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Seabordan problemasmatem�aticos de la Mec�anica Cu�antica tanto en la
representaci�on de Schr•odinger, comoen la representaci�on de Heisenberg. Se
presenta una breve introducci�on a la Teor��a Cu�antica.

En el marco de la representaci�on de Schr•odinger, seestudia la ecuaci�on
no-lineal de Schr•odinger (E) " 2� v � V(x)v + jvjp� 1v = 0, en Rd, y el pro-
blema l��mite (L) � u + jujp� 1u = 0 en 
, u = 0 sobre@
, donde se asume
que 
 = int f x 2 Rd : V (x) = ��nf V = 0g esno-vac��o. Usandoel esquemade
Ljusternik-Schnirelman seprueba la existenciade un n�umero in�nito de so-
lucionespara (E) y (L) quecompartenla topolog��a de susconjuntos de nivel.
Den�otesenlos respectivos conjuntos de solucionespor f vk;" gk2 N y f ukgk2 N.
Semuestra que para k 2 N �jo, m�odulo reescalamiento de vk;" , la energ��a de
vk;" convergea la energ��a de uk . Tambi�en se muestra que las solucionesde
(E), vk;" , seconcentran exponencialmente en torno a 
 y que, m�odulo rees-
calamiento y m�odulo extraci�on de subsucesiones,tales solucionesconvergen
a una soluci�on de (L).

En el marco de la representaci�on de Heisenberg seestablecen,desigual-
dadesde interpolaci�on tip o Gagliardo-Nirenberg. Minimizar el funcional de
energ��a libre para un potencial dado es equivalente a probar desigualdades
tip o Lieb-Thirring, en tanto que optimizar sobreel potencial produce desi-
gualdadesde interpolaci�on. Seestablecenresultadosdecompacidadpara una
clasede operadoresde traza autoadjuntos que tienen energ��a cin�etica �nita
que son an�alogosa nivel de operadoresde las inmersionescl�asicasde Sobo-
lev. Aplicando estosresultadosa la minimizaci�on de funcionalesde energ��a
libre (no-necesariamente convexos),secaracterizanlos estadosestacionarios
del problema de Hartree con temperatura. En la representaci�on via estados
mixtos de la Mec�anica Cu�antica secumplen resultadosequivalentes.
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Cap��tulo 1

In tro ducci�on General

El presente documento recopila los frutos del trabajo de investigaci�on
desarrolladodurante mis estudiosdoctoralesen Universidadde Chile y que
deriv�o en 2 art��culos cient���cos terminados, [35] y [27], y un art��culo en su
etapa�nal, [31].Puestoquetodoslosresultadosobtenidoscaenenel contexto
matem�atico de la Mec�anica Cu�antica, sepresenta una breve introducci�on a
dicha teor��a f��sica en el Cap��tulo 2.

El art��culo [35] se presenta en el Cap��tulo 3 en Ingl�es tal como ha sido
aceptadopara su publicaci�on. El art��culo [27] se presenta en el Cap��tulo 4
(Secciones4.1-4.4) tal como ha sido enviado a consideraci�on, asimismoen
Ingl�es. De [31] se presenta, en la Secci�on 4.5, el problema que motiv�o [27].
Cuando se ha creido menesterse ha agregadodetalles que por cuesti�on de
longitud no fueron incluidos en su versi�on �nal.

1.1. Presen taci�on

En esta tesisseabordan problemasmatem�aticos de la Mec�anica Cu�anti-
ca tanto en la representaci�on de Schr•odinger, como en la representaci�on de
Heisenberg. Sucintamente presentamos en las Secciones1.1.1y 1.1.2 respec-
tivamente los resultados m�as importantes de los trabajos [35] y [27] que
aparecenen los Cap��tulos 3 y 4.
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Introducci�on General Cap��tulo 1

1.1.1. Multiplicidad y concentraci�on para la ecuaci�on
de Schr•odinger no-lineal con frecuencia cr��tica

La ecuaci�on no-lineal de Schr•odinger aparecefrecuentemente en muchos
campos de la f��sica1 y toma usualmente la forma

i} 	 t +
} 2

2
�	 � Vo(x)	 + j	 jp� 1	 = 0; 8x 2 Rd; 8t � 0; (1.1)

dondep > 1 y } denota la constante de Plank. En el Cap��tulo 3 abordamos
el estudiode existenciay propiedadescualitativasde ondasestacionariasque
veri�can (1.1), estoes,solucionesque tienen la forma

	( x; t) = v(x) � e� iE t=} :

De maneraespecial nosinteresael comportamiento de las solucionescuando
} tiende a cero, esdecir el l��mite semi-cl�asico.2 En t�erminosde v = v(x), el
problemapuedeserescrito como

(
"2� v � V(x)v + jvjp� 1v = 0; in Rd;

v(x) ! 0; as jxj � ! 1
; (P" )

donde (
"2 = } 2=2;

V(x) = V0(x) � E ; x 2 
 :

Aqu�� suponemosque d � 3 y 1 + p 2 (2; 2� ), con 2� = 2d
d� 2 .

Ha habido un gran n�umero de trabajos de investigaci�on para el casoen
queel potencialV espositivo. Esta concurrenciatuvo sug�enesisenel trabajo
de Floer y Weinstein [37], dondesemuestra que en el casounidimensional,
parap = 3, hay una familia desolucionesqueseconcentran entorno a un pun-
to cr��tico no-degeneradodel potencial. Estas soluciones,v" , son capturadas
usandoun m�etodo de reducci�on de Lyapunov-Schmidt y satisfacen

l��m inf
" ! 0

m�ax
x2 Rd

jv" (x)j > 0: (1.2)

Otros trabajos fueron llevadosa cabo por varios autores:Oh [61], Wang
[75], Rabinowitz [63], del Pino y Felmer [22], [23], Ambrosetti et al. [1], Gui
[43], Li [54], Dancery Yan [16], Kang y Wei [50] y otros.

1V�easeel Ejemplo 2.5.
2V�easela Secci�on 2.4
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Introducci�on General Cap��tulo 1

En tales trabajos, las solucionesencontradas veri�can (1.2) y se con-
centran en ciertos puntos cr��ticos del potencial y decaenexponencialmente
conformeunosealejadeellos.En estostrabajosseusandiferentesherramien-
tas, basadasya seaen el m�etodo variacional o en la reducci�on de Lyapunov-
Schmidt, o en una combinaci�on de estos.En estoscaso,las propiedadesde
las solucionespositivas de la ecuaci�on l��mite son usadasextensivamente pa-
ra obtener los resultados.En particular, bajo la metodolog��a de Lyapunov-
Schmidt, se usa el hecho de que la �unica soluci�on positiva de la ecuaci�on
l��mite esno-degenerada.

En contraste con el casode un potencial positivo, hay un par de tra-
bajos recientes de Byeon y Wang [11, 12], donde seconsideraun potencial
no-negativo cuyo conjunto de ceros
 � Rd est�a acotado. El primer hecho
importante esque para las solucionesencontradas en [11] y [12], (1.2) deja
de ser v�alido; de hecho, el valor m�aximo de las solucionestiende a cero,con
una rapidez que dependetanto de la naturaleza del conjunto 
 como de la
estructura de la ecuaci�on l��mite que le corresponda. Los autoresdistinguen
tres casos:

1. 
 = int 
 6= ; , que esreferido comoel 
at case,

2. 
 esun conjunto �nito depuntos, y V seacercaa ceropolinomialmente
en 
, que esreferido comoel �nite case, y

3. 
 es un conjunto �nito de puntos, y V se acercaa cero exponencial-
mente, que esreferido comoel in�nite case.

Nosotrosconsideramosel 
at case,esdecir, cuandoel interior del conjunto
de ceros de V, 
 , es un conjunto acotado no vac��o. En este contexto la
ecuaci�on l��mite es (

� u + jujp� 1u = 0; in 
;

u = 0; on @

(P)

Byeon y Wang probaron en [11] que solucionesde m��nima energ��a de (P" )
convergen,via un reescalamiento apropiado,a solucionesde m��nima energ��a
de (P). M�as a�un, muestran que solucionesde m��nima energ��a de (P" ) se
concentran en 
; esto, al probar su decaimiento exponencial fuera de 
.
En el casoen que 
 tiene varias componentes conexas,los autores pueden
determinar en qu�e componente tendr�a lugar la concentraci�on.

3



Introducci�on General Cap��tulo 1

Si analizamosconmayor cuidadoel problemal��mite (P) nosdamoscuenta
que a la par de las solucionesde m��nima energ��a hay muchas m�as solucio-
nes.En particular, la aplicaci�on de la teor��a de Ljusternik-Schnirelman para
funcionesparesprov�eela existenciade un n�umero in�nito de soluciones.Es
entoncesnatural preguntarse si el problema(P" ) tiene un n�umero in�nito de
solucionesy cu�al essu relaci�on conlassolucionesde (P). En el Cap��tulo 3 da-
mosrespuestaa estapregunta cuando
 esconexo.Probamosque(P" ) tiene
in�nitas solucionestip o Ljusternik-Schnirelman cuyos niveles cr��ticos con-
vergena los nivelescr��ticos de (P). M�as a�un, probamosque estassoluciones
tambi�en seconcentran en 
.

Ahora presentamosnuestrosresultados.Suponemosqueel potencialV(x)
veri�ca:

(V1) V esuna funci�on continua no-negativa sobreRd.

(V2) V(x) ! 1 cuandojxj ! 1 .

(V3) 
 = int f x 2 Rd j V(x) = 0g 6= ; esconexoy con frontera suave.

Consideramosel funcional

J" (w) =
1
2

Z

Rd

�
jr wj2 +

1
"2

V(x)w2

�
dx; (1.3)

de�nido sobre
M " = f w 2 H " : jjwjj L p+1 (Rd ) = 1g;

donde

H " �

(

w 2 H1(
) : jjwjj " �
� Z

RN
jr wj2 +

V(x)
"2

w2

� 1=2

< 1

)

:

Los puntos cr��ticos de J" sobreM " dan lugar, via reescalamiento, a las so-
lucionesde (P" ). En nuestro contexto, la ecuaci�on l�� mite para (P" ) es (P).
Asociado a (P) consideramosel funcional

J (u) =
1
2

Z



jr uj2dx; (1.4)

de�nido sobre
M = f u 2 H1

0(
) : jjujj L p+1 (
) = 1g:

Los puntos cr��ticos de J sobreM son, via reescalamiento, las solucionesde
(P). Nuestro resultadoprincipal es:

4



Introducci�on General Cap��tulo 1

Teorema 1.1. Bajo nuestras hip�otesisgenerales(V1), (V2) y (V3) sobre el
potencial, y suponiendoqued � 3 y 1 < p < (d + 2)=(d � 2), tenemos:

i) Dado " > 0, el funcional J" pos�ee in�nitos puntoscr��ticos f ŵk;" gk2 N �
M " .

ii) El funcional l��mite J tiene in�nitos puntoscr��ticos f ŵkgk2 N � M .

iii) Dado k 2 N, los valorescr��ticos satisfacen

l��m
" ! 0

J" (ŵk;" ) = J (ŵk): (1.5)

iv) M�as a�un, dado � ; c > 0, existeun " 0 > 0 tal que

jŵk;" (x)j < C � expf�
c
"

� dist(x; 
 � )g; 8x 2 Rd; 8" 2]0; "0); (1.6)

dondeC > 0 y 
 � = f x 2 Rd : dist(x; 
) < � g.

v) Sobre la frontera de 
 , las funcionesŵk;" veri�c an

l��m
" ! 0

m�ax
x2 @


jŵk;" (x)j = 0; 8k 2 N: (1.7)

Es claro que las funciones

vk;" = (2"2ck;" )1=(p� 1)ŵk;" ; ck;" = J" (ŵk;" )

sonsolucionesde (P" ) y, comocorolario, satisfacen,para k 2 N �jo,

l��m
" ! 0

jj vk;" jj L 1 (Rd ) = 0 (1.8)

y

l��m inf
" ! 0

jj vk;" jj L 1 (Rd )

"2=(p� 1)
> 0: (1.9)

No es dif��cil ver que las funcioneswk;" = (2ck;" )1=(p� 1)ŵk;" satisfacenla
ecuaci�on

(
� w � " � 2V(x)w + jwjp� 1w = 0; in Rd;

w(x) ! 0; as jxj � ! 1
(P0

" )

5



Introducci�on General Cap��tulo 1

Para cadak, probamosla existenciade una subsucesi�on de wk;" queconverge
a wk , una soluci�on de (P).

El comportamiento descrito por nuestra sucesi�on de solucionescorres-
ponde al mismo fen�omenodiscutido por Byeon y Wang, ([11, Th.2.2]), pa-
ra solucionesde m��nima energ��a positivas. La propiedad (1.8) contrasta al
comportamioento en el casono-cr��tico, ��nf x2 Rd V(x) > 0, donde todas las
solucionesde (P" ) mantienen susm�aximosestrictamente por encimade cero.

En [11] semuestra que el reescalamiento w" = " � 2=(p� 1)v" sub-converge3

puntualmente a una soluci�on de m��nima energ��a U de (P), en 
, y a 0 en
Rd r 
. M�as a�un, dado � > 0, la convergenciaesuniforme sobref x 2 Rd :
dist(x; @
) � � g.

El potencial que nosotros consideramoses no-negativo y se hace cero
en un conjunto abierto 
. Esta situaci�on se consideracr��tica pues, en el
l��mite, el comportamiento de las solucionesesmuy diferente. Para el casode
un potencial-positivo, las solucionesde m��nima energ��a deben concentrarse
necesariamente en un punto; sin embargo, para un potencial que alcanza
el cero la concentraci�on ocurre en todo el conjunto 
. Cuando el potencial
se vuelve negativo en un conjunto acotado, ya no tiene sentido hablar de
solucionesde m��nima energ��a. Sin embargo, estasituaci�on puedetodav��a ser
bien entendida, al menosen el casounidimensionaly en el casoradial, como
en los trabajos [36, 15].

No decimosnada respecto al signode las solucionesencontradas; sin em-
bargo, puesto que el problema l��mite (P) pudiera tener muchas soluciones
positivasdependiendode la geomet��a de 
 (v�easee.g.[17]), lo mismopodr��a
sucedercon (P" ).

En nuestro trabajo consideramoss�olo el casode un potencial quediverge
a in�nito cuando jxj ! 1 , esdecir veri�cando (V2), y desvaneci�endoseen
un conjunto abierto, conexoy con frontera suave, esdecir veri�cando (V3).
Pensamosquenuestrosresultadossiguensiendov�alidospara potencialesm�as
generales,cuandoel conjunto de cerosde V no esconexo,y tambi�en para los
caso�nito e in�nito. Particularmente interesante esel casode un potencial
acotado, positivo al in�nito. En este casola existenciade in�nitos puntos
cr��ticos comoen el Teorema1.1, i) podr��a dejar de ser v�alido. Sin embargo,
los puntos ii)-v), con k �ja, deber��an serv�alidos.

3Sedice que una familia de funcionesf f " g"> 0 sub-convergeen un espacioX , mientras
" ! 0, cuando de cualquier sucesi�on f " i gi 2 N convergente a cero, es posible extraer una
subsucesi�on f " n i gi 2 N tal que f f " n i

gi 2 N convergeen X , cuando i ! 1 .

6



Introducci�on General Cap��tulo 1

De hecho, despu�esque concluimosnuestro estudio, conocimosde un tra-
bajo reciente deDing y Szulkin [24]dondeesteproblemaestratado. En lugar
de las condiciones(V2) y (V3) los autoressuponenque

(V2') existeb> 0 tal queel conjunto f x 2 Rd : V(x) < bg esno-vac��o y tiene
medida �nita.

Fijando k 2 N, prueban que para alg�un � k > 0, el problema (P" ) tiene al
menosk paresde solucionesen H " cuando " 2]0; � � 1=2

k [. En contraste, no-
sotrosprobamosla existenciade un n�umero in�nito de soluciones,al menos
un par para cadanivel de energ��a. Muestran que si para cadam 2 N, um es
una soluci�on de (P" m ), dondel��mm!1 "m = 0, entoncesum convergeen H1 a
algunasoluci�on u de (P) suponiendoel acotamiento de (jjum jj " m )m2 N. Noso-
tros probamosesta �ultima condici�on para cadanivel k de energ��a. Probamos
asimismo que nuestras soluciones(wk;" ) subconvergen en H1(
) a alguna
soluci�on de (P).

Finalmente se~nalemosque en nuestro trabajo no s�olo obtenemosel de-
caimiento exponencialde las solucionesal in�nito sino que, adicionalmente,
obtenemosestimacionesasint�oticas sobreel comportamiento en la frontera
del dominio.

1.1.2. Propiedades de compacidad para operadores de
traza

El primer valor propio � V;1 de un operador de Schr•odinger � � + V pue-
de ser estimadousandodesigualdadesde Sobolev, [72, 68, 42]. En art��culos
recientes, [7, 73, 26], una conexi�on precisaha sido establecidaentre las esti-
macionesoptimalesde � V;1 en t�erminosde una norma de V y las constantes
optimalesde algunasdesigualdadestip o Gagliardo-Nirenberg, [76, 26].

En el casodesistemasortonormalesy sub-ortonormales,desigualdadesde
interpolaci�on tip o Gagliardo-Nirenberg prov�een informaci�on sobrelas cons-
tantes optimales4 en desigualdadesque pueden ser extendidas a desigual-
dadestip o Lieb-Thirring, [55]. En [26] se puedenhallar referenciasen esta
direcci�on y proposicionesprecisasrespecto de la relaci�on entre constantes
optimales para estasdos familias de desigualdades,en el casodel espacio
euclideanoRd.

4V�ease[57, 56, 40, 32].
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Introducci�on General Cap��tulo 1

Inversamente, el conocimiento de desigualdadesde Lieb-Thirring puede
ser replanteado en t�erminosde desigualdadesde interpolaci�on para estados
mixtos que son sistemasin�nitos de funcionesortogonalescon n�umerosde
ocupaci�on, v�ease[26]. Sesabe que una formulaci�on equivalente esv�alida en
t�erminosde operadores.En estetrabajo reescribimosy extendemosestasde-
sigualdadesde interpolaci�on para operadoresde traza autoadjuntos y nos
centramos en el casode un dominio 
 � Rd. Tambi�en estudiamos,a nivel
de operadores,las propiedadesde compacidadde las correspondientes inclu-
siones,que extienden las propiedadesbien conocidas de las inmersionesde
Sobolev.

Degranmotivaci�on esel art��culo deP. Markowich, G. Rein y G. Wolansky,
[60], quefue dedicadoal an�alisisde la estabilidaddel sistemadeSchr•odinger-
Poisson.All�� participan de maneracrucial algunosfuncionalesque sonclave
para nuestro planteo y que llamaremosfuncionalesde energ��a libre debido
a su interpretaci�on en f��sica. En [60], los autores se re�eren a tales funcio-
nalescomofuncionalesde Casimir por razoneshist�oricasen mec�anica, [77].
Recientemente, varios resultadosbasadosen funcionalesde energ��a libre, que
a vecessontambi�en llamadosfuncionalesde entrop��a generalizada, han sido
obtenidosen la teor��a deecuacionesen derivadasparciales.Podemosse~nalar,
por ejemplo, resultadosde estabilidad no-lineal para ecuacionescin�eticas y
de 
uidos, v�ease[77,44,45,67], estudiossobreel comportamiento cualitativo
de las solucionesde ecuacionescin�eticasy de difusi�on incluyendo l��mites de
difusi�on, v�easee.g. [6, 14, 29], y aplicacionesa problemasde frontera libre:
[30], o mec�anica cu�antica: [59, 60]. A nivel formal estavariedadde funciona-
lescorrespondena un mismoobjeto. La conexi�on precisaest�a todav��a siendo
estudiadadesdeun punto de vista matem�atico, si bien la correspondenciaa
nivel f��sico no deja dudas.

Minimizar el funcional de energ��a libre para un potencial dado esequiva-
lente a probar desigualdadesde Lieb-Thirring, en tanto que la optimizaci�on
sobreel potencial prov�ee desigualdadesde interpolaci�on. Tales puntos han
sidoestudiadosapenastangencialmente en[60], puesenesteart��culo el poten-
cial esdado por una ley electrost�atica de Poissoncon condici�on de Dirichlet
homog�eneasobrela frontera, as�� que essiemprepositivo. Nosotrostrabaja-
mosen un contexto mucho m�asgeneralque f��sicamente podr��a corresponder
a potencialesexternoscon una singularidad y nuestra primera tarea es,por
tanto, acotar por debajo al funcional de energ��a libre, i.e. establecerversio-
nesadaptadasde las desigualdadesde Lieb-Thirring. Nuestro segundopaso
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consisteen reformular estasdesigualdadesen t�erminosde desigualdadestip o
Gagliardo-Nirenberg para operadores,y estudiar las propiedadesde compa-
cidad de las correspondientes inmersiones.En estasinstancias,el procesode
minimizaci�on sevuelve m�as o menostrivial, proveyendo casi gratuitamente
la existenciade minimizadores,incluso para el casode modelosno-lineales
por ejemplocon un acoplamiento de Poissson.

