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Seabordan problemasmatematicos de la Mecanica Cuartica tanto enla
representacon de Schredinger, comoen la representacon de Heisenlerg. Se
presera una breve introduccion a la Teora Cuartica.

En el marco de la represetacion de Scredinger, se estudia la ecuacon
no-lineal de Sdredinger (E) "2 v V(X)v+ jvj° v = 0, enRY, y el pro-
blemal mite (L) u+juj’ 'u=0en, u= 0sobre@ dondeseasume
que = intfx 2 RY: V(x) = nfV = 0g esno-vaco. Usandoel esquemade
Ljusternik-Schnirelman se pruebala existenciade un numeroin nito de so-
lucionespara (E) y (L) quecompartenla topologa de susconjuntos de nivel.
Denotesenlos respectivos conjuntos de solucionespor fviy.-gkan Y f UkGkan-
Semuestraqueparak 2 N jo, modulo reescalamieto de vy, la energa de
Vi.» corvergea la energa de ux. Tambien se muestra que las solucionesde
(E), vk, seconceitran exponencialmete entorno a y que, modulo rees-
calamierto y modulo extracion de subsucesionedales solucionescorvergen
a una solucon de (L).

En el marco de la represetacion de Heiserberg se establecen,desigual-
dadesde interpolacion tip o0 Gagliardo-Nirerberg. Minimizar el funcional de
energa libre para un potencial dado esequivalerte a probar desigualdades
tip o Lieb-Thirring, entanto que optimizar sobreel potencial produce desi-
gualdadedde interpolacion. Seestablecerresultadosde compacidadpara una
clasede operadoresde traza autoadjuntos que tienen energa cinetica nita
gue son analogosa nivel de operadoresde las inmersionesclasicasde Soho-
lev. Aplicando estosresultadosa la minimizacion de funcionalesde energa
libre (no-necesariamet@ corvexos),se caracterizanlos estadosestacionarios
del problemade Hartree con temperatura. En la represetacion via estados
mixtos de la Mecanica Cuartica secumplenresultadosequivalertes.
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Cap tulo 1

Intro ducci on General

El preseme documerto recopila los frutos del trabajo de investigacon
desarrolladodurante mis estudiosdoctoralesen Universidad de Chile y que
derivo en 2 art culos cient cos terminados, [35] y [27], y un art culo en su
etapa nal, [31].Puestoquetodoslosresultadosobtenidoscaenenel cortexto
matematico de la Mecanica Cuartica, sepresetia una breve introduccion a
dicha teor a f sicaen el Captulo 2.

El art culo [35 sepresema en el Captulo 3 en Inglestal como ha sido
aceptadopara su publicacion. El art culo [27] se presetta en el Captulo 4
(Seccionest.1-4.4) tal como ha sido enviado a consideraadn, asimismoen
Ingles. De [31] se presettia, en la Secoon 4.5, el problema que motivo [27].
Cuando se ha creido menesterse ha agregadodetalles que por cueston de
longitud no fueron incluidos en su verson nal.

1.1. Presentacion

En estatesis seabordan problemasmatematicos de la Mecanica Cuarti-
catanto en la representacon de Schredinger, comoen la representacon de
Heisenlerg. Sucintamente presemamos en las Seccioned.1.1y 1.1.2respec-
tivamerte los resultados mas importantes de los trabajos [35] y [27] que
aparecenen los Captulos 3y 4.
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1.1.1. Multiplicidad y concentraci on para la ecuacion
de Schreodinger no-lineal con frecuencia cr tica

La ecuacon no-lineal de Sdredinger aparecefrecueriemerte en muchos
camposde la f sica' y toma usualmene la forma
2
i} o+ }7 Vo(x) +j jPt =0 8x2R% 8t O (1.1)
dondep> 1y } denotala constarte de Plank. En el Captulo 3 abordamos

el estudiode existenciay propiedadescualitativasde ondasestacionariasgque
veri can (1.1), estoes,solucionequetienen la forma

( x;t) = v(x) e ES:

De maneraespecial nosinteresael comportamiento de las solucionescuando
} tiende a cero, esdecir el | mite semi-chsico? En terminosde v = v(x), el
problema puedeser escrito como

"2 v V(X)V+ijvjiP lv=10; in RS
v(x)! O; as jxj ' 1

: (P)

donde (
"2 — }2:2;
V(X)= VWX E; x2

Aqu suponemosqued 3y 1+ p2 (2;2),con2 = 2.

Ha habido un gran numero de trabajos de investigacon para el casoen
gueel potencial V espositivo. Esta concurrenciatuvo su genesisen el trabajo
de Floer y Weinstein [37], donde se muestra que en el casounidimensional,
parap = 3, hay unafamilia de solucionegjueseconcerran ertorno a un pun-
to crtico no-degeneradalel potencial. Estas soluciones,v-, son capturadas
usandoun metodo de reduccon de Lyapuno/-Scimidt y satisfacen

I minf maxjv-(x)j > O: (1.2)
"I'0 x2Rd
Otros trabajos fueron llevadosa cabo por varios autores: Oh [61], Wang

[75], Rabinowitz [63], del Pino y Felmer[22], [23, Ambrosetti et al. [1], Gui
[43], Li [54], Dancery Yan [16], Kang y Wei [5Q y otros.

lveaseel Ejemplo 2.5.
2Veasela Seccon 2.4



Introduccion General Captulo 1

En tales trabajos, las solucionesencoriradas veri can (1.2) y se con-
certran en ciertos puntos cr ticos del potencial y decaenexponencialmere
conformeuno sealejadeellos.En estostrabajos seusandiferertes herramien-
tas, basadasya seaen el metodo variacional o enla reduccon de Lyapunov-
Sdmidt, o en una conbinacion de estos.En estoscaso,las propiedadesde
las solucionespositivas de la ecuacon | mite son usadasextensiamerte pa-
ra obtener los resultados.En particular, bajo la metodologa de Lyapunov-
Sdmidt, se usa el hedo de que la unica solucon positiva de la ecuacon
| mite esno-degenerada.

En contraste con el casode un potencial positivo, hay un par de tra-
bajos reciertes de Byeony Wang [11, 12|, donde se consideraun potencial
no-negativo cuyo conjunto de ceros RY esta acotado. El primer hedo
importante esque para las solucionesencorradas en [11]y [12], (1.2) deja
de servalido; de hedo, el valor maximo de las solucionestiende a cero, con
una rapidez que dependetanto de la naturalezadel conjunto comode la
estructura de la ecuacon | mite que le correspnda. Los autores distinguen
tres casos:

1. =int 6 ;, queesreferidocomoel at case

2. esunconjunto nito depuntos,y V seacercaa ceropolinomialmerte

en , queesreferidocomoel nite casey

3.  esun conjurto nito de puntos, y V seacercaa cero exponencial-
merte, que esreferido comoel in nite case

Nosotrosconsideramo®l at casegsdecir, cuandoelinterior del conjunto
de cerosde V, , esun conjunto acotado no vaco. En este cortexto la
ecuacon | mite es (

u+jujiP lu=0; in

u=0; on @ (®)

Byeony Wang probaron en [11] que solucionesde m nima energa de (P-)
corvergen,via un reescalamieto apropiado, a solucionesde m nima energa
de (P). Mas aun, muestran que solucionesde m nima energa de (P-) se
concetiran en ; esto, al probar su decaimieno exponencial fuera de .
En el casoen que tiene varias componertes conexas,los autores pueden
determinar en que componerte tendra lugar la concenracion.
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Sianalizamoscon mayor cuidadoel problemal mite (P) nosdamoscuerta
gue a la par de las solucionesde m nima energa hay muchas mas solucio-
nes.En particular, la aplicacion de la teor a de Ljusternik-Schnirelman para
funcionesparesproveela existenciade un numeroin nito de solucionesEs
entoncesnatural pregurtarse si el problema(P-) tiene un numeroin nito de
solucionesy cual essurelacion conlas solucionedle (P). En el Captulo 3 da-
mosrespuestaa estapregurta cuando esconexo.Probamosque (P-) tiene
in nitas solucionestip o Ljusternik-Schnirelman cuyos niveles cr ticos con-
vergena los nivelescr ticos de (P). Mas aun, probamosque estassoluciones
tambien seconcetran en .

Ahora presertamos nuestrosresultados.Suponemosque el potencial V (x)
veri ca:

(V1) V esuna funcion cortinua no-negativa sobreRY.
(V2) V(x)! 1 cuandojxj! 1.
(V3) = intfx 2 RYjV(x) = 0g6 ; esconexoy con frontera suave.

Consideramo<=l funcional
Jo(w) = 1 jir wj2+ éV(X)WZ dx; (1.3)
2 Rd
de nido sobre
M. =fw2H:: jjwjjen rey = 10;
donde
Z 1=2 )

He w2 HY() : jiwjj- ir wj?+ V,,(;‘)wz <1
RN

Los puntos cr ticos de J- sobreM - dan lugar, via reescalamieto, a las so-
lucionesde (P-). En nuestro corntexto, la ecuacon | mite para (P-) es(P).

Asaociado a (P) consideramosl funcional
z

J(u) = % jr ujdx; (1.4)
de nido sobre
M =fu?2 Hé() . jjUijp+1() = 1g

Los puntos cr ticos de J sobreM son, via reescalamieto, las solucionesde
(P). Nuestroresultado principal es:
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Teorema 1.1. Bajo nuestras hipotesisgenerles(V1), (V2) y (V3) sobe el
potencial, y supniendoqued 3y 1< p< (d+ 2)=d 2), tenemos:

i) Dado" > 0, el funcional J- poseein nitos puntoscr ticos f Wy Qkan
M -
i) El funcional | mite J tiene in nitos puntoscr ticosfWgkon M.

iii) Dadok 2 N, los valorescr ticos satisfa@n

M- (W) = I (Wi): (1.5)

iv) Masaun, dado ;c> 0, existeun "o > 0 tal que

W (x)j< C expf < dist(x )g 8x2R% 8" 2]0"); (L.6)

dondeC >0y =fx2RY%: dist(x;) < g.
v) Sobe la frontera de , las funcionesw.- verican

‘[!ngg%xmk;n(x)j =0, 8k2N: a.7)

Es claro que las funciones
Vi = (ZHZCk;")l:(p l)wk;"; Gy = Ju (W)

son solucionesde (P-) y, como corolario, satisfacen,parak 2 N jo,

M iVl rey = 0 (1.8)
y L
Vil (re) .
I mlglf — = 0 0: (1.9

No esdif cil ver que las funcioneswy = (2¢.)** Yw,.. satisfacenla
ecuacon

wo " AV(X)WH jwjP 'w=0; in RS
w(x)! 0 as jxj ! 1

G



Introduccion General Captulo 1

Para cadak, probamosla existenciade una subsucegin de wy.- que corverge
a Wy, una solucn de (P).

El comportamiento descrito por nuestra sucesbn de solucionescorres-
ponde al mismo fenomenodiscutido por Byeony Wang, ([11, Th.2.2]), pa-
ra solucionesde m nima energa positivas. La propiedad (1.8) cortrasta al
comportamioento en el casono-crtico, nf,,ra V(X) > 0, donde todas las
solucionedgle (P+) marntienen susmaximosestrictamerte por encimade cero.

En [11] se muestra que el reescalamieto w- = " 2P Dy. sub-cowverge
puntualmente a una solucon de m nima energa U de (P), en , yaOen
RYr . Masaun, dado > 0, la corvergenciaesuniforme sobrefx 2 RY :
dist(x; @) g.

El potencial que nosotros consideramoses no-negativo y se hace cero
en un conjunto abierto . Esta situacion se consideracr tica pues, en el
| mite, el comportamiento de las solucionesesmuy difererte. Para el casode
un potencial-positivo, las solucionesde m nima energa deben concefttrarse
necesariamet® en un punto; sin enmbargo, para un potencial que alcanza
el cerola concettracion ocurre en todo el conjunto . Cuando el potencial
se vuelve negativo en un conjunto acotado, ya no tiene sertido hablar de
solucionesde m nima energa. Sin embargo, estasituacion puedetodav a ser
bien entendida, al menosen el casounidimensionaly en el casoradial, como
en los trabajos [36, 15].

No decimosnadarespecto al signode las solucionesencorradas; sin em-
bargo, puesto que el problema | mite (P) pudiera tener muchas soluciones
positivas dependiendode la geometa de (veasee.g.[17]), o mismo podr a
sucedercon (P-).

En nuestrotrabajo consideramosolo el casode un potencial que diverge
ainnito cuandojxj! 1, esdecirvericando (V2), y deswanecendoseen
un conjunto abierto, conexoy con frontera suave, esdecir veri cando (V3).
Pensamogjue nuestrosresultadossiguensiendovalidos para potencialesmas
generalescuandoel conjunto de cerosde V no esconexo,y tambien paralos
caso nito einnito. Particularmente interesane esel casode un potencial
acotado, positivo al in nito. En este casola existenciade in nitos puntos
crticos comoenel Teoremal.l, i) podr a dejar de servalido. Sin enbargo,
los puntos ii)-v), conk ja, deberan servalidos.

3Sedice que una familia de funcionesf f-g- o sub-corvergeen un espacioX , mientras
"1 0, cuando de cualquier suceson f"igi>n convergerte a cero, es posible extraer una
subsucesin f "y, gizn tal queff- gian corvergeen X, cuandoi! 1.

6
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De hedo, desplesque concluimosnuestro estudio, conacimosde un tra-
bajo recierte de Ding y Szulkin [24] dondeesteproblemaestratado. En lugar
de las condiciones(V2) y (V3) los autoressuponenque

(V2") existeb> Otal queel conjunto fx 2 RY: V(x) < by esno-vacoy tiene
medida nita.

Fijando k 2 N, prueban que para algun ¢ > 0, el problema (P-) tiene al
menosk paresde solucionesen H- cuando" 2]0; klzz[. En cortraste, no-
sotros probamosla existenciade un numeroin nito de solucionesal menos
un par para cadanivel de energa. Muestran que si paracadam 2 N, u,, es
unasoluconde (P- ), dondel my; " = O, ertoncesu,, corvergeenH; a
algunasolucon u de (P) suponiendoel acotamierio de (jjumjj-,, )mz2n- NOSO-
tros probamosestaultima condicion para cadanivel k de energa. Probamos
asimismo que nuestras soluciones(w+) subcorvergenen H() a alguna
solucon de (P).

Finalmente seralemosque en nuestro trabajo no solo obtenemosel de-
caimierto exponencialde las solucionesal in nito sino que, adicionalmerte,
obtenemosestimacionesasirtoticas sobre el comportamiento en la frontera
del dominio.

1.1.2. Propiedades de compacidad para operadores de
traza

El primer valor propio .; de un operadorde Scredinger + V pue-
de ser estimadousandodesigualdadesie Sokolev, [72, 68, 42]. En art culos
reciertes, [7, 73, 26], una conexbn precisaha sido establecidaertre las esti-
macionesoptimalesde y.; enterminosde unanormadeV vy las constaries
optimales de algunasdesigualdadegip o Gagliardo-Nirerberg, [76, 26].

En el casode sistemasortonormalesy sub-ortonormalesdesigualdadesie
interpolacion tip o Gagliardo-Nirerberg proveeninformacion sobrelas cons-
tantes optimalest en desigualdadesque pueden ser extendidas a desigual-
dadestip o Lieb-Thirring, [55]. En [26 se puedenhallar referenciasen esta
direccion y proposicionesprecisasrespecto de la relacion ernre constaries
optimales para estasdos familias de desigualdadesgn el casodel espacio
euclideanoRY.

4Vease[57, 56, 40, 32].
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Inversamete, el conacimieno de desigualdadesie Lieb-Thirring puede
serreplanteado en terminos de desigualdadesie interpolacion para estados
mixtos que son sistemasin nitos de funcionesortogonalescon numerosde
ocupacbn, vease[26]. Se sabe que una formulacion equivalerte esvalida en
terminosde operadores En estetrabajo reescribimosy extendemosestasde-
sigualdadesde interpolacion para operadoresde traza autoadjuntos y nos
certramos en el casode un dominio RY. Tambien estudiamos,a nivel
de operadoresas propiedadesde compacidadde las correspndiertes inclu-
siones,que extienden las propiedadesbien conacidas de las inmersionesde
Sololev.

De granmotivacion esel art culode P. Markowich, G. Reiny G. Wolansky
[60], quefue dedicadoal analisisde la estabilidad del sistemade Sdredinger-
Poisson.All participan de maneracrucial algunosfuncionalesque son clave
para nuestro planteo y que llamaremosfuncionalesde energa libre debido
a su interpretacion en f sica. En [60], los autores sere eren a tales funcio-
nalescomofuncionalesde Casimir por razoneshistoricasen meanica, [77].
Reciertemerte, varios resultadosbasadosen funcionalesde energa libre, que
a vecessontambien llamadosfuncionalesde entrop a generalizada han sido
obtenidosenla teor a de ecuacione®n derivadasparciales.Podemosseralar,
por ejemplo, resultadosde estabilidad no-lineal para ecuacionesineticasy
de uidos, veasd77,44,45,67], estudiossobreel comportamiento cualitativo
de las solucionesde ecuacione<ineticasy de difusion incluyendo | mites de
difusion, veasee.qg. [6, 14, 29], y aplicacionesa problemasde frontera libre:
[30], 0 mea@nica cuartica: [59, 6(]. A nivel formal estavariedad de funciona-
lescorrespndena un mismoobjeto. La conexobn precisaesta todav a siendo
estudiadadesdeun punto de vista matematico, si bien la correspndenciaa
nivel f sico no deja dudas.

Minimizar el funcional de energa libre para un potencial dado esequiva-
lente a probar desigualdadesle Lieb-Thirring, entanto que la optimizacion
sobre el potencial provee desigualdadesle interpolacion. Tales puntos han
sidoestudiadosapenastangencialmerne en[60], puesenesteart culo el poten-
cial esdado por una ley electrosatica de Poissoncon condicion de Dirichlet
homogeneasobrela frontera, as que essiemprepositivo. Nosotrostrabaja-
mosen un cortexto mucho mas generalque f sicamette podr a correspnder
a potencialesexternoscon una singularidad y nuestra primera tarea es, por
tanto, acotar por debgo al funcional de energa libre, i.e. establecerversio-
nesadaptadasde las desigualdadesie Lieb-Thirring. Nuestro segundopaso

8



Introduccion General Captulo 1

consisteen reformular estasdesigualdade®n terminosde desigualdadesip o

Gagliardo-Nirerberg para operadores,y estudiar las propiedadesde compa-
cidad de las correspndiertes inmersiones.En estasinstancias, el procesode
minimizacion sevuelve mas o menostrivial, proveyendo casigratuitamente

la existenciade minimizadores,incluso para el casode modelos no-lineales
por ejemplocon un acoplamieno de Poissson.

