework given by the negative regularity homogeneous Besov spaces B3>, these critical
spaces are not always accessible and this seems to be the case for the equations considered here where the
main problem relies on suitable functional inequalities -even for the equation where the nonlinear
drift was regularized. Indeed, to the best of our knowledge, for controlling the rough singular integral op-
erators T}, or T}, we only dispose (in the setting of Lebesgue spaces) of the estimates given in the Lemma
TJand in the Proposition 4.1 which seems not enough to consider larger functional spaces for the initial data.

The plan of the article is the following. In Section [2] we give the proof of the Theorem [I], in Section
we study Theorem [2] and Section [4]is devoted to the proof of the Theorem [3] Finally, in the Appendix [A] we
give the proof of the Proposition which gives an estimate for the operator T defined in the expression
(T10).



2 Proof of the Theorem [

We first consider the integral formulation of the equation (1.1) and we have
¢ ¢
Ot 2) = g + Bo(x) + / g * (T - VO) (5, 2)ds + / dis + f(s,2)ds. (2.1)
0 0
Applying the norm || - || defined in the formula ([1.11]) above to the previous expression we have

t
gt—s * (Tjg - VO)(s,-)ds
0

t

Ot—s * f(s,-)ds
0

10112 < |lgs * boll & +
&

E
(2) ®3)

E

and we will study each term separately.
(1) The study of the initial data 6y in (2.2) is straightforward as we have by the hypothesis ([1.9)) the

estimate

2g9—n 2q—n
g¢ % 0ol =sup t 20 [[V(ge * 60)||La =sup t 20 ||gs * Oollyi1.q = 100  n—a , < +o0. (2.3)
t>0 t>0 B!

(2) For the nonlinear drift given in (2) of the expression (2.2)) above, we have:

t n t
H/ gi—s * (Tg - VO)(s,-)ds|| = sup ¢ % V/ gi—s * (Tig) - VO)(s,-)ds
0 E t>0 0 L4
29—n t
= supt /Vgts*(T[e]'VH)(S,')dS ;
t>0 0 La

and we obtain

< supt 5 / IV8eallor (T - V0) (s, )| rds,
>

t
H / Qs+ (T - V) (s, -)ds
0

where we applied the Young inequalities for the convolution with 1 + % = % + Recall that by the

usual estimates for the heat kernel we have

1
5

1+n(17%) 1+"(%*%)

IVgi—sllzr <C(t—s)" " 2 =C(t—s)"" 2

We thus obtain the estimate

H/ G_s * (Tpg - VO)(s, )ds

2g-m [T 4+n(-1)
< Csup 25" / (t— )" |[(Tpg, - VO)(s, ) ods,
E t>0 0

and by the Holder inequality with % = % + %, we can write

2-n [t _Lin(p-g)
< Coup £ [0 9 g 6, [ V005, s
> 0

t
H / Gr—a* (T - V) (s, -)ds
0

At this point we use the following key result

Lemma 2.1. If T} is a rough singular integral operator of the form given in associated to kernels
Q. € L”(S”fl) with 1 < p < n. If¢Y : R" — R is a function such that Vi € LI(R™) with
1< < q < n, then for all 1 < k < n we have the estimate

pn+p n
1Tk () |le < CIVYLa,
where § = nn—_qq > 1.

See a proof of this inequality in [4].



Remark 1. This functional estimate is the key to close the fixed point argument. To the best of our
knowledge, we do not know if a better estimate is available for this type of rough operators Ty in the
context of Lebesque spaces.