Seamosm�asprecisos.Sea
 � Rd un dominio con frontera suave y consi-
deremosun potencialsuavey positivo V sobre
. Paraempezar,estamosinte-
resadosen desigualdadestip o Lieb-Thirring para el operadorde Schr•odinger
� � + V. Seaf � V;i gi 2 N la correspondiente sucesi�on no-decreciente de valores
propios.Como una directa consecuenciade los resultadosde [26], la siguien-
te desigualdadsecumple: para todo 
 > d=2, existe una constante expl��cita
C(
 ), que no dependede V, tal que

X

i 2 N

�
� V;i

� � 

� C(
 )

Z



V d=2� 
 dx : (1.10)

Esta desigualdadresulta en un caso especial de una desigualdadmaestra
queen seguidaintroducimos.Consid�ereseuna sucesi�on de funcionesortonor-
males f  i gi 2 N y una sucesi�on f � i gi 2 N de realesno-negativos. A la sucesi�on
f (� i ;  i )gi 2 N 2 `1 � L2(
) se le conoce en f��sica como un estadomixto . La
desigualdadmaestra es

X

i 2 N

� (� i ) +
1
2

X

i 2 N

� i
�
 i ; (� � + V)  i

�
L 2(
)

� �
X

i 2 N

F
�
� V;i

�

� �
Z



G(V) dx :

(1.11)

Aqu�� las funciones� , F y G serelacionande la siguiente manera.Consid�erese
una funci�on no-negativa g veri�cando

R1
0 g(t)

�
1 + t � d=2

�
t � 1 dt < 1 , enton-

cesde�nimos

F (s) :=
Z 1

0
e� t s g(t)

dt
t

and G(s) :=
Z 1

0
e� t s (4� t) � d=2 g(t)

dt
t

;

y ponemos� (s) � F � (� s), donde F � denota la transformada de Legendre-
Fenchel de F . Entonces (1.10) corresponde al caso� m (� ) = � cm � m para
una constante expl��cita cm , m = 
 =(
 + 1) 2 (d=(d + 2); 1), F (s) � s� 


y G(s) � C(
 ) sd=2� 
 . El hecho importante es que la desigualdad(1.11)

9
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entoncesseveri�ca para todo potencial y todo estadomixto. Sepuedehacer
otras elecciones,por ejemplo � 1(s) � s logs � s, F (s) � e� s y G(s) �
(4� )� d=2 e� s, queprov�eeentoncesla siguiente desigualdadtip o Lieb-Thirring

X

i 2 N

e� � V;i � (4� ) � d=2
Z



e� V dx :

Usandoel teoremade Hilbert-Schmidt, al consideraroperadoresde traza au-
toadjuntos L con kernel K L (x; y) �

P
i 2 N � i  i (x)  i (y), podemosreformular

la primera desigualdaden (1.11) en t�erminos de operadores.Denotando el
t�ermino de la izquierda en (4.2) comoF �

V;� (L) obtenemos

F �
V;� (L) � � Tr

�
F

�
� � + V � �

� �

para alg�un par�ametro � que por el momento lo tomamos igual a 0. Hasta
ahora, V se supusopositiva. Nuestro primer resultado importante es una
extensi�on de la desigualdad(1.11) a potencialesque podr��an cambiar de
signo.Para una perturbaci�on W de un potencial V que cambia de signo, la
desigualdad(1.11) esreemplazadapor

F �
V + W;� (L) � � " � d=2

Z



G(W) dx ; (1.12)

para ciertos valores " y � a ser �jados posteriormente. Una optimizaci�on
en W entonces prov�ee una desigualdad de interpolaci�on tip o Gagliardo-
Nirenberg. Para precisar, consideremosF; G y � como antes y sea � tal
que G(s) � � � (� s). Tambi�en usamosla notaci�on � L para la funci�on no-
negativa

P
i 2 N � i j i j2 2 L1(
), usandouna representaci�on en estadosmixtos

f (� i ;  i )gi 2 N asociada a L. Algunas consideracionesest�andar son necesarias
para identi�car � L (x) con K L (x; x).

Teorema 1.2. Para un potencial V , sup�ongasequepara alg�un " 2 (0; 1), el
operador � (1 � " ) � + V est�a acotado inferiormente por algunaconstante� .
Con las anterioresnotaciones,la desigualdad(1.12) severi�c a para cualquier
operador de traza L no-negativo y autoadjunto y, m�as a�un,

F �
V;� (L) � " � d

2

Z



�

�
"

d
2 � L (x)

�
dx :
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El n�ucleo de la demostraci�on yaceen una minimizaci�on con respecto al
estadomixto f (� i ;  i )gi 2 N, queal �nal requiereque i seauna funci�on propia
de � � + V y � i = (� 0)� 1(� � � V;i ). Puesto que el dominio 
 est�a acotado,
al menoscuandoV � 0 y � = 0, estasdesigualdadespuedenser ligeramente
mejoradas,pero la mejora en la constante depende de 
; la desigualdad
anterior as�� comola desigualdad(1.12) son �optimos si uno buscaconstantes
que seanindependientes de 
.

Hagamosexp��citos ahora los casosinteresantes F (s) � s� 
 y F (s) � e� s.
De�nimos la energ��a cin�etica de un operador de traza L dado como

K(L) =
Z



� i jr  j2dx;

entoncesobtenemoslas siguientes desigualdadesde interpolaci�on

K(L) + � (
 )
Z



� q

L dx � cm Tr [Lm ] ;

donde q � (2
 � d)=(2(
 + 1) � d) 2 (0; 1), m = 
 =(
 + 1) y � (
 ) es una
constante positiva expl��cita, y

Z



� L log� L dx � Tr [L logL] +

d
2

log
�

e
2� d

K(L)
kLk1

�
kLk1 ;

donde L escualquier operador de traza no-negativo y autoadjunto. Por fa-
cilidad, las desigualdadesaqu�� escritas corresponden al caso en que V es
no-negativa, pero resultadosm�asgeneralescorrespondientes a potencialesV
que cambian de signopuedendeducirsea partir del Teorema1.2.

Las desigualdadesde interpolaci�on del Teorema1.2generalizanpara ope-
radoresdetraza autoadjuntos lasdesigualdadesdeGagliardo-Nirenbergusua-
les.As�� comopara la inmersi�on H1

0(
) ,! L2(
), algunacompacidadsepuede
avisorar. Tal enunciado constituye nuestro segundoresultado.

Teorema 1.3. Bajo las hip�otesisdel Teorema1.2, si f L ngn2 N� esuna suce-
si�on de operadoresautoadjuntos no-negativoscon traza acotada tal que

fF �
V;� (Ln )gn2 N�

est�a tambi�en acotada, entonces f L ngn2 N� es relativamentecompacta y con-
verge (m�odulo subsucesionesy en un sentido apropiado) a alg�un operador
compacto autoadjunto no-negativo L. M�as a�un, � L n convergea � L in Lq(
) ,
para todo q 2 [1; 1 ] si d = 1, q 2 [1; 1 ) si d = 2 y q 2 [1; d=(d� 2)] si d � 3.
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En el Cap��tulo 4 empezamosintroduciendode�niciones, resultadospre-
liminares y consecuenciasde los resultadosde [26]. Luego presentamos un
conjunto de operadoresde traza que tienen la forma F (� �). A esta clase
sepertenecenlos operadoresgeneradospor la distribuci�on de Boltzmann y
la estad��stica de Fermi-Dirac. El espacioS1 de operadoresde traza autoad-
juntos, tambi�en conocidoscomooperadoresnuclearesautoadjuntos, juegael
rol del espacioL1 y los espaciosSq sepuedenpercibir comolos espaciosLq,
q 2 [1; 1 ]. Inspirados por esta analog��a, de�nimos los conostip o Sobolev
W l ;p como subconjuntos apropiadosde S1. Hasta donde sabemosla de�ni-
ci�on de estosconosesuna novedad.Probamosentoncespropiedadesb�asicas
de estosconosy un resultadode regularidad sobrelas funcionesde densidad
asociadasa H 1 = W 1;2. Luegode�nimos el funcional de energ��a libre

F �
V;� (L) � Tr [� (L) + (� � + V � � )L] :

Los Teoremas1.2y 1.3y una desigualdadde interpolaci�on mejoradaseprue-
ban a continuaci�on. La estimaci�on clave es una desigualdadconvexa que
permite simult�aneamente minimizar el funcional de energ��a libre y conseguir
alguna coercitividad aun si V cambia de signo. Sigueentoncesel resultado
de compacidady, comouna consecuenciasimple, probamosla existenciade
minimizadoresen varios casosde inter�esen Mec�anica Cu�antica.

1.2. Recono cimien to

Quiero reconocer a todos los estamentos de Universidadde Chile que de
una u otra maneraapoyaron mi proyecto doctoral. En especial y sobremane-
ra, presento mi m�as sincerosentimiento de gratitud al Prof. Patricio Felmer
quienconimportantes consejosy cr��ticas constructivasha permitido queeste
trabajo tenga la calidad con que sepresenta.

Una buena parte de mi investigaci�on la desarroll�e en el Centre De Re-
cherche en Math�ematiquesde la D�ecision- Universit�e Paris Dauphine. All��
cont�e contodaslas facilidadesy goc�edeuna remarcablehospitalidad.Quiero
agradeceral Prof. JeanDolbeault quien supervis�o generosamente mi trabajo
durante mi estanciaen Francia.

Finalmente quiero hacerp�ublico mi agradecimiento al Gobiernode Chile
que a trav�es de una beca del Proyecto MECESUP UCH0009 �nanci�o mis
estudiosdoctorales. Mi estad��a en Francia fue �nanciada parcialmente por
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los Proyectos ECOS-Conicyt # C02E08 y # C05E09 y por el programa
europeo Alfa.

1.3. Con venciones

Mencionemoslas principales convencionesque guardamosa lo largo del
documento.

Dadosdosconjuntos X � Y , denotaremospor Id la funci�on de inclusi�on;
si X = Y, Id es la identidad. Si f y g son dos funcionessobreun conjunto
no-vac��o A, su compuestaser�a denotadapor f � g.5 Si (A; +) constituye un
grupo, el conmutador de f y g est�a dado por [f ; g] = f � g � g � f .

Por N, R y C denotaremosrespectivamente los conjuntos de los n�umeros
naturales, realesy complejos.Por f x i gi 2 N � A denotaremosuna sucesi�on en
un conjunto no vac��o A. Dados j; k 2 N, � j k denota el delta de Kronecker,
estoes� j k = 1 si j = k y � j k = 0 en casocontrario.

El espacioeucl��deo de dimensi�on d 2 N ser�a notado Rd. Salvo que se
especi�que, consideraremosque la dimensi�on esgeneral:d 2 N. Decimosque

 � Rd esun dominio si esabierto y conexo.

Dado z = a + ib 2 C, ponemosRez = a, Im z = b y �z = a � bi. Para
las normasen Rd y C usaremosj � j. Dadosm; n 2 N, el espaciode matrices
m � n sobreun campo K ser�a denotadoM mn (K ). La matriz identidad de
dimenci�on d ser�a denotadaI d.

Las partes positiva y negativa de x 2 R est�an de�nidas respectivamente
por x+ = m�ax(x; 0) y x � = m�ax(� x; 0), as�� que jxj = x+ + x � :

Dado un espaciode medida (X ; � ) y p 2 [1; 1 [, escribiremos

Lp(X ) =

(

f : X � ! C : jj f jj L p(X ) =
� Z

X
jf jpd�

� 1=p

< 1

)

y pondremosL1 (X ) = f f : X � ! C : jj f jj L 1 (X ) = esssup jf j < 1g : Para
el producto escalarde L2(X ) usaremosla notaci�on

(f ; g)L2(X ) =
Z

X

�f gd�:

5En donde no seespeci�que sedeber�a asumir que las operacionesindicadas sepueden
realizar.
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Todas las integralessobredominios en X = Rd, seentender�an en el sentido
de Lebesgue.

Dado un espaciotopol�ogicoX , por A entenderemosla clausurao adhe-
rencia de A � X . Si dist(�; �) esuna m�etrica sobreX , la bola con centro en
x 2 X y radio r > 0 ser�a representada por B(x; r ). Si f y g sondosfunciones
de X en R, la notaci�on f = o(g) quiere decir que f =g � ! 0 (en un r�egimen
asint�otico queser�a claro en su contexto); por f = O(g) entendemosque f =g
est�a acotada.

DadosX e Y, espaciostopol�ogicos,notaremoscon C(X ; Y) al espaciode
las funcionescontinuas de X en Y y ponemosC0(X ; Y) = f f 2 C(X ; Y) :
supp(f ) escompactog. En particular, si Y = R, notaremosC(X ) = C(X ; R).
Si X e Y sonvariedadeso espaciosde Banach, Ck(X ; Y) denotar�a el espacio
de funcionescontinuamente diferenciableshasta el orden k 2 N.

Notaremospor r al operador nabla, estoes,

r = (@1; :::; @d) ;

donde para i 2 f 1; :::; dg, @i representa la derivaci�on parcial con respecto a
la variable x i . El gradiente de un campo escalarV y la divergenciade un
campo vectorial W son grad(V) = r V y div(W) = r � W respectivamente.
El laplacianode V senotar�a � V = r � r V.

Para la numeraci�on de teoremas,lemas,etc. seha tomado comoreferen-
cia cap��tulos; por ejemplo, al hablar de la De�nici�on 2.1 nos referimosa la
primera de�nici�on queapareceen el cap��tulo 2. El s��mbolo � indica el �n de
una demostraci�on. En lo posible,la notaci�on y terminolog��a utilizadas sonlas
m�as usadasen el ambiente matem�atico. Para recalcar,cuandose introduce
por primera vez un conceptoX, aparecer�a normalmente comoconceptoX y,
en circunstanciasespecialesaparecer�a comoconcepto X .

Hemosusadocomoreferencias\base" las siguientes:

Teor��a de la Medida y Probabilidades:[3, 8, 47]

An�alisis: [9, 64, 51, 52, 34];

Teor��a de Operadores:[64, 65, 66];

EcuacionesDiferencialesParciales:[33, 41, 9, 48];
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An�alisis Variacional/ no-Lineal: [71, 69, 62];

Mec�anica Cu�antica: [53, 46, 18];
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Cap��tulo 2

Una in tro ducci�on a la Mec �anica
Cu �antica

Presentamos en este cap��tulo, una introducci�on breve al marco de la
Mec�anica Cu�antica. Hemosusadocomoprincipales referencias[46] y [53].

2.1. Origen de la Mec �anica Cu �antica

La Teor��a Cu�antica nacede la imposibilidad de explicar el espectro de
radiaci�on de los cuerpos negrospor medio de la electrodin�amica cl�asica.Un
cuerpo negroconsisteen una cavidad cerradamantenida a una temperatura
uniforme T. Las paredesde esta cavidad emiten y absorven las radiaciones
electromagn�eticas que entran por un peque~no hoyo y contribuy en de esta
maneraa mantener el interior de la cavidad comoun sistemade radiaciones
electromagn�eticas en equilibrio termodin�amico a la temperatura T. Ahora
bien, si denotamospor � la frecuenciade la radiaci�on y por U(� )d� la can-
tidad de energ��a en la gamade frecuencias[� ; � + d� ], tenemospor un lado,
a partir de la experiencia,que

U(� ) � � 3 exp
�

�
h�

kB T

�
; (2.1)

donde kB es una constante universal1 y h es una constante determinada
emp��ricamente. Por otro parte, la electrodin�amica cl�asicaconducea la Ley

1La constante de Boltzmann, kB , corresponde a kB � 1;3806503� 10� 23 J=K .
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de Rayleigh-Jeans:
U(� ) = kB T� 2: (2.2)

Conforme a (2.2), la energ��a electromagn�etica total ser��a
R1

0 U(� )d� = 1
lo que no escierto. En todo caso,obs�erveseque (2.1) y (2.2) coincidenpara
frecuenciasbajas � .

Para levantar esta divergenciaentre el modelo cl�asico y la experiencia,
Planck formul�o la siguiente hip�otesis,conocida comoel Principiodecuanti�ca-
ci�on de la energ��a de lososciladores, \ La energ��a de una radiaci�on de frecuen-
cias � no puede tomar todos los valores posiblessino, solamente,m�ultiplos
enteros de la energ��a fundamentalh� , dondeh es una constanteuniversal".
En otras palabras,la energ��a de una radiaci�on luminosaest�a \ cuanti�c ada".
Al paquetede energ��a fundamental h� sele llama \ cuanto de energ��a".

2.2. Principios de la Mec �anica Cu �antica

Cuandosetrata deaplicar la Mec�anicay Electrodin�amicaCl�asicasal nivel
at�omico,sepresentan fuertesdiscordanciasconlosresultadosexperimentales.
Consid�erese,por ejemplo,un �atomo dondelos electronesgiran alrededordel
n�ucleosiguiendo�orbitas cl�asicas.Puestoque en todo movimiento acelerado
decargashay unaemisi�on continua deondaselectromagn�eticas,cadaelectr�on
deber��a perder energ��a hasta, eventualmente, estrellarsecontra el n�ucleo;es
decir, conforme a la teor��a cl�asica, el �atomo ser��a inestable. Por tanto, la
mec�anica que describe los fen�onemosat�omicos2 - la Mec�anica Cu�antica -
debe tener comopilares ideassobreel movimiento distintas a las cl�asicas.

En el fen�omeno de difracci�on electr�onica3 se ve que al pasar un rayo
homog�eneode electronesa trav�esde un cristal, el rayo emergente exhibe un
patr�on de intensidad notablemente parecidoal patr�on de difracci�on descrito
por las ondaselectromagn�eticas.Esta esevidenciade la validez del Principio
de de Broglie: \ la materia se comporta de una manera aleatoria y exhibe
propiedadest��picas de las ondas".

No podemospredecirexactamente dondeestar�a unapart��cula a un tiempo
futuro as�� que en Mec�anica Cu�antica no existeel conceptode caminode una

2Por fen�omenosat�omicos entendemosaquellosdonde intervienen part��culascu�anticas,
esdecir, peque~nas masasa peque~nas distancias.

3La observaci�on experimental de la difracci�on electr�onica fue posterior a la aparici�on
de la Mec�anica Cu�antica.
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part��cula; esteesel contenido del Principio de Incertidum bre .4 En todo
caso,en un instante determinado, la Mec�anica Cu�antica debe proveer una
distribuci�on probabil��stica de la posici�on de la part��cula. M�as a�un, el estado
dela part��cula a un tiempo t = t0 debedeterminarel estadopara todo tiempo
t > t0; esteesel contenido del Principio de Causalidad .

La Mec�anicaCu�antica sepresenta comouna teor��a f��sicabastante inusual
pues,por un lado, en las \situaciones cotidianas" debe ser bien aproxima-
da por la Mec�anica Cl�asica(esteesel Principio de Corresp ondencia ) y,
por otra parte, requiere del casol��mite, la Mec�anica Cl�asica, para su pro-
pia formulaci�on. En efecto,la posibilidad de quealcancemosuna descripci�on
cuantitativ a del movimiento de una part��cula cu�antica, digamosun electr�on,
requierela presenciadeun aparato, estoes,un objeto f��sicoque,bajo un cier-
to grado de certeza,obedecelas leyesde la Mec�anica Cl�asica.Si el electr�on
interact�ua con el aparato (lo que se denomina una medici�on), el estadode
este�ultimo seve alterado. La naturalezay magnitud de estecambio depen-
den del estadodel electr�on y, por tanto, podr��an servir para caracterizarlo
cuantitativ amente. Entonces,el problemaque aborda la Mec�anica Cu�antica
consisteen determinar la probabilidad de obtener varios resultadosal llevar
a cabo una medici�on.

En Mec�anica Cu�antica el estado de una part��cula es descrito por una
funci�on deonda(Rd; R) 3 (x; t) 7�! 	( x; t) 2 C. La probabilidad de queuna
part��cula est�e en una regi�on 
 � Rd a un tiempo t es

R

 j	( x; t)j2dx, as�� que

la condici�on de normalizaci�on
Z



j	( x; t)j2dx = 1; 8t 2 R; (2.3)

es natural. Si 	 1 y 	 2 describen la evoluci�on de estados,entonces � 1	 1 +
� 2	 2, donde � 1 y � 2 son constantes, tambi�en describe la evoluci�on de un
estado;esteesel contenido del Principio de Superp osici�on de Estados .
Entonces el Espaciode Estados, es decir el conjunto de todos los estados
posiblesde una part��cula a un tiempo dado, ser�a usualmente L2(Rd).

2.3. Magnitudes F��sicas y Observ ables

En Mec�anica Cl�asica,en general,los valoresque puedetomar una mag-
nitud f��sicadada forman un espectro continuo. Dicho de otra manera,si una

4Descubierto por Heisenberg en 1927.
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funci�on f = f (t), representa los cambios de una magnitud f��sica F cuan-
do t 2 [t0; t1], entoncesf 2 C([t0; t1]). En Mec�anica Cu�antica, hay tambi�en
cantidades f��sicas(e.g. las coordenadas)cuyos valoresdeterminan un rango
continuo; sin embargo, a la par de estas,existen tambi�en magnitudescuyo
rango de valores admisiblesconstituyen un espectro discreto. Se denomina
cuanto (del lat��n Quantum, que representa una cantidad de algo) al valor
m��nimo quepuedetomar una determinadamagnitud en un sistemaf��sicoen
el que dicha magnitud est�e cuantizada. Esto implica adem�as, que cualquier
cargade esamagnitud cuantizada deber�a serun m�ultiplo entero del cuanto.
El ejemplocl�asicode un cuanto procedede la descripci�on de la naturalezade
la luz. Comola energ��a de la luz est�a cuantizada, la m��nima cantidad posible
de energ��a que puede transportar la luz ser��a la que proporciona un fot�on
(nunca se podr�a transportar medio fot�on). Esta fue una conclusi�on funda-
mental obtenida por Max Planck y Albert Einstein en susdescripcionesde
la ley de emisi�on de un cuerpo negroy del efectofotoel�ectrico.

En el contexto de la Mec�anicaCu�antica, no siempresucedequedosmag-
nitudes f��sicasdadaspuedenser medidassimult�aneamente (e.g. la posici�on
y la velocidad). Por tanto esimportante la siguiente

De�nici� on 2.1. A un conjunto de magnitudes f��sicas tal que sus compo-
nentes puedenser medidossimult�aneamente pero que no admiten m�as esa
propiedadsi sele a~nadeuna magnitud f��sica independiente,5 sele denomina
conjuntocompletode magnitudesf��sicas.

En F��sica, por \observable" se entiende normalmente una cantidad que
puedesermedida experimentalmente. Por otro lado tenemosla siguiente

De�nici� on 2.2. Un observablees,en Mec�anica Cu�antica, un operador au-
toadjunto no-acotado6 con dominio densoen L2(Rd).

Por tanto, losoperadoresquecorresponden(en el formalismomatem�atico
de la Mec�anica Cu�antica) a cantidades f��sicasrealestienen que ser observa-
bles. En virtud del siguiente teorema (v�ease[53, Cap��tulo 1, par�agrafe4]),
podemoshablar indistintamente deun conjunto completodemagnitudesf��si-
caso de un conjuntocompletode observables.

5Aqu�� por independiente nos referimos a una magnitud que no es una funci�on de las
magnitudes bajo consideraci�on inicial.

6Una buena referenciapara el estudio de los operadoresautoadjuntos no-acotadoses
[64]. Este texto esparticularmente �util puesto que los autores tienen siempreen mente los
problemasde la Mec�anica Cu�antica.
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Teorema 2.1. Consideremoslos observableŝf 1 y f̂ 2 correspondientesa las
magnitudesf��sicas F1 y F2. Entonces,F1 y F2 son simult�aneamentemedibles
si y s�olo si f̂ 1 y f̂ 2 conmutan, i.e., si y s�olo si [f̂ 1; f̂ 2] = 0.

Corolario 2.1. Sea f f̂ � gN
� =1 un conjunto de observablesasociado a las mag-

nitudesf��sicas f F� gN
� =1 . Entonces,f F� gN

� =1 escompletosi y s�olo si secumple
las siguientescondiciones

i) [f̂ � ; f̂ � ] = 0, para todo � ; � 2 f 1; :::; N g,

ii) si f̂ =2 f f̂ � gN
� =1 esun observable,entoncesexiste� 0 2 f 1; :::; N g tal que

[f̂ ; f̂ � 0 ] 6= 0.

Veamosalgunosejemplosde observables

Ejemplo 2.1. SeaV : Rd � ! R un potencial tal que f 	 2 L2(Rd) : V 	 2
L2(Rd)g esdensoenL2(Rd). EntoncesV de�ne un operadordemultiplicaci�on

	 7�! V 	 2 L2(Rd):

Ejemplo 2.2. Al anterior casoperteneceel operador deposici�on, x̂, dadopor

	 7�! x	 2 (L2(Rd))d:

Ejemplo 2.3. El operador de momentum, p̂, dado por

	 7�! � i } r 	 2 (L2(Rd))d:

Aqu�� cadacomponente p̂i de p̂ = (p̂1; :::; p̂d) esun observable.