Seamognas precisos.Sea RY un dominio con frontera suave y consi-
deremosun potencialsuavey positivo V sobre. Paraempezar,estamosnte-
resadosen desigualdadedip o Lieb-Thirring para el operadorde Scredinger

+ V. Seaf .02\ la correspndierte sucesbn no-decreciete de valores
propios. Como una directa consecuenciale los resultadosde [26], la siguien-
te desigualdadsecumple: paratodo > d=2, existe una constarte expl cita
C( ), queno dependede V, tal que

X z
Vi C() V* dx: (1.10)

i2N

Esta desigualdadresulta en un caso especial de una desigualdadmaestia
gue en seguidaintro ducimos.Considereseuna suceson de funcionesortonor-
malesf g,y Y una sucesbn f ;gi»n de realesno-negativos. A la sucesbn
f(i; Dgan 2 Y L?%) sele concce en f sicacomoun estadomixto. La
desigualdadmaestia es
1 X X
(i)+§ on( HV) i, F v
i2N i2N i2N

(1.11)
G(V)dx:

Aqu lasfunciones , F y G serelaciogandela siguierte manera.Consicerese

una funcion no-negativa g veri cando 01 g(t) 1+t 92 t 1dt< 1 ,enon-

cesde nimos
Zl

F(s) = e “g(t) ? and G(s) :=
0

Zl
et @ gl

0 t

y ponemos (s) F ( s), dondeF denotala transformadade Legendre-

Fendel de F. Entonces (1.10) correspnde al caso () = ¢, ™ para

una constarte explcita ¢,, m = = + 1) 2 (dHd+ 2);1), F(s) s

y G(s) C( )s%? . El heto importante es que la desigualdad(1.11)

9



Introduccion General Captulo 1

ertoncesseveri ca paratodo potencial y todo estadomixto. Sepuedehacer
otras eleccionespor ejemplo 1(S) slogs s, F(s) e sy G(s)
(4 ) %2e s, queproveeertoncesla siguierte desigualdadtip o Lieb-Thirring
X Z
e Vi (4)% eVdx:
i2N

Usandoel teoremade Hilb ert—Smmig,t, al consideraroperadoresde traza au-
toadjuntos L conkernel K (x;y) on i i(X) i(y), podemosreformular
la primera desigualdaden (1.11) en terminos de operadores.Denotando el
termino de la izquierdaen (4.2) comoF,,. (L) obtenemos

Fv. (L) TrF +V

para algun parametro que por el momerto lo tomamosigual a 0. Hasta
ahora, V se supuso positiva. Nuestro primer resultado importante es una
extensbn de la desigualdad(1.11) a potencialesque podr an cambiar de
signo. Para una perturbacion W de un potencial V que canbia de signo, la
desigualdad(1.11) esreemplazadapor

Z

Fuvaw (L) "A2 G(W)dx; (1.12)

para ciertos valores" y a ser jados posteriormene. Una optimizacion

en W enonces provee una desigualdadde interpolacion tipo Gagliardo-

Nirenberg. Para precisar, consideremosF;G y como antes y sea tal

que G(s)P ( s). Tambien usamosla notacion [ para la funcion no-

negativa ., ij ij22 L*(), usandounarepresetacion enestadosmixtos

f( i; i)g2n asaiadaa L. Algunas consideracionegsiandar son necesarias
paraidenticar | (x) con K (X;X).

Teorema 1.2. Para un potencial V, supongasequepara algun " 2 (0; 1), el
operador (1 ") + V estk awmtadoinferiormente por algunaconstante .
Con las anterioresnotaciones,la desigualdadq1.12) severi c a para cualquier
operador de trazaL no-neyativo y autoadjunto y, mas aun,

z

Fo (L) "% "% ((x) dx:

[N]f=N

10
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El nucleode la demostracon yace en una minimizacion con respecto al
estadomixto f( i; i)di2n, queal nal requiereque ; seaunafuncion propia
de +Vy i=(9 Y vi). Puestoque el dominio  esta acotado,
al menoscuandoV 0y = 0, estasdesigualdadegpuedenserligeramerie
mejoradas, pero la mejora en la constarte depende de ; la desigualdad
anterior as comola desigualdad(1.12) son optimos si uno buscaconstaries
gue seanindependientes de .

Hagamosexp citos ahoralos casosinteresariesF(s) s Yy F(s) e 5.
De nimos la energa cinetica de un operador de traza L dado como
z

K(L)y=jr jdx;
entoncesobtenemoslas siguiertes desigualdadesle interpolacion
Z
KL+ ()  Jdx e TrlL™;

dondeq (2 d)=2( +1) d2 (©0;1),m= = +1)y () esuna
constarte positiva expl cita, y

z e K(L)

2 d kLk;

dondeL escualquier operador de traza no-negativo y autoadjunto. Por fa-
cilidad, las desigualdadesaqu escritas correspnden al casoen que V es
no-negatia, pero resultadosmas generalesorrespndiertes a potencialesV
gue canbian de signo puedendeducirsea partir del Teoremal.2.

Las desigualdadesle interpolacion del Teoremal.2 generalizanpara ope-
radoresdetraza autoadjuntos lasdesigualdadesle Gagliardo-Nirerbergusua-
les.As comoparalainmersionH3() ! L2(), algunacompacidadsepuede
avisorar. Tal enunciado constituye nuestro segundoresultado.

Llog . dx Tr[L logL]+ g log KLK; ;

Teorema 1.3. Bajo las hipotesisdel Teoremal.2, si fL,g,,n €Suna suce-
sion de operadores autoadjuntos no-negativoscon traza acotadatal que

fF V; (Ln)gnZN

est tambien amtada, entonesfL g,y €S relativamentecompacta y con-
verge (modulo subsuesionesy en un sentido apropiado) a algun operador
compacto autoadjunto no-negativoL. Masaun, |, convelgea  in L9() ,
paratodoq?2 [1;1 ]sid=1,qg2[1;1)sid=2yq2[ldXd 2)]sid 3.

11
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En el Captulo 4 empezamosintroduciendo de niciones, resultadospre-
liminares y consecuenciasle los resultadosde [26]. Luego presetamos un
conjunto de operadoresde traza que tienen la forma F( ). A estaclase
se pertenecenlos operadoresgeneradosoor la distribucion de Boltzmann y
la estadstica de Fermi-Dirac. El espacioS; de operadoresde traza autoad-
juntos, tambien conacidos comooperadoresnuclearesautoadjuntos, juegael
rol del espacioL' y los espaciosS, sepuedenpercibir como los espaciod.?,
g 2 [1;1 ]. Inspirados por esta analoga, de nimos los conostip o Sololev
WP como subconjurtos apropiadosde S;. Hasta donde sakemosla de ni-
cion de estosconosesuna novedad. Probamosertoncespropiedadeshasicas
de estosconosy un resultadode regularidad sobrelas funcionesde densidad
ascciadasa H! = W2, Luegode nimos el funcional de energa libre

Fyv. (L) Tr[ (L) + ( +V )L]:

Los Teoremasl.2y 1.3y una desigualdadde interpolacion mejoradaseprue-
ban a cortinuacion. La estimacbn clave es una desigualdadcorvexa que
permite simultaneamere minimizar el funcional de energa libre y conseguir
alguna coercitividad aun si V cambia de signo. Sigue ertoncesel resultado
de compacidady, como una consecuenciaimple, probamosla existenciade
minimizadoresen varios casosde interes en Mecanica Cuartica.

1.2. Reconocimien to

Quiero reconcer a todos los estamemos de Universidad de Chile que de
unau otra maneraapoyaron mi proyecto doctoral. En especialy sobremane-
ra, presemo mi mas sincerosertimiento de gratitud al Prof. Patricio Felmer
guien conimportantes consejosy cr ticas constructivasha permitido que este
trabajo tengala calidad con que se presena.

Una buena parte de mi investigacon la desarrole en el Certre De Re-
cherdhe en Mathematiquesde la Decision- Universite Paris Dauphine. All
corte contodaslasfacilidadesy goce de unaremarcablehospitalidad. Quiero
agradeceral Prof. JeanDolbeault quien superviso generosamete mi trabajo
durante mi estanciaen Francia.

Finalmente quiero hacerpublico mi agradecimieto al Gobiernode Chile
gue a traves de una becadel Proyecto MECESUP UCHO0009 nancio mis
estudiosdoctorales. Mi estada en Francia fue nanciada parcialmene por
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los Proyectos ECOS-Conicyt # C02E08y # CO5E09y por el programa
europeo Alfa.

1.3. Convenciones

Mencionemosdlas principales corvencionesque guardamosa lo largo del
documerto.

Dadosdosconjuntos X Y, denotaremospor Id la funcion de inclusion;
siX =Y, Id esla idertidad. Sif y g sondosfuncionessobreun conjunto
no-vaco A, su compuestasea denotadapor f g.°> Si (A; +) constituye un
grupo, el connmutador def y gestadadopor [f;gl=f g g f.

Por N, R y C denotaremosrespectivamerte los conjurntos de los numeros
naturales, realesy complejos.Por fx;gi,n A denotaremosuna sucesbn en
un conjurto no vaco A. Dadosj; k 2 N, ¢ denota el delta de Kronedker,
estoes jxk = 1sij = ky k= 0encasocortrario.

El espacioeucldeo de dimensbn d 2 N sefa notado RY. Salwo que se
especi que, consideraremogjue la dimenson esgeneral:d 2 N. Decimosque

RY esun dominio si esabierto y conexo.

Dadoz = a+ ib2 C, ponemosRez = a,Imz = by z = a bi Para
las normasen RY y C usaremog j. Dadosm;n 2 N, el espaciode matrices
m n sobreun campo K seia denotado M, (K). La matriz identidad de
dimencion d seia denotadal 9.

Las partes positiva y negativa de x 2 R estan de nidas respectivamerte
por X, = max(x;0)y x = max( x;0),as quejxj = X;+ + X :
Dado un espaciode medida(X; )y p2 [1;1 [, escribiremos
z - )
LP(X)= f:X ' C:jifjjex) = jf j°d <1
X

y pondremosL! (X) = ff : X ! C: jfjjL: (x) = esssupjfj< 1g : Para
el producto escalarde L?(X ) usaremosa notacion
Z

(f; Dy = fod:
X

SEn donde no seespeci que sedebera asumir que las operacionesindicadas se pueden
realizar.

13
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Todas las integralessobredominiosen X = RY, seertenderan en el sertido
de Lebesgue.

Dado un espaciotopologico X , por A ertenderemosla clausurao adhe-
renciade A X. Sidist(; ) esuna metrica sobreX, la bola con certro en
x 2 X yradior > Osemrepresetada por B(x;r). Sif y g sondosfunciones
de X enR, la notacion f = o(g) quieredecirquef=g ! 0 (enun regimen
asirtotico que seia claro en su contexto); por f = O(g) entendemosque f =g
esia acotada.

DadosX eY, espaciodopologicos,notaremoscon C(X ;YY) al espaciode
las funcionescortinuasde X enY y ponemosC,(X;Y) = ff 2 C(X;Y):
supp(f ) escompacta. En particular, siY = R, notaremosC(X) = C(X;R).
SiX eY sonvariedadeso espaciogle Banad, C¥(X ;Y) denotara el espacio
de funcionescortinuamerte diferenciableshastael ordenk 2 N.

Notaremospor r al operador nabla, estoes,
r=(@:5@);

dondeparai 2 f1;:::;dg, @ represeta la derivacion parcial con respecto a
la variable x;. El gradierte de un campo escalarV y la divergenciade un
campo vectorial W songrad(V) = r V y div(W) = r W respectivamerte.
El laplacianodeV senotara V =r r V.

Para la numeracbn de teoremas,lemas, etc. seha tomado comoreferen-
cia captulos; por ejemplo, al hablar de la De nicion 2.1 nos referimosa la
primera de nicion que apareceen el captulo 2. El smbolo indicael n de
una demostracon. En lo posible,la notaciony terminolog a utilizadas sonlas
mas usadasen el ambiente matematico. Para recalcar, cuando se introduce
por primera vez un conceptoX, aparecea normalmerte como conceptoX v,
en circunstanciasespecialesaparecea comoconcepto X.

Hemosusadocomoreferencias\base" las siguiertes:

» Teora de la Mediday Probabilidades:[3, 8, 47]

Analisis: [9, 64,51, 52, 34;

Teora de Operadores][64, 65, 66];

EcuacionesiferencialesParciales:[33, 41, 9, 48];
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= Analisis Variacional/ no-Lineal: [71, 69, 62);

» Mecanica Cuartica: [53, 46, 18];
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Cap tulo 2

Una intro duccion a la Mec anica
Cuantica

Presetamos en este captulo, una introduccion breve al marco de la
Mecanica Cuantica. Hemosusadocomo principalesreferenciag46]y [53].

2.1. Origen de la Mecanica Cuantica

La Teora Cuartica nacede la imposibilidad de explicar el espectro de
radiacion de los cuerpos negrospor medio de la electradinamica clasica.Un
cuerpo negroconsisteen una cavidad cerradamantenida a una temperatura
uniforme T. Las paredesde esta cavidad emiten y absonen las radiaciones
electromagreticas que ertran por un pequato hoyo y cortribuy en de esta
maneraa mantener el interior de la cavidad comoun sistemade radiaciones
electromagreticas en equilibrio termodinamico a la temperatura T. Ahora
bien, si denotamospor la frecuenciade la radiacion 'y por U( )d la can-
tidad de energa enla gamade frecuenciag ; + d ], tenemospor un lado,
a partir de la experiencia,que

h

3 .
U() exp KeT

2.1)

donde kg es una constarte universal y h es una constarte determinada
empricamerte. Por otro parte, la electradinamica clasicaconducea la Ley

1La constarte de Boltzmann, kg, correspondea kg 1;3806503 10 2 J=K.
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de Rayleigh-Jeans
U()=kgT % (2.2)

Conforme a (2.2), la energa electromagretica total sera Rol ui)d =1
lo que no escierto. En todo caso,obsrveseque (2.1) y (2.2) coincidenpara
frecuenciasbhajas

Para levantar esta divergenciaenre el modelo clasicoy la experiencia,
Planc formulo la siguierte hipotesis,conacida comoel Principiode cuanti ca-
ciondela energa delososciladees \ La eneilga de una radiacion de frecuen-
cias no puale tomar todos los valores posiblessino, solamente, multiplos
enteros de la enelga fundamentalh , dondeh esuna constante universal'.
En otras palabras,la energa de una radiacion luminosaesta \ cuanti c ada’.
Al paguetede energa fundamenral h sele llama \ cuanto de energa”.

2.2. Principios de la Mecanica Cuantica

Cuandosetrata deaplicarla Mecanicay ElectrodinamicaClasicasal nivel
atomico,sepresetan fuertesdiscordanciasonlosresultadosexperimertales.
Consicerese por ejemplo,un atomo dondelos electronesgiran alrededordel
nucleo siguiendoorbitas clasicas.Puesto que en todo movimiento acelerado
decargashay unaemison cortinua de ondaselectromagreticas,cadaelectron
deber a perder energa hasta, evertualmente, estrellarsecortra el nucleo;es
decir, conforme a la teor a clasica, el atomo sera inestable. Por tanto, la
meanica que describe los fenonemosatomicog - la Mecanica Cuartica -
debe tener como pilares ideassobreel movimiento distintas a las clasicas.

En el fenomeno de difraccion electronica® se ve que al pasar un rayo
homogeneode electronesa travesde un cristal, el rayo emergete exhibe un
patron de intensidad notablemerte parecidoal patron de difraccion descrito
por las ondaselectromagreticas. Esta esevidenciade la validez del Principio
de de Broglie \la materia se comporta de una manera aleatoria y exhike
propiedadest picas de las ondas'.

No podemospredecirexactamerte dondeestara una part culaa un tiempo
futuro as que en Mecanica Cuarntica no existe el conceptode caminode una

2pPor fenomenosatomicos entendemos aquellos donde intervienen part culas cuanticas
esdecir, pequaras masasa pequaas distancias.

3La obsenacion experimental de la difraccion electronica fue posterior a la aparicion
de la Mecanica Cuantica.
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pat culg esteesel cortenido del Principio de Incertidum bre.* En todo
caso,en un instante determinado, la Mecanica Cuartica debe proveer una
distribucion probabil stica de la posicion de la part cula. Mas aun, el estado
dela part culaauntiempot = to debe determinarel estadoparatodo tiempo
t > tp; esteesel cortenido del Principio de Causalidad .

La Mecanica Cuartica sepreseria comounateor a f sicabastarte inusual
pues, por un lado, en las \situaciones cotidianas" debe ser bien aproxima-
da por la Mecanica Clasica(este esel Principio de Corresp ondencia) vy,
por otra parte, requiere del casol mite, la Mecanica Clasica, para su pro-
pia formulacion. En efecto,la posibilidad de que alcancemosina descrigcion
cuartitativ a del movimiento de una part cula cuantica, digamosun electron,
requierela presenciade un apaato, estoes,un objeto f sicoque,bajo un cier-
to grado de certeza,obedecelas leyes de la Mecanica Clasica. Si el electron
interactua con el aparato (lo que se denominauna medicon), el estadode
esteultimo seve alterado. La naturalezay magnitud de estecambio depen-
den del estadodel electron y, por tanto, podr an servir para caracterizarlo
cuartitativ amerte. Entonces, el problemaque aborda la Mecanica Cuarntica
consisteen determinar la probabilidad de obtener varios resultadosal llevar
a cabo una medicion.

En Mecanica Cuarntica el estadode una part cula es descrito por una
funcondeonda(R%;R) 3 (x;t) 7! ( x;t) 2 C. La prgbabilidad de que una
part cula este en unaregion RY auntiempotes j( x;t)j%dx, as que
la condicon de ncrmalizgou')n

j(xt)jfdx =1, 8t2R; (2.3)

esnatural. Si ;y , descritenla ewlucion de estados,ertonces ; |+
> 2, donde ;y , sonconstartes, tambien descrite la ewlucion de un
estado;esteesel cortenido del Principio de Superp osicion de Estados.
Entonces el Espaciode Estados es decir el conjunto de todos los estados
posiblesde una part cula a un tiempo dado, sem usualmere L?(R9).

2.3. Magnitudes F sicas y Observ ables

En Mecanica Clasica, en general,los valoresque puedetomar una mag-
nitud f sicadadaforman un espectro continua Dicho de otra manera, si una

4Descubierto por Heiserberg en 1927.
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funcion f = f (t), represeta los cambios de una magnitud f sica F cuan-
dot 2 [to;t1], entoncesf 2 C([to;t1]). En Mecanica Cuarntica, hay tambien
cartidades f sicas(e.g. las coordenadas)cuyos valoresdeterminan un rango
cortinuo; sin embargo, a la par de estas, existen tambien magnitudes cuyo
rango de valores admisibles constituyen un espectro discreto Se denomina
cuanto (del lat n Quantum que represeta una cartidad de algo) al valor
m nimo que puedetomar una determinadamagnitud en un sistemaf sicoen
el que dicha magnitud este cuartizada. Esto implica ademas, que cualquier
cargade esamagnitud cuartizada debera serun multiplo ertero del cuarto.

El ejemploclasicode un cuarto procedede la descripcion de la naturalezade
la luz. Comola energa de la luz esta cuartizada, la m nima cartidad posible
de energa que puedetransportar la luz sera la que proporciona un foton
(nunca se podra transportar medio foton). Esta fue una concluson funda-
mertal obtenida por Max Planck y Albert Einstein en susdescriionesde
la ley de emison de un cuerpo negroy del efectofotoelectrico.

En el cortexto de la Mecanica Cuartica, no siempresucedeque dosmag-
nitudes f sicasdadas puedenser medidassimultaneamete (e.g. la posicon
y la velocidad). Por tanto esimportante la siguierte

De nici on 2.1. A un conjunto de magnitudesf sicastal que sus compo-
nertes puedenser medidos simultaneamete pero que no admiten mas esa
propiedadsi sele arade una magnitud f sicaindependierte,® sele denomina
conjuntocompletode magnituded sicas

En F sica, por \observable" se entiende normalmerte una cartidad que
puedeser medida experimertalmente. Por otro lado tenemosla siguierte

De nici on 2.2. Un observabless, en Mecanica Cuartica, un operador au-
toadjunto no-acotad§ con dominio densoen L?(RY).