Thus, applying this lema we obtain the inequality

2qg—n t 1+"(%*%)
< Osup 5" /(t—s)? V05, )| e[| VO(s, ) nads,
0

t
/ Gr—s # (T - V) (s, -)ds
0 E t>0

which we rewrite as follows

¢ 2g—n [t Ln(—3) _2g-n
/ Ot—s * (Tpg - VO)(s,)ds < Csupt 2 / (t—s)"" 2 s ¢ X
0 0

E t>0

29—

(s 19005, laa ) (5757 196Cs, )10 ) ds,

and we have

t
H / G * (Tpg - V0)(s, )ds
0

29—n 2g—n
< Csup (s 5 [|[VO(s, )llza) x sup (s 7 [V0(s, )11
E s>0 s>0

2g—n t 1+”<l7l) 2g—n
><suptq2 /(t—s) 55 ds,
t>0 0

and using the definition of the norm of the space E given in the expression (1.11]) above, we obtain

1_1
1+n(5—§) 2g—n

2qg—n t
< C10]]8]16] 5 x suptqzq/(t—s)—z s s,
t>0 0

|/ o v

E

Recalling that we have ;1) = % + 1 and %, SO we can write

5

o =

=1 _ 1 we deduce that L —1 =1 _
g n p q

1
q

4n(3-2)  2g-n

2q—n t
ClolE0le x supt 5" / (b= 5) g
t>0 0

N
~
|
Va)

H/ot gt—s * (Tpg - VO)(5,-)ds

E

2g—n

2g—n t n
Clolsll6] s x suptqzq/ (t— ) s 5 ds.
t>0 0

IN

We study now the integral above and we have

t _n _29g—n % . n  _29g—n t . n  _29—n
/(t—s) s 4 d5:/ (t—s) 2as a d5+/(t—s) 245 a ds,
0 0 :

2

since if 0 < s < £, we have £ < (t —s) < t and (t—s)_% < Ct 2, and if £ < s < t, we have

_2g—n 2q—

s 1« <(Ct « n, we then obtain

¢ _n _29-m _n % _2q-n _2¢-n [1 _n
/ (t—s) 2as 0 ds<Ct 2 / s 4 ds+Ct a / (t —s) 2ads,
0 0 L

recalling that 1 < ¢ < n < 2q, the previous integrals are finite and we have

2g—n

t _n _29-n 1—n _29=n _
/(t—s) 294s 4 ds<Ct 2 o« =(Ct 2,
0

SO we can write

t » . ) 3
/ gi—s * (T - VO)(s,)ds|| < C|0]|gll0]|g x sup th (/ (t—s) Bis d5>
0 E t>0 0
< Cl0|pll6ls x supt T x ¢
t>0
< Csll9)=)0lp, (2.4)

and this estimate gives the continuity of the nonlinear term in the space F.



(3) For the external force f we write

2g—n
=supt 2a¢
E t>0

t

Gis  f(s,-)ds < sup ¢4 / V800 * (5, )| ods,
0

La

¢
V/O Ot—s * f(s,-)ds

and by the Young inequalities for the convolution with 1 + ; =14+ %, we obtain

2q-n t
< sup £ 25 / IV ge—allr 1 £(s, )| eds,
t>0 0

1+m1 b

t

Ot—s * f(sa )ds
0

E
for the heat kernel,

1+n(1-1)
and since we have the control |Vgi_s||zr < C(t—s)"— 2z =C(t—s)”

P 14n(io1y
/ (t— sy £ (s, ) | eds.
0

we have
t

Jt—s * f(57 )dS
0

In order to obtain the wished norm || - ||z, given in the expression (1.10) for the external force we write