Ejemplo 2.4. El operador de Schr•odinger

	 7�! �
} 2

2m
�	 + V(x) 2 L2(Rd);

dondem esla masadel sistemacu�antico y V = V(x) esun potencial dado.
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2.4. Sistemas Semi-Cl �asicos

Por el Principio deCorrespondencia,enunciadoanteriormente, la Mec�ani-
ca Cl�asica debe ser un l��mite de la Mec�anica Cu�antica. >C�omo se da este
pasoal l��mite? La respuestala hallamoscon ayuda de la siguiente analog��a:
la Mec�anica Cu�antica esa la Mec�anica Cl�asicalo que la �Optica Ondulatoria
esa la �Optica Geom�etrica.

En �Optica Ondulatoria las ondaselectromagn�eticassondescritaspor los
camposel�ectrico y magn�etico (que veri�can las ecuacionesde Maxwell). Por
otro lado, en �Optica Geom�etrica se consideraque la propagaci�on de la luz
seda a lo largo de caminosde�nidos (rayos). Seau = v ei� uno de los com-
ponentes de campo de la onda electrom�agnetica, donde v es la amplitud y
� es la fase de la onda. El casol��mite, la �Optica Geom�etrica, corresponde
a peque~nas longitudes de onda, esto es,cuando j� j esbastante grande.7 En
�Optica Geom�etrica, el camino de un rayo se determina por el Principio de
Fermat, conformeal cual la diferencia entre las fasesal principio y �n del
camino debe ser la menor posible, � .

De manerasimilar, supongamospara empezarquea la Mec�anica Cl�asica
le corresponde (en Mec�anica Cu�antica) funcionesde onda de la forma 	 =
v ei� , dondev esuna funci�on que var��a muy poco (en el tiempo) y � esmuy
grande. Como es sabido, el camino de una part��cula en Mec�anica Cl�asica
puedeser determinado por el Principiode M��nima Acci�on, conformeal cual,
la acci�on S de un sistemamec�anico debe ser la menor posible.

Conforme a la anterior analog��a postulamosque la fasede una funci�on
de ondadebe (al pasaral l��mite) serproporcional a la acci�on mec�anica S del
sistemaconsiderado:S = } � . A la constante de proporcionalidad, } , se le
denominaconstantereducidade Planck. Entonces,la funci�on de onda de un
SistemaSemi-Cl�asicovienedada mediante

	( x; t) = v(x)eiS=} ; (x; t) 2 Rd � R: (2.4)

Observ aci�on 2.1. La constante } 8 vienedada en unidadesde acci�on,

} = 1;0545716818� 10� 34 J � s;

y juegaun rol fundamental entodoslosfen�omenoscu�anticos: suvalor relativo
(cuando secomparacon otras cantidades del sistemadadasen unidadesde
acci�on) determina el gradode cuantizaci�on del sistemabajo estudio.

7En �Optica Geom�etrica � es llamada la eikonal.
8La constantede Planck, h, est�a dada por h = 2� � } .
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La transici�on de la Mec�anica Cu�antica a la Mec�anica Cl�asicapuedeser
formalmente descrito como el pasoal l��mite cuando } � ! 0. En este pro-
ceso,un observable debe reducirsesimplemente a la multiplicaci�on por la
correspondiente magnitud f��sica.

2.5. La Ecuaci�on de Schr•odinger

En Mec�anica Cu�antica, la funci�on de onda 	 determina completamente
el estadode un sistemaf��sico.Esto quieredecir quesi esconocida 	( t0; �), no
s�olo las propiedadesdel sistemaa t = t0 sonconocidas,sino que, el compor-
tamiento en todo t � t0 est�a tambi�en determinado.9 Matem�aticamente esto
seexpresaen que @t 	( t; �) debe estar determinadopor 	( t; �).

En 1925el F��sico austr��aco Erwin Schr•odinger deriv�o una ecuaci�on que
permite estudiar la evoluci�on de un sistemacu�antico. En su versi�on m�as ge-
neral, la Ecuaci�on de Schr•odingertoma la forma

i} 	 t = H 	 ; (2.5)

donde el operador H , llamado Hamiltoniano, es el operador asociado a la
energ��a; y, 	( x; t) es la funci�on de ondadel sistemacon la propiedadde que
j	 j2 determina la distribuci�on de probabilidad de los valoresde las coorde-
nadasx (en el espaciode con�guraci�on) al tiempo t.

De�nici� on 2.3. A toda soluci�on de (2.5) de la forma (2.4) se le llama es-
tado estacionario (u onda estacionaria)y veri�ca la Ecuaci�on de Schr•odinger
independientedel tiempo

H  = E ; (2.6)

donde E representa la Energ��a. Al estado estacionario correspondiente al
menor de los valoresfactibles de energ��a se le conoce comogroundstate del
sistema.10. A los estadosestacionariosselesre�ere comosemicl�asicoscuando
} > 0 eschica.

Para el modelo de una �unica part��cula, el Hamiltoniano esun observable
muy importante, esel Operador de Schr•odinger:

HL = �
} 2

2m
� + V(x); (2.7)

9La comprensi�on de un sistemaseentiende hasta donde permiten las limitaciones pro-
pias de la Mec�anica Cu�antica.

10Matem�aticamente corresponde usualmente a una soluci�on tip o paso de monta~na
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dondem esla masade la part��cula, V = V(x) esun potential dado y d = 3.
Para ver esto,recurrimosa la formulaci�on (2.4) y recordamosqueenel l��mite
cuando} � ! 0, los observablessereducena multiplicaciones. En efecto,si
aplicamos� en (2.4) obtenemos

�	 = �
1
} 2

jr Sj2	 +
i
}

	� S + eiS=}

�
� v +

i
}

r vr S
�

queal hacer} � ! 0 nosdice queel operador � } 2� (de la Mec�anicaCu�anti-
ca) secorrespondea la magnitud jr Sj2 (de la Mec�anicaCl�asica).Obtenemos
(2.7) reemplazandoen (2.5) el resultado de derivar en t la relaci�on (2.4), y
recurriendoa la Ecuaci�on de Hamilton-Jacobi11

@tS = �
�

jr Sj2

2m
+ V(x)

�
:

Para sistemascu�anticos complejos,sin embargo, el Hamiltoniano resulta de
adicionar al operador de Schr•odinger una parte no lineal.

Ejemplo 2.5. Para un grupo de part��culas id�enticas que interactuan entre
s�� en estados"ultra|fr ��os" (e.g. condensadosde Bose-Einstein),el proceso
evolutivo se describe con un excelente grado de aproximaci�on mediante el
Hamiltoniano HN L que est�a dado por

HN L 	 = �
} 2

2
�	 + V(x)	 � j	 jp� 1	 ; (2.8)

donde m es ahora la masa total del sistema y p > 1. Es bastante com�un
p = 3 (Ecuaci�on de Gross|Pitaevskii).

2.6. Valor Medio de un Observ able

Como se dijo anteriormente, uno de los principios fundamentales de la
Mec�anica Cu�antica esla no-existenciadel camino de una part��cula. De esto
se deduceque no podemoshablar de la velocidad de una part��cula a un
instante determinado.Sin embargo,sepuederecuperar al menosel concepto
de velocidad media a trav�esde la siguiente

11La ecuaci�on deHamilton-Jacobi esuna de lasecuacionesfundamentalesde la Mec�anica
Cl�asica.
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De�nici� on 2.4. Sea L̂ el observable asociado a la magnitud f��sica L. Se
de�ne el valor mediode L̂ en el estado	 2 dom(L̂) como

hL̂ i 	 =
�

	 ; L̂ 	
�

L2 (
)
: (2.9)

En efecto,consideremosel movimiento de una part��cula cu�antica. Como
sevio anteriormente, el Hamiltoniano est�a dado por (2.7). Sepuedeprobar
(v�easee.g. [46]) que para todo observable L̂ , setiene que

d
dt

hL̂ i 	 =
�

	 ;
i
}

[HL ; L̂ ]	
�

L2 (
)

: (2.10)

Entonces,usando(2.5) y el hecho que i
} [HL ; x̂] = 1

m p̂, obtenemos(en tanto
que valoresmedios)que el momentum secalcula comoel producto de masa
por la velocidad:

d
dt

ĥxi 	 = (@t 	 ; x	) L2(
) + (	 ; x@t 	) L2(
)

=
�

	 ;
i
}

[HL ; x̂]	
�

L2(
)

=
1
m

ĥpi 	 :

2.7. Represen taci�on de Heisen berg

Como sedijo la evoluci�on de un sistemacu�antico, ya seasimple o com-
plejo, est�a de�nido por la ecuaci�on de Schr•odinger (2.5). A esto se re�ere
usualmente comola representaci�on de Schr•odinger.

Sin embargo, hist�oricamente, la Mec�anica Cu�antica fue primero formula-
da en la representaci�on de Heisenberg, que corresponde a la evoluci�on de un
observable L̂ . En su forma m�as general,dicha evoluci�on viene dada por la
Ecuaci�on de von Neumann-Heisenberg:

i } @t L̂ (t) = [H; L(t)]; (2.11)

dondeL̂(t) esun operador de traza, autoadjunto y positivo. Las representa-
cionesde Heisenberg y Sch•odinger sonequivalentes.
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Consideremosel casode una part��cula cu�antica. Aqu�� el Hamiltoniano
est�a dado por el operador de Sch•odinger (2.7). Dado un observable L̂0, de�-
nimos

L̂ (t) = e� itH L =} L̂0 eitH L =} :

Sea 	 la soluci�on de (2.5) con condici�on inicial 	( �; 0) = 	 0, es decir,
	( x; t) = e� itH L =} 	 0(x). Entonces,puestoque e� itH L =} esunitario,

hL̂0i  (t ) = hL̂(t)i  0 : (2.12)

Ejemplo 2.6. Si ponemosL̂ = x̂ en (2.11) obtenemos

m @tx(t) = p̂(t):

Si ponemosL̂ = p̂ en (2.11) obtenemos

@tp(t) = �r V � x̂(t):

Las dos�ultimas ecuacionestienen exactamente la mismaforma quelas Ecua-
cionesde Hamiltonde la Mec�anica Cl�asica.

2.8. El Principio de Incertidum bre

Retomemosla discuci�on sobreel Principio de Incertidumbre. En la Sec-
ci�on 2.2 ya lo enunciamoscualitativamente por lo queahoranosinteresauna
manifestaci�on cuantitativ a. Para ello consideremosel conceptode dispersi�on
de una magnitud f��sica:

De�nici� on 2.5. SeaL̂ el observable asociado a una magnitud f��sicaL y sea
	 2 dom(L̂) � L2(Rd). La dispersi�on deL̂ enel estado	, disp	 (L̂ ), est�a dada
por

disp2
	 (L̂ ) = h(L̂ � hL̂ i 	 )2i 	 : (2.13)

Denotemospor x̂ j y p̂j , respectivamente, el j-�esimocomponente de x̂ y p̂.
El Principio de Incertidumbre seexpresaentoncesen el siguiente

Teorema 2.2. Setiene que

disp	 (x̂ j ) disp	 (p̂j ) �
}
2

; (2.14)

para todo 	 2 dom(x̂ j ) \ dom(p̂j ) y todo j = 1; :::; d.
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Demostraci�on. Primero observemosquedadosdosobservablesA y B y 	 2
dom(A) \ dom(B), setiene que

hi [A; B ]	 i = � 2Im (A	 ; B 	) L2 (
) :

Por otro lado, setiene que
i
}

[p̂j ; x̂k ] = � j k ; 8j; k = 1; :::; d:

Para simpli�car, sin perder generalidad,supongamosque ĥxi 	 = ĥpi 	 = 0 y
que jj 	 jj L 2(Rd ) = 1. Entonces,para j = 1; :::; d,

1 =
�

	 ;
i
}

[p̂j ; x̂ j ]	
�

L2(Rd )

= �
i
}

Im(p̂j 	 ; x̂ j 	)

�
i
}

jj p̂j 	 jj L 2(Rd ) jj x̂ j 	 jj L 2(Rd )

=
2
}

disp	 (x̂ j ) disp	 (p̂j ): (2.15)

En el siguiente teoremasepresenta la desigualdadde Hardy, una versi�on
mejoradadel Principio de Incertidumbre.

Teorema 2.3. Setiene que

� � �
(d � 2)2

4
1

jxj2
: (2.16)

La constante (d� 2)2

4 esoptimal.

Ejemplo 2.7. Como se mencion�o al inicio de este cap��tulo, en Mec�anica
Cl�asicalos�atomossonsiempreinestables.Consideremosel �atomodeHidr�oge-
no. Para que seaestablesenecesitaprobar que su �unico electr�on tiene una
energ��a m��nima distinta de�1 ; pues,encasocontrario, terminar��a chocando
contra el n�ucleo.La evoluci�on de esteelectr�on est�a descrita por el Hamilto-
niano H0 = � } 2

2m � � e2

jx j , donde m y e son la masay la carga del electr�on,
respectivamente. Aqu�� d = 3. Usandola desigualdadde Hardy semuestra la
estabilidad buscada:

H0 = �
} 2

2m
� �

e2

jxj
� �

2me4

} 2
:
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Cap��tulo 3

Multiplicidad y concentraci�on
para la Ecuaci�on de
Schr•odinger no-lineal con
frecuencia cr��tica

Como sedijo en la Presentaci�on, mantenemosel idioma en que ser�a pu-
blicado el art��culo [35]. Los comentarios adicionalesser�an provistos en notas
al pie.

Abstract (Resumen)

We considerthe nonlinear Schr•odinger equation

"2� v � V (x)v + jvjp� 1v = 0 in Rd; (E)

and the limit problem
(

� u + jujp� 1u = 0; in 
;

u = 0; on @

(L)

where 
 = int f x 2 Rd : V(x) = ��nf V = 0g is assumedto be non-empty,
connectedand smooth. We prove the existenceof an in�nite number of so-
lutions for (E) and (L) sharing the topology of their level sets,as seenfrom
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the Ljusternik-Schnirelman scheme. Denoting their solutions f vk;" gk2 N and
f ukgk2 N, respectively, we show that for �xed k 2 N and, up to rescalingvk;" ,
the energy of vk;" convergesto the energy of uk . It is also shown that the
solutions vk;" for (E) concentrate exponentially around 
 and that, up to
rescalingand up to a subsequence,they convergeto a solution of (L).

3.1. In tro duction ( Introducci�on)

The nonlinear Schr•odinger equation, which appears frequently in many
�elds of physics,typically takesthe form1

i } 	 t +
} 2

2
�	 � Vo(x)	 + j	 jp� 1	 = 0; 8x 2 Rd; 8t � 0; (3.1)

where p > 1 and } denotes the Plank's constant. 2 In this paper we are
concernedwith the existenceand qualitativ e properties of standing wave
solutionsof (3.1), that is solutions having the form3

	( x; t) = v(x) � e� iE t=} :

We are specially interested in studying the behavior of the solutions as }
approaches zero, that is, in the semi-classicallimit. 4 In terms of v = v(x),
the problem can be written as

(
"2� v � V(x)v + jvjp� 1v = 0; in Rd;

v(x) ! 0; as jxj � ! 1
; (P" )

where (
"2 = } 2=2;

V(x) = V0(x) � E ; x 2 
 :

Here we alsoassumethat d � 3 and 1 + p 2 (2; 2� ); with 2� = 2d
d� 2 .

There has beenan enormousamount of research done in the casewhere
the potential V is assumedto be positive. This research was started in the

1V�easeel Ejemplo 2.5.
2Consid�eresela Observaci�on 2.1.
3V�easela De�nici�on 2.3.
4V�easela Secci�on 2.4
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seminal work of Floer and Weinstein [37], where it was shown that in the
one dimensionalcase,for p = 3, there is a family of solutions concentrating
around a non-degeneratecritical point of the potential. Thesesolutions v" ,
which are captured using a Lyapunov-Schmidt reduction method, satisfy

l��m inf
" ! 0

m�ax
x2 Rd

jv" (x)j > 0: (3.2)

Further research and developments have beencarried out by many aut-
hors, seee.g.Oh [61], Wang [75], Rabinowitz [63], del Pino and Felmer [22],
[23], Ambrosetti et al. [1], Gui [43], Li [54], Dancer and Yan [16], Kang and
Wei [50] and many others.

In such works, the solutions found satisfy (3.2) and concentrate at cer-
tain critical points of the potential, while decaying to zero exponentially ,
away from them. Theseworks usedi�erent approaches,basedeither on the
variational method, or the Lyapunov-Schmidt reduction, or a combination of
them. In all thesecases,the properties of the positive solutions of the limi-
ting equationare extensively usedto obtain the results. In particular, in the
Liapunov-Schmidt reduction approach, the uniquenessand non-degeneracy
properties of the positive solution of the limit equation are used.

In contrast with the positive-potential case,there are somerecent works
by Byeonand Wang [11], [12], wherethey considera non-negative potential
vanishing in a boundedset 
 � Rd. The �rst important feature is that for
the solutions found in [11] and [12], (3.2) doesnot longer hold; actually the
maximum value of the solutions approacheszero. The rates at which these
solutionsvanishdependson the nature of the set 
 and arecertainly strongly
related to the nature of the limiting equations.The authors distinguish three
cases:

1. 
 = int 
 6= ; , which is referredas the 
at case,

2. 
 is a �nite set of points, and V vanishespolynomially at 
 , which is
referredas the �nite case, and

3. 
 is a �nite setof points, andV vanishesexponentially , which is referred
as the in�nite case.

In this paper we considerthe 
at case,that is, when the interior of the
set 
, where the potential V vanishes,is a non-empty boundedset. In this
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situation the limiting equation is
(

� u + jujp� 1u = 0; in 
;

u = 0; on @

(P)

and, Byeon and Wang proved in [11] that least energy solutions for (P" )
converges,up to proper scaling,to a least energysolution for (P). Moreover,
they showed that the least energy solutions for (P" ) concentrate in 
, by
proving their exponential decay outside 
. In the casewhere 
 has several
connectedcomponents, the authors can prescribe in which component the
concentration will take place.Seealso the work of Ding and Tanaka [25].

If we further analyze the limiting problem (P) we realize that besides
the least energysolutions, there are many more solutions. In particular, the
application of the Ljusternik-Schnirelman theory for even functional gives
the existenceof in�nitely many solutions. It is quite natural to ask then if
problem (P" ) has in�nitely many solutions and what the relation between
them and thoseof (P) is. In this article we answer this questionin the case

is connected,we prove that (P" ) has in�nitely many solutionsof Ljusternik-
Schnirelman type whosecritical levels converge to those of (P). Moreover,
we prove that thesesolutions alsoconcentrate in 
.

Now wepresent our resultsin preciseterms. Weassumethat the potential
V(x) veri�es:

(V1) V is a continuousnon-negative function on Rd.

(V2) V(x) ! 1 as jxj ! 1 .

(V3) 
 = int f x 2 Rd j V(x) = 0g 6= ; is connectedand smooth.

We considerthe functional

J" (w) =
1
2

Z

Rd

�
jr wj2 +

1
"2

V(x)w2

�
dx; (3.3)

de�ned on
M " = f w 2 H " : jjwjj L p+1 (Rd ) = 1g;

where

H " �

(

w 2 H1(
) : jjwjj " �
� Z

RN
jr wj2 +

V(x)
"2

w2

� 1=2

< 1

)

:
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The critical points of J" on M " give rise, via scaling,to the solutionsof (P" ).
In our context, the 
at caseof Byeonand Wangin [11], the limit equation

for (P" ) is (P). Associated to (P) we considerthe functional

J (u) =
1
2

Z



jr uj2dx; (3.4)

de�ned on
M = f u 2 H1

0(
) : jjujj L p+1 (
) = 1g:

The critical points of J on M are, up to scaling,the solutions of (P).

Remark 3.1. A family of functions f f " g"> 0 is said to sub-converge in a
spaceX, as " ! 0, when from any sequencef " i gi 2 N converging to zero it is
possibleto extract a subsequencef " n i gi 2 N such that f f " n i

gi 2 N convergein X,
as i ! 1 .

Let state our main result:

Theorem 3.1. Under our general assumptionson the potential (V1), (V2)
and (V3), and assumingthat d � 3 and 1 < p < (d + 2)=(d � 2) we have:

i) Given " > 0 the functional J" possessesin�nitely many critical points
f ŵk;" gk2 N � M " .

ii) The limit functional J hasin�nitely manycritical points f ŵkgk2 N � M .

iii) Given k 2 N, the critical valuessatisfy

l��m
" ! 0

J" (ŵk;" ) = J (ŵk): (3.5)

iv) Moreover, given � ; c > 0, there exists" 0 > 0 suchthat

jŵk;" (x)j < C � expf�
c
"

� dist(x; 
 � )g; 8x 2 Rd; 8" 2]0; "0); (3.6)

where C > 0 and 
 � = f x 2 Rd : dist(x; 
) < � g.

v) On the boundary of 
 , the functions ŵk;" verify

l��m
" ! 0

m�ax
x2 @


jŵk;" (x)j = 0; 8k 2 N: (3.7)
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Remark 3.2. It's clear that the functions

vk;" = (2"2ck;" )1=(p� 1)ŵk;" ; ck;" = J" (ŵk;" )

are solutions of (P" ) and, as a corollary, they satisfy, for �xed k 2 N,

l��m
" ! 0

jj vk;" jj L 1 (Rd ) = 0 (3.8)

and

l��m inf
" ! 0

jj vk;" jj L 1 (Rd )

"2=(p� 1)
> 0: (3.9)

It's not hard to seethat the functions wk;" = (2ck;" )1=(p� 1)ŵk;" satisfy the
equation

(
� w � " � 2V(x)w + jwjp� 1w = 0; in Rd;

w(x) ! 0; as jxj � ! 1
(P0

" )

We prove, for every k, the existenceof a subsequenceof wk;" converging to
wk , a solution of (P).

The behaviour described for our sequenceof solutionscorrespondsto the
samephenomenadiscussedby Byeonand Wang, ([11, Th.2.2]), for (positive)
least energysolutions. Property (3.8) is in contrast to the non-critical case,
��nf x2 Rd V(x) > 0, whereall the solutionsof (P" ) areboundedaway from zero.

In [11] it is shown that the rescaled function w" = " � 2=(p� 1)v" sub-
convergespoint-wise to a least energy solution U of (P), in 
, and to 0
in Rd r 
. Moreover, given � > 0, the convergenceis uniform on f x 2 Rd :
dist(x; @
) � � g.

Remark 3.3. The potential consideredin this article is non-negative and
vanishing at an open set 
. This situation is consideredcritical sincethe li-
miting behavior of solutionsis quite di�erent. For the positive-potential case,
least energysolutions must concentrate at a point, however for a vanishing
potential the concentration occurs at the whole set 
. When the potential
becomesnegative in a bounded set, then least energy solutions no longer
makessense.However, this situation can still be well understood, at least in
the one dimensionalcase,and in the radial case,as in the work by Felmer
and Torres [36] and Castro and Felmer [15], respectively.
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Remark 3.4. We do not say anything about the sign of the solutions we
found; however, sincethe limit problem(P) may havemany positivesolutions
depending on the geometryof 
 (seee.g. [17]), the samecould happen with
(P" ).