Por tanto, los operadoresgue correspnden(en el formalismomatematico
de la Mecanica Cuartica) a cartidades f sicasrealestienen que ser obsena-
bles. En virtud del siguierte teorema (vease[53, Captulo 1, paragrafe 4]),
podemoshablar indistintamente de un conjunto completode magnitudesf si-
caso de un conjuntocompletode observables

SAqu por independierte nos referimos a una magnitud que no es una funcion de las
magnitudes bajo consideracon inicial.

8Una buena referenciapara el estudio de los operadoresautoadjuntos no-acotadoses
[64]. Este texto esparticularmente util puestoque los autorestienen siempreen merte los
problemasde la Mecanica Cuantica.
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Teorema 2.1. Consideemoslos observables’; y i correspndientesa las
magnitudesf sicas F; y F,. Entonces, F; y F, son simultaneamentemedibles
siy solo si f; y f3 conmutan, i.e., si y solo si [f1;f3] = 0.

Corolario 2.1. Sea ff" gM.; un conjunto de observablessaiado a las mag-
nitudesf sicasfF g"_, . Entonces,fF g"_; escompletosiy solo si secumple
las siguientescondiciones

) [ ;f]=0 paratodo ; 2f1;::Ng,

i) sif 2ff gV, esun observablegnton@sexiste 2 f1;::;Ngtal que

[f:f ,]16 0.
Veamosalgunosejemplosde obsenables

Ejemplo 2.1. SeaV : RY ! R un potencialtal quef 2 L?*RY:V 2
L2(R%) g esdensoenL?(RY). EntoncesV de ne un operadorde multiplicacion

71 V2 LARY):
Ejemplo 2.2. Al anterior casoperteneceel operada de posicon, ®, dado por
71 x 2 (LARY)):
Ejemplo 2.3. El operado de momentum p, dado por
70 i}r 2 (L3(RY))4:
Aqu cadacomponerte p; dep= (Py;:::;Ps) esun obsenable.

Ejemplo 2.4. El operadeo de Schedinger

7! % +V(X) 2 L%RY);

dondem esla masadel sistemacuantico y V = V(x) esun potencial dado.

20



Una introduccion a la Mecanica Cuantica Captulo 2

2.4. Sistemas Semi-Cl asicos

Por el Principio de Correspondencia,erunciadoanteriormente, la Mecani-
ca Clasicadebe serun | mite de la Mecanica Cuarntica. >Como se da este
pasoal | mite? La respuestala hallamoscon ayuda de la siguierie analoga:
la Mecanica Cuarntica esa la Mecanica Clasicalo que la Optica Ondulatoria
esa la Optica Geonetrica.

En Optica Ondulatoria las ondaselectromagreticas son descritaspor los
campos electrico y magretico (que veri can las ecuacionesle Maxwell). Por
otro lado, en Optica Geonetrica se consideraque la propagacon de la luz
seda a lo largo de caminosde nidos (rayos). Seau = ve uno de los com-
ponertes de campo de la onda electromagnetica, donde v esla amplitud y

esla fase de la onda. El casol mite, la Optica Geornetrica, correspnde
a pequeras longitudes de onda, esto es,cuandoj j esbastarte grande! En
Optica Geonetrica, el camino de un rayo se determina por el Principio de
Fermat conformeal cual la diferencia erntre las fasesal principio y n del
camino debe serla menor posible,

De manerasimilar, supongamospara empezarque a la Mecanica Clasica
le correspnde (en Mecanica Cuantica) funcionesde ondade la forma =
ve , dondev esuna funcion que var a muy poco (en el tempo) y  esmuy
grande. Como es sabido, el camino de una part cula en Mecanica Clasica
puedeser determinado por el Principiode M nima Accibn, conformeal cual,
la accion S de un sistemameanico debe serla menor posible.

Conforme a la anterior analoga postulamosque la fasede una funcion
de ondadebe (al pasaral | mite) serproporcionala la accon meanica S del
sistemaconsiderado:S = } . A la constarte de proporcionalidad, }, sele
denominaconstantereducidade Planck Entonces,la funcion de onda de un
SistemaSemi-Casicoviene dada mediarte

( x;t) = v(x)€s; (xt)2RY R: (2.4)
Observacion 2.1. La constarte }® viene dada en unidadesde accion,
} = 1,0545716818 10 3J s;

y juegaun rol fundamertal entodoslosfenomenoscuanticos: suvalor relativo
(cuando se comparacon otras cartidades del sistemadadasen unidadesde
accon) determina el gradode cuantizaadn del sistemabajo estudio.

’En Optica Geometrica esllamada la eikonal
8La constantede Planck h, estadadaporh=2 }.
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La transicion de la Mecanica Cuartica a la Mecanica Clasicapuedeser
formalmenrte descrito como el pasoal | mite cuando} ! 0. En este pro-
ceso,un obsenable debe reducirse simplemerte a la multiplicacion por la
correspndierte magnitud f sica.

2.5. La Ecuacion de Schreodinger

En Mecanica Cuartica, la funcion de onda determina completamene
el estadode un sistemaf sico. Esto quieredecir que si esconccida ( to; ), no
solo las propiedadesdel sistemaa t = ty sonconccidas, sino que, el compor-
tamiento entodot t, esta tambien determinado® Matematicamerte esto
seexpresaenque @( t; ) debe estar determinadopor ( t; ).

En 1925el F sico austr aco Erwin Sdredinger derivo una ecuacon que
permite estudiar la ewlucion de un sistemacuantica En su verson mas ge-
neral, la Ecuaodbn de Schedingertoma la forma

i} «=H ; (2.5)

donde el operador H, llamado Hamiltoniang es el operador asaiado a la
energa; y, ( x;t) esla funcion de ondadel sistemacon la propiedad de que
j j? determina la distribucion de probabilidad de los valoresde las coorde-
nadasx (en el espaciode con guracion) al tiempo t.

De nici on 2.3. A toda solucbn de (2.5) de la forma (2.4) sele llama es-
tado estaciondo (u ondaestacionaria)y veri ca la Ecuacion de Schredinger
independientedel tiempo

H =E ; (2.6)
donde E represeta la Energa. Al estado estacionario correspndierte al
menor de los valoresfactibles de energa sele conace como groundstate del
sistemal’. A los estadosestacionariosselesre ere comosemichsicoscuando
} > 0 eschica.

Para el modelo de una unica part cula, el Hamiltoniano esun obsenable
muy importante, esel Operadeo de Schedinger
}2
H = — +V(X); 2.7
L= 5 V() 27
9La comprensbn de un sistemaseerntiende hasta donde permiten las limitaciones pro-
pias de la Mecanica Cuantica.
0Matematicamente corresponde usualmerte a una solucion tip o paso de montara
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dondem esla masade la part cula, V = V(x) esun potential dadoy d = 3.
Para ver esto,recurrimosa la formulacion (2.4) y recordamosque en el | mite
cuando} ! 0, los obsenablessereducena multiplicaciones. En efecto, si
aplicamos en (2.4) obtenemos

1 - -2 i S_ i
= ZjrSpP +- S+ v+-rws
}2 } }
queal hacer} ! 0nosdicequeeloperador }? (dela Mecanica Cuanti-
ca) secorrespndea la magnitud jr Sj? (de la Mecanica Clasica). Obtenemos
(2.7) reemplazandoen (2.5) el resultado de derivar ent la relacion (2.4), y
recurriendoa la Ecuacon de Hamilton-Jacobi'!

ir Sj?

@s = 2m

+ V(x)

Para sistemascuanticos complejos,sin embargo, el Hamiltoniano resulta de
adicionar al operador de Sdredinger una parte no lineal.

Ejemplo 2.5. Para un grupo de part culasiderticas que interactuan ertre
s en estados"ultralfr 0s" (e.g. condensadogle Bose-Einstein), el proceso
ewlutivo se descrike con un excelete grado de aproximacion mediarte el
Hamiltoniano Hy . que esta dado por
Hee = L v Pty 2.8

NLT S (x) J ) ; (2.8)
donde m es ahora la masatotal del sistemay p > 1. Es bastarte comun
p = 3 (Ecuacion de Gross|Pitaevskii).

2.6. Valor Medio de un Observ able

Como se dijo anteriormente, uno de los principios fundamenales de la
Mecanica Cuarntica esla no-existenciadel camino de una part cula. De esto
se deduce que no podemoshablar de la velocidad de una part cula a un
instante determinado.Sin embargo, sepuederecuperar al menosel concepto
de velocidad media a travesde la siguierte

11| a ecuacon de Hamilton-Jacobi esuna de las ecuacionedundamertales de la Mecanica
Clasica.
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De nici on 2.4. Seal el obsenable asaiado a la magnitud f sicaL. Se
de ne el vala mediode [’ enelestado 2 dom((') como

Wi = C : (2.9)
L2()

En efecto,consideremosl movimiento de una part cula cuantica. Como
sevio anteriormente, el Hamiltoniano esta dado por (2.7). Se puedeprobar
(veasee.g.[46]) que paratodo obsenable [, setiene que

d s [
—Hi = Z[H.0 : (2.10)
dt } L2()
Entonces,usando(2.5) y el heto que }i—[HL R] = %p, obtenemos(en tanto
gue valoresmedios)que el momertum se calculacomo el producto de masa
por la velocidad:

d, .
ahkl

(@,X) L2() +( ,X@) L2()
i
; —[HL; R
yHAl 0

2.7. Representacion de Heisenberg

Como sedijo la ewlucion de un sistemacuarntico, ya seasimple o com-
plejo, esta de nido por la ecuacon de Sdredinger (2.5). A esto sere ere
usualmerte comola regresenta@n de Schedinger

Sin embargo, historicamerte, la Mecanica Cuartica fue primero formula-
da en la repesenta@n de Heisenkrg que correspnde a la ewlucion de un
obsenable . En su forma mas general, dicha ewlucion viene dada por la
Ecuacbn de von Neumann-Heiseing

i}@C(t) = H; L) (2.11)

donde’(t) esun operador de traza, autoadjunto y positivo. Las represeia-
cionesde Heiserbbergy Scedinger sonequivalenes.
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Consideremosel casode una part cula cuantica. Aqu el Hamiltoniano
esta dado por el operador de Schedinger (2.7). Dado un obsenable g, de -
nimos

Ct)=e ™3 (et

Sea la solucon de (2.5) con condicoon inicial ( ;0) = o, esdecir,
( x;t) = e ™3 ,(x). Entonces,puestoque e ™7 esunitario,

Hooi = ()i ,: (2.12)
Ejemplo 2.6. Siponemosl = ® en (2.11) obtenemos
m @x(t) = p(t):
Si ponemosl’ = p en (2.11) obtenemos
@(t)y=r V 2(1):

Las dosultimas ecuacionegienen exactamere la mismaforma quelas Ecua-
cionesde Hamiltonde la Mecanica Clasica.

2.8. El Principio de Incertidum bre

Retomemosla discucbn sobreel Principio de Incertidumbre. En la Sec-
cion 2.2 ya lo erunciamoscualitativamerte por lo que ahoranosinteresauna
manifestacon cuartitativ a. Para ello consideremo®l conceptode dispersion
de una magnitud f sica:

De nici on 2.5. Seal el obsenable asaciado a una magnitud f sical y sea
2 dom(l') L2(RY. Ladispersbndel enelestado, disp ((), estadada
por

disp? (() = L H'i )3 - (2.13)

Denotemospor &; y ), respectivamerte, el j-esimocomponerte de® y p.
El Principio de Incertidumbre seexpresaenoncesen el siguierte

Teorema 2.2. Setiene que

disp (%) disp (B) % (2.14)

paratodo 2 dom(®;)\ dom(p) y todoj = 1;::;d.
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Demostiacion. Primero obsenemosque dadosdosobsenablesAyBy 2
dom(A)\ dom(B), setiene que
h[A;B] i= 2Im(A ;B) L2()

Por otro lado, setiene que

i

}
Para simpli car, sin perder generalidad,supongamosquehRi =hi =0y
quejj JjLzre = 1. Entonces,paraj = 1;::;d,

B;R]= j«; 8 k=1

[EEN
I

[0 %]

i
} L2(RY)

Im(B ;%)

]
)
}_JJpJ RGO RO RIS
2 . .
= }—dlsp (Rj) disp (B): (2.15)
]

En el siguierte teoremase preseita la desigualdadie Hardy, una version
mejoradadel Principio de Incertidumbre.

Teorema 2.3. Setiene que
(d 2?1
4 jxj2

(2.16)

d 2?
4
Ejemplo 2.7. Como se mencioro al inicio de este captulo, en Mecanica
Clasicalosatomossonsiempreinestables Consideremo®l atomo de Hidroge-
no. Para que seaestable se necesitaprobar que su unico electron tiene una
energam nima distinta de 1 ; pues,encasocortrario, terminar a chocando
cortra el nucleo. La ewlucion de esteelectron esta descrita por el Hamilto-
niano Hy = g% 1%2 dondem y e sonla masay la cargadel electron,
respectivamene. Aqu d = 3. Usandola desigualdadde Hardy semuestrala

estabilidad buscada:

La constante esoptimal.

}? e 2me*
Ho = —_— — .
2m jX] }2
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Cap tulo 3

Multiplicidad y concentraci on
para la Ecuacion de
Schreodinger no-lineal con
frecuencia cr tica

Como sedijo en la Presenacion, mantenemosel idioma en que sem pu-
blicado el art culo [35]. Los comenarios adicionalesseran provistos en notas
al pie.

Abstract (Resumei)
We considerthe nonlinear Scredinger equation
"2 v V(X)V+jvP lv=0 inRY (E)
and the limit problem

(
u+juiP lu=0; in ;

u=0; on @ L)

where = intfx 2 RY: V(x) = nfV = 0g is assumedto be non-empty,
connectedand smooth. We prove the existenceof an in nite number of so-
lutions for (E) and (L) sharingthe topology of their level sets,as seenfrom
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the Ljusternik-Schnirelman sdheme. Denoting their solutions f vy.~gy2n and
f ukOk2n, respectively, we show that for xed k 2 N and, up to rescalingvy:-,
the energy of vx.- corvergesto the energy of ui. It is also shovn that the
solutions vy~ for (E) concetrate exponertially around and that, up to
rescalingand up to a subsequencethey corvergeto a solution of (L).

3.1. Intro duction (Introduccion)

The nonlinear Scredinger equation, which appearsfrequerly in many
elds of physics,typically takesthe form?

2
i} t+}§ Vo(x) +j jPt =0 8x2R%:8t O (3.1)

wherep > 1 and } denotesthe Plank's constart.? In this paper we are
concernedwith the existenceand qualitative properties of standing wave
solutions of (3.1), that is solutions having the form?®

( x;t) = v(x) e E¥:

We are specially interested in studying the behavior of the solutions as }
approades zero, that is, in the semi-classicalimit. # In terms of v = v(x),
the problem can be written as

"2 v V(X)V+ijvjiP lv=0; in RS
v(x)! O; as jxj ' 1

: (P)

where (
"2 — }2:2;
V(X) = VW(Xx) E; x2
Herewe alsoassumethat d 3 and1+ p2 (2;2); with 2 = %

There has beenan enormousamourt of researh donein the casewhere
the potertial V is assumedto be positive. This researb was started in the

lveaseel Ejemplo 2.5.
2Consideresela Obsenacion 2.1.
3Veasela De nici on 2.3.
4Veasela Seccon 2.4
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seminal work of Floer and Weinstein [37], where it was shavn that in the
one dimensionalcase,for p = 3, there is a family of solutions concetrating
around a non-degeneratecritical point of the potential. Thesesolutions v-,
which are captured using a Lyapuno/-Sdmidt reduction method, satisfy

I minf maxjv-(x)j > O: (3.2)
"0 x2Rd

Further researb and dewelopmens have beencarried out by many aut-
hors, seee.g.Oh [61], Wang [75], Rabinowitz [63], del Pino and Felmer[22],
[23, Ambrosetti et al. [1], Gui [43], Li [54], Dancerand Yan [16], Kang and
Wei [50 and many others.

In sudh works, the solutions found satisfy (3.2) and concertrate at cer-
tain critical points of the potential, while decaging to zero exponenially,
away from them. Theseworks usedi erent approades, basedeither on the
variational method, or the Lyapunov-Sdimidt reduction, or a combination of
them. In all thesecasesthe properties of the positive solutions of the limi-
ting equation are extensiwely usedto obtain the results. In particular, in the
Liapunov-Scmidt reduction approad, the uniquenessand non-degeneracy
properties of the positive solution of the limit equation are used.

In cortrast with the positive-potertial case,there are somerecen works
by Byeonand Wang[11], [12], wherethey considera non-negatiwe potertial
vanishing in a bounded set RY. The rst important feature is that for
the solutionsfound in [11] and [12], (3.2) doesnot longer hold; actually the
maximum value of the solutions approadeszero. The rates at which these
solutionsvanishdependson the nature of the set and are certainly strongly
related to the nature of the limiting equations.The authors distinguish three
cases:

1. =int 6 ;, which isreferredasthe at case

2. isa nite setof points, and V vanishespolynomially at , which is
referredasthe nite case and

3. isa nite setofpoints, andV vanishesexponertially, which is referred
asthe in nite case

In this paper we considerthe at case,that is, when the interior of the

set , wherethe potential V vanishes,is a non-empty boundedset. In this
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situation the limiting equationis

( u+juif lu=0; in ; (P)

u=0; on @

and, Byeon and Wang proved in [11] that least energy solutions for (P-)
cornverges,up to proper scaling,to a leastenergysolution for (P). Moreover,
they showved that the least energy solutions for (P-) conceitrate in , by
proving their exponertial decg outside . In the casewhere hasse\eral
connectedcomponerts, the authors can prescribe in which componert the
concerration will take place.Seealsothe work of Ding and Tanaka [25].

If we further analyzethe limiting problem (P) we realize that besides
the least energysolutions, there are many more solutions. In particular, the
application of the Ljusternik-Schnirelman theory for even functional gives
the existenceof in nitely many solutions. It is quite natural to ask then if
problem (P-) hasin nitely many solutions and what the relation between
them and thoseof (P) is. In this article we answer this questionin the case
is connected,we prove that (P-) hasin nitely many solutions of Ljusternik-
Sdnirelman type whosecritical levels corvergeto those of (P). Moreover,
we prove that thesesolutions also conceitrate in .

Now we presertt our resultsin preciseterms. We assumehat the potential
V (x) veri es:

(V1) V is a cortinuous non-negative function on RC.
(V2) V(x)! 1 asjxj! 1.
(V3) =intfx 2 RYjV(x) = 0g 6 ; is connectedand smaoth.

We considerthe functional
Z

Je(w) = 1 jir wj2+ éV(X)WZ dx; (3.3)
2 Rd

de ned on

M. =fw2H: jjwjje rey = 10;
where

( 7 _ )
1 . L, VX, P
H. w2 H() :jjwjj- jr wjc+ W <1

RN ny
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The critical points of J- on M . give rise, via scaling,to the solutionsof (P-).
In our context, the at caseof Byeonand Wangin [11],the limit equation
for (P-) is (P). Asscciated to (P) we considerthe functional
Z

J(u) = % jr ujdx; (3.4)
de ned on
M =fu2 H5() :jjiujiesy = 1o
The critical points of J on M are, up to scaling,the solutions of (P).

Remark 3.1. A family of functions ff.g- ¢ is said to sub-corvergein a
spaceX, as" ! 0, whenfrom any sequencd ";gi,n convergingto zeroit is
possibleto extract a subsequencé”,, gion sud that ff--ni Oion COnvergein X,
asi! 1.