< Csupt 2
E t>0

vgn [t 14+n(1-1) ENEN 3_n
[ (R ) ) s
0

t
Ot—s * f(s,)ds < Csupt 20
0 E t>0
3_n —n ! Ln(g-3) —(3-n)
< C(Csup <s2 29Hf(s,-)||Lg> supt 5 / (t—s)" 2 s ‘2 2ds
s>0 0
2g—n t 1+n(l_l) _(3_n
< O|fllg, supt % / (t—s)" 2 s 0T)ds,
>0 0
We now have
t 1+n(l-1) 3 n t/2 1+n(L-1) 3 n t 1+n(L-1) 3
/(t—s) s (3 2)ds—/ (t—s)~ P 5(22P)d8—|—/ (t—s)” T 57(575)&9,
0 0 t/2
14+n(L-1) 14+n(i-1
but since, if 0 < s < £, we have £ < (t —s) <tand (t—s)” 2 <Ct 2 and if £ <s<t
3 n 3 n
we have s~ (2725) < C’t_(§_5), we then obtain
i 1+n(L-1) 3 n 14n(-1 t/2 3 n 3 n t 1+n( )
/ (t—s)” s (273) s <tz / s~ ds ¢ t_(2_2@)/ (t—s)” " 2 ds.
0 0 t/2
At this point we note that the hypotheses ¢ < n < 3p and 7 % < é % guarantee that the two
previous integrals are bounded and we can write
t 14n(L-1y n Ln(g—1) n 2g—n
/ (t—s) —F s G das<or— 3G o
0
Now, we finally obtain
t 2g—n t 1+”( - ) (7_7)
ge f(s.0ds| < Ol sp [ s) T G s
0 E >0 0
2g—n _2g—n
< COlfllg, supt 20 xt 2 <CO|f|lg, < +oo. (2.5)
>0

Now with the estimates , and , as long as we have that the quantity ||90|| nq  + || fllg, is

small enough, we can apply the Banach-Picard fixed point argument to obtain a global mlld solutlon of the
|

integral problem (12.1)) and the Theorem (I} I is now proven.



3 Proof of the Theorem [2

We consider the integral formulation of the equation (|1.12])

t t
O(t,x) = g¢ * Op(x) + / gt—s * div(T _1.0)(s,z)ds —l—/ Ot—s * f(s,x)ds, (3.1)
0 [(=2)720)] 0
and applying the norm || - ||z we obtain
t t
10]le < llge * Ool|x + / gt—s * div(T 1 0)(s,)ds Ot—s x f(s,)ds (3.2)
< s 0 [(=2)"20] E 0 E
(1)
(©) (3)
As before, we will study each term above separately.
e For the initial data 6y in (3.2)) we simply write
29—n
gt  bolle = sup ¢ 2 |lge * Ool|La = [|6ol|  _20-n (3.3)
>0 Boo ?

which a bounded quantity by the hypothesis ([1.13]).
e For the nonlinear drift given in (2) of the expression (3.2)) above, we have:

‘ /Ot s din(Ty g3, 0)(s)ds| = sup T /Ot s din(Ty g, 0)(s )|
and applying the Young inequalities with 1 + % = % + zl?’ we get
t
[aedinm 00| <ot [ 19T 006 lds
Since we have the control |Vg;—s||rr < C(t — s)_1+n(21_%) =C(t— s)_lﬂb(éi%), we can write

t
‘ /0 g dio(Ty 0)(s, s

and by the Holder inequality with % = % + %, we can write

At this point we use the Lemma which gives to us the control

2g—n [t Ln(z—g)
<Csupt ? t— )3 0)(s, )| Lo ds,
<capt® [a- T3y P05 Mrds

t
/0 Ois * dw(T[(_A)_%G}G)(s, )ds

Csup 5" [ S 6 d
<Csupt 2 t—s) 2 s||0(s, - S.
<capt® [a- N PA T P

IT 1o < CIV((=A)~26)(s, )| s,

[(—A)"26]

where % =1 % Since 1 < ¢ < n and since the Riesz transforms are bounded in the Lebesgue spaces

L%(R™), we obtain the inequality

t
/0 Oi_s * div(T[(_A)f%e]H)(s, -)ds

2q-n [1 Ln(—3)
scmm2q/@—$ E 105, )20 1605, ) ods,
E t>0 0

which we rewrite as follows

t
‘ /0 G- dio(T 1y 0)(s, s

_ t 14n(L-1) _
29—n _ p_q’ _29=n
< Csupt 2 /(t—s) s 9 X
E t>0 0

(55" 00 o) (5

510G, )la ) ds,

10



and we have

t
’ /0 s * div(T[(_A)f%e]G)(s, )ds

Now using the definition of the norm of the space E given in the expression (|1.15) above, we obtain