Remark 3.5. In this article weconsideronly the caseof a potential diverging
to in�nit y as jxj ! 1 , that is satisfying (V2), and vanishing in a connected,
open, smooth set, that is satisfying (V3). We think that our results hold for
more generalpotentials, when the zero set of V is not connected,and also
for the �nite and in�nite cases.Particularly challengingmay be the caseof a
boundedpotential, positive at in�nit y. In this casethe existenceof in�nitely
many critical points as in Theorem 1.1, i) may be no longer true. However,
the statements, ii)-v), with k �xed, should be true.

Actually, after we �nished this article, we learnedof a recent work of Ding
and Szulkin [24] where this problem is treated. Instead of conditions (V2)
and (V3) they assumethat

(V2') there exists b > 0 such that the set f x 2 Rd : V(x) < bg is nonempty
and has �nite measure.

Fixed k 2 N, they prove that for some� k > 0, problem (P" ) has at least k
pairs of solutionsin H " when" 2]0; � � 1=2

k [. In contrast we prove the existence
of an in�nite number of solutions, at least a pair for each level of energy. If,
for every m 2 N, um is a solution of (P" m ), where l��mm!1 "m = 0, then
they show that um convergesin H1 to somesolution u of (P) assumingthe
boundednessof (jjum jj " m )m2 N. In Lemma3.1 we prove this last condition for
each level k of energyand, in Lemma 3.6, we prove that our solutions (wk;" )
subconvergein H1(
) to somesolution of (P).

We observe that as far as the existenceand the number of solutions are
concerned,the problem

(
� v � V� (x)v + jvjp� 1v = 0; in Rd;

v(x) ! 0; as jxj � ! 1
; (P� )

where V� = �V , is equivalent to (P" ). In fact, putting " 2 = � � 1, it is clear
that u is a solution of (P� ) if and only if v = � � 1=(p� 2)u is a solution of (P" ).
In somerecent work, Bartsch and Wang [5] and Bartsch et al. [4] dealt with
problem (P� ) when V� (x) = a0(x) + �a (x), where a0 2 L1 (Rd) is bounded
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away from zero, and a 2 L1 (Rd) is non-negative and such that for some
M0 > 0 and someZ = Z � Rd with non-empty interior,

a(x) = 0; 8x 2 Z and a(x) > 0; a:e:x 2 Z c;

and
jf x 2 Rd : a(x) < M 0gj < 1 :

They show that for every integer k 2 N, there exists � k such that (P� ) has
at least k pairs of (weak) solutionswhen � > � k ; with additional conditions
thesesolutionshaveexponential decay at in�nit y. They prove that a sequence
f ungn2 N of solutions for (P� n ), � n � ! 1 , convergein H1(
) to a solution of

(
� � u + a0(x)u = jujp� 1; in int Z;

u = 0; in Z c;

provided the uniform boundednessof the energy norms of f ungn2 N and
��nfn jj un jj L p (Rd ) > 0.

We �nally mention that in our work wenot only obtain exponential decay
of the solutions at in�nit y, but we get further asymptotic estimateson their
behavior on the boundary of the domain.5

We devote this paper to prove Theorem3.1. In Section3.2 we set up the
Ljusternik-Schnirelman schemeto prove parts i) and ii) of Theorem 1.1. In
Section3.3, we study the asymptotic behavior of the critical valuesproving
iii) of Theorem3.1. In section3.4 we analyzethe decay of the solutionsaway
from 
 and in Section3.5 we study the behavior on the boundary, proving
iv) and v), respectively.

3.2. Ljusternik-Sc hnirelman setting:
Multiplicit y (Multiplicidad via un esquema
de Ljusternik-Schnirelman)

In this sectionwe set up the Ljusternik-Schnirelman schemein order to
prove the �rst two statements in Theorem3.1.

5V�easela Secci�on 3.5.
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In generalterms, given a Banach spaceE, we write

� E = f A � E : A = A; A = � A; 0 =2 Ag

and consideron � E the Krasnoselski'sgenus 
 .6 The following theorem is
proved in [62]

Theorem 3.2. Let M 2 � E be C1 sub-manifoldof E and let f 2 C1(E) be
even.Supposethat (M,f ) satisfy the Palais-Smalecondition and let

Ck(f ) = ��nf
A2A k (M )

m�ax
u2 A

f (u); (3.10)

where
A k(M ) = f A 2 � E \ M : 
 (A) � kg: (3.11)

If Ck(f ) 2 R, then Ck(f ) is a critical value for f. Moreover, if c � Ck(f ) =
::: = Ck+ m(f ), then 
 (K c) � m + 1. In particular, if m > 1, then K c, the
set of critical points corresponding to the value c, contains in�nitely many
elements.

It is clear that the functional (3.4) veri�es the conditionsof Theorem3.2.
Then we write � = � H1

0 (
) , and for each k 2 N,

A k = A k(M ) and ck = Ck(J ) = J (ŵk) 2 (0; 1 ):

Remark 3.6. With this it is clear that

wk � (2ck)1=(p� 1) � ŵk

is a solution of (P).

In our study it will be convenient to have an intermediateproblem.Given
� > 0 we write 
 � = f x 2 Rd : dist(x; 
) < � g, and considerthe problem

(
� u + jujp� 1u = 0; in 
 � ;

u = 0; on @
 �
(P � )

with the functional
J � (u) �

1
2

Z


 �
jr uj2dx: (3.12)

6Para el g�enerode Krasnoselsiy la condici�on de Palais-Smalev�ease[62].
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de�ned on
M � = f u 2 H1

0(

� ) : jjujj L p+1 (
 � ) = 1g:

Here we write � � = � H1
0(
 � ) ; and for each k 2 N

A �
k = A k(M � ) and c�

k = Ck(J � ) = J � (ŵ�
k) 2 (0; + 1 ):

It is clear that the function w�
k = (2c�

k)1=(p� 1)ŵ�
k is a solution of (P � ).

Theorem3.2 can alsobe applied to (P" ). In fact, the compactnessof the
embedding H " � Lq(Rd), q 2 [2; 2� ), can be proved applying the Fr�echet -
Kolmogorov theorem ([9, Cor. IV.26]); and with this, it is proved that the
corresponding functional is C1 and satis�es the Palais-Smalecondition in the
manifold M " . We put

� " = � H " ; 8" > 0;

and, for every k 2 N and every " > 0,

A k;" = A k(M " ) and ck;" = Ck(J" ) = J" (ŵk;" ):

Remark 3.7. With this it is clear that

vk;" = (2"2ck;" )1=(p� 1) � ŵk;"

is a solution of (P" ) and

wk;" � (2ck;" )1=(p� 1) � ŵk;"

is a solution of (P0
" ).

Remark 3.8. Assuming further that the potential is of classC� , using the
well-known regularity theory, it can be proved that each `solution' which
appearsin this paper is a classicaloneand belongsto the classC2;� .

3.3. Limits for the Critical Values
(L��mites de los ValoresCr��ticos)

This section is devoted to prove iii) of Theorem 1.1. As discussedin the
last section, the multiplicit y result is basedon the Ljusternik-Schnirelman
theory for even functional. The index k of the critical values,represent the
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topological characteristic of the level set, as captured by the Krasnoselski
genus.

Thus, our main result in this section corresponds to proving that the
level setsof J" and J for the Ljusternik-Schnirelman valuesare topologically
equivalent. Actually we prove

Theorem 3.3. For everyk 2 N, we have

l��m
" ! 0

ck;" = ck : (3.13)

The proof of this theorem is divided in several steps as given by the
following lemmas.

Lemma 3.1. For everyk 2 N and every " > 0, we have

ck;" � ck : (3.14)

Proof. If we identify each u 2 H1
0(
) with its extensionby zerooutside
 then

we have H1
0(
) � H " . We alsohave that jjujj " = jjujj H 1

0 (
) ; for all u 2 H1
0(
),

and clearly A k � A k;" . Henceck;" � ck , for every k 2 N.

Now the crucial lemma

Lemma 3.2. Let k 2 N and � > 0. Given � > 0 small, there existsa " � > 0
suchthat

c�
k � ck;" + � ; (3.15)

for every " 2 (0; " � ).

Proof. According to the de�nition of the ck;" , given " > 0 (in principle wit-
hout restrictions), we chooseA � (" ) 2 A k;" in such a way that

m�ax
v2 A � (" )

J" (v) � ck;" +
�
3

(3.16)

holds. Then, by Lemma 3.1,

J" (v) � ck +
�
3

� bk;� ; 8v 2 A � (" ): (3.17)

From herewe directly obtain that

1
2

Z

Rd
jr vj2 � bk;� ; 8v 2 A � (" ) (3.18)
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and

bk;� �
1
2

Z

Rd n


V(x)
"2

v2 �
1
2

Z

Rd n
 �

V(x)
"2

v2; (3.19)

for all v 2 A � (" ) and all � > 0. Here we notice that the constant bk;� does
not depend on ". Now, putting

V� � ��nf
x2 Rd n
 �

V(x);

we have

jjvjj L 2(Rd n
 � ) �
�

2bk;�

V�

� 1=2

"; 8� > 0; 8v 2 A � (" ): (3.20)

From (3.18) and using the Sobolev-Gagliardo-Nirenberg inequality we get

jj vjj L 2� (Rd ) � Cb1=2
k;� ; 8v 2 A � (" ); (3.21)

for someconstant C. Thus, we conclude

l��m
" ! 0

m�ax
v2 A � (" )

jj vjj L p+1 (Rd n
 � ) = 0; 8� > 0: (3.22)

In fact, getting � 2 (0; 1) such that 1
p+1 = (1� � )

2 + �
2� , it follows by interpola-

tion, considering(3.20) and (3.21), that

jj vjj L p+1 (Rd n
 � ) � � "1� � ; 8v 2 A � (" ); 8� > 0; (3.23)

with

� = � (� ; k; � ; q) = C
�

bk;�

V 1� �
�

� 1=2

:

From (3.22) it is clear that, given � > 0 and s > 0, we can get a " 1 =
"1(� ; s) > 0 such that

m�ax
v2 A � (" )

jj vjj L p+1 (Rd n
 � ) � � s; 8" 2 (0; "1[ (3.24)

and thus, in particular for s = 1,

jj vjj L p+1 (
 � ) � 1 � � ; 8v 2 A � (" ); 8" 2 (0; "1[; 8� > 0: (3.25)
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From now on we will assumethat 0 < � < 1. We choosea cut-o� function
� � 2 C1

0 (
) such that � � � 1 in 
 � =2 and � � � 0 in Rd n 
 � ,

0 < � � (x) < 1 and jr � � (x)j �
1
� r

8x 2 
 � n 
 � =2; (3.26)

for somer > 1.
Now we de�ne for u 2 M "

� � [u] �
� � u

jj � � ujj L p+1 (Rd )
; (3.27)

and we claim that
� � [A � (" )] 2 A �

k ; 8" 2 (0; "1): (3.28)

In fact, as a consequenceof the concentration property given in (3.25), for
all v 2 A � (" ) and all " 2 (0; " 1);

Z


 �
j� � vjp+1 =

Z


 � =2
jvjp+1 +

Z


 � n
 � =2
j� � vjp+1 � (1 �

�
2

)p+1 ; (3.29)

so that
jj � � vjj L p+1 (
 � ) � 1 � � ; (3.30)

and in particular we seethat � � [�] is well de�ned and we further conclude
that it is continuous.Then, since� � [�] is odd, from genus properties we have
that


 (� � [A � (" )]) � k; 8 " 2 (0; " 1):

Hence,considering(3.28) and the de�nition of c�
k , we get

c�
k � m�ax

v2 � � [A � (" )]
J � (v); 8" 2 (0; "1): (3.31)

Let us take now an element u 2 A � (" ) such that �v � � � [u] satis�es

m�ax
v2 � � [A � (" )]

J � (v) � J � ( �v) +
1
3

� : (3.32)

At this stage,we observe that in order to completethe proof of the lemma
it is enoughto prove the existenceof an element w 2 A � (" ) satisfying

J � ( �v) � J" (w) +
1
3

� : (3.33)
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In fact, from (3.16), (3.31), (3.32) and (3.33), we have

c�
k � J � ( �v) +

1
3

� � J" (w) +
2
3

� � m�ax
u2 A � (" )

J" (u) +
2
3

� � ck;" + � :

We devote the rest of the proof to �nd such a w. For �v = � � [u], a direct
computation gives

k� � uk2
L p+1 (R) J � ( �v) �

Z


 �
u2jr � � j2 + 2u� � r ur � � + � 2

� jr uj2

�
Z


 �
u2jr � � j2 + 2u� � r ur � � +

Z

Rd
jr uj2 +

V(x)
"2

u2

whence

(1 � � )2J � ( �v) � J" (u) +
Z


 � n
 � =2
u2jr � � j2 + 2ujr ujjr � � j

� J" (u) +
1

� 2r

Z


 � n
 � =2
u2 +

2
� r

Z


 � n
 � =2
ujr uj

� J" (u) +
C
� 2r

� Z


 � n
 � =2
u2

� 1=2

where we have used (3.26), (3.30), (3.3), (3.18) and the Cauchy-Schwartz
inequality. We observe that the constant C dependson k through bk;� . Then,
using H•older inequality, considering(3.24) and taking s > 2r , we get (de-
creasing"1 if necessary)that

(1 � � )2J � ( �v) � J" (u) + C� s� 2r ; 8" 2 (0; "1): (3.34)

Here, if � 2 (0; 1
4) then 1

2J � ( �v) � J" (u) + C� s� 2r � bk;� + C� s� 2r . So, from
(3.34) we get

J � ( �v) � J" (u) + C� s� 2r + 2� (bk;� + C� s� 2r ):

From here we obtain (3.33) putting u = w when � 2 (0; 1
4) is small enough

and " 2 (0; "1).

Lemma 3.3. Given k 2 N and � > 0, we have

c�
k � ck :
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Proof. Weidentify each u 2 H1
0(
) with its extensionby zeroto 
 � n
 . In this

sensewe have H1
0(
) � H1

0(

� ) and jjujj H 1

0 (
 � ) = jjujj H 1
0 (
) ; for all u 2 H1

0(
).
Thus, it is clear that A k � A �

k and then c�
k � ck , for every k 2 N.

Lemma 3.4. Given k 2 N and � > 0, there exists � � > 0 suchthat

ck � c�
k + � ;

for every � 2 (0; � � ).

Proof. According to the de�nition of c�
k , given � > 0 we may chooseB � (� ) 2

A �
k such that

m�ax
v2 B � (� )

J � (v) � c�
k +

�
3

: (3.35)

Then, from Lemma 3.3, we get

J � (v) � ck +
�
3

� bk;� ; 8v 2 B � (� ): (3.36)

Now we choosea � 0 = � 0(
) > 0 sothat for every � 2 (0; � 0) we canassociate
a di�eomorphism  � = ( (1)

� ; :::;  (d)
� ) 2 C1(
; 
 � ) such that

j � (x) � xj � O(� ) and jD � (x) � I dj � O(� ) 8x 2 
 ; (3.37)

and
 � (@
) = @
 � : (3.38)

Here I d denotesthe d � d identit y matrix. Now we de�ne the application
� � [�] : H1

0(

� ) ! H1

0(
) as

� � [v](x) =
v �  � (x)

jj v �  � jj L p+1 (
)
; x 2 
 ;

for all v 2 H1
0(


� ) n f 0g. We claim that there exists � 1 2 (0; � 0) such that

� � [B � (� )] 2 A k ; 8� 2 (0; � 1): (3.39)

We seethat in order to prove (3.39) it su�ces to show that � � is well de�ned
and continuous,sinceclearly � � is odd. We do this now.

First, we observe that from (3.37), for every � > 0, there exists a � 2 =
� 2(� ) > 0, � 2 � � 1, such that

1 � � � detD � (x) � 1 + � ; 8x 2 
 ; 8� 2 (0; � 2): (3.40)
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From now on we assumethat � 2 (0; � 2). Let v be an arbitrary element in
H1

0(

� ) n f 0g. Then, from (3.40) and the formula of changeof variables we

get

jj v �  � jj
p+1
L p+1 (
) � j1 + � j � 1

Z



jv �  � jp+1 detD � (x)

� j1 + � j � 1
Z


 �
jvjp+1 :

Thus, in particular v �  � 6= 0, for every v 2 H1
0(


� ). Using again (3.40) we
obtain that for all v 2 H1

0(

� ) n f 0g

jjvjj L p+1 (
 � )

j1 + � j1=(p+1)
� jj v �  � jj L p+1 (
) �

jj vjj L p+1 (
 � )

j1 � � j1=(p+1)
:

Let us prove next that

� � (v) 2 H1
0(
) n f 0g; 8v 2 H1

0(
 � ) n f 0g: (3.41)

Let i 2 f 1; :::; N g and w 2 C1
0 (
 � ) n f 0g then we have

D i � � [w](x) =

P N
j =1 gi;j (x)

jjw �  � jj L p+1 (
)
; x 2 
 ;

where gi;j (x) = D j w( � (x)) � D i  
(j )
� (x). Then, from (3.40) and using the

formula of changeof variablesagain, we get

Z




�
�
�
�
�

NX

j =1

gi;j (x)

�
�
�
�
�

2

�
Z

 � 1
� (
 � )

NX

j =1

jgi;j (x)) j2
detD � (x)
detD � (x)

� C
Z


 �

NX

j =1

jD j wj2 ;

where C = (1 � � ) � 1

�
m�ax x 2 


j =1 ;:::;N

�
�
�D i  

(j )
� (x)

�
�
�
2
�

. Moreover, from (3.38) we

have � � [w]j@
 = 0 and then � � [w] 2 H1
0(
). Thuswehaveprovedthat � � [w] 2

H1
0(
) n f 0g and

jj � � (w)jj H 1
0 (
) � K jjwjj H 1

0 (
 � ) ; 8w 2 C1
0 (
 � ); (3.42)
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for certain K = K (� ; � ; N ). Using a density argument we extend this ine-
quality to all H1

0(
 � ). From herewe obtain (3.41) and the continuity of � � [�].
Finally, from (3.41) and (3.42), we obtain (3.39) proving the claim.

Now, considering(3.39) and the de�nition of ck , it follows that

ck � m�ax
u2 � � [B � (� )]

J (u): (3.43)

On the other hand, let us take v 2 B � (� ) such that u = � � [v] satis�es

m�ax
u � 2 � � [B � (� )]

J (u� ) � J (u) +
�
3

: (3.44)

At this stage,if we �nd an element w 2 B � (� ) such that J (u) � J � (w) + �
3

then we complete the proof of the lemma. In fact, from (3.35), (3.43) and
(3.44),

ck � J (u) +
�
3

� J � (w) +
2�
3

� m�ax
w2 B � (� )

J � (w) +
2�
3

� c�
k + � : (3.45)

To �nish then, let us �nd such a w. Choosing � 2 (0; � 2) small enough,for
u = � � [v] we have

J (u) =
1
2

jjv �  � jj � 1
L p+1 (
)

Z




NX

i =1

NX

j =1

jgi;j j2

�
1
2

(1 + � )1=(p+1)
Z




NX

i =1

NX

j =1

[� i;j + O(� )]2 jD j v( � (x)) j2

� (1 + � )1=(p+1) [1 + O(� )]2
Z




NX

j =1

jD j v( � (x)) j2
detD � (x)

(1 � � )

� (1 + � )1=(p+1) [1 + O(� )]2

(1 � � )
J � (v): (3.46)

We seethat we can choosew = v. Here we used(3.36), (3.37) and the fact
that jj vjj L p+1 (
 � ) = 1.

Proof of Theorem 3.3. Let � > 0 small. ConsideringLemma 3.4, we choose
a � 2 (0; � � =2); then, from Lemma 3.2, there exists a " � > 0 (implicitly
depending on � ) such that ck � c�

k + � =2 � ck;" + � , for every " 2 (0; " � ).
Becauseof Lemma 3.1, we concludesince� > 0 is arbitrary.

43



Multiplicidad y concentraci�on para la Ecuaci�on
de Schr•odinger no-lineal con frecuenciacr��tica Cap��tulo 3

3.4. Asymptotic pro�les and concentration phe-
nomena (Concentraci�on y per�les asint�oticos)

In this sectionwestudy the asymptotic behavior of the solutions,both in-
side
 and outside
. Throughout this sectionweusethe notation introduced
in Section3.2.

Lemma 3.5. For every k 2 N, as " ! 0, wk;" sub-convergesweakly to a
uk 2 H1(
) suchthat its restriction to 
 is a solution of (P), with J (ûk j 
 ) =
ck , for ûk = (2ck)1=(1� p)uk .

Proof. First, we prove that for " � small we have that

jj ŵk;" jj H 1(Rd ) � K 1; 8" 2 (0; " � ); (3.47)

whereK 1 > 0 is a constant, depending only on k. From Lemma 3.1, we get

jjr ŵk;" jj 2
L 2(Rd ) � 2ck ; 8" 2 (0; " � ); (3.48)

that is Z

RN
jr ŵk;" j2 �

Z

RN
jr ŵk j2; (3.49)

and then, as a consequenceof Gagliardo-Nirenberg inequality,

jj ŵk;" jj L 2� (Rd ) � Cc1=2
k ; (3.50)

for someconstant C only depending on N . Given R � 1, we have

jj ŵk;" jj 2
L 2(Rd ) = jj ŵk;" jj 2

L 2(Rd n
 R ) + jj ŵk;" jj 2
L 2(
 R )

�
2ck

VR
"2 + jj ŵk;" jj 2

L 2� (
 R ) � j
 R j2=d

�
2ck

VR
+ jj ŵk;" jj 2

L 2� (Rd ) � j
 R j2=d; (3.51)

wherewe have usedthe H•older inequality and the relation

jj ŵk;" jj L 2(Rd n
 � ) �
�

2ck

V�

� 1=2

"; 8" 2 (0; " � ); 8� > 0; (3.52)

which comesfrom (3.20). Then, becauseof (3.48), (3.50) and putting R = 1,

jj ŵk;" jj 2
H 1(Rd ) = jjr ŵk;" jj 2

L 2(Rd ) + jj ŵk;" jj 2
L 2(Rd ) � K 1:

44



Multiplicidad y concentraci�on para la Ecuaci�on
de Schr•odinger no-lineal con frecuenciacr��tica Cap��tulo 3

From the estimate (3.47), there exists a ûk 2 H1(
) such that ŵk;" sub-
convergeweakly and point-wise to ûk 2 H1(
), as " ! 0.