Let state our main result:

Theorem 3.1. Under our generl assumptionson the potential (V1), (V2)
and (V3), and assumingthatd 3and1< p< (d+ 2)=(d 2) wehave:

i) Given" > 0 the functional J- possessef nitely many critical points
fW Okon M-
i) Thelimit functional J hasin nitely manycritical points f W,gkon M.

iii) Givenk 2 N, the critical valuessatisfy

[mJ- (W) = I (Wi): (3.5)

iv) Moreover, given ;c> 0, there exists"y > 0 suchthat

W ()j< C expf o dist; )g 8x 2 R%8"210,"); (3.6)

wheeC>0and =fx2R%: dist(x;) < g
v) On the boundary of , the functions Wy.- verify

‘[!ngirzl%xmk;--(x)j =0, 8k2N: (3.7)
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Remark 3.2. It's clearthat the functions
Vi = (ZIIZCk;")l:(p l)wk;"; Gy = Ju (W)

are solutions of (P-) and, as a corollary, they satisfy, for xed k 2 N,

| miiviceii oy = O (3.8)
and L
Vil (re) )
I mlglf — = 0 0} (3.9)

It's not hard to seethat the functions wy = (2¢¢.+)¥P Dy satisfy the
equation

wo " AV(X)WH jwjP 'w=0; in RS P9
w(x)! O as jxj ! 1 '
We prove, for ewery k, the existenceof a subsequencef wy.- corverging to
Wy, a solution of (P).

The behaviour descriked for our sequencef solutions correspndsto the
samephenomenadiscussedy Byeonand Wang, ([11, Th.2.2]), for (positive)
least energy solutions. Property (3.8) is in cortrast to the non-critical case,
nf,,re V(X) > 0, whereall the solutionsof (P-) are boundedaway from zero.

In [11] it is shown that the rescaledfunction w. = " 2P Dv. sub-
corvergespoint-wise to a least energy solution U of (P), in , and to O
in RYr . Moreover, given > 0, the convergenceis uniform onfx 2 RY :
dist(x; @) g.

Remark 3.3. The potential consideredin this article is non-negative and
vanishing at an open set . This situation is consideredcritical sincethe li-

miting behavior of solutionsis quite di erent. For the positive-potential case,
least energy solutions must concerrate at a point, howewer for a vanishing
potertial the concetration occurs at the whole set . When the potential

becomesnegative in a bounded set, then least energy solutions no longer
makessense Howe\er, this situation can still be well understaod, at leastin

the one dimensionalcase,and in the radial case,asin the work by Felmer
and Torres[36 and Castro and Felmer [15], respectively.
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Remark 3.4. We do not say anything about the sign of the solutions we
found; however, sincethe limit problem (P) may have many positive solutions
depending on the geometryof (seee.g.[17]), the samecould happen with

(P-).

Remark 3.5. In this article we consideronly the caseof a potential diverging
toinnit yasjxj! 1 ,that is satisfying (V2), and vanishingin a connected,
open, smaoth set, that is satisfying (V3). We think that our results hold for
more generalpotentials, when the zero set of V is not connected,and also
for the nite andin nite casesParticularly challengingmay be the caseof a
boundedpotential, positive at in nit y. In this casethe existenceof in nitely
many critical points asin Theorem1.1,i) may be no longer true. Howe\er,
the statemerts, ii)-v), with k xed, shouldbe true.

Actually, after we nished this article, we learnedof a recen work of Ding
and Szulkin [24] where this problem is treated. Instead of conditions (V2)
and (V3) they assumethat

(V2" there existsb> 0 sud that the setfx 2 RY: V(x) < bg is nonempty
and has nite measure.

Fixed k 2 N, they prove that for some > 0, problem (P-) hasat least k
pairs of solutionsin H- when" 2]0; l:2[. In cortrast we prove the existence
of an in nite number of solutions, at leasta pair for ead level of energy If,
for elery m 2 N, uy, is a solution of (P-_), wherel mpy "m = 0, then
they show that u,, corvergesin H; to somesolution u of (P) assumingthe
boundednes®f (jjumjj-,, Jmz2n- In Lemma 3.1 we prove this last condition for
ead level k of energyand, in Lemma 3.6, we prove that our solutions (wy:-)
subcorvergein H() to somesolution of (P).

We obsene that asfar asthe existenceand the number of solutions are
concernedthe problem

v V(XV+jv° v=0; in R

(P)

v(x)! O as jxj ! 1°
whereV = V , is equivalert to (P-). In fact, putting "2 = 1, it is clear
that u is a solution of (P ) if andonly if v= (P 2y js a solution of (P-).

In somerecen work, Bartsch and Wang [5] and Bartsch et al. [4] dealt with
problem (P ) whenV (x) = ag(X) + a (x), whereap 2 L* (RY) is bounded
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away from zero, and a 2 LY (RY is non-negative and sud that for some
Mo > OandsomeZ = Z RY with non-empty interior,

ax)= 0, 8&2Z and a(x)>0 aex22ZS

and
ifx2RY: a(x) < Mogj< 1:

They show that for ewvery integerk 2 N, there exists  sud that (P ) has
at leastk pairs of (weak) solutionswhen > ; with additional conditions
thesesolutionshave exponenrtial decg at in nit y. They provethat a sequence
fu,gn2n Of solutionsfor (P ), , ! 1, corvergein H() to a solution of

u+ a(x)u=jui’ & inint Z;
u=0; inZ¢,

provided the uniform boundednessof the energy norms of fu,g,,n and
nfn JJ unijP(Rd) > 0.

We nally mertion that in our work we not only obtain exponertial deca
of the solutions at in nit y, but we get further asymptotic estimateson their
behavior on the boundary of the domain?®

We dewte this paper to prove Theorem3.1.In Section3.2 we setup the
Ljusternik-Schnirelman schemeto prove parts i) and ii) of Theorem1.1. In
Section 3.3, we study the asymptotic behavior of the critical valuesproving
i) of Theorem3.1.In section3.4 we analyzethe decg of the solutionsaway
from andin Section 3.5 we study the behavior on the boundary, proving
iv) and v), respectively.

3.2. Ljusternik-Sc hnirelman setting:
Multiplicit y (Multiplicidad via un esquema
de Ljusternik-Sahnirelman)

In this sectionwe set up the Ljusternik-Schnirelman sdhemein order to
prove the rst two statemens in Theorem3.1.

5Veasela Seccon 3.5.
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In generalterms, given a Banad spaceE, we write
e=fA E:A=A;A= A 02Ag

and consideron g the Krasnoselski'sgerus .® The following theorem is
proved in [6Z]

Theorem 3.2. LetM 2 ¢ be C! sub-manifoldof E andlet f 2 CY(E) be
even. Supmsethat (M,f) satisfy the Palais-Smalecondition and let

Culf) =, nf maxt (u); (3.10)

where
AxM)=fA2 e\ M: (A) kg (3.11)

If Cx(f) 2 R, then C(f) is a critical valuefor f. Moreover, if ¢ Cy(f) =
0= Cyem(f), then (K¢) m+ 1 In particular, if m > 1, then K, the
set of critical points correspnding to the value c, contains in nitely many
elements.

It is clearthat the functional (3.4) veri es the conditions of Theorem3.2.
Then we write = Hi() and for eah k 2 N,

A= AM) and o =CJ)=JI(W)2(0;1):
Remark 3.6. With this it is clearthat
Wi (2607 Dy

is a solution of (P).

In our study it will be corveniert to have an intermediate problem. Given

> O0wewrite = fx2RY: dist(x; ) < g, and considerthe problem
(
u+ juiP tu=0; in :
J J_ | P)
u=0; on @
with the functional 1Z
J (u) 5 jr ujdx: (3.12)

SPara el generode Krasnoselsiy la condicion de Palais-Smalevease[62].
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de ned on
M =fu2 Hi( ):jjujjea¢ = 1o

Herewewrite = 3 );andforeadik 2 N
A,=A(M ) and ¢=CJ)=3 W)2(O;+1):

It is clearthat the function w, = (2¢, ) Y, is a solution of (P ).
Theorem 3.2 can alsobe appliedto (P-). In fact, the compactnesof the
embeddingH-  LYRY), q 2 [2;2), can be proved applying the Fredet -
Kolmogorov theorem ([9, Cor. 1V.26]); and with this, it is proved that the
correspnding functional is C! and satis es the Palais-Smalecondition in the
manifold M . We put
“=j, 8">0;

and, for every k 2 N and every " > 0,
Agr = Ag(M+) and ¢ = Ce(I+) = I (Wyy):
Remark 3.7. With this it is clearthat
Vi = (2"%6) P D s
is a solution of (P-) and
Wi (26) P D e
is a solution of (P.J9.

Remark 3.8. Assumingfurther that the potenrtial is of classC , using the
well-known regularity theory, it can be proved that ead "solution' which
appearsin this paper is a classicalone and belongsto the classC? .

3.3. Limits for the Critical Values
(L mites de los ValoresCr ticos)

This sectionis dewted to prove iii) of Theorem1.1. As discussedn the
last section, the multiplicit y result is basedon the Ljusternik-Schnirelman
theory for even functional. The index k of the critical values, represen the
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topological characteristic of the level set, as captured by the Krasnoselski
gerus.

Thus, our main result in this section correspnds to proving that the
level setsof J- and J for the Ljusternik-Schnirelman valuesare topologically
equivalert. Actually we prove

Theorem 3.3. For everyk 2 N, we have
MG = 6 (3.13)

The proof of this theorem is divided in se\eral steps as given by the
following lemmas.

Lemma 3.1. For everyk 2 N and every" > 0O, we have

G G (3.14)

Proof. If weidentify eadu 2 H}() with its extensionby zerooutside then
we have H3()  H-. Wealsohave that jjujj- = jjujjuz(, ; for all u 2 Hz(),
and clearly Ay Ay.-. Hencecc» ¢, for every k 2 N. O

Now the crucial lemma

Lemma 3.2. Letk2 Nand > 0. Given > 0 smal, there existsa" > 0
suchthat

G Gt (3.15)
for every" 2 (0;" ).

Proof. According to the de nition of the c.-, given" > 0 (in principle wit-
hout restrictions), we chooseA (") 2 Ak in sud a way that

" A .
vzn;\azg)\] (v) o 3 (3.16)

holds. Then, by Lemma 3.1,

J(v) o+ 3 b. ; 8v2A ("): (3.17)
From herewe directly obtain that
1Z
= jrvi® b.; 8V2A (") (3.18)
2 Rd
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and Z z
be 1 V(x) V2 1 V(X) ,.

np np !
2 Rdn 2 Rdn

forallv2 A (") andall > 0. Herewe notice that the constart b, does
not depend on ". Now, putting

(3.19)

\% nf  V(X);

x2Rdn
we have

2br(’ 1=2 .

v ; 8 >0;8v2A ("): (3.20)

iViiL2(ren )
From (3.18) and using the Sololev-Gagliardo-Nirerberg inequality we get
iviie gy CHC BV2 A () (3:21)

for someconstart C. Thus, we conclude

|I‘!ngvgl2\azg)jjvjjw1 Rin y)=0, 8 >0 (3.22)
In fact, getting 2 (0;1) sud tha p%l = % + 5, it follows by interpola-
tion, considering(3.20) and (3.21), that
jiviiLes ren ) "L, 8V2A(");8 >0 (3.23)
with o
= (ki ;9=C \;h‘l— :

From (3.22) it is clear that, given > Oands > 0, wecangeta"; =
"1( ;s) > 0 sud that

Mmax jjVjjLe+t (Ren ) 5, 8"2(0;"y (3.24)
v2A (")

and thus, in particular for s = 1,

ivijieny 17 8v2A(");8"2(0;"1;8 >0 (3.25)
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From now on we will assumethat 0 < < 1. We choosea cut-0 function
2 C} () sud that 1in 2 and OinRYn

. . 1 —
0< (X)<1 and jr (x)j — 82 n = (3.26)

for somer > 1.
Now wedene foru2 M «

_u .
i UjjLen (Rd)’

[u] (3.27)
and we claim that

A ("I2A; 8 2(0;"): (3.28)

In fact, as a consequencef the concelitration property givenin (3.25), for
alv2 A (")andall " 2 (0;");
Z Z Z
joviPt = Vit + vt 5)"*1; (3.29)
=2 n =2
sothat
i Vi y 10 (3.30)
and in particular we seethat [] is well de ned and we further conclude
that it is cortinuous. Then, since [] is odd, from gerus properties we have
that
(ACD Kk 820"

Hence,considering(3.28) and the de nition of ¢, we get

Ce o m[gx(")]J (v); 8"2(0;"y): (3.31)
Let ustake now an elemen u2 A (") sud that v [u] satis es
1
max J J + - 3.32
v2 [AX(")] V) W) 3 ( )

At this stage,we obsene that in order to completethe proof of the lemma
it is enoughto prove the existenceof an elemen w 2 A (") satisfying

J (V) J--(w)+} :

3 (3.33)
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In fact, from (3.16), (3.31), (3.32) and (3.33), we have

G IM+s IW)ts max I+ s oo+

u2A (")
We dewte the rest of the proof to nd sud aw. For v = [u], a direct
computation gives
Z
Z
. . N \%
ujr j?+2u rur o+ jruj?+ §u2
Rd
whence
Z
L )2 (V) I(u+ O udr P+ 2uir ujir
1 z 2 z
Ju+ 5wt — ujr uj
n =2 n =2
z 1=2
C
J-(u) + — u?
W+

where we have used (3.26), (3.30), (3.3), (3.18) and the Caudy-Sdwartz
inequality. We obsene that the constart C dependson k through by. . Then,
using Helder inequality, considering(3.24) and taking s > 2r, we get (de-
creasing" if necessary)hat

(1 HJ(v) J(u+C=s2 8'2(0"): (3.34)

Here,if 2 (0;3) then3J (v) J-(uy+C % R, +C ° . So,from
(3.34) we get

J J(u+Css%+2(h. +C s

From here we obtain (3.33) putting u = w when 2 (0; %1) is small enough
and" 2 (0;"y). O

Lemma 3.3. Givenk 2 N and > 0, we have
G G
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Proof. Weidentify eatu 2 H}() with its extensionby zeroto n . In this
sensewe have H3()  Hg( ) andjjujjyzc ) = Jjujing ; for all u 2 H5().
Thus, it isclearthat Ay A, andthenc, ¢, for every k 2 N. O

Lemma 3.4. Givenk 2 N and > 0O, there exists > 0 suchthat
& G+
for every 2 (0; ).

Proof. Accordingto the de nition of ¢, given > 0we may chooseB ( ) 2
A, sud that

vzn;af)J (v) ¢+ §: (3.35)

Then, from Lemma 3.3, we get

J (v) ck+§ b.; 8v2B (): (3.36)
Now we choosea o= o() > Osothat forewery 2 (0; o) wecanassaiate
a di eomorphism = ( @ (d)) 2 C(; ) sud that
i X xj O() and jD (x) 19 O() 82 (3.37)
and
(@ =@ : (3.38)

Here 19 denotesthe d  d idertity matrix. Now we de ne the application
[1:Hs( )! Hg() as
v ()

— ; X2
\Y JLe+ ()

VI(x) = i

for all v2 H}( ) nf0Og. We claim that there exists ; 2 (0; o) sud that
[B ()2Ak 8 2(0; 1) (3.39)

We seethat in orderto prove (3.39)it su ces to shov that  iswell de ned
and cortinuous, sinceclearly  is odd. We do this now.
First, we obsene that from (3.37), for every > 0, there existsa , =
2( ) >0, 5 1s sud that

1 detD (x) 1+ ; 8x2 ;8 2(0; ,): (3.40)
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From now on we assumethat 2 (0; ,). Let v be an arbitrary elemen in
H3( ) nfOg. Then, from (3.40) and the formula of change of variables we
get
Z
v itk 1+ jt v Pldetd  (x)
z
i1+t vt

Thus, in particular v 6 0, for every v 2 H}( ). Using again (3.40) we

obtain that for all v2 H}( ) nfOg

Vi) L fiviiess ¢y
i1+ e M ey 51 ey

Let us prove next that
(v) 2 Hi() nfOg, 8v2H}( )nfog: (3.41)
Leti2 f1;::;;Ngandw 2 C§ () nfOg then we have

P\
=1 G (X) e
w JiLes ( ’ ’

D [w](x) = i

where g; (x) = D;w( (x)) D; 9(x). Then, from (3.40) and using the
formula of changeof variablesagain, we get
Z W 2 Z W . .
g; (X) ) JGij (X))]
j=1 () j=1
Z W )
c iDjwj“;
j=1

2 detD (X)
detD (x)

. 2
whereC = (1 ) ! max x D; (‘)(x) . Moreover, from (3.38) we
=

have [w]jg = Oandthen [w]2 H3(). Thuswehaveprovedthat [w] 2
Hi() nfOg and

i Wik Kiiwiing ) 8w2Cg () (3.42)
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for certain K = K( ; ;N). Using a density argumernt we extend this ine-
quality to all H}( ). From herewe obtain (3.41) and the cortinuity of [].
Finally, from (3.41) and (3.42), we obtain (3.39) proving the claim.

Now, considering(3.39) and the de nition of ¢, it follows that

max J(u): 3.43
& [B()]() (3.43)

On the other hand, let ustakev 2 B ( ) sudh that u=  [v] satis es

max )]J(u ) J(u)+ 3 (3.44)

u 2

At this stage,if we nd anelemet w2 B () sudthat J(u) J (w)+ 3
then we complete the proof of the lemma. In fact, from (3.35), (3.43) and
(3.44),

6 W5 IS

2
Wg?gw(()J (w) + 3 C + (3.45)

To nish then, let us nd sud a w. Choosing 2 (0; ,) small enough,for
u=  [v] we have

J) =SV i jGij |
i=1 j=1
1 1=(p+1 g X 2; i2
51+ ) [ + OC)ITIDjv(  (x))]
i=1 j=1
Z
—(p+ X o detD (X
R e
j=1
_oeny [+ O()]?
1+ )¥EEHD %J (V): (3.46)
We seethat we can choosew = v. Here we used(3.36), (3.37) and the fact
that ijijp+l( ) = 1. |:|

Proof of Theorem 3.3. Let > 0 small. ConsideringLemma 3.4, we choose
a 2 (0; -); then, from Lemma 3.2, there existsa " > 0 (implicitly
dependingon ) suh that oc ¢+ =2 c¢o-~+ ,forewery” 2 (0;").
Becauseof Lemma 3.1, we concludesince > 0 is arbitrary. O
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3.4. Asymptotic proles and concentration phe-
nomena (Concenraciony per les asirtoticos)

In this sectionwe study the asymptotic behavior of the solutions,both in-
side andoutside . Throughout this sectionwe usethe notation introduced
in Section3.2.

Lemma 3.5. For everyk 2 N, as" ! 0, wg~ sub-onvelgesweakly to a
ux 2 HY() suchthat its restriction to is a solution of (P), with J(0yj ) =
G, for O = (269 Puy.

Proof. First, we prove that for " small we have that

iWeliniry  Ki 82 (0;"); (3.47)
whereK ; > 0 is a constar, depending only on k. From Lemma 3.1, we get
ir Wejifarey 20 82 (0;"); (3.48)
that is Z Z
jr Wy j? jr Wnj?; (3.49)
RN RN
and then, as a consequencef Gagliardo-Nirerberg inequality,
iWeiie gy CGC (3.50)

for someconstart C only dependingon N. GivenR 1, we have

jjwk;"jjﬁz(Rd) = ijk;"jjﬁz(Rdn R) + jjwk;"jjﬁz( R)
200 | i 2 . Rio=d
Ve Wit (my 1T

Ve HiWelite g TS ‘ (3.51)

wherewe have usedthe Helder inequality and the relation

ZCk 1=2 .