By the same computation performed in the previous theorem, we have that

2q—n 2q—n
< Csup (575" 0(s, )1z ) x sup (5720 05,z )
5>0 s>0

2q—n t _1"‘"(%—%) _2g—n
X sup t 24 (t—s) 2 s a ds.
>0 0

E

1_1
1“'”(5‘@) 2q—n

t 2q—n t
/ gt—s * div(T _1.0)(s,-)ds|| < C||0||g||f|lg x supt 2a / (t—s)” 2 s a ds.
0 [(=A)"20] E >0 0

2g—n t _1+n(%75) _2q—n
sup ¢t 24 (t—s) 2 s 1 ds < +oo,
>0 0

SO we can write

< Cp|0lelf]le, (3.4)

t
‘ /0 Ot—s * dw(']I‘[(iA),%e]@)(S, -)ds .

and this estimate gives the continuity of the nonlinear term in the space E.
e The last term (3) of the expression (3.2)) is treated as follows:

t

2q—n t
gt—s * f(s,-)ds = supt 2 / gt—s * f(s,-)ds
0 E t>0 0 La
2g—n t 1 1
= supt 2 / Oi—s * (—A)2(=A)"2 f(s,-)ds||
>0 0 La
and by the Young inequalities with 1 4 % = % + é, we have
t 1
Qroox f(s,)ds| < suptE / I(=8)2 g0l | (=2) 72 F(s, )| eds
0 E t>0
29—n 1+n( %*%
< ot [ -9 T 0 e,
t>0 0
where we used the usual estimates for the heat kernel. In order to reconstruct the norm || - [|g, given

in the formula (1.14]), we write

t 2g—n t 1+n(%—%) _(3_my (B
ge—s * f(s,-)ds < supt / (t—s)” 2 s ‘2 2 ( 27 2 Hf( )HW—LQ) ds
0 E >0 0
3 L 2q—n t l+n(l—l) 3 n
< sp (SEE ) sup 5 [
5>0 t>0 0
2¢—n [ 14n(l_1) s n
S HfHEf sup tqQT / (t_S)_#S_(E_TQ)dS.
t>0 0

Since by hypothesis we have 1 < o < n < 39 and % — % < % < % then, by the same computations as
2g—n t 1+n(l* ) _2q—n .
before we have sup ¢t 24 / (t—s)”" 2 s < ds < +oo, and we can write
t>0 0
¢

Ot—s * f(sa )ds
0

With the estimates , and if the quantity HHOH , T IIfllg, is small enough, by applying

a fixed point argument we obtain a global mild solution of the 1ntegra1 problem (3.1)) and the Theorem [2| I is
Nnow proven. |

< O flle- (3.5)
E

11



4 Proof of the Theorem (3l

We consider the following integral problem

t

t
0(t ) = g1 * Bo(x) + /O Gus * (TG - VO)(s, 2)ds + /0 g+ [(s,2)ds, (4.1)

and applying the norm || - [|¢ we obtain

t
18]l < llgc * dolle + H [ s (- 90) s, s (42)
‘/—'1 0

i

t
/ Ot—s * f(s,)ds
£ 0

(2) ®3)

£

As before, we will study each term above separately.

e For the initial data 6y in (4.2)) we simply write

(24a)g—n
lge * Oolle =sup &2 [[g; * Oollyrr.e = 100l n-c1tara (4.3)
t>0 Be ¢ ’

which a bounded quantity by the hypothesis ([1.18]).

e For the nonlinear drift given in (2) we have:

(2ta)g—n
=supt 24
£ t>0

t t
H [ s (T V05 s V[ g (T 0. s
0 0

)

La

and applying the Young inequalities with 1 + é = % + %, we get

(24«

)g—n ¢
<supt % / IVgt—s- (T VO) (s, ) e ds.
£ t>0 0

t
H / 8is * (T - V0) (s, )ds
0

1+n(1-1) 14+n(L-1)
Since we have the control ||Vgi—s||zr < C(t—s)" 7 2z  =C(t—s)" 2, we can write