Now we prove that uk is solution of (P). Sinceŵk;" 2 M " is a critical
point for J" , we have

Z

Rd
r ŵk;" r � +

V(x)
"2

ŵk;" � = � k;"

Z

Rd
jŵk;" jp� 1ŵk;" �; 8� 2 H1(
) ; (3.53)

where� k;" = 2ck;" is the Lagrangemultiplier. Then, since
Z

Rd

V(x)
"2

ŵk;" � = 0; for all � 2 C1
0 (
) ;

passingto the limit when " ! 0, we have
Z



r ûkr � = � k

Z



jûk jp� 1ûk �; 8� 2 C1

0 (
) ; (3.54)

where� k = 2ck . Herewehaveusedthe fact that ŵk;" sub-convergein Lp+1 (Rd)
to ûk , which comesfrom Lemma 3.1 and the compactnessof the embedding
H " � Lp+1 (Rd).

Considering(3.54) and [9, Prop. IX.18], we are doneif we prove that

ûk(x) = 0; a:e:Rd n 
 : (3.55)

In fact, it would hold ûk j 
 2 H1
0(
), and from (3.54), J (ûk j 
 ) = ck .

Let us prove (3.55). We associate to each � > 0,

" �
� = m��nf " � ;

V�

(2ck)1=2
g: (3.56)

For every (� ; � ) 2 R+
� � R+

� we write

S� ;� = f x 2 Rd n 
 � : jûk(x)j � � g:

Let us assumethat there exist � � , � � , � > 0 such that jS� � ;� � j � � > 0. Then,
sinceS� � ;� � � S� ;� � ; for all � 2 (0; � � ) we have

jS� ;� � j � � > 0; 8� 2 (0; � � ): (3.57)

Considering(V3), we obtain � 0 2 (0; � � ) such that

V� <
� 2

� �
2

; 8� 2 (0; � 0): (3.58)
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Let � 0 2 (0; � 0) �xed, then we have that
Z

S� 0 ;� �

jûk j2 � � 2
� � : (3.59)

On the other hand, for every � > 0 there exists a " � 2 (0; " �
� ) such that

jj ûk jj 2
L 2(S� 0 ;� � ) � jj ŵk;" jj 2

L 2(S� 0 ;� � ) + � ; 8" 2 (0; " � ):

Thus, for � = � 2
� �
3 and " 2 (0; " � [, using (3.52), (3.56) and (3.58), we get

Z

S� 0 ;� �

jûk j2 � � +
Z

S� 0 ;� �

jwk;" j2

�
� 2

� �
3

+ (
2ck

V�
)"2

<
� 2

� �
3

+ V� <
5
6

� � � ; (3.60)

which contradicts (3.59). Hence,jS� ;� j = 0; for all (� ; � ) 2 R+
� � R+

� , that is,
we proved (3.55).

Actually we have strong convergenceas the following lemma asserts.

Lemma 3.6. For every k 2 N, as " ! 0, wk;" sub-convergence in the norm
of H1(
) to uk .

Proof. From the compactnessof the embeddingH " � L2(Rd), it follows that
ŵk;" sub-convergein L2(Rd) to ûk as " ! 0; so

l��m
" ! 0

Z

Rd
jŵk;" j2 =

Z



jûk j2:

This and (3.49) let us show that

l��m sup
" ! 0

jj ŵk;" jj H 1(Rd ) � jj ûk jj H 1(Rd ) ;

concludingthe proof.

Our next goal is to obtain an exponential control of the decay of the
family f wk;" g outside 
. For this purposewe obtain a generalL 1 estimate
for solutionsof an elliptic inequality, following the Moseriteration technique.
We have
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Prop osition 3.1. Let D � Rd be open and connected. If w is a classical
solution of the elliptic inequality

8
><

>:

� w � f (w) � 0 in D;

w > 0 in D;

w = 0 on @D;

(3.61)

where N � 3, p + 1 2 (2; 2� ) and f satis�es

tf (t) � ctp+1 ; 8t 2 R+ ; (3.62)

for someconstant c > 0. If moreover w 2 H1
0(D) then there existsa constant

C = C(c;p;N ) > 0 suchthat

jjwjj L 1 (D ) � C jjwjj 4=[(N +2) � p(N � 2)]
L 2� (D ) : (3.63)

This result wasproved in [10] assumingthat D � Rd is smooth and bounded.
It can be extendedto a non-necessarilyboundedD nor regular @D. We can
follow the step in [10], by choosing a slightly modi�ed test depending on a
parameter,in order to avoid the possiblenon-regularity of the boundary. We
omit the details.

Lemma 3.7. For everyk 2 N there existsa K 2 > 0 suchthat

jjwk;" jj L 1 (Rd ) < K 2; 8" 2 (0; " � ): (3.64)

Proof. Given " 2 (0; " � ), we considerD +
" a connectedcomponent of the set

f x 2 Rd : wk;" > 0g. So,we have
8
><

>:

� wk;" + wp
k;" � 0 in D +

" ;

wk;" > 0 in D +
" ;

wk;" = 0 on @D +
" ;

(3.65)

hence,from (3.50) and Proposition 3.1,

jjwk;" jj L 1 (D +
" ) � K 2; 8" 2 (0; " � ); (3.66)

where the constant K 2 depends on d, k and p. Since D +
" is arbitrary, the

inequality holds in f x 2 Rd : wk;" > 0g. By a similar argument we alsoshow
that the inequality holds in f x 2 Rd : wk;" < 0g.
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Remark 3.9. Sincevk;" = "2=(p� 1)wk;" , it follows from Lemma 3.7 that

l��m
" ! 0

jj vk;" jj L 1 (Rd ) = 0; 8k 2 N: (3.67)

Moreover, sincejjuk jj L p+1 (Rd ) 6= 0 for all k 2 N, it is clear that there exists a
constant � k > 0 such that

l��m inf
" ! 0

jj vk;" jj L 1 (Rd )

"2=(p� 1)
� � k > 0: (3.68)

In order to obtain the exponential decay of wk;" , we shall give a compa-
rison argument as in [11]. We considera positive solution for the problem

8
><

>:

� U � 2bU = 0 in Rd n 
 � ;

U = a on @
 � ;

l��mjx j!1 U(x) = 0;

(3.69)

wherea;b> 0. Such a solution satis�es

U(x) � C expf� b� dist(x; 
 � )g; 8x 2 Rd n 
 � : (3.70)

for someconstant C depending on a and 
 � , see[11, Lemma 2.7].

Lemma 3.8. For everyk 2 N, � ; c > 0, there exists" �� 2 (0; " � ) suchthat

jwk;" (x)j < C � expf�
c
"

� dist(x; 
 � )g; 8x 2 Rd; 8" 2 (0; " �� ); (3.71)

where C dependson K 2 and 
 � .

Proof. Let " � 2 (0; " � ) such that V� > (K 2 + 2c="� )"2
� . Then, from Lemma

3.7 and for all " 2 (0; " � ) and x 2 Rd n 
 � , we have that

Fk;" (x) �
V(x)

"2
� jwk;" jp� 1 �

V�

"2
� K 2 > 2

c
"

:

Now we considerU a solution to problem (3.69) with a = K 2 and b = c=".
Then, 8

><

>:

� U � Fk;" (x)U � 0 in Rd n 
 � ;

U = K 2 on @
 � ;

l��mjx j!1 U(x) = 0;

(3.72)
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from whereit follows that
8
><

>:

�( U � wk;" ) � Fk;" (x)(U � wk;" ) � 0 in Rd n 
 � ;

U � wk;" > 0 on @
 � ;

l��mjx j!1 (U(x) � wk;" (x)) = 0:

(3.73)

Now it is clear that

wk;" (x) � U(x); 8x 2 Rd n 
 � :

Analogouslywe can prove that

� U(x) � wk;" (x); 8x 2 Rd n 
 � :

Then, using (3.70) we obtain

jwk;" (x)j � C expf�
c
"

dist(x; 
 � )g; 8x 2 Rd n 
 � ;

and, enlargingC if necessary, we �nally get the inequality in all Rd.

3.5. Asymptotic behavior at the boundary
(Comportamiento asint�otico sobrela frontera)

We alreadyknow that the sequencewk;" convergesin H 1(R) to a function
u which is a solution of (P) in 
. By elliptic regularity it is not hard to prove
that on each compactset D � 
, the convergenceof wk;" to u is uniform on
D. On the other hand, outside 
, namely in 
 � , we have exponential decay
accordingto Lemma 3.8. The uniform behavior of wk;" on the boundary of

 is not coveredby thesetwo arguments. In this sectionwe prove

Prop osition 3.2. The family of solutions wk;" veri�es

l��m
" ! 0

m�ax
x2 @


jwk;" (x)j = 0; 8k 2 N: (3.74)

For proving this proposition we seetwo preliminary lemmas.Let � > 0
be small enough so that the set 
 � � f x 2 
 : dist(x; @
) > � g is not
empty. We de�ne the ring around @
 as R(� ) = 
 � n 
 � and we consider
M " (� ) = m�axx2 @R(� ) jwk;" (x)j for k 2 N �xed. First we show that
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Lemma 3.9. Given � > 0, there exists � � > 0 suchthat

m�ax
x2 R(� )

jwk;" (x)j � M " (� ) + � ; 8� 2 (0; � � ): (3.75)

Proof. For notational conveniencewe denote w = wk;" and R� (� ) = f x 2
R(� ) : � w > 0g. Then we have

(
� � w � jwjp� 1w � 0; in R� (� );

� w � 0; on @R� (� )
(D � )

We consideronly (D + ) sincethe other caseis analogous.We put v = w �
M " (� ) to get (

� v � f ; in R+ (� );

v � 0; on @R+ (� )
(3.76)

wheref � �j wjp� 1(M " (� ) + v). Then, using the Alexandro� Maximum Prin-
ciple ([48, Th.2.21]), we obtain

sup
R+ (� )

v � C � jj f � jj L N (R+ (� ))

� CjR+ (� )j1=N K p� 1
2 (M " (� ) + sup

R+ (� )
v);

whereC = C(N; diam(
)) > 0. Now choosing � � > 0 small enough,we get

sup
R+ (� )

w � M " (� ) + � ; 8� 2 (0; � � ): (3.77)

In a similar way, decreasing� � if necessary, we �nd also

��nf
R � (� )

w � � M " (� ) � � ; 8� 2 (0; � � ); (3.78)

completing the proof of the lemma.

Next we control the valuesof w on @R(� ), that is

Lema 3.1. Given � > 0, there exist � 0; "0 > 0 suchthat

M " (� 0) < � ; 8" 2 (0; "0): (3.79)
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We observe that with this lemma and Lemma 3.9 we can complete the
proof of Proposition 3.2. In fact @
 � R(� ) and so m�axx2 @
 jwk;" (x)j �
m�axx2 R(� ) jwk;" (x)j.

Proof of lemma 3.1. Denoting

m� (" ) = m�ax
x2 @
 �

jwk;" (x)j and m� (" ) = m�ax
x2 @
 �

jwk;" (x)j;

we seethat we needto show that m� (" ) and m� (" ) are controlled by � .
First, we seethat

l��m
" � ! 0

m� (" ) = 0:

In fact, outside 
 � =2, wk;" decay exponentially , asproved in Lemma 3.8 then
wk;" ! 0 uniformly in @
 � .

Second,we study m� (" ). We denoteby K ck the setof critical points of the
functional J corresponding to the critical valueck . According to Lemmas3.5
and 3.6, there existsu 2 K ck and a sequencef " i gi 2 N such that l��mn!1 "n = 0
and wk;" n � wn ! u in H1(
) and point-wise. We choose� > 0 such that
R� (� ) = 
 � � � n 
 � + � veri�es R� (� ) \ @
 = ; . From elliptic estimates,we see
that for each compact set D � 
, the convergenceof wn to u is uniform in
D. Then, in particular, given � > 0, there exists a n� = n� (� ; w) 2 N such
that

m�ax
x2 R � (� )

jwn(x) � u(x)j <
�
2

; 8n > n� : (3.80)

On other hand, since ujRdn
 = 0 and u is a solution of (P), there exists a
� 0 = � 0(� ; w) > 0 such that

m�ax
x2 R � 0(� )

ju(x)j <
�
2

: (3.81)

Then, from (3.80) and (3.81), we get

m� 0("n ) < � ; 8n > n� : (3.82)

We seethat the value n� and � 0 may depend on u. However, one can argue
usingthe compactnessof the setK ck , that they canbechosensothey actually
depend only on k, but not on the particular u 2 K ck .

51



Cap��tulo 4

Propiedades de compacidad
para operadores de traza y
aplicaciones a la Mec �anica
Cu �antica

Como sedijo en la Presentaci�on, mantenemosel idioma en que ser�a pu-
blicado el art��culo [27]. Los comentarios adicionalesser�an provistos en notas
al pie. La Secci�on 4.5 no apareceen [27]; la presentamos puescorrespondea
una aplicaci�on directa del material que le precede.

Abstract (Resumen)

Interpolation inequalities of Gagliardo-Nirenberg type and compactness
results for self-adjoint �nite-trace operators with �nite kinetic energy are
established.Applying theseresults to the minimization of free energyfunc-
tionals which are not necessarilyconvex, we characterizefor instancestatio-
nary states of the Hartree problem with temperature. Equivalent results in
the mixed statesrepresentation for quantum mechanicsalsohold.

4.1. In tro duction ( Introducci�on)

The �rst eigenvalue � V;1 of a Schr•odinger operator � � + V can be es-
timated using Sobolev's inequalities, [72, 68, 42]. In some recent papers,
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[7, 73, 26], a preciseconnectionhasbeengiven betweenthe optimal estima-
tes of � V;1 in terms of a norm of V and the optimal constants in somerelated
Gagliardo-Nirenberg inequalities.Such inequalitiesadmit optimal functions,
see[76, 26].

In the caseof orthonormal and sub-orthonormal systems,interpolation
inequalities of Gagliardo-Nirenberg type provide informations on optimal
constants in inequalities,see[57, 56, 40, 32], which can be extendedto Lieb-
Thirring type inequalities,[55]. Werefer to [26]for referencesin this direction
and precisestatements concerningthe relation betweenoptimal constants in
thesetwo families of inequalities, in the caseof the euclideanspaceRd.

Conversely, the knowledgeof Lieb-Thirring inequalitiescan be rephrased
into interpolation inequalities for mixed states,which are in�nite systemsof
orthogonal functions with occupations numbers, see[26]. It is well known
that an equivalent formulation holds in terms of operators. In this paper we
rewrite and extend theseinterpolation inequalitiesfor trace-classself-adjoint
operators and focus on the caseof a domain 
 � Rd. We also study, at
the level of the operators, the compactnessproperties of the corresponding
embeddings,which somehow extend the well known properties of Sobolev's
embeddingsto trace-classself-adjoint operators.

An important sourceof motivation for us is the paper by P. Markowich,
G. Rein and G. Wolansky, [60], which was devoted to the analysis of the
stabilit y of the Schr•odinger-Poissonsystem.It involvesin a crucial way some
functionals which are a key tools of our approach, and that we will call free
energy functionals becauseof their interpretation in physics.In [60], the aut-
hors refer to such functionals asCasimir functionals, for historical reasonsin
mechanics,[77].During the last fewyears,variousresultsbasedon freeenergy
functionals, which are sometimesalsocalledgeneralizedentropy functionals,
have beenachieved in the theory of partial di�erential equations.We can for
instancequote nonlinear stabilit y results for 
uid and kinetic equations,see
for instance [77, 44, 45, 67], studies of the qualitativ e behavior of the solu-
tions of kinetic and di�usion equations,including largetime asymptoticsand
di�usion limits, see,e.g., [6, 14, 29], and applications to free boundary pro-
blems:[30], or quantum mechanics: [59, 60]. At a formal level, thesevarious
functionalsareall moreor lessthe sameobject. The preciseconnectionis still
being studied at the moment from a mathematical point of view, although
the correspondenceat a physical level makesno more doubts.

Minimizing the free energyfunctional for a given potential is equivalent
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to proving Lieb-Thirring inequalities, while the optimization on the poten-
tial provides interpolation inequalities. Such questionshave beenonly tan-
gentially studied in [60], since in this paper the potential is given by an
electrostatic Poissonlaw with homogeneousDirichlet boundary conditions
and thereforealways positive. Herewe work in a much more generalsetting,
which physically could correspond to external potentials with a singularity
(for instancecreatedby doping charge impurities in a semi-conductor)and
our �rst task is thereforeto bound from below the freeenergyfunctional, i.e.
to establishadapted Lieb-Thirring inequalities. Our secondstep consistsin
reformulating theseinequalities in terms of Gagliardo-Nirenberg type inter-
polation inequalities for operators, and to study the compactnessproperties
of the corresponding embeddings.Afterwards, the minimization procedure
becomesmore or lesstrivial, thus giving for almost no work the existenceof
minimizers, including in the caseof non-linearmodelsinvolving, for instance,
a Poissoncoupling.

Let's be more precise.Let 
 be a bounded domain in Rd with smooth
boundary and considera smooth positive potential V on 
. As a starting
point, weare interestedin inequalitiesof Lieb-Thirring type for the Schr•odin-
ger operator � � + V . Let f � V;i gi 2 N be the corresponding unbounded non-
decreasingsequenceof eigenvalues.As a straightforward consequenceof the
results of [26], the following inequality holds: for any 
 > d=2, there exists
someexplicit constant C(
 ), which doesnot depend on V, such that

X

i 2 N

�
� V;i

� � 

� C(
 )

Z



V d=2� 
 dx ; (4.1)

(see Example 1 in Section 4.3.1 for a precisestatement). This inequality
arisesasa special caseof a master inequality which goesasfollows. Consider
a sequenceof orthonormal functions f  i gi 2 N and a sequencef � i gi 2 N of non-
negative real numbers. The sequencef (� i ;  i )gi 2 N 2 `1 � L2(
) is called a
mixed state in the physics literature. The master inequality is

X

i 2 N

� (� i ) +
1
2

X

i 2 N

� i

�
 i ; (� � + V)  i

�
L 2 (
)

� �
X

i 2 N

F
�
� V;i

�

� �
Z



G(V) dx :

(4.2)

Herethe functions � , F and G arerelatedasfollows.Considera non-negative
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function g satisfying
R1

0 g(t)
�
1 + t � d=2

�
t � 1 dt < 1 , then we de�ne

Z 1

0
e� t s g(t)

dt
t

and G(s) :=
Z 1

0
e� t s (4� t) � d=2 g(t)

dt
t

;

and we let � be such that � (s) � F � (� s), whereF � denotesthe Legendre-
Fenchel transform of F . Then (4.1) correspondsto the case� m (� ) = � cm � m

for someexplicit constant cm , m = 
 =(
 + 1) 2 (d=(d + 2); 1), F (s) � s� 


and G(s) � C(
 ) sd=2� 
 . The important point is that Inequality (4.2) then
holds for any potential and any mixed state. Other choicescanalsobe taken,
for instance � 1(s) � s logs � s, F (s) � e� s and G(s) � (4� ) � d=2 e� s, thus
showing the following Lieb-Thirring type inequality

X

i 2 N

e� � V;i � (4� ) � d=2
Z



e� V dx :

Using the Hilbert-Schmidt theorem, by consideringself-adjoint trace-class
operators L with kernel K L (x; y) �

P
i 2 N � i  i (x)  i (y), we can reformulate

the �rst part of Inequality (4.2) in terms of operators. Denoting the term of
the left in (4.2) as F �

V;� (L) we get

F �
V;� (L) � � Tr

�
F

�
� � + V � �

� �

for someparameter � that we may take equal to 0 for the moment. Up to
now, V was assumedto be positive. Our �rst main result is an extension
of Inequality (4.2) to potentials which may changesign. For a non-negative
perturbation W of a sign changing potential V , Inequality (4.2) is replaced
by

F �
V + W;� (L) � � " � d=2

Z



G(W) dx ; (4.3)

for some" and � to be �xed later. An optimization on W then givesan inter-
polation inequality of Gagliardo-Nirenberg type. To give a precisestatement,
let us considerF; G and � as beforeand let � be such that G(s) � � � (� s).
Here G� denotesthe Legendre-Fenchel transform of G. We also usethe no-
tation � L for the non-negative function

P
i 2 N � i j i j2 2 L1(
), using a mixed

state representation f (� i ;  i )gi 2 N associated to L. Somestandardprecautions
are neededto identify � L (x) with K L (x; x).

Theorem 4.1. For a given potential V, assumethat for some" 2 (0; 1),
� (1 � " ) � + V is bounded from below by some constant � , in the sense
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of operators. With the above notations, Inequality (4.3) holds for any non-
negative self-adjoint trace-classoperator L, and moreover

F �
V;� (L) � " � d

2

Z



�

�
"

d
2 � L (x)

�
dx :

Now we make explicit the two interesting casesF (s) � s� 
 and F (s) �
e� s. We de�ne the kinetic energyof a given trace-classoperator L as

K(L) =
Z



� i jr  j2dx;

then we obtain the following interpolation inequalities

K(L) + � (
 )
Z



� q

L dx � cm Tr [Lm ] ;

where q � (2
 � d)=(2(
 + 1) � d) 2 (0; 1), m = 
 =(
 + 1) and � (
 ) is an
explicit positive constant, and

Z



� L log� L dx � Tr [L logL] +

d
2

log
�

e
2� d

K(L)
kLk1

�
kLk1 ;

whereL is any non-negative self-adjoint trace-classoperator. For simplicity,
the inequalitieswritten herecorrespond to the casewhereV is non-negative,
but more generalstatements corresponding to a sign changing potential V
can be deducedfrom Theorem4.1.

The interpolation inequalities of Theorem 4.1 generalizefor self-adjoint
trace-classoperators the usual Gagliardo-Nirenberg inequalities. Exactly as
for the embeddingH1

0(
) ,! L2(
), somecompactnesscanbeexpected.Such
a statement constitutes our secondmain result.

Theorem 4.2. Under the assumptionsof Theorem 4.1, if f L ngn2 N� is a
sequence of non-negative self-adjoint trace-classoperators suchthat

fF �
V;� (Ln )gn2 N�

is bounded, then f L ngn2 N� is relatively compact and convergesin an appro-
priate senseto somenon-negative self-adjoint compact operator L up to a
subsequence (See Theorem 4.5). Moreover, � L n convergesto � L in Lq(
) , for
any q 2 [1; 1 ] if d = 1, q 2 [1; 1 ) if d = 2 and q 2 [1; d=(d � 2)] if d � 3.
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This paper is organizedas follows. Section 4.2 is devoted to de�nitions
and preliminary results. In Section4.2.2we introducea setof trace-classope-
rators having the form F (� �). To this classbelongthe operatorsgenerated
by the Boltzmann distribution and the Fermi-Dirac statistics, seeExample
4.3 in Section4.2.2.The spaceS1 of trace-classself-adjoint operators,which
are also known as nuclear self-adjoint operators, plays the role of the space
L1 and the spacesSq can be felt asthe spacesLq, q 2 [1; 1 ]. Inspired by this
analogy, we de�ne in Section4.2.3the Sobolev-like conesW l ;p asappropriate
subsetsof S1. As far as we know the de�nition of theseconesis a novelty.
Basicproperties(Proposition 4.1) of theseconesand a regularity result (Pro-
position 4.2) concerningthe density functions associated to H 1 = W 1;2 are
establishedin Section4.2.3.The free energyfunctional F �

V;� (L) is de�ned in
Section4.2.4.