V )
which comesfrom (3.20). Then, becauseof (3.48), (3.50) and putting R = 1,

W fiLzran ) 8"2(0;");8 >0 (3.52)

jjwk;”jj|2-|1(Rd) = jjir Wk;"jjﬁz(Rd) + jjwk;"jjfz(Rd) Ki:
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From the estimate (3.47), there exists a 0, 2 HY() sud that Wy sub-
cornvergeweakly and point-wise to 0, 2 H(), as"! O.
Now we prove that uy is solution of (P). SincewW.- 2 M - is a critical
point for J-, we have
Z Z

\Y; o
o Wit + gwk,- = dj\l\‘lk;"jp My ; 8 2HY(); (3.53)
R R

where . = 2¢.~ is the Lagrangemultiplier. Then, since
V(x)

n

We =0, forall 2Ck();

Rd
passingto the limit when" ! 0, we have
Z Z
roer = jogP o, 8 2CH(); (3.54)

where = 2¢.. Herewe have usedthe fact that W,.- sub-comvergein LP** (RY)
to 0, which comesfrom Lemma 3.1 and the compactnesf the embedding
H.  LPI(RY).

Considering(3.54) and [9, Prop. IX.18], we are doneif we prove that

0(x) = 0, aeR%n : (3.55)

In fact, it would hold 0xj 2 H3(), and from (3.54), J(0kj ) = .
Let us prove (3.55). We asseiate to eadr > 0,

" = mnf" ;(Zc\k/ﬁg: (3.56)

Forewry (; )2 R* R* wewrite
S. =fx2R%'n :joX)] o
Let usassumethat thereexist , , > Osudthat jS . | > 0. Then,
sincesS . S. ;forall 2 (0; ) wehave
ISE| >0, 8 2(0; ): (3.57)

Considering(V3), we obtain °2 (0; ) sud that

V < %; 8 2(0; 9: (3.58)
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Let 42 (0; 9 xed, then we have that
Z

jog? % (3.59)
S

0’
On the other hand, for every > Othereexistsa” 2 (0;" ) sud that
i ijjE2(s o) ijk;"ijZ(s ot 8"2 (0" ):

Thus, for = % and" 2 (0;" [, using(3.52), (3.56) and (3.58), we get

Z Z
jOyj? + Wi J?
So; So;
2 2Ck )
4+ (—="
5+ ()

2 5
< —+V< - 3.60
. = (3.60)
which cortradicts (3.59). Hence,jS. j= 0;forall ( ; )2 R® R, that is,
we proved (3.55). O

Actually we have strong corvergenceas the following lemma asserts.

Lemma 3.6. For everyk 2 N, as" ! 0, w.» sub-onvemgene in the norm
of HY() to u.

Proof. From the compactnesf the embeddingH-  L?(RY), it follows that
Wy~ sub-corvergein L2(RY) to 0, as" ! 0;so
Z Z
I m jWk;"jz = j(]ka:
"0 Rd

This and (3.49) let us show that
| rf"SOUpJ'J.V\Vk;"J'jHl(Rd) 10l rey;

concludingthe proof. O

Our next goal is to obtain an exponertial cortrol of the decg of the
family fwy.~g outside . For this purposewe obtain a generalL! estimate
for solutionsof an elliptic inequality, following the Moseriteration technique.
We have
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Prop osition 3.1. Let D RY be open and connected. If w is a classial
solution of the elliptic inequality

8
2w f(w) 0 in D;

w> 0 in D; (3.61)
w=0 on @;

wheeN 3, p+12(2;2) andf satises
tf (1) ct**'; 8t2 R*; (3.62)

for someconstantc> 0. If moreoverw 2 H}(D) then there existsa constant
C = C(c;p;N) > 0 suchthat

fiwiic @ Cliwii 2y " (3.63)
This result wasprovedin [10 assumingthat D RY is smooth and bounded.
It can be extendedto a non-necessariljpoundedD nor regular @ . We can
follow the step in [10], by choosing a slightly modi ed test depending on a

parameter,in order to avoid the possiblenon-regularity of the boundary. We
omit the detalils.

Lemma 3.7. For everyk 2 N there existsa K, > 0 suchthat
Wi rey < Koy 8" 2 (0;"): (3.64)

Proof. Given" 2 (0;" ), we considerD: a connectedcomponert of the set
fx 2 RY: wy.» > Og. So,we have
8

2 W t+w. 0 in DI
5 Wi > 0 in DI; (3.65)
" W =0 on @:;

hence,from (3.50) and Proposition 3.1,
iwkrjiis ory Kz 8"2(0;"); (3.66)

where the constart K, dependson d, k and p. SinceD: is arbitrary, the
inequality holdsin fx 2 RY : w,.~ > Og. By a similar argumert we alsoshav
that the inequality holdsin fx 2 RY: w~ < Og. O
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Remark 3.9. Sincevy. = "2 Dw,., it follows from Lemma 3.7 that
Illln'(])ijk;"ijl Ry =0; 8k2N: (3.67)

Moreover, sincejjukjj r+ (rey 6 Ofor all k 2 N, it is clearthat there existsa
constart ¢ > 0 sud that

Vi i (Rd)
R =

(> 0 (3.68)

In order to obtain the exponertial deca of wy.-, we shall give a compa-
rison argumert asin [11]. We considera positive solution for the problem

8

2 U 2bU=0 in Rin

S U=a on @ ; (3.69)
" Impgn U(X) = 0

wherea;b> 0. Sud a solution satis es
U(x) Cexpf b dist(x; )g; 8x2RYn : (3.70)
for someconstart C dependingona and , see[11, Lemma?2.7].

Lemma 3.8. For everyk 2 N, ;c> 0, there exists” 2 (0;" ) suchthat

jwi» (X)j < C expf c dist(x; )g; 8x2R%8"2 (0;" ); (3.71)

whete C degendson K, and

Proof. Let" 2 (0;" ) sud that V > (K + 2c=" )"2. Then, from Lemma
3.7andforall" 2 (0;" )andx 2 R9n , we have that

V(x) . . Vv c
Fi;r (X) % jwie P K2 > 25

Now we considerU a solution to problem (3.69) with a = K, and b= c=".
Then, 8
2 U Fe(x)U 0 in RIn ;

S U =K, on @ ; (3.72)
" Imyn U(X) = 0
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from whereit follows that

8
2 (U we) Fe(XU we) 0 in Rin ;
U w->0 on @ ; (3.73)

T mp (UG wie(x) = O

Now it is clear that
Wir(X)  U(X); 8x2R%n
Analogouslywe can prove that
U(x) W (x); 8x2RIn
Then, using (3.70) we obtain
jwer(X)j  Cexpf ?dist(x; )g; 8x2RYn ;

and, enlarging C if necessarywe nally get the inequality in all RC. O

3.5. Asymptotic behavior at the boundary
(Comportamiento asirtotico sobrela frontera)

We already know that the sequencav,- corvergesin H1(R) to a function
u which is a solution of (P) in . By elliptic regularity it is not hard to prove
that on eatch compactsetD , the corvergenceof wy.- to u is uniform on
D. On the other hand, outside , namelyin , we have exponertial decy
accordingto Lemma 3.8. The uniform behavior of wy.- on the boundary of
is not covered by thesetwo argumeris. In this sectionwe prove

Prop osition 3.2. The family of solutionswy.- veri es
| mmaxjwg-(x)j = 0; 8k 2 N: (3.74)
"I 0X2@

For proving this proposition we seetwo preliminary lemmas.Let > 0
be small enough so that the set fx 2 s dist(x; @ > g is not
empty. We de ne the ring around @ asR( ) = n  and we consider
M-( ) = maxeaar() Wi (X)] for k 2 N xed. First we shav that
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Lemma 3.9. Given > 0, there exists > 0 suchthat

max jwi-(x)j M-()+ ; 8 2(0; ): (3.75)
x2R( )

Proof. For notational corveniencewe denotew = wy- and R () = fx 2
R(): w> 0g. Then we have

(

w jwjiP 'w 0; in R ();

w0 on @R () )

We consideronly (D*) sincethe other caseis analogous.We put v = w
M-( ) to get (

v f; in R"();

v 0, on @R"()

wheref i wjP Y{(M.( )+ v). Then, usingthe Alexandro Maximum Prin-
ciple ([48, Th.2.21]), we obtain

(3.76)

R*()

CiR*()J*™KJ5 *(M.( )+ supv);
R* ()

whereC = C(N;diam()) > 0. Now choosing > 0 small enough,we get

supw M-()+ ; 8 2(0; ): (3.77)
R*()

In a similar way, decreasing if necessarywe nd also

nf w M-() ; 8 2(; ); (3.78)
R ()

completing the proof of the lemma. O
Next we cortrol the valuesof w on @R( ), that is

Lema 3.1. Given > 0, there exist ¢"%> 0 suchthat

M-(9< ; 8'2(0;"%: (3.79)
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We obsene that with this lemma and Lemma 3.9 we can complete the
proof of Proposition 3.2. In fact @ R( ) and so maxxz@ jWk:(X)]
maXyor( ) jWic (X)]-

Proof of lemma3.1. Denoting

m (") = maxjw()j and m (") = max jwic-(x)j;

we seethat we needto shav that m (") and m (") are cortrolled by
First, we seethat
| m m (")=o0:

In fact, outside =2, wy.~ deca exponertially, asprovedin Lemma 3.8 then
Wi+ ! O uniformly in @ .

Secondwe study m ("). We denoteby K, the setof critical points of the
functional J correspnding to the critical value c,. Accordingto Lemmas3.5
and 3.6, there existsu 2 K., andasequencé"gioy sud that Im,; ", =10
andwg+. W, ! uin H() and point-wise. We choose > 0 sud that
R()= n . veriesR ()\ @ = ;. From elliptic estimates,we see
that for eath compactset D , the corvergenceof w, to u is uniform in
D. Then, in particular, given > 0, thereexistsan = n ( ;w) 2 N sud
that

max jwa(X) u(x)j < 5; 8n>n: (3.80)

x2R ()

On other hand, sinceujzs,— = 0 and u is a solution of (P), there exists a
0= {4 ;w)> 0 sud that

max ju(x)j < —=: (3.81)
x2R of ) 2

Then, from (3.80) and (3.81), we get
mo("n,)< ; 8n>n: (3.82)

We seethat the valuen and °may depend on u. Howewer, one can argue
usingthe compactnes®fthe setK . , that they canbe chosensothey actually
depend only on k, but not on the particular u 2 K, . O
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Cap tulo 4

Propiedades de compacidad
para operadores de traza y
aplicaciones a la Mec anica
Cuantica

Como sedijo enla Presemacion, mantenemosel idioma en que sefa pu-
blicado el art culo [27]. Los comenarios adicionalesseran provistos en notas
al pie. La Seccbn 4.5 no apareceen [27]; la presetamos puescorrespnde a
una aplicacion directa del material que le precede.

Abstract (Resumei)

Interpolation inequalities of Gagliardo-Nirerberg type and compactness
results for self-adjoirt nite-trace operators with nite kinetic energy are
established.Applying theseresultsto the minimization of free energyfunc-
tionals which are not necessarilycorvex, we characterizefor instance statio-
nary states of the Hartree problem with temperature. Equivalert resultsin
the mixed statesrepresetation for quartum medanicsalso hold.

4.1. Intro duction (Introduccion)

The rst eigervalue .; of a Scredinger operator + V can be es-
timated using Sololev's inequalities, [72, 68, 42]. In somerecern papers,
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[7, 73, 26|, a preciseconnectionhas beengiven betweenthe optimal estima-
tesof .1 in termsof a norm of V and the optimal constaris in somerelated
Gagliardo-Nirerberg inequalities. Sud inequalities admit optimal functions,
see[76, 26).

In the caseof orthonormal and sub-orthonormal systems,interpolation
inequalities of Gagliardo-Nirerberg type provide informations on optimal
constarts in inequalities, see[57, 56, 40, 32], which can be extendedto Lieb-
Thirring typeinequalities,[55]. Wereferto [26]for referencesn this direction
and precisestatemens concerningthe relation betweenoptimal constarts in
thesetwo families of inequalities, in the caseof the euclideanspaceRY.

Conversely the knowledgeof Lieb-Thirring inequalities can be rephrased
into interpolation inequalities for mixed states,which are in nite systemsof
orthogonal functions with occupations numbers, see[26]. It is well known
that an equivalent formulation holdsin terms of operators. In this paper we
rewrite and extend theseinterpolation inequalitiesfor trace-classself-adjoirt
operators and focus on the caseof a domain RY. We also study, at
the level of the operators, the compactnessroperties of the correspnding
embeddings,which somehav extend the well known properties of Sololev's
embeddingsto trace-classself-adjoirt operators.

An important sourceof motivation for us is the paper by P. Markowich,
G. Rein and G. Wolansky [60], which was dewted to the analysis of the
stability of the Sdredinger-Roissonsystem.It involvesin a crucial way some
functionals which are a key tools of our approad, and that we will call free
enegy functionals becauseof their interpretation in physics.In [60], the aut-
horsreferto sud functionals as Casimir functionals, for historical reasonsn
medanics,[77].During the last fewyears,variousresultsbasedon freeenergy
functionals, which are sometimesalsocalled generalizedentropy functionals,
have beenadieved in the theory of partial di erential equations.We canfor
instance quote nonlinear stability resultsfor uid and kinetic equations,see
for instance[77, 44, 45, 67], studies of the qualitative behavior of the solu-
tions of kinetic and di usion equations,including largetime asymptoticsand
di usion limits, see,e.qg.,[6, 14, 29, and applications to free boundary pro-
blems:[30], or quartum medanics:[59, 60]. At a formal level, thesevarious
functionals areall moreor lessthe sameobject. The preciseconnectionis still
being studied at the momert from a mathematical point of view, although
the correspndenceat a physical level makesno more doubts.

Minimizing the free energyfunctional for a given potential is equivalert
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to proving Lieb-Thirring inequalities, while the optimization on the poten-
tial provides interpolation inequalities. Sud questionshave beenonly tan-
gertially studied in [60], since in this paper the potential is given by an
electrostatic Poissonlaw with homogeneoudDirichlet boundary conditions
and thereforealways positive. Here we work in a much more generalsetting,
which physically could correspnd to external potertials with a singularity
(for instance created by doping charge impurities in a semi-conductor)and
our rst task is thereforeto bound from below the free energyfunctional, i.e.
to establishadapted Lieb-Thirring inequalities. Our secondstep consistsin
reformulating theseinequalitiesin terms of Gagliardo-Nirerberg type inter-
polation inequalities for operators, and to study the compactnesgproperties
of the correspnding enbeddings. Afterwards, the minimization procedure
becomesamore or lesstrivial, thus giving for almost no work the existenceof
minimizers, including in the caseof non-linear modelsinvolving, for instance,
a Poissoncoupling.

Let's be more precise.Let  be a bounded domain in RY with smooth
boundary and considera smooth positive potertial V on . As a starting
point, we areinterestedin inequalitiesof Lieb-Thirring type for the Schredin-
ger operator + V. Let f y,02n be the correspnding unbounded non-
decreasingsequencef eigervalues. As a straightforward consequencef the
results of [26], the following inequality holds: for any > d=2, there exists
someexplicit constart C( ), which doesnot depend onV, sud that

X Z
Vi C() V* dx; (4.1)

i2N

(see Example 1 in Section 4.3.1 for a precise statemen). This inequality
arisesas a special caseof a masterinequality which goesasfollows. Consider
a sequenceof orthonormal functions f g,y and a sequencd g,y Of non-
negative real numbers. The sequence ( i; i)gon 2 "1 L2%() is calleda
mixed state in the physicsliterature. The masterinequality is

1 X X
o (|)+§i2N I I’( +V) FLe() iZNF Vii
7 (4.2)
G(V)dx:

Herethe functions , F and G arerelated asfollows. Considera non-negatiwe
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R
function g satisfying ¢ g(f) 1+t 2 t dt< 1, then wede ne
Z, z.
e "g(t) ? and G(s) := e 'S4 1) 2 gt) ? ;

0 0

andwelet besudthat (s) F ( s), whereF denotesthe Legendre-
Fendel transform of F. Then (4.1) correspndsto thecase ( )= ¢, ™
for someexplicit constart ¢,,, m = = + 1) 2 (dXd+ 2);1), F(s) s
and G(s) C( )s%? . The important point is that Inequality (4.2) then
holdsfor any potential and any mixed state. Other choicescan alsobe taken,
for instance 1(s) slogs s, F(s) eSandG(s) (4 ) %2e s, thus
showing the following Lieb-Thirring type inequality

X Z

e Vi (4)% eVdx:
i2N

Using the Hilb ert-Schmidt theorempby considering self-adjoirt trace-class
operators L with kernel K (X;y) on i i(X) i(y), we can reformulate
the rst part of Inequality (4.2) in terms of operators. Denoting the term of
the left in (4.2) asF,,. (L) we get

Fv. (L) TrF +V

for someparameter that we may take equalto O for the momert. Up to
now, V was assumedto be positive. Our rst main result is an extension
of Inequality (4.2) to potertials which may changesign. For a non-negatie
perturbation W of a sign changing potertial V, Inequality (4.2) is replaced

by 7
Fuew: (L) " 02 G(W)dx; (4.3)

for some" and to be xed later. An optimization on W then givesan inter-
polation inequality of Gagliardo-Nirerbergtype. To give a precisestatemen,
let us considerF; G and asbeforeandlet be sud that G(s) ( 9s).
Here G denotesthe Legendre-endel H,ansform of G. We alsousethe no-
tation | for the non-negatiwe function ., ij ij*2 L*(), usinga mixed
state represemation f( i; i)gion ass@iatedto L. Somestandard precautions
are neededto identify | (x) with K (x; X).

Theorem 4.1. For a given potential V, assumethat for some" 2 (0; 1),
(3 ") + V is bounda from below by some constant , in the sense
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of operators. With the atove notations, Inequality (4.3) holdsfor any non-
negative self-adjoint trace-classoperator L, and moreover
Z

Fo. (L) "3 "8 (0 dx:

Now we make explicit the two interesting casesF(s) s and F(S)
e °. We de ne the kinetic energyof a given trace-classoperator L as
Z

K(L)y= jr j%dx;

then we obtain the following interpolation inequalities
Z

K(L)+ () rdx cuTr[L™];

whereq (2 d=2( +1) d2 @01, m= = +1)and () isan
explicit positive constart, and

z e K(L)

2 d kLk;

Llog | dx Tr[L logL]+ g log KLK; ;

wherelL is any non-negatiwe self-adjoirt trace-classoperator. For simplicity,
the inequalitieswritten herecorrespnd to the casewhereV is non-negatie,
but more generalstatemeris correspnding to a sign changing potertial V
can be deducedfrom Theorem4.1.

The interpolation inequalities of Theorem 4.1 generalizefor self-adjoirt
trace-classoperators the usual Gagliardo-Nirerberg inequalities. Exactly as
for the embeddingH}() ! L?(), somecompactnessan be expected.Sud
a statemert constitutes our secondmain result.