(2+a)g—n t H'"(%_%)
< Csupt 2 / (t—s)~ 2 H(’]I‘[Oé] -V0)(s, -)HLpds,
0

t
H / 01s + (TG - VO)(s,-)ds
0 £ t>0

.. . . . 11 1 .
and by the Holder inequality with 5 = g T 55 We can write

1 1
(2+a)g—n (p
2

t 1+n(=—=)
<Csupt 2 / (t—s)" ! [T (s5 )= [[VO(s, )| ads.
£ t>0 0

H/ot gr—s * (Tfyy - VO)(s,-)ds

We will use now the following result:

Proposition 4.1. Consider a reqular function ¢ : R™ — R and for some 0 < o < n — 1, consider the
operator T as defined in the expression associated to a kernel Q, € LP(S™™1) with 1 < p < n.
Then we have the control

1T (@)l2s < ClIV|La,

_ __qn pn _n_
where § = ne(Fa) > land 1< ontp—n <4< T4a-

The proof of this result, interesting on its own, is postponed to the Appendix [A] below.

With this crucial estimate at hand, we can now write

t
H / 81s + (TS - VO)(s, -)ds
0

2ta)g—n [* Ln(g—g)
< Csup t5 /(t—s)_ L 10(s, )| [V O(s, )| ods.
£ t>0 0

12



Noting that % = % — 1+°‘ , due to the relatlonshlp = l + l we have that l — % = % — H—O‘ and thus
we obtain the identity 1 + n(; — %) =X Wthh is a p051tlve quantity since 1 <
Now, with this identity, we have

pn+p n <q< 1+a

(24+a)g—n t _(w)
< Csup t55 / (t — )" CF|V0(s, )| 1| VO(s, )| pads,
£ t>0 0

H/ 01+ (TG - VO) (5, -)ds

which we rewrite as follows

(24a)g—n t _(n—aqy _(24+a)g—n
< Csupt 2 /(t—s) 5T ) &
>0 0

(2+a)g—n (2+a)g—n
(100100 ) (5559005 ) s

By the definition of the norm of the space £ given in the expression ((1.20) above, we obtain

t
H/ 9o+ (TG - V6)(s, )ds
0 £

t
H [ s (15 90) s,
0

(2+a)g—n (2+a)g—n
< Csup (s 20 |[VO(s,-)|[a ) sup (s 20 [|VO(s,-)||Le
£ s>0 s>0

(24+a)g—n t n—a (2+a)g—n
supt 2 / (t—s) 2 = (g
t>0 0

IN

(24a)g—n t n—a (24a)g—n
Cl0]sllole sup ¢ /(t—s>< £ (B g
t>0 0

Recalling that 1 < max{ F<a< + -, by the same computation performed in the previous

pn+p n’2+a

(2+a)g—n 3 _(n—agy _(2+a)g—n .
theorems, we have that supt  2¢ / (t—s) 2~ as < 400, 80 we can write
t>0 0

t
H | s (@ 90) s, ds| < Canlllole (4.4
£

and this estimate gives the continuity of the nonlinear term in the space £.

For the external force, i.e. the term (3) of the expression (4.2]), we have

t

Ot—s *.f(sv')ds
0

(2+a)g—n
=supt 2
£ t>0

)

La

t
V/O Oi—s * f(s,-)ds

as before, by the Young inequalities with 1 + % = % + %, we obtain by the usual estimates for the heat
kernel:

t (24+a)g—
Gisx f(s,)ds| < suptoH / IV60sll2r 1 £(5, )| ods
0 £ t>0
(2+a)g—n é*%
< st B / (t— )" 57| £ (s, )l|eds.
t>0 0

In order to obtain the norm | - ||¢, given in the formula (1.19), we write

t (2ta)g—n [ Hn(5=3) _(3ta_n 3ta_n
Gios* f(s.)ds|| < supt / (t—s) 4 s R (SO f (sl ) ds
0 £ t>0 0
3ta_ n @ta)g—n [t Hn(l-1)  ai.
< swp (U5 (s, o) sup e w0 / (t—s)" 2 s T ds
s>0 t>0 0
(24a)g—n (1 4n(5-3) _(3ta_n
< lflley supt 2 / (t—s)" 2 s 03 )ds,
t>0 0