Theorems4.1 and 4.2 are proved in Section 4.3. An improved interpo-
lation inequality is given in Theorem 4.4. The key estimate is a convexity
inequality (Lemma 4.1) which allows simultaneously to minimize the free
energy functional and to get somecoercivity even if V changessign (Pro-
position 4.5). The compactnessresult then follows (seeTheorem 4.5 for a
detailed statement).

As a simple consequence,in Section 4.4, we prove the existenceof mi-
nimizers in several casesof interest in quantum mechanics.Someadditional
referencesfor applications in quantum mechanicsare given at the endof this
paper.

4.2. De�nitions and preliminary results
(De�niciones y resultadospreliminares)

4.2.1. The operators setting (El universode operadores)

Let 
 be a domain in Rd, d 2 N� . We denote by L (L2(
)) the spaceof
bounded linear operators acting on L2(
) and by k � k its standard norm.
In L (L2(
)) we considerthe subspacesI 1 and S1 of compactand compact
self-adjoint operators, respectively. Next we de�ne the spaceof trace-class
operators which is a subspaceof I 1 given by

I 1 �
n

L 2 I 1 :
X

i 2 N

�
� (� i ; L� i )L2(
)

�
� < 1

o
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where f � i gi 2 N is any completeorthonormal systemin L2(
). The elements
of I 1 are indi�eren tly calledtrace-classoperatorsor nuclear operators. Given
L 2 I 1, the trace of L is the value

Tr [L] �
X

i 2 N

(� i ; L� i )L2(
) ; (4.4)

wheref � i gi 2 N is any completeorthonormal systemin L2(
). It is a basicfact
of the theory that the trace of an operator does not depend on the choice
of f � i gi 2 N. We will alsoconsiderthe spaceof the Hilbert-Schmidt operators,
which is de�ned as

I 2 �
n

L 2 I 1 :
X

i 2 N

�
� �

� i ; jL j2� i
�

L2(
)

�
� < 1

o
:

Equiped with the scalar product hL; Ri 2 � Tr [R� L], I 2 is a Hilbert space;
we denotethe corresponding norm by k� k2. It canbe proved, seefor instance
[64, TheoremVI.23], that an operator L 2 L (L 2(
)) belongsto the Hilbert-
Schmidt spaceif and only if there is a function K L 2 L2(
 � 
), the kernel
of L, such that

kLk2
2 =

Z Z


 � 

jK L (x; y)j2 dx dy

and

(L� )(x) =
Z



K L (x; y) � (y) dy for x 2 
 a.e.; 8 � 2 L2(
) :

For L 2 S1 we denote by f � i (L)gi 2 N, or simply f � i gi 2 N if there is no
confusion,the sequenceof eigenvaluesof L counted with multiplicit y, which
is well de�ned by the Hilbert-Schmidt theorem. We adopt the convention
that f � i gi 2 N is orderedin a way such that fj � i jgi 2 N is non-increasing,and if
both � and � � are eigenvalues,�j � j comes�rst. We will denoteby f  i (L)g,
or simply f  i gi 2 N if there is no ambiguity, an associated orthonormal system
of eigenfunctions,which is completein L2(
): see,e.g.,[9, Chapter VI]. From
now on we are only dealing with self-adjoint operators and considerfor any
q 2 [1; 1 ) the spaces

Sq �
n

L 2 S1 : kLkq �
� X

i 2 N

j� i jq
� 1=q

< 1
o

:
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If L 2 S2, given an orthonormal systemof eigenfunctionsf  i gi 2 N associated
to L, K L is explicitly given by

K L (x; y) =
X

i 2 N

� i  i (x)  i (y) for a:e: x; y 2 
 ;

and the two given de�nitions of kLk2 coincide.
If L 2 S1 and f  i gi 2 N is an orthonormal basisof L2(
) of eigenfunctions

associated to L 2 S1, we de�ne

� L (x) �
X

i 2 N

� i j i (x)j2 x 2 
 a.e.;

which is in L1(
). It is a basic fact that � L doesnot depend on the special
choiceof f  i gi 2 N and that

Z



j� L (x)j dx � kLk1 = Tr(jL j) =

Z



� jL j(x) dx 8 L 2 S1 :

If additionally L is a non-negative operator, � L is also non-negative, it is
called the density function associated to L and kLk1 = Tr [L] =

R

 � L (x) dx.

Such a de�nition is consistent with the density operator formalism in quan-
tum mechanics.

Remark 4.1. In somecases(4.4) makes sensefor an operator L which is
not in S1, but is for instancein L (L2(
)) and such that the right hand side
in (4.4) is �nite. We shall then write tr [L] instead of Tr [L].

Let us recall someother well known facts on Sq. See,e.g., [65, Prop. 5-6]
for more details. Someof theseresults alsoapply to operatorswhich are not
self-adjoint, but this is outside of the scope of this paper.

i) Sq equippedwith the norm k�kq is a Banach spaceandkLk = l��mq� !1 kLkq,
but Sq ( S1 for any q 2 [1; 1 ).

ii) If 1 < q1 < q2 < 1 , then

kLkq2 � kLkq1 8 L 2 Sq1 ;

so that S1 � Sq1 � Sq2 � S1 .
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iii) Sq is the closureof the spaceof �nite rank self-adjoint operators with
respect to the norm k � kq.

iv) If 1 � q � 1 and q� 1 + r � 1 = 1, then

kA Bk1 � kAkq kBkr 8 A 2 Sq ; B 2 Sr : (4.5)

In caseq = 1 (and r = 1), k � k1 = k � k, the usual norm of bounded
operators.

4.2.2. Op erators of the form F(� � ) and Casimir-t yp e
functions (Operadoresdela forma F(� � ) y funciones
tip o Casimir)

In the caseof a boundeddomain 
 � Rd, a useful classof operators can
be obtained out of the Laplacian. Let f � 0;i gi 2 N and f � 0;i gi 2 N be the eigen-
valuesand the eigenfunctionsof the Laplacian with homogeneousDirichlet
boundary conditions. According to [9, TheoremIX.31] for instance,for each
i 2 N, consider (

� � � 0;i = � 0;i � 0;i in 
 ;

� 0;i 2 H1
0(
) \ C1 (
) :

(4.6)

The orderedsequence0 < � 0;1 < � 0;2 � � 0;3 � ::: divergesand f � 0;i gi 2 N is a
completeorthonormal systemin L2(
).

De�nition 4.1. We shall say that a function F : R ! R [ f + 1g is of
C(� � ; 
)- class if it is convex and

P
i 2 N F (� 0;i ) is �nite.

The Spectral Theorem (see,e.g., [64, Theorem VI I I.5]) then allows to
de�ne the nuclear operator F (� �) for each F 2 C(� � ; 
). From this de�-
nition it also follows that the point spectrum � p(� �) � f � 0;i : i 2 Ng of
� � is contained in the domain Dom(F ) � f s 2 R : F (s) < 1g , for any
F 2 C(� � ; 
). The set C(� � ; 
) is a convex cone,that is, it is convex and
stable under addition and multiplication by a positive constant.

Example 4.1. Let 
 > 
 d � d=2. Then, aswe shall seebelow,
X

i 2 N

(� 0;i )� 
 < 1 ; (4.7)
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so that the function

F (s) =

(
s� 
 if s � 0 ;

+ 1 if s < 0 ;

belongsto C(� � ; 
) and therefore(� �) � 
 is a trace-classoperator.

Example 4.2. More generally, let F : R ! R [ f + 1g be a non-increasing
convex function which is non-negative and such that for any s � 0 large,

F (s) �
C

(1 + s)" + d=2
;

for someconstants C, " > 0. Then we have that
X

i 2 N

F (� 0;i ) �
X

k2 N

F (k) � # A(k);

whereA(k) � f i 2 N : k < � 0;i � k + 1g. Using the Weyl estimate, which
statesthat # A(k) grows like kd=2� 1 for large k, it follows that F (k) � # A(k)
behaves like k� 1� " as k ! 1 . Consequently

P
i 2 N F (� 0;i ) is �nite and then

F 2 C(� � ; 
).

Example 4.3. Assume f : R ! R is a Casimir-type function, that is a
function that satis�es the following properties:

i) There exists s1 2 [�1 ; 1 ) such that f (s) = 1 , 8 s 2 (�1 ; s1).

ii) f is continuouson (s1; 1 ).

iii) Thereexistss2 2 (s1; 1 ] such that f (s) > 0, 8 s 2 (s1; s2) and f (s) = 0,
8 s � s2 .

iv) f is strictly decreasingon (s1; s2) .

v) If s2 = 1 , there exists constants " > 0 and C > 0 such that for any
s � 0, large,

f (s) �
C

(1 + s)" +2+ d=2
: (4.8)

Then the function

F (s) =
Z 1

s
f (t) dt
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falls in the classof functions of the Example 4.2.
Under theseconditions f (� �) is alsoa trace-classoperator: see,e.g.,[60]

if one requires" > 1. The case" 2 (0; 1) is more delicate and requiressome
additional analysis,for instanceto de�ne the free energy(seeSection4.2.4).
The function of Example 4.1 above, the Fermi-Dirac statistics de�ned for
� > 0 by

f (s) =
Z

Rd

dv
� + es+ jvj2=2

and the Boltzmann distribution

f (s) = e� �s

with � > 0, are Casimir-type functions.

Remark 4.2. If we have a potential V, for which there exist eigenvalues
� V;1 < � V;2 � � V;3 � ::: divergingto in�nit y and functions such that f � V;i gi 2 N

is a completeorthonormal systemin L2(
), where

� � � V;i + V� V;i = � V;i � V;i in 
 ; � V;i 2 H1
0(
) ; (4.9)

then we de�ne C(� � + V; 
) as the classof functions F : R ! R [ f + 1g
that are convex and such that

P
i 2 N F (� V;i ) is �nite. Then, using spectral

theory we may de�ne for each such F the trace-classoperator F (� � + V).
We will usetheseoperators extensively in what follows.

4.2.3. Sobolev-lik e cones of nuclear operators
(Conostip o Sobolev de operadores)

We recall that for any L 2 S1 , we denote by f (� i (L);  i (L))gi 2 N the
sequenceof eigenelements of L. Here f  i (L)g � L2(
) is a completeortho-
normal systemof functions.

De�nition 4.2. Let l 2 N and p 2 [1; 1 [. An operator L 2 S1 is in the
Sobolev-likecone W l ;p if f  i (L)gi 2 N � W1;p

0 (
) \ W l ;p(
) and

hhLii l ;p �
X

i 2 N

j� i j � jj  i jj
p
W l;p (
) < 1 : (4.10)

We alsode�ne the functional Kp on W 1;p by

Kp(L) �
X

i 2 N

j� i j
Z



jr  i (x)jp dx :
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The following proposition collectssomebasic facts:

Prop osition 4.1. Sobolev-like conesof trace-classoperators satisfy the fo-
llowing properties:

i) For any p 2 [1; 1 [, l 2 N, W l ;p and W l ;p
+ are conessuchthat

W l2 ;p � W l1 ;p and W l2 ;p
+ � W l1 ;p

+ if l1 � l2 :

ii) If 1 � p < q < 1 , l 2 N, then there exists a constant c1 = c1(p;q; l)
suchthat

hhLii l ;p � c1 hhLii l ;q 8 L 2 W l ;q ;

so that W l ;q � W l ;p.

iii) For any p � 2, there existsa constant c2 = c2(
 ; p) suchthat

kLk1 � c2 Kp(L); 8 L 2 W 1;p : (4.11)

In the rest of the paper we will only considerthe casep = 2, even though
someresults can be extendedfor generalp. In this casewe write H 1 � W 1;2

and we denoteby H 1
+ the set of operators L 2 H 1 such that L � 0. This set

H 1
+ is alsoa cone.

We de�ne K : H 1
+ ! R as K = K2 and we call it the kinetic energy

functional. Given L 2 H 1
+ we say that K(L) is the kinetic energy of L and

we may write that K(L) = tr[ � � L ].

Remark 4.3. Formally, the kinetic energyfunctional K is linear on the cone
H 2

+ = f L 2 W 2;2 : L � 0g, so that

hDK(L); Ri = K(R) 8 L; R 2 H 2
+ :

The Sobolev-likeconesH 1 andH 1
+ arethe analoguesof H1(
) andH1

+ (
) =
f u 2 H1(
) : u � 0g at the level of self-adjoint compact operators. This re-
sults in integrability propertiesfor the density � L (x) =

P
i 2 N � i j i (x)j2 which

are the counterpart of Sobolev's embeddings.

Prop osition 4.2. For any L 2 H 1, the density function � L belongs to
W1;r (
) \ Lq(
) with r and q in the following ranges:

i) for all q 2 [1; 1 ] and r 2 [1; 2] if d = 1,
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ii) for all q 2 [1; 1 [ and r 2 [1; 2] if d = 2,

iii) for all q 2 [1; d=(d � 2)] and r 2 [1; d=(d � 1)] if d � 3.

Proof. Assumethat d � 3 and r 2 [1; d=(d � 1)]. Using the convexity of
s 7! jsjr , H•older's and Sobolev's inequalities,we obtain

Z



jr � L jr dx � 2r

Z




� X

i 2 N

j� i  i r  i j
� r

dx

�
�

2
X

j 2 N

j� j j
� r

Z




X

i 2 N

�
j � i jP

j 2 N j � j j

�
j i jr jr  i jr dx

� 2r
� X

j 2 N

j� j j
� r � 1 X

i 2 N

j� i j
� Z



jr  i j2

� r
2

� Z



j i j

2r
2� r

� 1� r
2

� 2r sr
r kLkr � 1

1 K(L)

wheresr is the Sobolev constant of the embeddingH 1
0 (
) ,! L

2r
2� r (
), sothat

(4.11) with c2 = c2(
 ; 2) implies

jjr � L jj L r (
) � 2sr kLk
1� 1

r
1 K

1
r (L) � 2sr c

1� 1
r

2 K(L) :

Therefore,by the critical Sobolev embedding, we have

jj � L jj L d= ( d� 2) (
) � sd=(d� 1) jjr � L jj L d= ( d� 1) (
) � 2s2
d=(d� 1) c

1� 1
r

2 K(L) < 1 :

The casesd = 1, 2 follow from the Sobolev inequalities, with the corres-
ponding restrictions on q and r .

4.2.4. The Free Energy functional
(El funcional de Energ��a Libre)

In this sectionwe de�ne the free energyfunctional, which is madeof an
energy functional and an entropy functional. The energy functional can be
seenas the sum of the kinetic energy, as de�ned in the anterior subsection,
and a potential energyfunctional.
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Poten tial energy

Potential energy for trace-classoperators can be de�ned as follows. Let
V : 
 ! R be a measurablefunction and let L 2 S1. If � jL jV 2 L1(Rd), then
the V-potential energy of L is given by

PV (L) �
Z



V(x)� jL j(x) dx:

Remark 4.4. SinceV = V(x) can formally be seenasan operator acting on
L2(Rd) with kernel K V (x; y) = V(x) � x (y), it follows that P(L) = tr [ V jL j ]
and so, at least formally, for any non-negative operators L, R 2 S1,

hDPV (L); Ri = PV (R) :

The V-potential energy functional is bounded from below in H 1
+ if and

only if V is non-negative. To be precise,we have the following result.

Prop osition 4.3. Assumethat A � S1 is suchthat � A � A, for all � > 0.
Then

��nf
L 2 A

P(L) � C (4.12)

for someconstant C 2 R if and only if

��nf
L 2 A

P(L) = 0 ; (4.13)

which is equivalent to V � 0 a.e.

Proof. If we assume(4.12) and there is L 2 A such that 0 > P(L) > C, then
it should alsobe true that

0 > P(� L) = � P(L) > C 8 � > 0 ;

but this is impossiblefor � > jCj=jP (L)j. Then, as l��m� ! 0 P(� L) = 0, we
have (4.13). Next, assuming(4.13) we seethat V � 0 a.e., since in the
contrary we can �nd L such that P(L) < 0. Finally, if V � 0 a.e.,then (4.12)
follows with C = 0.
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Entrop y

Let L 2 S1 and let � : R ! R [ f + 1g be a convex function such that
� (0) = 0. The functional

E� (L) �
X

i 2 N

� (� i (L))

will be called the � -entropy of L.
At this point the function � is arbitrary, but later weconsiderit in relation

with a function F in the classC(� � + V; 
).

Remark 4.5. For � of classC1, sinceE� (L) = tr [� (L)], we formally have

hDE� (L); Ri = tr [ � 0(L) R ] ;

for any L, R 2 S1.

Free energy

The free energy functional is obtained as the sum of the entropy, the
kinetic energyand the potential energy. Assumethat L 2 H 1 and that V :

 ! R is a measurablefunction such that � jL jV 2 L1(Rd) then we have

De�nition 4.3. The functional

FV;� (L) � E� (L) + K(L) + PV (L)

will be called the (V; � )-free energy of L.

Formally we may say that the (V; � )-free energyof L is given by

FV;� (L) = tr[ � (L) + (� � + V)L];

for all L 2 H 1. We recall that we are using the notation tr [�] when the trace
makessenseeven though the operator may not be a trace-classoperator. See
Remark 4.1.

Remark 4.6. Here we take temperature 1 from the physicspoint of view.
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Example 4.4. Let 
 > 
 d � d=2 and

� m (s) =

(
1 if s < 0 ;

� cm sm if s � 0 ;

wherecm = (1� m)m� 1m� m and m = 


 +1 2

�
d

d+2 ; 1
�
. The entropy functional

E� m associated to � m will play an important role in Section4.3.1below. The
function � m has to be seenin connectionwith the function F of Example
4.1.

Poisson poten tial energy

Let d � 4. By virtue of Proposition 4.2, � L is in L2(
) for any L 2 H 1 so
that we can �nd a potential VL 2 H1

0(
), called the Poissonpotential, as the
unique solution of the equation

(
� � V = � � jL j ; in 
;

V = 0; on @


Two casescan be considered,corresponding either to the repulsive, electros-
tatic case:� = +1 (Coulomb interaction), or to the attractiv e case:� = � 1
(Newton interaction). The Poissonpotential energy of L 2 H 1 is now de�ned
as

P(L) =
1
2

Z



VL � L dx =

�
2

Z



jr VL j2 dx :

Using Proposition 4.2 we get the following regularity result, whoseproof can
be seenfor instancein [41].

Prop osition 4.4. Let L 2 H 1. If d = 1 or d = 2, then VL 2 C0(
 ).
Moreover, VL 2 W1;p

0 (
) \ Lq(
) for any q 2 [1; 1 ) and for any p 2 [1; 1 )
if d = 3, for any p 2 [1; 4] if d = 4. If additionally @
 is of classC2, then
VL 2 W2;r (
) \ C0;1=2(
) for any r 2 [1; 3=2] if d = 3, and VL 2 W2;r (
) for
any r 2 [1; 4=3] if d = 4.

In Section4 we will be interestedin the moregeneralfreeenergyfunctio-
nal given via E� (L) + K(L) + P(L). Such a functional is convex if � = +1,
but it is not convex if � = � 1.
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4.3. Main results (Resultadosprincipales)

4.3.1. Lieb-Thirring and Gagliardo-Niren berg inequa-
lities (I) (DesigualdadesdeLieb-Thirring y Gagliardo-
Nirenberg (I) )

In this subsectionwe interpret the resultsobtained in [26] in terms of the
operator formalism and we adapt those results originally written in Rd to a
domain 
 � Rd.

Remark 4.7. If V is a potential, we let f � V;i gi 2 N and f � V;i gi 2 N be the se-
quenceof eigenvalues and eigenfunctionsof � � + V in 
, with Dirichlet
boundary condition on @
. We assumethat theseeigenfunctionsde�ne an
orthonormal basisfor L2(
).

Following the setting de�ned in [26], we let g be a non-negative function
on R+ such that Z 1

0
g(t)

�
1 + t � d=2

� dt
t

< 1 (4.14)

and we de�ne

F (s) =
Z 1

0
e� t s g(t)

dt
t

and G(s) =
Z 1

0
e� t s (4� t) � d=2 g(t)

dt
t

: (4.15)

We observe that F; G : R ! R [ f + 1g are convex non-increasingfunctions.
If V 2 L1

loc(R
d) is boundedfrom below and G(V) 2 L 1(Rd), with F and

G given as in (4.15) and g satisfying (4.14), then the content of Theorem 3
in [26] is the following Lieb-Thirring inequality

Tr [F (� � + V)] �
Z

Rd
G(V(x)) dx :

We can extend this result so to considera domain 
 insteadof Rd. Precisely
we have

Theorem 4.3. Let 
 be a domain and V be a potential bounded from below
in L1

loc(
) . Assumemoreover that G(V) is in L 1(
) , with F and G given by
(4.15) and g satisfying (4.14). Then we have

X

i 2 N

F (� V;i ) = Tr [F (� � + V)] �
Z



G(V(x)) dx :
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A proof of this theoremis easilyachieved usingTheorem3 in [26] with an
appropriate increasingsequenceof potentials f Vng, so that its limit is + 1
outside 
 and V in 
 :

We notice that sinceV is bounded below, letting � < infess
 V, we see
that the eigenvalues � V;i satisfy � V;i � � 0;i + � , for all i 2 N, and then the
sequencef � V;i gi 2 N diverges,sincethe sequencef � 0;i gi 2 N diverges.Under the
hypothesesof Theorem 4.3, the function F given by (4.15), is convex and
satis�es

P
i 2 N F (� V;i ) < 1 so that F belongsto the classC(� � + V; 
).

Theorem4.3 can be illustrated by the following examples.

Example 4.5. If F (s) = s� 
 for any s � 0 and F (s) = + 1 for s < 0, then
G(s) = C(
 )s

d
2 � 
 for s � 0, whereC(
 ) = (4� ) � d=2 �( 
 � d

2)=�( 
 ): In such a
case,Theorem4.3 takesthe following special form

Corollary 4.1. If 
 is a domain and V be a non-negative potential in

L1
loc(
) . Assumemoreover that (V)

d
2 � 
 is in L1(
) , then

Tr
�
(� � + V) � 


�
=

X

i 2 N

(� V;i )� 
 �
�( 
 � d

2)
(4� )d=2 �( 
 )

Z



V

d
2 � 
 dx :

Example 4.6. If F (s) = e� s for any s 2 R, then G(s) = (4� ) � d=2 e� s and
Theorem4.3 readsas follows

Corollary 4.2. If 
 is a domain and V is a potential bounded below, which
belongsto L 1

loc(
) . If moreover, e� V 2 L1(
) , then we have

Tr
�
e� �+ V

�
=

X

i 2 N

e� � V;i �
1

(4� )d=2

Z



e� V dx :

In Subsection4.3.3 we will seehow to extend the results discussedhere
to a potential that may be unboundedfrom below, but that it still have some
boundednessproperty with respect to � �.

Now we are going to obtain someGagliardo-Nirenberg inequalities in the
context of the operator formalism. In the way to get them, we will obtain
someuseful estimatesfor F V;� .