Theorem 4.2. Under the assumptionsof Theorem 4.1, if fL,g,on IS @
segquene of non-negative self-adjoint trace-classoperators suchthat

fF V; (Ln)gnZN

is bounded, then fL,gn.n is relatively compact and conveigesin an appro-
priate senseto some non-ngyative self-adjoint compact operator L up to a
subsguene (Se= Theorem 4.5). Moreover, |, convelgesto | in L9() , for
anyg2 [L;1]ifd=192([L1)ifd=2andqg2 [1;dd 2)]ifd 3
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This paper is organizedas follows. Section4.2 is dewted to de nitions
and preliminary results. In Section4.2.2we introducea set of trace-classope-
rators having the form F( ). To this classbelongthe operators generated
by the Boltzmann distribution and the Fermi-Dirac statistics, seeExample
4.3in Section4.2.2.The spaceS; of trace-classself-adjoirt operators, which
are also known as nuclear self-adjoirt operators, plays the role of the space
L' and the spacesS, canbe felt asthe spaced % q2 [1;1 ]. Inspired by this
analogy we de ne in Section4.2.3the Sololev-like conesW'? asappropriate
subsetsof S;. As far as we know the de nition of these conesis a novelty.
Basicproperties (Proposition 4.1) of theseconesand a regularity result (Pro-
position 4.2) concerningthe density functions asseiated to H! = W2 are
establishedin Section4.2.3.The free energyfunctional F,. (L) is de ned in
Section4.2.4.

Theorems4.1 and 4.2 are proved in Section 4.3. An improved interpo-
lation inequality is given in Theorem 4.4. The key estimate is a cornvexity
inequality (Lemma 4.1) which allows simultaneously to minimize the free
energy functional and to get somecoercivity even if V changessign (Pro-
position 4.5). The compactnessresult then follows (see Theorem 4.5 for a
detailed statemen).

As a simple consequencein Section 4.4, we prove the existenceof mi-
nimizersin sewral casesof interest in quarntum medanics. Someadditional
referencedor applicationsin quantum medanicsare given at the end of this

paper.

4.2. De nitions and preliminary results
(De niciones y resultadospreliminareg

4.2.1. The operators setting (EIl universode operadore$

Let beadomainin RY, d2 N . We denoteby L(L?()) the spaceof
bounded linear operators acting on L2() and by k k its standard norm.
In L(L?()) we considerthe subspaces; andS; of compactand compact
self-adjoirt operators, respectively. Next we de ne the spaceof trace-class
operators which is a subspaceof | ; given by

n X 0
Il I—2|1 : (i;Li)Lz() <1
i2N
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wheref ;gion is any complete orthonormal systemin L2(). The elemens
of I ; areindi erently calledtrace-classoperatorsor nuclear operators. Given
L 2 |4, the trace of L is the value

X
Tr[l—] ( i L i)|_2() , (44)

i2N

wheref g,y iS any completeorthonormal systemin L?(). It is a basicfact
of the theory that the trace of an operator does not depend on the choice
of f igion. We will alsoconsiderthe spaceof the Hilbert-Schmidt operators,
which is de ned as
n X 0
I, L21; GILZ 0, <1
i2N
Equiped with the scalarproduct hL; Ri,  Tr[R L], I, is a Hilbert space;

we denotethe correspnding norm by k k,. It canbe proved, seefor instance
[64, TheoremVI.23], that an operator L 2 L(L?()) belongsto the Hilbert-

Sdmidt spaceif and only if there is a function K 2 L?( ), the kernel
of L, sud that 77
KLK3 = JKL(x; y)j? dx dy
and
z

(L)x)= Ki(xy) (y)dy forx2 ae.; 8 2L%)

ForL 2 S; wedenoteby f i(L)gion, Or simply f ;gion if there is no
confusion,the sequenceof eigervaluesof L courted with multiplicit y, which
is well de ned by the Hilbert-Schmidt theorem. We adopt the corvertion
that f jgion is orderedin a way sud that fj ;jgi>n IS Nnon-increasing,and if
both and are eigervalues, j j comesrst. We will denoteby f (L)g,
or simply f gion if there is no ambiguity, an assaiated orthonormal system
of eigenfunctionswhich is completein L?(): see.e.qg.,[9, Chapter VI]. From
now on we are only dealingwith self-adjoirt operators and considerfor any
g2 [1;1 ) the spaces

n X 1=q 0
Sq L2S; : kLkq jij <1l
i2N
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If L 2 S,, given an orthonormal systemof eigenfunctionsf g,y assaiated
to L, K is explicitly given by

X _
KL(xy) = i i(X) i(y) forae x;y2
i2N
and the two given de nitions of kLk, coincide.

If L2 S; andf ;gioy is an orthonormal basisof L?() of eigenfunctions
assaiatedto L 2 S;, we de ne

x . -2
L (X) i iX)jc x2 ae,;
i2N

which isin L(). It is a basicfact that | doesnot depend on the special
choiceof f jgi>n and that
z z
j L(X)jdx  kLky = Tr(jLj) = iL(x)dx 8L 2S;:

If additionally L is a non-negative operator, | is also non-nggatiwe, it is
called the density function assaiated to L and kLk; = Tr[L] = L (X) dx.
Sud a de nition is consisten with the density operator formalism in quan-
tum medanics.

Remark 4.1. In somecases(4.4) makes sensefor an operator L which is
not in Sy, but is for instancein L(L?()) and sud that the right hand side
in (4.4) is nite. We shall then write tr [L] instead of Tr[L].

Let us recall someother well known facts on S,. See,e.g.,[65, Prop. 5-6]
for more details. Someof theseresults alsoapply to operators which are not
self-adjoirt, but this is outside of the scope of this paper.

1) Sqequippedwith the normk kg isaBanad spaceandkLk = I mg 11 KLKq,
but Sy ( S, forany g2 [1,1).

i) fl1<g<@gp<1,then
KLKg, KkLky, 8L 2 Sy ;

sothat S; S;; S; Si.
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ii) Sy is the closureof the spaceof nite rank self-adjoirt operators with
respect to the norm k k.

iv) f1 q 1 andq!+r =1, then
KABk; kAKkBk, 8A2S;B2S : (4.5)

Incaseq=1 (andr = 1),k k; = k k, the usualnorm of bounded
operators.

4.2.2. Operators of the form F( ) and Casimir-t ype
functions (OperadoredelaformaF( )y funciones
tip o Casimir)

In the caseof a boundeddomain RY, a useful classof operators can
be obtained out of the Laplacian. Let f g2y and f g2y be the eigen-
valuesand the eigenfunctionsof the Laplacian with homogeneou®irichlet
boundary conditions. According to [9, Theorem1X.31] for instance,for eat
i 2 N, consider (

Oi — O O in

o 2 Hi() \ () (4.9

The orderedsequencd < 1 < o2 o3 . divergesandf oigi2n IS @
completeorthonormal systemin L2().

De nition  4.1. We shall say tha,g afuncton F : R! RJ[ f+1g is of
G ;)- classif it iscorvexand ,F( o;) is nite.

The Spectral Theorem (see,e.g., [64, Theorem VII1.5]) then allows to
de ne the nuclearoperator F( ) foreahr F 2 C( ;). From this de -
nition it also follows that the point spectrum ,( ) f oi i 2 Ngof

is cortained in the domain Dom(F) fs2 R: F(s) < 1g, for any
F2C ;). Theset(( ;) isacorvexcone,that is, it isconvex and
stable under addition and multiplication by a positive constart.

Example 4.1. Let > 4 d=2. Then, aswe shall seebelow,

X
(o)) <1 4.7

i2N
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sothat the function (
) ifs O;
F(s) = .
+1 ifs<O0;
belongsto C( ;) andtherefore( ) is a trace-classoperator.

Example 4.2. More generally let F : R! R[ f+1g be a non-increasing
convex function which is non-negative and sud that for any s 0 large,

C

F(s) m;

for someconstarts C, " > 0. Then we have that

X X
F( o) F(k) #A(k);

i2N k2N

whereA(k) fi2 N: k< i k+ 1g. Using the Weyl estimate, which
statesthat # A(k) grows like k9= * for large |5 it followsthat F(k) # A(Kk)
behaveslikek * " ask! 1 .Consequetly ., F( oi)is nite andthen

F2Q ;).

Example 4.3. Assumef : R! R is a Casimir-type function, that is a
function that satis es the following properties:

i) Thereexistss; 2 [1 ;1 )sudthatf(s)=1,8s2 (1 ;sy).
i) f iscortinuouson (s;1 ).

i) Thereexistss, 2 (s;;1 Jsudthat f (s) > 0,8s2 (s;;Sy) andf (s) = 0,
8s s;.

iv) f is strictly decreasingon (s;;sy) .

v) If s, = 1, there existsconstaris " > 0 and C > 0 sud that for any

s 0, large,
C .
f(s) vy (4.8)
Then the function Z,
F(s) = f(t) dt

S
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falls in the classof functions of the Example 4.2.

Under theseconditionsf () is alsoatrace-classoperator: see.e.g.,[60]
if onerequires” > 1. The case" 2 (0; 1) is more delicate and requiressome
additional analysis,for instanceto de ne the free energy(seeSection4.2.4).
The function of Example 4.1 above, the Fermi-Dirac statistics de ned for

> 0 by 7

f(s) =

and the Boltzmann distribution

dv

pd + estivir=2

f(s)=e °®
with > 0, are Casimir-type functions.

Remark 4.2. If we have a potential V, for which there exist eigervalues

vii< v2 v:3 .o divergingto in nit y and functions sud that f v.iQi2n
is a completeorthonormal systemin L2(), where
vitV o vi= vi vi in Vii 2 Hé() ; (4.9)

then we de ne C( +V; ) agghe classof functionsF : R! R[ f+1g
that are corvex and sud that ,F( v;) is nite. Then, using spectral
theory we may de ne for ead sud F the trace-classoperator F ( + V).
We will usetheseoperators extensiwely in what follows.

4.2.3. Sobolev-lik e cones of nuclear operators
(Conostip o Sololev de operadore$
We recall that for any L 2 S;, we denoteby f( i(L); i(L))gion the

sequenceof eigenelemets of L. Heref ;(L)g L?() is a completeortho-
normal systemof functions.

Denition 4.2. Letl 2 Nandp 2 [1;1 [. An operator L 2 S; is in the
Sotlev-likecone W' if f ;(L)g.n  Wg°() \ W'P() and
X
Wlii, i @ e, <1 (4.10)
i2N
We alsode ne the functional K, on WP by
X
Kp(L) Jab ()P dx:

i2N
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The following proposition collects somebasicfacts:

Prop osition 4.1. Solwlev-like cones of trace-classoperators satisfy the fo-
[lowing properties:

) Foranyp2[L1[ |2 N, W' and WP are conessuchthat
WP WP and WP WP i 1 I

i) If1 p<q<1,I|2N, thenthere existsa constantc, = ci(p;q;!)
suchthat
Wiiij, ciHlii,q 8L 2 W',
sothat Wha WP,
iii) Foranyp 2, there existsa constantc, = ¢;( ;p) suchthat

kLky G Kp(L); 8L2WwW: (4.11)

In the rest of the paper we will only considerthe casep = 2, even though
someresults can be extendedfor generalp. In this casewe write H! W12
and we denoteby H! the setof operatorsL 2 H! sudythat L 0. This set
H! is alsoa cone.

Wedene K : HY I R asK = K, and we call it the kinetic enelgy
functional. Given L 2 H! we say that K(L) is the kinetic enegy of L and
we may write that K(L) = tr[  L].

Remark 4.3. Formally, the kinetic energyfunctional K is linear on the cone
H2 = fL2W22: L 0g, sothat

DK(L);Ri = K(R) 8L;R2H?2:

The Sololev-likeconesH! andH?! arethe analoguefH() andH! () =
fu2 HY() : u Ogat the level of self-adjoirt compgtoperators.This re-
sultsin integrability propertiesfor the density ((x) =,y i] i(X)j? which
are the counterpart of Sololev's enbeddings.

Prop osition 4.2. For any L 2 H?, the density function | belongsto
WZLr() \ L9() withr andqin the following ranges:

i) forallq2 (1,1 ]andr 2[1;2]ifd=1,
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i) forallg2[L;1[andr 2 [L;2]if d= 2,
i) forallg2 [1;,dHd 2)]andr 2 [1;dHd 1)]ifd 3.

Proof. Assumethat d 3 andr 2 [1;dd 1)]. Using the corvexity of
s 7! jsj", Helder's and Sololev's inequalities, we obtain

yA Z
r
jrotdx 2 Jioar g dx
i2N
X - - rZ x . ar = -
2] Py Bl it dx
i2N i2N
rx..flx..z. .Z%Z..z_rlri
2] jalodr ] j g
i2N i2N

2" st kLK) P K(L)
wheres; is the Soholev constan of the embeddingH () | L%(), sothat
(4.11) with ¢, = ¢( ;2) implies
it Lo 2s kLK) TKP(L) 256 T K(L):

Therefore, by the critical Sololev enbedding, we have

e .. . 11
i Litee 2 Sexd piit Litee v 2Siqg G TK(L) <1

The casedd = 1, 2 follow from the Sololev inequalities, with the corres-
ponding restrictionson gandr. O

4.2.4. The Free Energy functional
(El funcional de Energa Libre)
In this sectionwe de ne the free energyfunctional, which is made of an
energy functional and an entropy functional. The energyfunctional can be

seenas the sum of the kinetic energy as de ned in the anterior subsection,
and a potertial energyfunctional.
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Potential energy

Potential energyfor trace-classoperators can be de ned as follows. Let

V: ! Rbeameasurablefunction andlet L 2 S;. If ;v 2 L}(RY), then
the V-potential enelgy of L is given by
zZ

Pv(L) V(X) jj(x) dx:

Remark 4.4. SinceV = V(x) canformally be seenasan operator acting on
L2(RY) with kernel Ky (x;y) = V(X) x(y), it followsthat P(L) = tr [V jLj]
and so, at leastformally, for any non-negatiwe operatorsL, R 2 S,

DPy(L);Ri = Py(R) :
The V-potertial energyfunctional is bounded from below in H?! if and
only if V is non-negatiwe. To be precise,we have the following result.

Prop osition 4.3. Assumethat A S; issuchthat A A, forall > 0.
Then
er]}: P(L) C (4.12)

for someconstantC 2 R if and only if

nf P(L) = 0; (4.13)

whichis equivalentto V. 0 a.e.

Proof. If we assumeg4.12)andthereisL 2 A sudhthat 0> P(L) > C, then
it should alsobe true that

0>P(L)= P(L)>C 8 >0;

but this is impossiblefor > jCj5P (L)j. Then, aslm , ¢P( L) = 0, we
have (4.13). Next, assuming (4.13) we seethat V 0 a.e., sincein the
cortrary wecan nd L sudthat P(L) < 0. Finally, if V 0a.e.,then (4.12)
follows with C = 0. O
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Entrop y

LetL 2 S;andlet :R! RJ[ f+1g bea convex function sud that
(0) = 0. The functional

X
E (L) (i(L)

i2N

will be calledthe -entropy of L.
At this point the function isarbitrary, but later we considerit in relation
with a function F in the classC( +V;).

Remark 4.5. For of classC?, sinceE (L) = tr [ (L)], we formally have
DE (L);Ri = tr[ {L)R];

forany L, R 2 S;.

Free energy

The free energy functional is obtained as the sum of the ertropy, the
kinetic energyand the potertial energy Assumethat L 2 H! and that V :
I R is a measurablefunction sudh that ;v 2 L(RY) then we have

De nition  4.3. The functional
Fv, (L)  E(L)+ K(L)+ Py(L)
will be calledthe (V; )-free enegy of L.
Formally we may say that the (V; )-free energyof L is given by
Fv, (L)=tf (L)+( +V)L];

for all L 2 H!. We recall that we are using the notation tr [ ] when the trace
makessense2ven though the operator may not be a trace-classoperator. See
Remark 4.1.

Remark 4.6. Herewe take temperature 1 from the physicspoint of view.
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Example 4.4. Let > 4 d=2and

( .
1 if s<O0;

s) =
m(S) cnsS™ if s O

wherec, = (1 m)™ 'm Mandm= —; 2 %;1 . The entropy functional
E , asseiatedto ., will play animportant role in Section4.3.1below. The
function |, hasto be seenin connectionwith the function F of Example
4.1.

Poisson potential energy

Letd 4. By virtue of Proposition 4.2, | isin L?() forany L 2 H! so
that we can nd a potertial Vi 2 Hj(), calledthe Poissonpotential, asthe
unique solution of the equation

( |
V= In
V =0 on @
Two casescan be considered correspnding either to the repulsive, electros-
tatic case: = +1 (Coulomb interaction), or to the attractivecase: = 1
(Newton interaction). The Poissonpotential enegy of L 2 H?! is now de ned
as 1 Z Z

P(L) = 5 VL L dx= 5 jir Vi j2dx:

Using Proposition 4.2 we get the following regularity result, whoseproof can
be seenfor instancein [41].

Prop osition 4.4. LetL 2 H. If d = 1or d = 2 thenV, 2 C° ).
Moreover, V. 2 W5P() \ L9() foranyq2 [1;1) andfor anyp2 [1;1)
if d= 3, for any p 2 [1;4] if d = 4. If additionally @ is of classC?, then
VL 2 W2r() \ C%¥=2() foranyr 2 [1;3=2]if d= 3, andV_ 2 W2"() for
anyr 2 [1,4=3]if d = 4.

In Section4 we will be interestedin the more generalfree energyfunctio-
nal givenvia E (L) + K(L) + P(L). Sud a functional is corvex if = +1,
but it is not corvexif = 1.
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4.3. Main results (Resultadosprincipales

4.3.1. Lieb-Thirring and Gagliardo-Niren berg inequa-
lities (I) (DesigualdadesleLieb-Thirring y Gagliardo-
Nirenberg (1))

In this subsectionwe interpret the results obtainedin [26] in terms of the
operator formalism and we adapt those results originally written in RY to a
domain R,

Remark 4.7. If V is a potential, we let f v,gioy and f v gi2n be the se-
guenceof eigervalues and eigenfunctionsof + V in , with Dirichlet
boundary condition on @. We assumethat these eigenfunctionsde ne an
orthonormal basisfor L?().

Following the setting de ned in [26], we let g be a non-negatiwe function
on R* sud that Z, dt
g(t) 1+t 92 - < 1 (4.14)
0

and we de ne
1

dt 1
F(s) = e Sg(t) - and G(s) =
0

e 'S4 t) g %: (4.15)

Weobsenethat F;G:R! RJ[ f+1g arecorvex non-increasingfunctions.
If vV 2 LL (RY) is boundedfrom below and G(V) 2 L(RY), with F and

G given asin (4.15) and g satisfying (4.14), then the content of Theorem 3
in [26] is the following Lieb-Thirring inequality
Z

Tr[F ( + V)] G(V(x))dx:
Rd
We can extend this result soto considera domain instead of RY. Precisely
we have

Theorem 4.3. Let be adomainandV be a potential boundel from below
in LL () . Assumemoreover that G(V) is in L() , with F and G givenby

loc

(4.15) and g satisfying (4.14). Then we have
Z

F(vi)=Tr[F(  + V)] G(V(x)) dx :

i2N
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A proof of this theoremis easilyadcieved using Theorem3in [26] with an
appropriate increasingsequenceof potentials fV, g, sothat its limit is +1
outside andV in

We notice that sinceV is boundedbelow, letting < infess V, we see
that the eigervalues ., satisfy v oi + , foralli 2 N, and then the
sequenced . gion diverges,sincethe sequencd gy diverges.Under the
hypothe§esof Theorem 4.3, the function F given by (4.15), is corvex and
satises ,yF( vi) < 1 sothat F belongsto the class + V).
Theorem 4.3 can be illustrated by the following examples.