13



Since by hypothesis we have max{1 P<o< 2= and =< % < % then, by the same computations

) 3+cx 1+a

(24a)g—n t _ 1+"( 1_ ) (3+o¢ n )
as before we have sup ¢ 2 (t—s) 75 (2 720)ds < 400, and we can write
>0 0

t

Ot—s * f(57 )dS
0

With the estimates , and 1.D if the quantity HHOH

a fixed point argument we obtain a global mild solution of the 1ntegra1 problem (4.1)) and the Theorem (3| is
now proven. |

< C|flle;- (4.5)
E

, T Iflle; is small enough, by applying

A Proof of the Proposition

In this section we will first establish a pointwise estimate for rough operators of the form ((1.16)) and then we
will deduce the whished Lebesgue-norm control announced in Proposition .1} Recall that these operators
are given by the expression

(o)) =po. [ T oo - )dn, 0<a<n-1

n—1

where the function ©Q : S — R is such that Q € L!(S" 1), / Qdo=0and Q € LP(S™ 1) with

1 < p < n. Similar rough type singular integral operators where studied in [9], [I0] and [I3] but to the best
of our knowledge, the boundedness of this particular operator (i.e. where Q € L°(S"1) with 1 < p < n and
with 0 < @ < n — 1) was not studied before.

Remark 2. Note that, although the operator T can be defined for all 0 < o < n, we will only establish
here a pointwise bound when 0 < a < n — 1. The restriction 0 < a < n — 1 seems to be essentially technical
but this is enough for our purposes. The case n —1 < a < n will not be studied here and is left open.

In order to perform our computations, we need two ingredients. The first one is the the Hardy-Littlewood
maximal operator .# of a (locally integrable) function ¢ : R” — R defined by

M ($)(x) = sup ‘B|/ |p(y)|dy,

which is bounded in the Lebesgue spaces LP(R™) with 1 < p < +00. The second ingredient that we need is
the Poincaré-Sobolev inequality: for a regular function ¢ and for all ball B(x,r) such that B(z,r) C supp(¢)

we have
1 1
o 1 q
— ¢ %dy | <Cr| ——= Vo(y)|idy | . Al
<|B .7) 7" |/ (z,r) b | ) (|B($,’I")| B(z,r)| ( )| ( )

1
for 1 <g<mnand1<o < where ¢p, stands for the average ¢p, = / o(y)dy. See a proof
7 B($ T) B(z,r)

of this inequality in [11, Theorem 3.14].

With all these ingredients, we start by defining the operator

[y, )y,
{

T"%(¢)(x) = sup —
it 1Yl

t>0

, (A.2)

and we consider

T (¢)(z) = /{ Msﬁ(aﬁ —y)dy,

>t |ylme

14



note that we have T%%(¢)(z) = sup|T"*(¢)(x)| and that |[T%(¢)(z)| < T**(¢)(x). Now, for some ko € Z so
>0

that 2F0—2 < ¢ < 2k0—1 we write

Tt,a(¢)(x) :/{ Q(?//\iyn dy+ Z / y/|y|)¢($ y)dy

t<lyl<2ro-1y ly["Te e LM EC T S U

Using the fact that the function Q is of null integral, we can introduce some constants in the previous
expression to obtain

Qy/lyl) Qy/lyl)
ThH = L /ALATA —y) — d AL ALAYA —y) —cp)d
(¢)(x) /{t<|y§2kol} e P& = Y) = k) y+k; /{2k1<|y|§k} o (@@= y) —e)dy,
from which we deduce
Qy/lyl)
T > =L —y) —cx)|d
T"%(¢)(x)| < keZ/{Qk_1<|y|<2k} [P (p(z —y) —cx)|dy