Given a convex function � : R ! R [ f + 1g such that � 6� + 1 , we
shall denoteby � � the Legendre-Fenchel transform of � , that is the function
de�ned by

� � (� ) � sup
� 2 R

f � � � � (� )g 8 � 2 R :
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Thus, if F is convex and � is given by � (s) = F � (� s) for all s 2 R, we get

� (� ) + � � � � F (� ) 8 � ; � 2 R ; (4.16)

From herewe get a uniform lower bound for F V;� on H 1
+ under the conditions

of Theorem4.3. That is, in terms of operators we have

FV;� (L) � � Tr [F (� � + V)] 8 L 2 H 1
+ : (4.17)

In order to prove this, let  2 H1
0(
) such that k kL 2 (
) = 1. Then There

exists a sequencef � i gi 2 N � R such that  =
P

i 2 N � i � V;i and
P

i 2 N � 2
i = 1.

By convexity of F , we obtain

F
� Z



jr  j2 dx +

Z



V j j2 dx

�
= F

� X

i 2 N

� 2
i � 0;i

�

�
X

i 2 N

� 2
i F (� 0;i ) = ( ; F (� � + V)  )L2 (
) :

If  is an eigenfunctionof � � + V then this inequality becomesan equality.
Using (4.16), we can now bound from below the free energy. Substituting � i

for � ,
R


 jr  i j2 + Vj i j2 dx for � and adding over i 2 N, we get

E� (L) + K(L) + P(L) =
X

i 2 N

h
� (� i ) + � i

Z




�
jr  i j2 + V j i j2

�
dx

i

� �
X

i 2 N

F
� Z



jr  i j2 dx +

Z



V j i j2 dx

�

� �
X

i 2 N

( i ; F (� � + V)  i )L2 (
) = � Tr [F (� � + V)] :

Thus we obtain (4.17).

Now we �nd the Gagliardo-Nirenberg inequalities. If F and G are as in
Theorem4.3 then we have

� Tr [F (� � + V)] � �
Z



G(V(x)) dx ; (4.18)

and

E� (L) + K(L) + J L (V) = FV;� (L) +
Z



G(V(x)) dx � 0;
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for all L 2 H 1
+ , wherewe de�ne

J L (V) �
Z




�
V(x)� L (x) + G(V(x))

�
dx :

Now we proceedas in [26] minimizing J L (�) in the set of potentials V which
verify (4.17) and (4.18), for L �xed. If V0 is the minimizer of J L (�), then

G0(V0) + � L = 0 :

By de�ning � (s) � �
��

G � (G0)� 1
�
(� s) + s (G0)� 1(� s)

�
, that is � such that

G(s) = � � (� s) ;

we have that

J L (V0) = �
Z



� (� L (x)) dx (4.19)

and we can state the following

Theorem 4.4. Let 
 be a domain and functions F and G be de�ned as in
(4.15). Let us consider � and � suchthat � (s) � F � (� s) and G(s) � � � (� s).
Then for any L 2 H 1

+ , we have

K(L) + E� (L) �
Z



� (� L ) dx :

We notice that (4.19) holds even if G is not di�erentiable since G is
convex.This theoremprovidesinterestinginsights in the following two typical
examples.

Example 4.7. Assumethat 
 > 
 d � d=2 and considerthe convex function
� m (s) = � cm sm on R+ , extended by + 1 on (�1 ; 0), where cm = (1 �
m)m� 1m� m , m = 



 +1 2 ( d
d+2 ; 1). The corresponding functions F and G take

the form F (s) = � �
m (� s) = s� 
 and G(s) = C(
 ) s

d
2 � 
 for s � 0, extendedas

+ 1 to the interval (�1 ; 0).
De�ne

q =
2
 � d

2(
 + 1) � d
2 (0; 1):

In such a case,Theorem4.4 takesthe following special form

71



Propiedadesde compacidadpara operadoresde
traza y aplicacionesa la Mec�anica Cu�antica Cap��tulo 4

Corollary 4.3. With the abovenotations, for any L 2 H 1
+ ,

K(L) + � (
 )
Z



� q

L dx � cm Tr [Lm ] ;

where � (
 ) � (C(
 ))1� q [( q
q� 1)1� q + ( q

q� 1)� q].

Example 4.8. Consider the convex function � 1(s) � s logs � s if s > 0,
extendedby � 1(0) = 0 and + 1 on (�1 ; 0), and corresponding functions
F (s) = e� s and G(s) = (4� ) � d=2 e� s, for any s 2 R. Theorem 4.4 appliesas
follows

Corollary 4.4. For any L 2 H 1
+ ,

K(L) + Tr [L logL] �
Z



� L log� L dx +

d
2

log(4� )
Z



� L dx :

4.3.2. Convexit y Estimates (Estimacionesconvexas)

In this subsectionwe extendsomeof the ideasdiscussedbeforeto include
potential functions which are not necessarilybounded from below. In [60,
Lemma 3], in the context of mixed states, the authors obtained an estima-
te like (4.17), for functions F generatedby a Casimir-type functions f , in
presenceof a repulsive Poissoncoupling and for d = 3. SeeExample 4.3 in
Section 4.2.2 above. Here we want to establish such a type of estimate for
potential which may be negative, even not boundedfrom below.

We �rst establisha direct consequenceof (4.17), for non-negative poten-
tials. With the obvious notation, we say that F 2 C(� " � + V; 
 ) if F is
convex and

P
i 2 N F (� "

V;i ) is �nite, where� "
V;i are the eigenvaluesof � " � + V

in 
, with Dirichlet boundary condition.

Lemma 4.1. Assumethat V is a non-negative potential, " > 0 and F 2
C(� " � + V; 
) . If � (s) � F � (� s) then for any L 2 H 1

+ we have

E� (L) + " K(L) + PV (L) � � Tr [F (� " � + V)] ;

Moreover, if " 2 (0; 1] and F 2 C(� (1 � " )� ; 
) , then for any L 2 H 1
+ we

have
FV;� (L) � " K(L) � Tr [F (� (1 � " ) � + V)] :
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In order to extendour approach to potentials which take negative values,
someadditional de�nitions are needed.

De�nition 4.4. We will say that the Schr•odinger operator � � + V is
" coercive for some" 2 (0; 1] if and only if

� (1� " )
V;1 � supf � 2 R : � (1 � " ) � + V � � g > �1 : (4.20)

The " coercivity indeedmeansthat

� � + V � � (1� " )
V;1 � � " �

in the senseof operators. We will denote by f � (1� " )
V;i gi 2 N the sequenceof

eigenvaluesof the operator � (1 � " ) � + V. Notice that � 1
V;1 = � V;1. We also

observe that condition (4.20) for " = 1 meansthat V is boundedfrom below
while � 0

V;1 = 0 meansV is non-negative.

For � � � (1� " )
V;i we de�ne now the free energy functional F �

V;� : H 1
+ !

R [ f1g as
F �

V;� (L) � FV;� (L) � � kLk1 :

In order to obtain a lower bound for this functional, we assumethat the
function F 2 C(� (1 � " )� + V + �; 
), that is F : R ! R [ f + 1g is convex
and

P
i 2 N F (� (1� " )

V;i � � ) is �nite.

We notice that if F 2 C(� (1 � " )� + V + �; 
), then [� (1� " )
V;1 � �; 1 ) �

Dom(F ) even if V � � may be negative at someopen sets.With the same
convexity argument as in the proof of (4.17) and Lemma 4.1, we can see
that if V veri�es condition (4.20) for a given " 2 [0; 1], then for any F 2
C(� (1 � " )� + V + �; 
), with � (s) = F � (� s); s 2 R

F �
V;� (L) � " K(L) � Tr [F (� (1 � " ) � + V � � )] 8 L 2 H 1

+ ;

sothat F �
V;� (L) is uniformly boundedfrom below. Moreover we seethat kLk1

is uniformly bounded,thanks to (4.11) and in this senseF �
V;� is coercive.

We formalize theseconclusionsin the following proposition

Prop osition 4.5. Let V be a potential verifying (4.20) for some" 2 (0; 1].

For any F 2 C(� "
2 � ; 
) , let � (s) � F � (� s), s 2 R. For any � � � (1� " )

V;1 , for
any L 2 H 1

+ ,

F �
V;� (L) � � Tr

h
F

�
�

"
2

�
�i

+
"
2

K(L) :
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Hence F �
V;� is bounded from below and

F �
V;� (L) � Tr [F (� � + V � � )] 8 L 2 H 1

+ :

Moreover, if F �
V;� (L) is �nite for someL 2 H 1

+ , then � � + V hasonly pure
point spectrum, provided F is positive on (0; + 1 ).

Proof. Let L 2 H 1 and write

F �
V;� (L) = fE � (L) +

"
2

K(L)g +
"
2

K(L) + f (1 � " ) K(L) + PV (L) � � kLk1g:

From Lemma 4.1 we have that

E� (L) +
"
2

K(L) � � Tr
h
F

�
�

"
2

�
� i

: (4.21)

On the other hand, from (4.20) it follows that

(1 � " ) K(L) + PV (L) � � kLk1

=
X

i 2 N

� i

Z




�
(1 � " ) jr  i j2 + (V � � ) j i j2

�
dx � 0 ; (4.22)

where(� i ;  i ) = (� i (L);  i (L)) are the eigenpairsof the operator L, with the
notation of Section4.2.1.This provesthe lower bound on F �

V;� (L).
The assertionon the spectrum of � � + V easilyfollows.Notice that from

its de�nition, F is non-negative. Since
P

i 2 N F (� V;i � � ) < 1 , to prove that
f � V;i gi 2 N diverges,it is thereforesu�cien t to require that F is positive.

Corollary 4.5. Under the conditions of Proposition 4.5, if f L ngn2 N is a se-
quence in H 1

+ suchthat fF �
V;� (Ln )gn2 N is bounded, thenthesequencesfk L nk1gn2 N,

fK (Ln )gn2 N, fE � (Ln )gn2 N and fP V (Ln )gn2 N are also bounded.

Proof. As follows from (4.21) and (4.22) in the proof of Proposition 4.5,
it is clear that the boundednessof F �

V;� (Ln ) implies the boundednessfrom
above of (1 � " ) K(L n) + PV (Ln ) � � kLnk1 and of E� . Then we obtain the
boundednessfrom above of K(L n ) and therefore that of kL nk1, by (4.11).
Now the boundednessof PV (Ln ) follows.
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4.3.3. Lieb-Thirring and Gagliardo-Niren berg inequa-
lities (I I) (DesigualdadesdeLieb-Thirring y Gagliardo-
Niremberg (I I) )

In Section 4.3.1 we establishedLieb-Thirring inequalities only for po-
tentials bounded from below. Under condition (4.20) for some" 2 (0; 1), a
Lieb-Thirring inequality alsoholds and then an interpolation inequality can
alsobe establishedfor such potentials. This will give a proof of Theorem4.1.

To start with, we usescaling to rewrite Theorem 4.3 with � � replaced
by � " �.

Lemma 4.2. Let " 2 (0; 1) and consider a non-negativepotential W. Let F
and G be de�ned by (4.15), with g satisfying (4.14). Consider � and � such
that � (s) � F � (� s) and G(s) � � � (� s), with the notations of Section 4.3.1.
Then, for any L 2 H 1

+ ,

tr [� (L) + (� " � + W)L] � � Tr [F (� " � + W)] � � " � d
2

Z



G(W) dx :

Proof. Let f  i g = f  i (L)g be the basisof L 2(
) of eigenvectors of L. Then
we consider the scaling  "

i (x) = "d=4 i (
p

" x), W " (x) = W(
p

" x) for any
x 2 " � 1=2 
 and denoteby L " the operator associated to L after the scaling.
Then

Z




�
" jr  i j2 + W j i j2

�
dx =

Z

" � 1=2 


�
jr  "

i j2 + W " j "
i j2

�
dx ;

for all i 2 N and then

tr[ � (L) + (� " � + W)L] = tr[ � (L " ) + (� " � + W " )L " ]:

Applying the results of Theorem4.3 we �nd

tr[ � (L " ) + (� " � + W " )L " ] � � Tr [F (� " � + W " )] � �
Z

" � 1=2 

G(W " ) dx :

The conclusionthen holds by undoing the changeof variables.

Now we consider � � � (1� " )
V;1 . For any L 2 H 1

+ , using the de�nition of

F �
V + W;� , of � (1� " )

V;1 and Lemma 4.2 we �nd that

F �
V + W;� (L) = tr[( � (1� " )� + V � � )L] + tr[ � (L) + (� " � + W)L]

� � " � d
2

Z



G(W) dx:
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Then we can rearrangethis estimateas

F �
V;� (L) � �

Z




�
� L W + " � d

2 G(W)
�

dx :

Optimizing on W as in sectionSection4.3.1,we get that the right hand side
is boundedfrom below by

" � d
2

Z



�

�
"

d
2 � L (x)

�
dx ;

which completesthe proof of Theorem4.1.

4.3.4. Compactness results (Resultadosde compacidad)

Let us start with someobservations. Assumethat f L ngn2 N� is a bounded
sequencein S1 and denoterespectively by f � n

i gi 2 N and f  n
i gi 2 N the sequence

of eigenvaluesand a sequenceof orthonormalizedeigenfunctionsof L n . Then
there exists a constant C > 0 such that j� n

i j � C, for all i; n 2 N and,
consequently, there exists a sequenceof real numbers f �� i gi 2 N such that, up
to a subsequence,

l��m
n!1

� n
i = �� i ; 8 i 2 N :

Our �rst result is concernedwith the caseof Example 4.7 in Section4.3.1.
We easily seethat Theorem 4.2 is a direct consequenceof this result and
Corollary 4.5.

Theorem 4.5. Considera bounded domain 
 in Rd, d � 2, and assumethat
m 2 ( d

d+2 ; 1). Let f Lngn2 N� be a sequence in H 1 suchthat

K 1 � sup
n2 N�

K(Ln ) < 1 ;

for someconstant K 1 > 0. Then, f L ngn2 N� is bounded in S1 and

sup
n2 N�

X

i 2 N

j� n
i jm < 1 :

Moreover, the following properties hold:

i) If �� i 6= 0 for all i 2 N, then, up to a subsequence,

l��m
n!1

X

i 2 N

j� n
i jm =

X

i 2 N

j �� i jm :
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ii) For any m0 2 (m; 1], up to a subsequence,

l��m
n!1

X

i 2 N

j� n
i jm

0
=

X

i 2 N

j �� i jm
0
:

iii) Up to a subsequence, f L ngn2 N� convergesin S1.

Proof. By (4.11), supn2 N� kLnk1 < 1 . For i 2 N, n 2 N� , let

E n
i �

Z



jr  n

i (x)j2 dx :

The uniform bound on kL nk1 and
P

i 2 N j� n
i jm follow from Proposition 4.2,

and Corollary 4.3 and H•older's inequality respectively.

Pro of of i) Assume�rst that �� i 6= 0 for any i 2 N. Then, for each i 2 N,
the sequencef E n

i gn2 N� is bounded and, consequently, there is a function
� i 2 L2(Rd) for which, up to a subsequence,

l��m
n!1

 n
i = � i in L2(Rd) :

Recall that, counting multiplicit y, j �� 1j � j �� 2j � ::: We denote by PN :
L2(
) ! FN the orthogonal projection operator over

FN � spanf � i : 1 � i � N � 1g

and let QN � I d � PN be the projection operator onto F ?
N .

Next we claim that for all " > 0, there exists N 2 N such that
1X

i = N

j� n
i jm � " 8 n 2 N� : (4.23)

This can be proved asfollows. First, using (4.7), we chooseN 2 N such that
 

1X

`= N

(� 0;` )� 


! m=


�
"
2

where 
 = m
1� m and f � 0;i gi 2 N is the sequenceof the eigenvalues of � � in

H1
0(
), with associated eigenfunctions� 0;i , i 2 N. Consider for each n 2 N

the expansion

 n
i =

1X

k=1

� n
i;k � 0;k n 2 N ; (4.24)
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where � n
i;k � ( n

i ; � 0;k )L2 (
) . According to the reverse H•older inequality,
which statesthat for any p 2 (0; 1), q 2 (�1 ; 0) such that 1

p + 1
q = 1,

X

i 2 N

ai bi �

 
X

i 2 N

ap
i

! 1=p  
X

i 2 N

bq
i

! 1=q

; 8 f ai gi 2 N; f bi gi 2 N 2 (R+ )N;

applied for p = m = 
 =(
 + 1), q = � 
 , ai = j� n
i j and bi = E n

i , we get, for
all N 2 N, that

 
1X

i = N

j� n
i jm

! 1=m

� K 1

 
1X

i = N

(E n
i )� 


! 1=


:

Next we �nd N 2 N large enoughso that

jjPN (� 0;` )jj L 2(
) � 1 �
1
2

" 
 =m ` = 1; 2; :::N � 1 ;

or, which is equivalent,

jjQN (� 0;` )jj L 2(
) �
1
2

" 
 =m; ` = 1; 2; :::N � 1 :

Then, there is n0 2 N large enoughso that,

1X

i = N

(� n
i;` )2 � " 
 =m 8 n � n0 ; ` = 1; 2; :::; N � 1 :

Using E n
i =

P 1
`=1 � 0;` (� n

i;` )2 and
P 1

`=1 (� n
i;` )2 = 1, by concavit y of s 7! s� 


we have

(E n
i )� 
 �

1X

`=1

(� n
i;` )2 (� 0;` )� 
 :

Hence,collecting the above estimates,we obtain

1X

i = N

(E n
i )� 
 �

1X

i = N

1X

`=1

(� n
i;` )2 (� 0;` )� 
 =

M � 1X

`=1

1X

i = N

� � � +
1X

`= M

1X

i = N

� � �

�
M � 1

� 

1

1X

i = N

(� n
i;` )2 +

1X

l= M

" 
 =m

� 

0;l

� c" 
 =m ;
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for someconstant c > 0. This completesthe proof of Claim (4.23).

Sincefk Lnk1gn2 N is uniformly boundedwith respect to n 2 N,
X

i 2 N

j �� i j < 1 :

For any � 2 L2(
), by the Cauchy-Schwartz and the triangle inequality,











X

i 2 N

�
� ; � i

�
L2(
)

�� i
� i












L 2(
)

� jj � jj L 2(
)

X

i 2 N

j �� i j < 1 :

Hencethe operator de�ned through

( �L� )(x) =
X

i 2 N

�
� ; � i

�
L2(
)

�� i
� i (x); x 2 
 ; � 2 L2(
)

is in S1. Let us prove that f L ngn2 N convergesto �L in S1. Given N 2 N,
denoteby Pn

N : L2(
) ! F n
N the orthogonalprojection onto F n

N = spanf  n
i :

1 � i � N � 1g and by Qn
N = I � Pn

N the projection onto (F n
N )? :

kLn � Lk1 � k(Ln � L) PN k1 + kLn Qn
N k1 + kLQN k1 + kLn (Qn

N � QN )k1 :

The �rst term convergesto zero, becauseof the strong convergenceof the
�rst N � 1 eigenvaluesand eigenfunctionsin R and L2(
) respectively. From
(4.23) we have that the secondand third terms are small if N 2 N is large
enough,independent of n 2 N, since

� X

i 2 N

j� i jn
� m

�
X

i 2 N

j� n
i jm < " :

Using (4.5), we have that

kLn (Qn
N � QN )k1 � kLnk1 � kQn

N � QN k

which convergesto zeroasn ! 1 , sinceQn
N � QN = Pn

N � PN convergesto
zero for the samereasonsas the �rst term.

Proof of ii) Assumenow that supn2 N

P
i 2 N j� n

i jm = C1 is �nite, so that using
the monotonicity of fj � n

i jmgi 2 N, for any m0 > m and any N 2 N,

1X

i = N

j� n
i jm

0
� (� n

N )m0� m
1X

i = N

j� n
i jm � j� n

N jm
0� m C1 :
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If �� i = 0 for all i 2 N, then

l��m
n!1

X

i 2 N

j� n
i jm

0
� l��m

n!1
j� n

N jm
0� m C1 = 0 :

From hereon, taking m0 = 1 and arguing asbeforewe obtain that f L ngn2 N�

convergesto 0 in S1. The generalcase,i.e. when there is i 0 2 N such that
j �� i 0 j > 0, follows from similar arguments.

Remark 4.8. The properties shown in Theorem4.5 is an analogousat ope-
rators level of the compactnessof the embedding H1

0(
) ,! L2(
).

4.4. Applications (Aplicaciones)

In this section we present three applications of the results discussedin
this paper. The three casescorrespond to minimization problemsarising in
Quantum Mechanics.

4.4.1. Minimization of the free energy functional
(Minimizaci�on del funcional de energ��a libre)

Consider�rst the free energyfunctional

F �
V;� (L) = FV;� (L) � � kLk1 L 2 H 1 :

Theorem 4.6. Let V be a potential verifying (4.20) for some" 2 (0; 1] and
take � � � (1� " )

V;1 . Let F 2 C(� "
2 � ; 
) and � given by

� (s) � F � (� s) 8 s 2 R:

Then there existsL 1 2 H 1
+ suchthat

F �
V;� (L1 ) = ��nf

L 2H 1
+

F �
V;� (L);

provided one of the following conditions is satis�ed:

i) if d = 1, V 2 Lq(
) , for someq 2 [1; 1 ],

ii) if d = 2, V 2 Lq(
) , for someq 2]1; 1 ],
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iii) if d � 3, V 2 Lq(
) , for someq 2 [d
2; 1 ].

Proof. By Proposition 4.5, the functional F �
V;� is bounded from below. Let

f Lngn2 N� � H 1
+ be a minimizing sequence,that is

l��m
n� !1

F �
V;� (Ln ) = ��nf

L 2H 1
+

F �
V;� (L) :

Then the sequences

fk Lnk1gn2 N� ; fK (Ln )gn2 N� ; fE � (Ln )gn2 N� and fP V (Ln )gn2 N

are bounded according to Corollary 4.5. Then Theorem 4.5 provides the
existenceof L 1 2 S1 such that, up to a subsequence,f L ngn2 N� convergesto
L1 in S1 so that, in particular,

l��m
n� ! 1

kLnk1 = kL1 k1 :

In order to study the entropy term we consider the space`1 with the
usual norm. Considerthe set

A + � f � = f � i gi 2 N 2 `1 :
X

i 2 N

� (� i ) � Ag ;

whereA � ��nfn2 N� E� (Ln ). Both the function D : A + ! R de�ned by

D(� ) �
X

i 2 N

� (� i ) 8 � = f � i gi 2 N 2 A + ;

and the set A + are convex. Thus D is weakly lower semi-continuous, so
that l��m inf n!1 D(� n ) � D(� 0); where � n = f � n

i gi 2 N and � 0 = f �� i gi 2 N. This
amounts to say that

l��m inf
n!1

E� (Ln ) � E� (L1 ) :

Next we considerthe kinetic energyterm. Given a �xed N 2 N, for any
n 2 N� we have that

l��m inf
n!1

X

i 2 N

� n
i

Z



jr  n

i (x)j2 dx � l��m inf
n!1

NX

i =1

� n
i

Z



jr  n

i (x)j2 dx

�
NX

i =1

�� i

Z



jr � i (x)j2 dx :
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Sincethe number N is arbitrary, we get

l��m inf
n!1

K(Ln ) � K(L1 ) ;

whenceL1 2 H 1
+ .