Example 45. If F(s)=s foranys OandF(s)=+1 fors< 0,then
G(s) = )s% fors 0,whereQ( )= (4 ) 92 ( g):( ): In sud a
case,Theorem 4.3 takesthe following special form
Corollary 4.1. If is a domain and V be a non-ngjative potential in
Li.() . Assumemoreover that (V)2 isin LY() , then
Tr ( +V) :X( i) 7( %) ZV
o (4 )%= ()

i2
Example 4.6. If F(s) = e Sforany s2 R, then G(s) = (4 ) %?e s and
Theorem 4.3 readsas follows

N

dx :

Corollary 4.2. If is adomainandV is a potential boundel below, which
belongsto Lt () . If moreover,e V 2 L1() , then we have
X 1 Z
Tr e = e Vi @) e Vdx:
i2N

In Subsection4.3.3we will seehow to extend the results discussedhere
to a potertial that may be unboundedfrom below, but that it still have some
boundednesgproperty with respect to

Now we are goingto obtain someGagliardo-Nirerberginequalitiesin the
cortext of the operator formalism. In the way to get them, we will obtain
someuseful estimatesfor Fy. .

Given a convex function : R ! RJ[ f+1g sudhthat 6 +1, we
shall denoteby  the Legendre-lendel transform of , that is the function
de ned by

() supf ()g 8 2R:
2R
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Thus, if F isconvexand isgivenby (s)=F ( s)forall s2 R, we get
()+ F() 8 ; 2R; (4.16)

From herewe get a uniform lower bound for Fy. onH?! underthe conditions
of Theorem4.3. That is, in terms of operators we have

Fv. (L) Tr[F( +V) 8L2H;: (4.17)
In order to prove this, let 2 H}() sud th'gt K K2y = 1PThen There
existsa sequencd g,y Rsuhthat =,y i viand ,, 2= 1
By convexity of F, we obtain
Z Z X
F jr j2dx+ Vj j?dx = F 2 0
X i2N

|2F( O;i):( 1F( +V) )L2()

i2N

If is an eigenfunctionof + V then this inequality becomesan equality.
Using f#.16), we can now bound from below the free energy Substituting |

for , jr j?+ Vj ij?dx for andaddingoveri 2 N, we get
X h Z i
E(L)+ K(L)+ P(L) = (i)+ jr 2+ Vi ij? dx
N A Z
F jr ij?dx+  Vj ij%dx
%N
( i F( + V) i)|_2() = TI’[F( + V)] :
i2N

Thus we obtain (4.17).

Now we nd the Gagliardo-Nirerberg inequalities. If F and G are asin

Theorem 4.3 then we have
Z

Tr[F( + V)] G(V(x)) dx; (4.18)

and Z
E(L)+KWL)+I (V)=Fy. (L)+ G(V(X))dx 0
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forall L 2 H!, wherewe de ne
Z
Ju(V) V(x) L(x)+ G(V(x)) dx:

Now we proceedasin [26 minimizing J () in the setof potertials V which
verify (4.17) and (4.18), for L xed. If V, is the minimizer of J (), then

G{Vo)+ L =0:
By de ning (s) G (GY *( )+ s(GY %( s),thatis sud that
G(s)= ( 9);
we have that z
JL (W) = (L(x)) dx (4.19)

and we can state the following

Theorem 4.4. Let be a domain and functions F and G be de ned asin
(4.15). Letusconsider and suchthat (s) F ( s)andG(s) ( s).
Then for any L 2 H!, we have
Z
K(L) + E (L) (L) dx:

We notice that (4.19) holds even if G is not di erentiable since G is
convex. This theoremprovidesinterestinginsights in the following two typical
examples.

Example 4.7. Assumethat > 4 d=2 and considerthe convex function
m(8) = ¢y s™ on R", extendedby +1 on (1 ;0), wherec, = (1
m™ m ™ m= —7 2 (%; 1). The correspnding functions F and G take
theformF(s)= ,( s)=s andG(s) = )s% fors 0, extendedas

+1 to theinterval (1 ;0).

De ne
2 d

2(+1) d
In sud a case,Theorem4.4 takesthe following special form

q= 2 (0;1):
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Corollary 4.3. With the alove notations, for any L 2 H1,
Z
KLY+ () ldx ey Tr[L™ ;

whee () (C()* UG+ (37 ‘L

Example 4.8. Considerthe corvex function 4(s) slogs sif s> 0,
extendedby :(0) = 0and+1 on (1 ;0), and correspnding functions
F(s)=e SandG(s) = (4 ) %2e 3, for any s 2 R. Theorem4.4 appliesas
follows

Corollary 4.4. ForanyL 2 H1,
Z q Z
K(L) + Tr[L logL] Llog | dx+ > log(4 ) L dx:

4.3.2. Convexity Estimates (Estimacionescorvexag

In this subsectionwe extend someof the ideasdiscussedeforeto include
potential functions which are not necessarilybounded from below. In [60,
Lemma 3], in the cortext of mixed states, the authors obtained an estima-
te like (4.17), for functions F generatedby a Casimir-type functions f , in
presenceof a repulsive Poissoncoupling and for d = 3. SeeExample 4.3 in
Section4.2.2 above. Here we want to establishsud a type of estimate for
potential which may be negative, even not boundedfrom below.

We rst establisha direct consequencef (4.17), for non-negatiwe poten-
tials. With 'ghe obvious notation, we say that F 2 C( " +V; )if F is
corvexand ,yF( v;) is nite, where ,; arethe eigervaluesof " +V
in , with Dirichlet boundary condition.

Lemma 4.1. Assumethat V is a non-negative potential, " > 0 and F 2
" +V;).If (s F ( s)thenforanyL 2 H! wehave

E (L) + " K(L)+ Py(L) Tr[F( " +V)];

Moreover, if " 2 (0;1]andF 2 C( (1 ") ;) ,thenforanyL 2 H! we
have
Fv, (L) "K(L) Tr[FC @ ") +V):
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In order to extend our approad to potentials which take negative values,
someadditional de nitions are needed.

De nition  4.4. We will say that the Sdredinger operator + Vs
" coercive for some" 2 (0; 1] if and only if

.7 suf 2R: (1 ") +V g>1 : (4.20)

The " coercivity indeedmeansthat

+ V 9-;1") n

in the senseof operators. We will denote by f ﬁ,l, ")giZN the sequenceof
eigervaluesof the operator (1 ") + V. Notice that \1,;1: vi1- We also
obsene that condition (4.20) for " = 1 meansthat V is boundedfrom belov
while ., = 0 meansV is non-negatiw.

For s,ll ") we de ne now the free energy functional F,,. HL 1
R[ flg as

Fv. (L) Fy; (L) KLK; :

In order to obtain a lower bound for this functional, we assumethat the
funcE’,on F2C (1 ") +V+ ;) thatisF:R! R[ f+1g iscorvex
and ,\F( f,ll ) )is nite.

We noticethat if F 2 Q( (1 ") +V+ ; ), then[ §,7 ;1)
Dom(F) ewenif V may be negative at someopen sets. With the same
cornvexity argumert asin the proof of (4.17) and Lemma 4.1, we can see

that if V veri es condition (4.20) for a given" 2 [0; 1], then for any F 2
@ ") +v+ ;) with (s)=F ( s);s2R

Fv. (L) "K(L) Tr[F( @ ") +V )] 8L2H;;

sothat F,. (L) is uniformly boundedfrom belon. Moreover we seethat KLk,

is uniformly bounded, thanks to (4.11) and in this senseF,,. is coercive.
We formalize theseconclusionsin the following proposition

Prop osition 4.5. Let V be a potential verifying (4.20) for some" 2 (0; 1].
For any F 2 C( 5 ;) ,let () F ( s),s2R.Forany 5,1;1"), for

1
anyL2H+, h .\ i .

Fu (L) TrF o5+ 5K(L):
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Henee F,,. is boundel from belowand
Fv. (L) Tr[F( +V )] 8L2H;:

Moreover, if F,. (L) is nite for someL 2 H1, then + V hasonly pure
point spectrum, provided F is positive on (0;+1 ).

Proof. Let L 2 H! and write

Fv. (L)=fE (L) + éK(L)g+ éK(L) +f(1 ")K(L)+ Py(L) KLK.g:

From Lemma4.1 we have that
n h n i
E(L)+ > K(L) Tr F — : (4.21)

On the other hand, from (4.20) it follows that

(1 "KL +Pu(L)  kik
X

= @ M iV )j it dx 05 (422)
i2N

where( i; i) = (i(L); (L)) arethe eigenpairsof the operator L, with the
notation of Section4.2.1. This provesthe lower bound on F,,. (L).

The assertionon the spectrum of ptV easilyfollows. Notice that from
its de nition, F is non-negative. Since ,F( v ) < 1, to prove that
f viGizn diverges,it is thereforesu cient to requirethat F is positive. [

Corollary 4.5. Under the conditions of Proposition 4.5, if fL,gn2n iS a se-
guenein H! suchthat fF v: (Ln)0Gn2n is boundel, thenthe seguenesfk L ,kignan,
fK (Ln)Gnons TE (Ln)Gnon @and fPy (L) gn2n are also bounded.

Proof. As follows from (4.21) and (4.22) in the proof of Proposition 4.5,
it is clear that the boundednessof F,,. (L,) implies the boundednessrom
above of (1 ")K(L,) + Pyv(Lp) KL,k; and of E . Then we obtain the
boundednesdrom above of K(L,) and therefore that of kL,k;, by (4.11).
Now the boundednesof Py (L,) follows. O
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4.3.3. Lieb-Thirring and Gagliardo-Niren berg inequa-
lities (I'1) (DesigualdadesleLieb-Thirring y Gagliardo-
Niremberg (11))

In Section 4.3.1 we establishedLieb-Thirring inequalities only for po-
tentials bounded from below. Under condition (4.20) for some" 2 (0;1), a
Lieb-Thirring inequality alsoholds and then an interpolation inequality can
alsobe establishedfor sud potentials. This will give a proof of Theorem4.1.
To start with, we usescalingto rewrite Theorem 4.3 with replaced

by
Lemma 4.2. Let" 2 (0;1) and consider a non-negative potential W. Let F
and G be de ned by (4.15), with g satisfying (4.14). Consider and such
that (s) F ( s) and G(s) ( s), with the notations of Section 4.3.1.

Then, for any L 2 H1,
Z

G(W) dx :

N

rf (L)+ (" +W)L]  TrF( " + W)

Proof. Letf ;g=f i(L)g bethe basisog L2() of eigen/ect(Hs of L. Then
we considerthe scaling ;(x) = "%* (" "x), W' (x) = W( "x) for any
x 2" ¥ anddenoteby L' the operator asseiated to L after the scaling.

Then 7 7

P W dxs ir (P W dx
no1=2
for all i 2 N and then
[ (L)+( " +W)L]=t[ (L)+( " +W)L']:

Applying the results of Theorem4.3we nd .

[ (L)+( " +W)L'] Tr[F( " + W) " c_3(w") dx :

The conclusionthen holds by undoing the changeof variables. O

Now we consider f,l;l"). For any L 2 H1, using the de nition of
Fyew: »of .7 andLemma4.2we nd that

Fyew: (L) = tr[( (% ) +Vo L[+t (L) + (" + W)L]
"2 G(W) dx:
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Then we can rearrangethis estimate as
Z

Fy. (L) LW+ 2 G(W)  dx:

Optimizing on W asin sectionSection4.3.1,we get that the right hand side

is boundedfrom below by
z

Cr ) o

which completesthe proof of Theorem4.1.

4.3.4. Compactness results (Resultadosde compacidad

Let us start with someobsenations. Assumethat fL,g,,n IS abounded
sequencen S; and denoterespectively by f g,y andf ['gi»n the sequence
of eigervaluesand a sequencef orthonormalized eigenfunctionsof L,,. Then
there exists a constart C > 0 sud that | [ C, for all i;n 2 N and,
consequetty, there exists a sequenceof real numbersf ;gi-n sud that, up
to a subsequence,

Im "= ,; 8i2N:

nit !
Our rst result is concernedwith the caseof Example 4.7 in Section4.3.1.
We easily seethat Theorem 4.2 is a direct consequencef this result and
Corollary 4.5.

Theorem 4.5. Considera boundal domain in RY, d 2, and assumethat
m 2 (3%;1). LetfL,gon be aseguenein H! suchthat

K1 supK(L,) <1 ;
n2N

for someconstantK,; > 0. Then, fL,g,2n IS bounda in S; and

X onym 1 .
sup jNm< 1o
n2N N

Moreover, the following properties hold:

i) If {6 Oforalli2N, then, upto a subsquene,
x - - X - -
Im - jom= jajm:
n!l
i2N i2N
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i) For any m®2 (m; 1], up to a subsguene,

X
Im o™= ™
n'l

i2N i2N

iii) Up to a subsgquene, fL,g,2n cOnvemgesin S;.

Proof. By (4.11),sup,,n KLnki <1 .Fori2 N,n2 N, let
Z

E' g [(x)j%dx:
, P .

The uniform bound on kL,k; and ;,j {'J" follow from Proposition 4.2,

and Corollary 4.3 and Helder's inequality respectively.

Pro of of i) Assume rst that ; 6 Ofor any i 2 N. Then, for eati i 2 N,
the sequencef E{'gn2n IS bounded and, consequetly, there is a function
i 2 L?(RY) for which, up to a subsequence,

Im "= ; inL%RY):
nil
Recall that, courting multiplicity, | 4j J 2] .. We denote by Py

L2() ! Fy the orthogonal projection operator over
Fy sparf 01 i N 1g

andlet Qy |4 Py bethe projection operator onto Fy, .
Next we claim that for all " > 0, there existsN 2 N sud that

X
j"Nm™ " 8n2N (4.23)

i=N

This canbe proved asfollows. First, using(4.7), we chooseN 2 N sud that
X - "
( 0;‘) é

where = - andf g;gn is the sequenceof the eigervalues of in

H1(), with asswiated eigenfunctions o, i 2 N. Considerfor eath n 2 N

the expansion v
! = e ok N2N; (4.24)

k=1
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where [} (- O;k)Lz() . According to the reverse Helder inequality,
which statesthat for any p2 (0;1),q2 (1 ;0) sud that % + é =1,
! !

X X PoX =
a; b al o ; 8fagian; fhgian 2 (RM)N;
i2N i2N i2N
appliedforp=m= = + 1), q= , & =] {'jandh = E, we get, for
all N 2 N, that
)4 I 1=m )4 I 1=
I K1 (E") :
i=N i=N

Next we nd N 2 N large enoughsothat

N N 1, . -
PN Co)iizg 1 57T = L2mN 1
or, which is equivalen,
. . 1, . .
ON( op)iiLz( 5 m. ~=1.20::N 1:
Then, there is ng 2 N large enoughsothat,
X —_
(M) "™ 8n no; " =12:u5N 1
i=N
; n — 1 n \2 P 1 ny\2 — ;
Usingg" =, o ( M)7and <, ( {*)°= 1, by concaiity of s 7! s
we have

n >4 n\2
(E) (#)7°(Co)
-
Hence,collecting the above estimates,we obtain

P x X , W 1X X X
(E) () (o) = +
i=N i=N =1 =1 i=N =M i=N
X R =
M 1 ( E‘)z"' m
1 =N I=m Ol
Cll =m
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for someconstart ¢ > 0. This completesthe proof of Claim (4.23).

Sincefk L kign2on is uniformly boundedwith respectto n 2 N,
X
jig<1:

i2N
Forany 2 L2(), by the Caudy-Scwartz and the triangle inequality,

X .. . X - -
v L2() i Iz Jil < 1:
i2N L2() i2N
Hencethe operator de ned through
X
(L )(x) = g 010 x2 2 L2()
i2N

isin S;. Let us prove that fL,gn,n COnvergesto L in S;. Given N 2 N,
denoteby P} :L2() ! F the orthogonalprojection onto F = sparf I :
1 i N 1gandby Qp = P, the projection onto (FJ)?:

KLn Lki K(Ln L)Pnki+ KLy Qki+ KLQn ke + KLn (QF  Qn)ki :

The rst term corvergesto zero, becauseof the strong corvergenceof the
rst N 1 eigervaluesand eigenfunctionsin R and L?() respectively. From
(4.23) we have that the secondand third terms are smallif N 2 N is large
enough,independen of n 2 N, since

X m X

il jim<m

i2N i2N

Using (4.5), we have that

KLn(Qn  Qn)ki  KLnki kQY  Qnk

which corvergesto zeroasn! 1 ,sinceQy Qn = Py Py corvergesto
zerofor the samereasonsasthe rst term.

P
Proof of ii) Assumenow that sup,,y  onJ i11™ = Ci1is nite, sothat using
the monotonicity of fi "j™gion, for any m®> m andany N 2 N,
X
IR G D L T L I L

i=N i=N
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If ;= 0foralli?2N, then

X : nim? s nm® m - nN-
nl!lm il n|!1m N C.=0:
i2N

From hereon, taking m°= 1 and arguing as beforewe obtain that fL,gn2n
convergesto 0 in S;. The generalcase,i.e. whenthere isip 2 N sud that
j i,] > 0O, follows from similar argumerts. O

Remark 4.8. The properties shovn in Theorem4.5is an analogousat ope-
rators level of the compactnessf the embedding H3() | L2().

4.4. Applications (Aplicacioneg

In this sectionwe presen three applications of the results discussedin
this paper. The three casescorrespnd to minimization problemsarising in
Quantum Medhanics.

4.4.1. Minimization of the free energy functional
(Minimizacion del funcional de energa libre)

Consider rst the free energyfunctional
Fv. (L) = Fyv. (L)  kik; L2H':

Theorem 4.6. Let V be a potential verifying (4.20) for some" 2 (0; 1] and
take 5,1;1 ) LetF 2 ( 5 ;) and givenby

(s) F(s) 8s2R:
Then there existsL; 2 H! suchthat
Fu (L) = nf Fy (L)
provided one of the following conditions is satis ed:
i) ifd=1,V2L9) , forsomeq2 [11],
i) ifd=2V2L9) , for someq2]1;1 ],
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i) ifd 3,V2L9) ,for someq2[%;1].

Proof. By Proposition 4.5, the functional F,. is boundedfrom below. Let
fLnOn2N H! be a minimizing sequencethat is

Jm Py ()= nf Ry (L)

Then the sequences

fk LnKiGnan 3 TK (Ln)On2n 5 fE (Ln)Gnen @and fP v (Ly)Onan

are bounded according to Corollary 4.5. Then Theorem 4.5 provides the
existenceof L, 2 S; sud that, up to a subsequencef,L,g,>n COnvergesto
L, in S; sothat, in particular,

| m kLnk1: kLl kl:
n'!1

In order to study the ertropy term we considerthe space’! with the

usual norm. Considerthe set
X

A, f =1 igan2t: (i) Ag;
i2N
whereA  nf,on E (Ly). Both the function D : AL ! R de ned by

X
D() (i) 8 =1 ig2n2As;

i2N
and the set A, are corvex. Thus D is weakly lower semi-coninuous, so
that I minf,n, D( ) D( o), where " =f "gonand o= f gian. This
amourts to say that

IminfE (Ln) E(Ly):

Next we considerthe kinetic energyterm. Givena xed N 2 N, for any
n 2 N we have that

x Z ooz
Iminf " jr ")j2dx  Iminf " jr "(x)j%dx
n!l n!l .
i2N i=1
X\I . -2
i Jr (ojtdx:
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Sincethe number N is arbitrary, we get

Iminf K(L,) K(Ly);

whencelL, 2 Hi.
As for the potertial energy we obtain

| m Py(Ln) = Py(Ly)
n!l
using Proposition 4.2. O

At this point we would like to relate this minimization problem with the
onestudiedin [26]. For this purposewe denoteby S the setof non-increasing
sequences igion  R. corvergingto zero,sudithat ., ( i) isabsolutely
converger and let

X f(;)2s ¥ "

be the spaceof mixed states. Then we de ne an assiated free energyfunc-
tional acting on mixed statesas
X Z
Fv. [ ] ()+ i P+ (V) )j j® dx
i2N

Next we assumesomeextra hypotheseson in order to be in the context

of Section3 in [26]. We assumethat is of classC?! and strictly corvex. We

alsoassumethat + V hasanin nite sequencd (V)gi.n Of eigervalues

divergingto 1 . This last assumptionis always the casewhen is bounded.
We obsene that the function F = is simple given by

FS)= (5 (9% s s(9 ' 9):

As a consequencef Theorem4.6 we have the existenceof a minimizer of the
free energyfunctional at the level of mixed states.