< O o | 19066 — ) — el dy

keZ {ly|<2k}

Now, by the Hélder inequality with % + % =1and 1 < p <n, we write

1
7

2k’a % / -
Tta Q pd _ B o d '
| z)| < Z okn </{y|§2’“} 12(y/lyl)] ?/) </{y|§2k} lp(z —y) — ck y)

kEZ

Introducing the variable z = 27y, by a change of variables in the first integral above we obtain

1
>

Tta C 0 pd L B B P'd P
| z)| < Z kn(lff </{|Z§1}| (z/12))| Z) (/{|y|§2k}|¢(m y) — ckl y) ,

keZ 2

and rewriting this formula we have

1
o

r (1 , o\
T (@)@ < 3ok (/ <z/\zr>\ﬂdz) ( / r¢<x—y>—ck1pdy> .
2 {ls1<1) 287 J(y<2ry

keZ
For the second integral above, we consider now the ball B(z,2*) and we fix the constant c; = OB, =
|B(w B / y)dy, so we can write (since w,2"" = |B(z,2")|, where w,, = |B(0, 1) is the volume of the
n- dlmensmnal umt ball):

S
7

T (¢ C) " oke 2% R —onldy|
T (@)(@)| £ O3 2 (/{ _,|0G/1eD) ) <|B(x,2k)| [0~ 0 y)

keZ

We study now more in detail the first integral above, we thus have

rew@ < o [ [ oeneraora)’ Zz’fa(ww Ll quk\ﬂdy)

kEZ

1
o

1
o

P o S U o
< 0</S €2(¢/1€)|Pd (5)) > 2 <‘B(x’2k)‘ 2t [6(y) — é5,] dy> :

kEZ

15



so we obtain

1
v

1 , P
T () ()| < Cl|Q Lo(sn—1) D 2™ ( [¢(y) — ¢, 1" dy) :

Now we apply the Poincaré-Sobolev inequality given in (A.1]) to obtain

CllQ pogn-1) > 2% (,B 7 ’/ Mk) aﬁBkV’dy)

keZ

1
o

T"(6)(2)]

IN

1 q
< C|]Q||Lp(snfl)§ ok(1+a) <‘B(x 2] ) Vé(y)lqdy) ,
keZ ) B(xz,2%)

where 2 < p' (since 1 < p < n and 1—1— L =1) and where p/ < -"L. Note that we thus have -2+ < p/ < 2L

which leads us to the condition 1 < < g <n. We study now the sum

/m+p n

1
q

k(1+a) q
§=32 (‘Bm‘/ Voly \dy>,

kEZ

and since we can use the following triangle inequality, for all fixed x € R™ and k € Z:

‘ 1
)|9 < - q -
(lBM’“l/ Ve 'dy> B (’B(M’“)! A l}dy>

1
’ ( B, 291 IV¢<y>rqﬂ{zk-lmg2k}dy>

2, 2°)| J B(a,2%)

q

we then have

1
1 q
S < 2k A+ [ - v a4

keZ

S1

+ Y gk (1 | |v¢<y>|qdy>q.

(2, 29)] Jor=1<jpy <ok}

keZ
S2
e For the first term of (A.4) we have
1
ey gl Voy)tdy |
S = 277 N y)ray
keZ ’B(m72k)’ {|lz—y|<2k—-1}

1
q

L 14— N (k- 1)(1ta) L / q
= 2 q 2 Vo(y)|idy |
2 <|B<x,2k—1>| PR L) )

kEZ

which is )
q

S =207 Y gkre) <‘B$2,€ |/ Vo(y) \%ly) :

keZ

and we obtain the formula
Sy =209,

16
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e For the second term of (A.4) we have

1
So =) okt | — / Vé(y)|%d
? Z |B(37a2k)| {2’“‘1§|xfy|§2k}’ P)l*dy

kEZ

Q=

Introducing a parameter 0 < K < 400 that will be fixed later, we write

1
Sy = 2k(1+a) / o y
: 2. ! B2 gy VO

k<|log, (K

Q=

(4)

1
n ok(1+a) / Vo(y)|ldy
2 )] |B(z, 2%)| {2k*1§|z—y\§2k}| )

k>|logy (K

Q=

(B)