As for the potential energy, we obtain

l��m
n!1

PV (Ln ) = PV (L1 )

using Proposition 4.2.

At this point we would like to relate this minimization problem with the
onestudied in [26].For this purposewe denoteby S the set of non-increasing
sequencesf � i gi 2 N � R+ convergingto zero,such that

P
i 2 N � (� i ) is absolutely

convergent and let

X � f (� ;  ) 2 S �
�
L2(
)

� N
: ( i ;  j )L2 (
) = � ij ; 8 i; j 2 Ng

be the spaceof mixed states.Then we de�ne an associated free energyfunc-
tional acting on mixed statesas

F �
V;� [� ;  ] �

X

i 2 N

�
� (� i ) + � i

Z




�
jr  i j2 + (V(x) � � )j i j2

�
dx

�
:

Next we assumesomeextra hypotheseson � in order to be in the context
of Section3 in [26]. We assumethat � is of classC1 and strictly convex. We
alsoassumethat � � + V hasan in�nite sequencef � i (V )gi 2 N of eigenvalues
diverging to 1 . This last assumptionis always the casewhen 
 is bounded.

We observe that the function F = � � is simple given by

F (s) = � (s)� � (� 0)� 1(� s) � s (� 0)� 1(� s) :

As a consequenceof Theorem4.6we have the existenceof a minimizer of the
free energyfunctional at the level of mixed states.

Corollary 4.6. Under the assumptionsof Theorem 4.6 and with � as above
the problem

m��n
(�; )2X

F �
V;� [� ;  ] : (4.25)

hasa solution (� ;  ) 2 X .
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Proof. If L1 2 H 1
+ is a minimizer for F �

V;� asgiven by Theorem4.6, then we
simply de�ne (� ;  ) 2 X as � i = � i (L1 ) and  i =  i (L1 ). Clearly (� ;  ) is
the minimizer we are looking for.

Remark 4.9. The minimizer of (4.25) is unique,up to the choiceof basisfor
non-simpleeigenvalues,asproved in [26].As a consequencethe minimization
problem at the level of operators

m��n
L 2H 1

+

F �
V;� (L)

hasa uniqueminimizer L 1 2 H 1
+ . Wedo not know how to prove this directly,

in the operator formalism. The solution of (4.25) is given by

( �� ; � ) = f ( �� i ; � i )gi 2 N 2 X ;

where
�� i = (� 0)� 1(� � � V;i ) ;

and � i is an eigenfunctionof � � + V � � associated to � V;i . Finally we may
simly write

L1 = (� 0)� 1(� � V + � ):

Remark 4.10. In the Heisenberg formalism we seethat the solution to the
minimization problem given by Theorem 4.6 is a sationary solution to the
Heisenberg equation

[� � + V � �; L � ] = 0 :

Recall that the commutator operator is given by [L; R] = LR � RL.

4.4.2. Free energy involving a non-linear but local func-
tion of the densit y function
(Energ��a libre con una no-linealidad que esfunci�on lo-
cal de la densidad)

Considerthe free energyfunctional given by

F �;g
V;� (L) � F �

V;� + G(L) 8 L 2 H 1 ;

where

G(L) =
Z



g(� L (x)) dx
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and g is somereal function, which is not necessarilyconvex. Using an argu-
ment similar to that in the proof of Theorem4.6,we canobtain the following
result.

Theorem 4.7. Let V be a potential on 
 verifying (4.20), for some" 2 (0; 1].
Let � � � "

V;1 and assumethat F 2 C(� "
2 � ; 
) and � given by

� (s) � F � (� s) 8 s 2 R:

Let g 2 C([0; 1 )) be suchthat for non-negative constantsc1; c2

c1 � g(s) � c2sq 8 s � 0 ; (4.26)

where

i) q 2 [1; 1 ) if d = 1 or d = 2,

ii) q 2 [1; d=(d � 2)] if d � 3.

Then there existsL 1 2 H 1
+ suchthat

F �;g
V;� (L1 ) = ��nf

L 2H 1
+

F �;g
V;� (L) :

Proof. It is similar to the one of Theorem 4.6. We use condition (4.26) to
show via Fatou's lemma that

G(L1 ) � l��m inf
n� ! 1

G(Ln ) ;

wheref Lngn2 N � H 1
+ is a minimizing sequencefor F �;g

V;� .

Remark 4.11. If g 2 C1([0; 1 )), L1 is a �xed point of the application
Y : H 1

+ � ! H 1
+ given by

Y(L) = (� 0)� 1 (� (� � + V) + � � g0 � � L ) :

4.4.3. Stationary states for the Hartree problem with
temp erature (Estadosestacionariospara el problema
de Hartree con temperatura)

Considera Heisenberg equation with a Poissoncoupling, namely
8
><

>:

i @tL(t) = [� � + V(t; �); L(t)] t � 0 ;

� � V (t; x) = � L (t) (x) x 2 
 ; t � 0 ;

L(0) = ~L

(4.27)
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whereL(t), the density operator of the system, is a positive trace-classope-
rator acting on L2(
) and [L; R] = LR � RL. This systemis known as the
Hartree evolution system,or Schr•odinger-Poissonsystemin the mixed states
formulation, and a large literature hasbeendevoted to its study, which goes
far beyond the scope of this paper. We refer to [60] for further references.

We assumed � 4 and restrict our study to the caseof homogeneous
Dirichlet boundary conditions:

V = 0 on @
 :

The stationary statesof (4.27) are then solutions of
(

[� � + V; L] = 0 ;

� � V = � L :
(4.28)

Stationary statesof (4.27) are obtained through the minimization of the
free energy

F � (L) = E� (L) + K(L) + P(L); 8 L 2 H ;

where

P(L) =
1
2

Z



VL � L dx =

1
2

Z



jr VL j2 dx :

Theorem 4.8. Let F 2 C(� � ; 
) and

� (s) � F � (� s); 8 s 2 R:

Then there existsLF 2 H 1
+ suchthat

F � (LF ) � F � (L) 8 L 2 H 1
+ :

Moreover if � is of classC1 in the interior of its support, then

LF = (� 0)� 1(� � VL F )

is the unique minimizer of F � and solves(4.28) as well.

Proof. The proof follows the samelines as the one for Theorem 4.6. The
argument changesonly to reach l��mn!1 P(Ln ) = P(LF ), but this still follows
from Proposition 4.2.
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Remark 4.12. Let us notice that if � is non-negative then the minimizer in
Theorem4.8 is LF = 0. However, the result appliesto functions � for which
f � < 0g 6= ; as it is the casefor

� (s) =

8
><

>:

s logs � s if s > 0 ;

0 if s = 0 ;

+ 1 if s < 0 :

Remark 4.13. The casewith an attracting Poissoncoupling, that is when
the potential is given by

+� V = � L in 
 ;

can be dealt with the samemethods although it makes lesssensefrom the
point of view of physics.Someadditional work is necessaryto establishspec-
tral properties of � + VL .

Let us �nally remark that for stationary stateshaving a prescribed total
charge we may get a generalizationof [60, Theorem 2] at operators level.
Mathematically, the freeenergyis changedonly by a term � �

R

 � L dx, where

� is the Lagrangemultiplier associated to the massconstraint. The generating
function � of the entropy term is now changedinto � 7! � (� ) � � � , which
resultsin the fact that the setf � 2 R : � 7! � (� ) � � � < 0g is automatically
non-empty. Becauseof the compactnessproperty, the massconstraint will be
veri�ed when passingto the limit the minimizing sequence.

Moreover, with almost no work, we may add an external potential which
takesnegative valuesand eventually singularities, of Coulomb type, for ins-
tance. This situation is highly relevant from a physicspoint of view, for the
modelization of atomic and molecularsystems,without temperature, seefor
instance [70] and referencestherein, or with temperature, see[59]. In such
a case,the appropriate model is rather the Hartree-Fock system than the
Hartree system.

4.5. A Quan tum Drift-Di�usion problem
(Un problemade Quantum Drift-Di�usion)

Now we bring our attention to the problem which motivated the research
presented in Sections4.1-4.4.
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4.5.1. The problem (El problema)

Let d 2 N and 
 � Rd a boundeddomain with boundary @
 of classC1.
In [31] we considerthe following Quantum Drift-Di�usion (QDD) model

(
@t � (t; x) + div (� (t; x)r A(t; x)) = 0; (t; x) 2]0; 1 [� 
 ;

L(t) = exp(� (� h2� + A(t) + V)) ; t 2]0; 1 [;
(4.29)

whereV is a given potential on 
 and, for each t 2]0; 1 [, L(t) is a positive
selfadjoint trace-classoperator whoseassociated density, � (t), is given by

� (t; x) =
X

i 2 N

� i (t)j i (t; x)j2; t > 0; x 2 
 :

Here f � i (t)gi 2 N � R+ is the sequenceof eigenvaluesof L(t) and f  (t; �)gi 2 N

is the corresponding L2(
)-complete orthonormal sequenceof eigenstates.If
we denoteby f � i (t)gi 2 N the sequenceof eigenvaluesof � � + A(t) + V, then

� i (t) = exp(� � i (t)) ; 8i 2 N:

We assumethat for someA0 2 L2(
), it veri�es
(

A(0) = A0;

L(0) = L0 � exp(� (� h2� + A0 + U)):

To �nd a solution for (4.29) our machinery works asfollows. The interval
[0; 1 ) is discretizedas tk = k� , where k 2 N� and � > 0. At each step, it
is found a minimizer L � ;k+1 of the step functional which results of adding
to an appropiate free energy functional the Wassersteindistance beetwen
the densitiesassociated respectively to the argument L and to the operator
obtained in the previous step, L � ;k . Then we interpolate: L � (t) = L � ;k , for
(t; k) 2 [k� ; (k + 1)� ) � N, and passto the limit as � � ! 0. The kind of
semidiscretizationjust mentioned has its origin in [49].

The QDD model wasderived in [19], [21]and [20]usingLevermore'smet-
hodology, basedon an entropy minimization. Roughly speaking,the goalwas
to stablish the relations beetwen the macroscopicand microscopicdescrip-
tions of largeparticle quantum systems(e.g. semiconductorsand sometypes
of plasmas).The objective wasto obtain a newmacroscopictransport model
taking account of the efectsof quantum collisionsat a di�usiv e scale.
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A version of the QDD problem at mixed states level was numerically
treated in [39] (seealso [38]) where, in addition, it was assumedthat the
density � and a self-consistent potential Vaut are linked by

(
� � Vaut = �; in 
;

Vaut = 0; on @


The semidiscretizationusedby the authors is quite natural, a �nite di�eren-
cesscheme, and presents good properties e.g it preserves the positivit y of
the density and the total charge, and it is such that the free energy dissi-
pates.However the convergenceto the original problem is not an easytask.
This guided us to considera version of (4.29) at mixed states level whose
derivation usesideastaken from [28, Section5]. To prove the validit y of the
last there are stabilit y di�culties in the minimization processwhich madeus
considera machinery at operators level instead of the mixed statessetting.

4.5.2. The Wasserstein metric
(La m�etrica de Wasserstein)

Let's equip the set of densities

N (
) = f f 2 L1(
) : f � 0; a:e: 
 ; andjj f jj L 1(
) = 1g; (4.30)

with the Wassersteinmetric, W(�; �), given by an optimal masstransference
problem:

W 2(n; m) � ��nf

 2 �( n;m )

Z


 � 

jx � yj2
 (dx; dy) (4.31)

where the cost function is c(x; y) = jx � yj2 and �( n; m) is the set of all
couplingsof n and m, i.e., all the probability measures
 on 
 � 
 such that
for every  2 C1

0 (
) it veri�es
Z


 � 

 (x)
 (dx; dy) =

Z



 (x)n(x)dx;

Z


 � 

 (y)
 (dx; dy) =

Z



 (y)m(y)dy:

The problem (4.31) has a unique minimizer 
 n;m 2 �( n; m). Moreover, the-
re exists a convex function � = � m;n whosegradient provides the optimal
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transferenceplan for m(x)dx and n(x)dx, i.e. it veri�es

W 2(n; m) =
Z



jx � r � (x)j2m(x)dx: (4.32)

The last is denoted by n = r � # m and corresponds to the validit y of the
relation

Z



 (y)n(y)dy =

Z



 (r � (x))m(x)dx; 8 2 C1

0 (
) : (4.33)

Remark 4.14. The function � and its Fenchel transform � � aredi�erentiable
up to a set of d � 1-Hausdor� dimension.It alsoholds

r � (r � � (w)) = w; n(w)dw � a:e:w 2 
 ;

r � � (r � (w)) = w; m(w)dw � a:e:w 2 
 :

Finally, if m 2 N (
) is �xed, then the derivative of W 2(�; m) is given by

hDn W 2(n; m); ~ni = 2
Z




�
jyj2

2
� � � (y)

�
~n(y)dy; 8~n 2 N (
) : (4.34)

For a detailed exposition on optimal masstransferenceproblems(in par-
ticular the Wassersteinmetric) we refer to [74], [13] and [2].

4.5.3. The step problem (El problemade paso)

Let's considerthe following Nehari-type subsetof H 1
+ :

N 1 = f L 2 H 1
+ : kLk1 = 1g:

Let L � ;k 2 N 1 be �xed. We de�ne a functional on N 1 by

W(L) �
1
2

W 2(� L ; � � ;k ); (4.35)

where� � ;k is the density function associated to L � ;k and � L = r � L # � � ;k . We
have the following
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Propiedadesde compacidadpara operadoresde
traza y aplicacionesa la Mec�anica Cu�antica Cap��tulo 4

Theorem 4.9. Let � > 0. Let V be a potential on 
 which veri�es (4.20),
for some" 2 (0; 1]. Let � < � 1� "

V;1 and F 2 C� "
2 � be continuous and suchthat

� (s) � F � (� s) veri�es (C). Then there existsan operator L � ;k+1 2 N 1 such
that

I (L � ;k+1 ) = ��nf
L 2N 1

I (L);

where
I (L) =

1
�

W(L) + F �
V;� ; L 2 N 1:

Moreover,
L � ;k+1 = (� 0)� 1 [� � ;k+1 � (� � + A � ;k+1 + V)] ; (4.36)

where

A � ;k+1 (x) �
1
�

�
jxj2

2
� � �

L � ;k +1
(x)

�
; x 2 
 :

Proof. We follow the stepsas in the proof of Theorem 4.6. Let's just show
that

W(L � ;k+1 ) � l��m inf
n� !1

W(Ln ):

For each n 2 N we choose
 n 2 �( � n ; � � ;k ) such that
Z


 � 

jx � yj2
 n (dx; dy) � W 2(� n ; � � ;k ) +

1
n

:

Since
� n � ! � � ;k+1 ; as n � ! 1 ; in L1(Rd);

where
� � ;k+1 = � L � ;k +1 ;

it is clear that (� n (x)dx)n2 N weakly convergesto � � ;k+1 (x)dx. Then (
 n )n2 N

is tight, that is, up to subsequences,(
 n )n2 N weakly convergesto some
 2
�( � � ;k+1 ; � � ;k ). Therefore,

W 2(� � ;k+1 ; � � ;k ) �
Z


 � 

jx � yj2
 (dx; dy)

� l��m
n� !1

Z


 � 

jx � yj2
 n(dx; dy)

� l��m inf
n� ! 1

W 2(� n ; � � ;k ):
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Cap��tulo 5

Conclusiones

5.1. Sobre el Cap��tulo 3

En el Cap��tulo 3 seconsiderael problema
(

"2� v � V(x)v + jvjp� 1v = 0; in Rd;

v(x) ! 0; as jxj � ! 1
; (P" )

dondeel interior del conjunto dezerosdel potencialV esun abierto no-vac��o.
Recientemente en [11, 12] Byeony Wang, trataron esteproblema,que en su
contexto es referido como 
at case. Encuentran una familia de soluciones
positivas f v" g"> 0 cuyo comportamiento contrasta al del caso��nf V > 0 (que
ha recibido gran atenci�on en el �ultimo tiempo). Por ejemplo, muestran que
en el l��mite semi-cl�asico,i.e. cuando" � ! 0, la amplitud de v" seva a cero,
esdecir,

l��m inf
" ! 0

m�ax
x2 RN

jv" (x)j = 0: (5.1)

Para el 
at caseel problema l��mite es
(

� u + jujp� 1u = 0; in 
;

u = 0; on @

(P)

Lassolucionesf v" g"> 0 encontradas por Byeony Wangsondem��nima energ��a
o ground statesy convergen,m�odulo reescalamiento, a solucionesde m��nima
energ��a de (P). Prueban adem�as que las solucionesv" decaenexponencial-
mente a ceropor fuera 
.
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Al detenernosen el problema l��mite nos damoscuenta que a la par de
las solucionesde m��nima energ��a hay tambi�en muchas otras soluciones.De
hecho una aplicaci�on dela teor��a deLjusternik-Schnirelman (para funcionales
pares) prov�ee la existencia de in�nitas soluciones.La pregunta natural es
entonces>Tiene el problema(P" ) in�nitas solucionesy qu�e relacion las liga
a las solucionesde (P)?

Damosrespuestaa estapregunta en el

Teorema 5.1. Bajo las hip�otesisgenerales(V1), (V2) y (V3), y asumiendo
qued � 3 y que1 < p < (d + 2)=(d � 2), se tiene que

i) dado" > 0, el funcional J" tiene un n�umero in�nito de puntoscr��ticos
f ŵk;" gk2 N � M " ;

ii) el funcional l��mite J tiene un n�umero in�nito depuntoscr��ticosf ŵkgk2 N �
M ;

iii) dadok 2 N, los valorescr��ticos veri�c an

l��m
" ! 0

J" (ŵk;" ) = J (ŵk); (5.2)

iv) m�as a�un, dado � ; c > 0, existe" 0 > 0 tal que

jŵk;" (x)j < C � expf�
c
"

� dist(x; 
 � )g; 8x 2 Rd; 8" 2]0; "0); (5.3)

dondeC > 0 y 
 � = f x 2 Rd : dist(x; 
) < � g;

v) sobre la frontera de 
 , las funcionesŵk;" veri�c an

l��m
" ! 0

m�ax
x2 @


jŵk;" (x)j = 0; 8k 2 N: (5.4)

Sepruebaqueel problema(P" ) tiene in�nitas solucionesdel tip o Ljusternik-
Schnirelman cuyos nivelescr��ticos convergena los del problema(P). Proba-
mos que estassolucionespresentan el mismo tip o de comportamiento de la
soluci�on de m��nima energ��a encontrada por Byeon y Wang lo que parecer��a
indicar que esta esuna caracter��stica del 
at case.Por otra parte, mencio-
nemosque no s�olo obtenemosdecaimiento exponencialde las solucionespor
fuera de 
 sino que en el punto v) del Teorema3.1 tambi�en se presentan
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estimacionesasint�oticas respecto al comportamiento sobre la frontera del
dominio.

No se a�rma nada respecto al signo de las solucionesencontradas. Sin
embargo, puestoque el problema l��mite (P) puedetener muchas soluciones
positivasdependiendode la geometr��a de 
 (v�easee.g.[17]), lo mismopodr��a
sucedercon (P" ).

Obs�erveseque se consideras�olo el caso en que el potencial V diverge
cuandojxj ! 1 , y cuyo conjunto de cerosesun abierto, conexocon frontera
suave. Pensamosque nuestrosresultadossiguenteniendo validez cuandose
consideranpotencialesm�as generales,cuando 
 no es conexo, y tambi�en
para los caso�nito e in�nito tratados en [11]. Particularmente interesante
esel casode un potencial positivo al in�nito. En estecaso,la existenciade
in�nitos puntos cr��ticos, como en el punto i) del Teorema3.1, podr��a dejar
de sercierto. Sin embargo, los puntos ii)-v), con k �ja, deber��an ser ciertos.

5.2. Sobre el Cap��tulo 4

La investigaci�on presentada en el Cap��tulo 4 fue motivada b�asicamen-
te por dos trabajos recientes: [26] y [31]. El primero trata con desigualda-
des tip o Lieb-Thirring y en el segundose estudia un modelo de Quantum
Drift-Di�usion comoun descensoveloz de un funcional de energ��a libre con
respecto a la m�etrica de Wasserstein.

En el casodesistemasortonormalesy sub-ortonormales,desigualdadesde
interpolaci�on tip o Gagliardo-Niremberg prov�eeninformaci�on sobreconstan-
tes �optimas en desigualdadestip o traza (v�ease[57, 56, 40, 32]), que pueden
serextendidasa desigualdadestip o Lieb-Thirring ( v�ease[55, 26]).

Inversamente, el conocimiento de desigualdadestip o Lieb-Thirring puede
ser traducido a desigualdadesde interpolaci�on para estadosmixtos que son
sistemasin�nitos de funcionesortogonalescon n�umerosde ocupaci�on (v�ease
[26]).

En nuestra investigaci�on reescribimosy extendemosestasdesigualdades
de interpolaci�on en t�erminosde operadoresde traza autoadjuntos. Fijamos
nuestraatenci�on enel caso
 � Rd. Luegoestudiamos,a nivel deoperadores,
las propiedadesde compacidadde las correspondientes inmersiones;estas
extiendenlas bien conocidaspropiedadesde las inmersionesde Sobolev.

93



Conclusiones

Dado un potencial, la minimizaci�on del funcional de energ��a libre esequi-
valente a probar desigualdadesde Lieb-Thirring. Por otro lado, cuando se
optimiza sobreel potencial serecuperan desigualdadesde interpolaci�on.

El primer pasoque damoses acotar por debajo el funcional de energ��a
libre, i.e. estableceruna adaptaci�on de las desigualdadestip o Lieb-Thirring.
Como segundopaso,reformulamosestasdesigualdadesen t�erminosde desi-
gualdadesde interpolaci�on del tip o Gagliardo-Nirenberg y entoncesestudia-
mos las propiedadesde compacidad.El procesode minimizaci�on se vuelve
m�aso menostrivial, proveyendocasigratuitamente la existenciademinimiza-
doresinclusopara el casodel acoplamiento de Poisson.V�eanselos Teoremas
4.1 y 4.2.

Con estamaquinaria en mano,esinmediata la resoluci�on del problemade
pasoenel m�etodo usadoen [31] para un modelodeQuantum Drift-Di�usion.
En particular, estaminimizaci�on prov�eela estructura de la segundaecuaci�on
en el sistema

(
@t � (t; x) + div (� (t; x)r A(t; x)) = 0; (t; x) 2]0; 1 [� 
 ;

L(t) = exp(� (� h2� + A(t) + V)) ; t 2]0; 1 [;
(5.5)

Para la ecuaci�on diferencial,esclave el resultadodeconexidadpor arcospara
subconjuntos deN 1 = f L 2 H 1

+ : kLk1 = 1g cuyoselementos tienenentrop��a
�nita puespermite trabajar con perturbacionesa nivel de operadoresL a la
par de perturbacionespara las correspondientes funcionesde densidad� L .
Este trabajo est�a en desarrollo.
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