Corollary 4.6. Under the assumptionsof Theorem 4.6 and with  as alove
the problem

(;m)gx Fv. [ 1: (4.25)

hasa solution ( ; ) 2 X.
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Proof. If Ly 2 H1 isaminimizer for Fy. asgivenby Theorem4.6,then we
simplydene (; )2X as = j(Ly)and = (Ly). Clearly(; )is
the minimizer we are looking for. O

Remark 4.9. The minimizer of (4.25) is unique, up to the choiceof basisfor
non-simpleeigervalues,asprovedin [26]. As a consequencéhe minimization
problem at the level of operators

mnkF, (L
L2H1 V’()

hasauniqueminimizer L, 2 H!.Wedo not know how to provethis directly,
in the operator formalism. The solution of (4.25) is given by

(;)="1Ci; DGian2 X ;
where
i = ( 0) 1( vi)
and ; is an eigenfunctionof +V assaiatedto ;. Finally we may

simly write
Ly =(9) 7 V+ )

Remark 4.10. In the Heisemerg formalism we seethat the solution to the
minimization problem given by Theorem 4.6 is a sationary solution to the
Heisererg equation

[ +V ; L]=0:

Recallthat the comnutator operator is givenby [L; R]= LR RL.

4.4.2. Free energy involving anon-linear but local func-
tion of the density function
(Energa libre con una no-linealidad que esfuncion lo-
cal de la densidad

Considerthe free energyfunctional given by
Fo@(L) Fy, +GL) 8L2H';
where Z

GL)= 9 L(x)dx

83



Propiedadesde compacidadpara operadoresde
traza y aplicacionesa la Mecanica Cuantica Captulo 4

and g is somereal function, which is not necessarilyconvex. Using an argu-
mert similar to that in the proof of Theorem4.6, we can obtain the following
result.

Theorem 4.7. LetV beapotential on verifying (4.20), for some" 2 (0; 1].
Let v andassumethat F 2 ¢( 5 ;) and givenby

2
(s) F(s) 8s2R:
Letg2 C([0;1 )) be suchthat for non-negative constantsc;; c;
g g(s) st 8s 0; (4.26)

where

) q2[L;1)ifd=1ord= 2

i) g2 [Ldxd 2)]ifd 3
Then there existsL; 2 H! suchthat

FP (L) = nf FE(L):

Proof. It is similar to the one of Theorem 4.6. We use condition (4.26) to
show via Fatou's lemmathat

GLi) I minfGLn);

wherefL,g.,,n H3 is a minimizing sequencdor F,;? . O

Remark 4.11. If g 2 CY([0;1)), L1 is a xed point of the application
Y :H! 1 HI givenby

YL =) +W)+ ¢ )

4.4.3. Stationary states for the Hartree problem with
temp erature (Estadosestacionariogarael problema
de Hartree con temperatura)

Considera Heisetberg equation with a Poissoncoupling, namely

8
i@ (t)y=[ +V({ )L@®] t O;

V(X)) = LX) x2 ; t O; (4.27)
"LO)=rC
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whereL(t), the density operator of the system is a positive trace-classope-
rator acting on L?() and[L; R]= LR RL. This systemis known asthe
Hartree ewlution system,or Sdredinger-Roissonsystemin the mixed states
formulation, and a large literature hasbeendewted to its study, which goes
far beyond the scope of this paper. We refer to [60] for further references.

We assumed 4 and restrict our study to the caseof homogeneous
Dirichlet boundary conditions:

V=0 on@ :
The stationary statesof (4.27) are then solutions of

[ +V;L]=0;

ve .- (4.28)

Stationary statesof (4.27) are obtained through the minimization of the
free energy
F(L)=E(L)+K(L)+P(L); 8L2H;
where Z Z

1 . .
P(L) = 5 Vo Ldx= 2= jr Vjldx:

NIl =

Theorem 48. LetF2C ;) and
(s) F(s), 8s2R:
Then there existsLg 2 H! suchthat
F (Le) F (L) 8L2HI:
Moreover if is of classC? in the interior of its supmrt, then
Le=( 9 ' Vi)
is the unique minimizer of F and solves(4.28) as well.

Proof. The proof follows the samelines as the one for Theorem 4.6. The
argumern changesonly to readh I m,,; P (L,) = P(Lg), but this still follows
from Proposition 4.2. O
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Remark 4.12. Let usnoticethat if is non-negatiwe then the minimizer in
Theorem4.8is L = 0. Howe\er, the result appliesto functions for which
f < 0g6 ; asit is the casefor

8

2slogs s ifs>0;
(s):>0 ifs=0;

T+l if s<O0:

Remark 4.13. The casewith an attracting Poissoncoupling, that is when
the potential is given by

+ V= in ;

can be dealt with the samemethods although it makeslesssensefrom the
point of view of physics. Someadditional work is necessaryo establishspec-
tral propertiesof + V.

Let us nally remark that for stationary stateshaving a prescribed total
charge we may get a generalizationof [60, Theorem 2] at gperators level.
Mathematically, the freeenergyis changedonly by aterm L dx, where

isthe Lagrangemultiplier assaiatedto the massconstrairt. The generating
function of the ertropy term is now changedinto 7! () , Which
resultsin the fact that thesetf 2R : 7! () < Ogisautomatically
non-emply. Becauseof the compactnesgroperty, the massconstrairt will be
veri ed when passingto the limit the minimizing sequence.

Moreover, with almost no work, we may add an external potertial which
takesnegative valuesand ewertually singularities, of Coulomb type, for ins-
tance. This situation is highly relevant from a physicspoint of view, for the
modelization of atomic and molecular systems,without temperature, seefor
instance [70] and referencegherein, or with temperature, see[59]. In sud
a case,the appropriate model is rather the Hartree-Fock system than the
Hartree system.

4.5. A Quantum Drift-Di usion problem
(Un problemade Quarntum Drift-Di usion)

Now we bring our attention to the problemwhich motivated the researb
presented in Sections4.1-4.4.
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45.1. The problem (El problema)

Letd2 N and RY a boundeddomain with boundary @ of classC*.
In [31] we considerthe following Quantum Drift-Di usion (QDD) model

@ (t;x)+div( (ExX)r A(t;x)) =0; (t;x)2]0,1 [ (4.29)
L(t)=exp( ( h* +A{M)+V)); t2]01[; '
whereV is a given potential on and, for eac t 2]0; 1 [, L(t) is a positive
selfadjoirt trace-classoperator whoseassaiated density, (t), is given by
X
(t;x) = (0] i(Ex)j% t>0 x2
i2N

Heref i(t)gon R+ is the sequenceof eigervaluesof L(t) and f (t; )dian
is the corresmnding L?( )-complete orthonormal sequencef eigenstates|f
we denoteby f (t)gi.n the sequencef eigervaluesof + A(t) + V, then

() =exp( i(t); 8i2N:
We assumethat for someA, 2 L2(), it veries

A(0) = Ay;
LO)=Lo exp( ( h? + Ap+ U)):

To nd asolution for (4.29) our madinery works asfollows. The interval
[0;1 ) is discretizedasty = k , wherek 2 N and > 0. At ead step, it
is found a minimizer L .., of the step functional which results of adding
to an appropiate free energy functional the Wassersteindistance beetven
the densitiesassaiated respectively to the argumert L and to the operator
obtained in the previous step, L . Then we interpolate: L (t) = L ., for
(k) 2 [k ;(k+ 1)) N, and passto the limit as ' 0. The kind of
semidiscretizationjust mertioned hasits origin in [49].

The QDD model wasderivedin [19],[21] and [20] using Levermore'smet-
hodology, basedon an ertropy minimization. Roughly speaking,the goalwas
to stablish the relations beetven the macroscopicand microscopicdescrip-
tions of large particle quantum systems(e.g. semiconductorsand sometypes
of plasmas).The objective wasto obtain a new macroscopidransport model
taking accoun of the efectsof quantum collisionsat a di usiv e scale.
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A version of the QDD problem at mixed states level was numerically
treated in [39] (seealso [38]) where, in addition, it was assumedthat the
density and a self-consisteh potential V,,; are linked by

( .
Vaut = 5 In
Var = 0; on @

The semidiscretizationusedby the authors is quite natural, a nite di eren-

cesscheme, and preseitis good properties e.g it presenesthe positivity of
the density and the total charge, and it is sud that the free energy dissi-
pates. Howewer the convergenceto the original problem is not an easytask.
This guided us to considera version of (4.29) at mixed states level whose
derivation usesideastaken from [28, Section5]. To prove the validity of the
last there are stability di culties in the minimization processwhich madeus
considera machinery at operators level instead of the mixed states setting.

45.2. The Wasserstein metric
(La metrica de Wasserstei

Let's equip the set of densities

N() =ff2LY) : f O ae ;andjifjiy = 1g; (4.30)
with the Wassersteinmetric, W( ; ), given by an optimal masstransference
problem: Z

W?2(n; m) nf X yj? (dx;dy) (4.31)
2 ( n;m)

where the cost function is ¢(x;y) = jx yj% and ( n;m) is the set of all

couplingsof n and m, i.e., all the probability measures on sud that
forevery 2 C} () it veries
Z Z
(x) (dx;dy) = (x)n(x)dx;
Z Z
(y) (dx;dy) = (y)m(y)dy:

The problem (4.31) has a unique minimizer ,.n, 2 ( n;m). Moreover, the-
re exists a corvex function = ., whosegradiert provides the optimal
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transferenceplan for m(x)dx and n(x)dx, i.e. it veri es
Z
W2(n;m) = jx r (X)j?m(x)dx: (4.32)

The last is denotedby n = r #m and correspnds to the validity of the

relation
Z Z

(y)n(y)dy = (r (Q)m()dx; 8 2Cg () : (4.33)

Remark 4.14. Thefunction andits Fendeltransform aredi erentiable
up to asetofd 1-Hausdor dimension.It alsoholds

ro(r (w)=w; n(w)dw aewz2 ;
r (r (w)=w; m(w)dw a:e:w 2

Finally, if m2 N () is xed, then the derivative of W2( ; m) is given by
Z

-
D, W2(n;my;mi = 2 0

> (y) r(y)dy, 8r2N(): (4.34)

For a detailed exposition on optimal masstransferenceproblems(in par-
ticular the Wassersteinmetric) we referto [74], [13]and [2].

45.3. The step problem (EI problemade pasg

Let's considerthe following Nehari-type subsetof H:
Ni=fL2H!: kLk, = 1g:
Let L « 2 N! be xed. We de ne a functional on N * by

W) WAL ) (4.35)

where . is the densiy function ass@iatedto L and [ =r | # . We
have the following
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Theorem 4.9. Let > 0. LetV be a potential on  which veri es (4.20),
for some” 2 (0;1]. Let < {; andF 2 C ; be continuousand suchthat

(s) F ( s) veries (C). Then there existsan operator L +; 2 N ! such
that

(L 1) = 0f 1(L);
L2N

whee 1
(L) = “W(L)+ F,.; L2NH%.
Moreover,
Larr = (9 M ke ( + Ay + V)], (4.36)
where 1 i
X
Awald = B L 00 5 x2

Proof. We follow the stepsasin the proof of Theorem 4.6. Let's just shawv
that
W(L k1) | mlian(Ln):
n !

Foreacin 2 N wechoose ,2 ( ,; «) sud that
Z
. . 1
X yi? a(dxdy)  WE( o o)+ =
Since
n ! 41 asn 1 ;inLY(RY);
where
KL =L g
it is clearthat ( ,(x)dx)n2n Weakly corvergesto .1 (X)dx. Then ( n)n2n
is tight, that is, up to subsequenceq, )n.n Weakly corvergesto some 2
( «+1; «x)- Therefore,
Z
W2( ens ) X yj? (dx;dy)
Z
I m X yj? n(dx;dy)

n 1

I minf W2( n; &):
n!1
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Cap tulo 5

Conclusiones

5.1. Sobre el Cap tulo 3

En el Captulo 3 seconsiderael problema

"2y VX)v+jvjP lv=0; in RY . P
v(x)! O as jxj ! 1°

dondeel interior del conjunto de zerosdel potencial V esun abierto no-vaco.

Reciertemerte en[11, 12] Byeony Wang, trataron esteproblema, que en su

conexto es referido como at case Encuertran una familia de soluciones
positivas f v-g- o cuyo comportamiento cortrasta al del caso nfV > 0 (que

ha recibido gran atencion en el ultimo tiempo). Por ejemplo, muestran que
en el | mite semi-chsico,i.e. cuando” ! 0, la amplitud de v- seva a cero,
esdecir,

I minf maxjv-(x)j = O: (5.1)
"I'0 x2RN

Para el at caseel problemal mite es

( u+juiP lu=0; in ; P)
u= 0, on @

Las solucioned v-g- ¢ encortradas por Byeony Wangsonde m nima energa

0 ground statesy corvergen,modulo reescalamieto, a solucionesde m nima

energa de (P). Prueban adenas que las solucionesv- decaenexponencial-

merte a ceropor fuera .
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Al detenernosen el problemal mite nos damoscuerta que a la par de
las solucionesde m nima energa hay tambien muchas otras soluciones.De
hedo unaaplicacion dela teor a de Ljusternik-Schnirelman (para funcionales
pares) provee la existenciade in nitas soluciones.La pregurta natural es
entonces>Tiene el problema(P-) in nitas solucionesy que relacion las liga
a las solucionesde (P)?

Damosrespuestaa estapregurta en el

Teorema 5.1. Bajo las hipotesisgeneanles(V1), (V2) y (V3), y asumiendo
qued 3yquel<p< (d+2)=d 2), setiene que

i) dado" > 0, el funcional J- tiene un numero in nito de puntoscr ticos
fWOan M o)

i) elfuncionall mite J tiene un numeroin nito depuntoscr ticosf Wy gkon
M;

iii) dadok 2 N, los valorescr ticos veri c an

[ mJ- (W) = J (W) (5.2)

iv) masaun, dado ;c> 0, existe"y > 0 tal que

jWe-(X)j < C expf c dist(x; )g; 8x2RY 8"2]0;"0); (5.3)

dondeC >0y =fx2R%: dist(x;) < g;
v) sobe la frontera de , las funcionesw,. veri c an

‘[!FT?J)I;YZI%XJWK;"(X)j =0, 8k2N: (5.4)

Sepruebaqueel problema(P-) tienein nitas solucionesleltip o Ljusternik-
Sdinirelman cuyos nivelescr ticos corvergena los del problema (P). Proba-
Mos que estassolucionespresertan el mismo tip o de comportamiento de la
solucbn de m nima energa encorrada por Byeony Wang lo que parecera
indicar que estaesuna caracterstica del at case.Por otra parte, mencio-
nemosque no solo obtenemosdecaimieno exponencialde las solucionespor
fuerade sino que en el punto v) del Teorema3.1 tambien se presenan
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estimacionesasintoticas respecto al comportamiento sobre la frontera del
dominio.

No searma nada respecto al signo de las solucionesencoriradas. Sin
embargo, puesto que el problemal mite (P) puedetener muchas soluciones
positivasdependiendode la geometrade (veasee.g.[17]), lo mismopodr a
sucedercon (P-).

Observese que se considerasolo el casoen que el potencial V diverge
cuandojxj! 1 ,y cuyo conjunto de cerosesun abierto, conexoconfrontera
suave. Pensamosque nuestrosresultadossiguenteniendo validez cuando se
consideranpotencialesmas generales,cuando no es conexo,y tambien
para los caso nito e innito tratados en [11]. Particularmente interesarte
esel casode un potencial positivo al in nito. En estecaso,la existenciade
in nitos puntos cr ticos, como en el punto i) del Teorema3.1, podr a dejar
de sercierto. Sin enbargo, los puntos ii)-v), conk ja, deberan serciertos.

5.2. Sobre el Cap tulo 4

La investigacon presemada en el Captulo 4 fue motivada basicamen-
te por dos trabajos reciertes: [26] y [31]. El primero trata con desigualda-
destip o Lieb-Thirring y en el segundose estudia un modelo de Quantum
Drift-Di usion comoun descensweloz de un funcional de energa libre con
respecto a la metrica de Wasserstein.

En el casode sistemasortonormalesy sub-ortonormalesdesigualdadesie
interpolacion tip o Gagliardo-Nirenberg proveeninformacion sobre constan-
tes optimas en desigualdadegip o traza (vease[57, 56, 40, 32]), que pueden
serextendidasa desigualdadegip o Lieb-Thirring ( vease[5526]).

Inversamete, el conccimiento de desigualdadesip o Lieb-Thirring puede
sertraducido a desigualdadegie interpolacion para estadosmixtos que son
sistemasin nitos de funcionesortogonalescon numerosde ocupacbn (vease

[26]).

En nuestra investigacon reescribimosy extendemosestasdesigualdades
de interpolacion en terminos de operadoresde traza autoadjuntos. Fijamos
nuestraatencion enel caso RY. Luegoestudiamosa nivel de operadores,
las propiedadesde compacidadde las correspndiertes inmersiones;estas
extiendenlas bien conccidas propiedadesde las inmersionesde Sololev.
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Dado un potencial, la minimizacion del funcional de energa libre esequi-
valerte a probar desigualdadegde Lieb-Thirring. Por otro lado, cuando se
optimiza sobreel potencial serecuperan desigualdadegle interpolacion.

El primer pasoque damoses acotar por debgo el funcional de energa
libre, i.e. estableceruna adaptacion de las desigualdadedip o Lieb-Thirring.
Como segundopaso, reformulamos estasdesigualdadesn terminos de desi-
gualdadesde interpolacion del tip o Gagliardo-Nirerbergy enoncesestudia-
mos las propiedadesde compacidad.El procesode minimizacion se vuelve
maso menostrivial, proveyendocasigratuitamente la existenciade minimiza-
doresincluso para el casodel acoplamierio de Poisson.Veanselos Teoremas
4.1y 4.2.

Con estamaquinariaen mano, esinmediata la resolucon del problemade
pasoen el metodo usadoen [31] para un modelo de Quantum Drift-Di usion.
En particular, estaminimizacion proveela estructura de la segundaecuacon
en el sistema

@ (Ex) +div( (5EX)r A(tx) = 0, (tx) 2101 [ (5.5)
L(t) = exp( ( h2 + A1)+ V)); t2]0:1[; '
Para la ecuacon diferencial,esclave el resultadode conexidadpor arcospara
subconjuntosdeN ' = fL 2 H! : kLk; = 1g cuyoselemeros tienen ertrop a
nita puespermite trabajar con perturbacionesa nivel de operadoresL a la
par de perturbacionespara las correspndiertes funcionesde densidad | .
Este trabajo esta en desarrollo.
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