The term (A) in the expression (A.6) above is treated as follows:

A = 2k(1+a) # o y
(4) > | <|B(I72’“)I/{2k-1<|xy<2k}‘ o(y)| y)

k<|logy (K

Q=

q

1
2k(1+a) / v a4 7
z (|B<x,2k>| bz W

k<|logs (K

IN

q

1 1
and since we have the control / Voy)|idy | < (A (|Vo|?)(x)), we obtain
<|B($,2k>| [ Ivow) (A (VoI7)())

4) < Y 2 (Ve)(2)t = (VD) S 2kt

k<|logy(K)] k<|log,(K)]

CK™ (. ([V9]7) ().

IN

For the term (B) in the expression (A.6)) we write

1
1 q
(B) = Zk(1+a) < V¢(y)|qdy>
k>L1%(K)J | B(,2%)| Ji2k-1 <oyl <2ty
1 q
< ok(14a) </ qu(y)|qdy> :
k>Ll%(K)J |1 B(2,2%)| Jp(a,2%)

and we have

1
q

B) < C 2’“(”‘”3)( v qd)
(B) > [ VO

k>|logy (K

1
q
Since (/ |V¢(y)]qdy> < ||IVo|lLa, we obtain
B(z,2k)

(B) <CIVo|pa > 28Fd),
k> log, (K)

17
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But since 1+ a — % < 0, as we have by hypothesis 1 < ¢ < H_La (recall also that @ < n — 1), we obtain
that the previous sum converges and we can write

(B) < C||Vo| KT, (A.8)

With the estimates (A.7) and (A.8) at hand, we come back to the expression (A.6)) to obtain the
inequality

5250 (KM (Vo) + Vol k5.

g
If we set K = (W) , we have
(#(1V9l9)(2)) ?

a(1+a)

82 < C(A(VIN @)1 Vol - (A.9)

With the estimate (A.5) for the term S; and the inequality (A.9) for the term Ss, getting back to the
expression (A.4]) we have the control:

S < Sl+82
a)—n 1 (4o q(14a)
< 2L L O (V| (@) T (V"

(I+a)—

Since ¢ < 7= we have 2 7 < 1 and we obtain

a)—" 1 (I+o) q(14+a)
S(1 =278 < o (V) (@) " IVl

1 (1+a) q(1+a)
from which we deduce that S < C(Z(|[V¢|?9)(z))s ™ ||V@| " . Thus, coming back to the expression

(A.3]), we have

a(1+a)

1 (A+a)
IT(6) ()] < Ol oy (A (TSN @) T 7 [Vl

and from this uniform estimate we can obtain the control

T*(9)(x) < O] Logn—y (A (V7))

9

from which we deduce
+a)

IT%(6) (@)] < CI| Loy (A (V7)) IIVchLq1 ,

since we have |T%(¢)(x)| < T**(¢)(x). Now, taking the L*-norm to both sides of this pointwise estimate,
we have the inequality

q(1+a)

IVl
L,’S

1_(+a)
IT*(D)llze < Co || (A (IV|T)) 7

which we rewrite as (using the property ||| f|7]

s = || f|7os for the Lebesgue norms):

1_(+o) q(1+a)

IT%(®)l|ze < Ca H///(!V@q)\l;@,"(Ha)) Vel Lo
q n

Since by hypothesis we have 5( (1+°‘))

1
5(5_

> 1, thus the maximal function .# is bounded in the Lebesgue

)
space L " )(R") and we can write

1 (14w q(1+a) (1+a) a(1ta)

”Ta(qb)HLsSCQ|||V¢|(]HZ;L_”(1+O¢))Hv¢||an < Co HW)H s oz, [VOllL™
q n

18



. . 1
where we used again the property ||| f|7|/zs = || f||7os. Since ¢ =s(1 — W) (vecall that s = %) we
can obtain the inequality
N 1_g0+a) ali+a)

IT*(@)llze < CallVole ™ VO™

which is
1T*(d)llze < CallVllLq

and this ends the proof of the Proposition |
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