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Abstract. We consider the inverse multiphase Stefan problem, where information on the heat flux
on the fixed boundary is missing and must be found along with the temperature and free boundaries.
Optimal control framework is pursued, where boundary heat flux is the control, and the optimality
criteria consist of the minimization of the Lo-norm declination of the trace of the solution to the
Stefan problem from the temperature measurement on the fixed right boundary. The state vector
solves multiphase Stefan problem in a weak formulation, which is equivalent to Neumann problem
for the quasilinear parabolic PDE with discontinuous coefficient. Full discretization through finite
differences is implemented and discrete optimal control problem is introduced. We prove well-
posedness in a Sobolev space framework and convergence of discrete optimal control problems
to the original problem both with respect to the cost functional and control. Along the way,
the convergence of the method of finite differences for the weak solution of the multiphase Stefan
problem is proved. The proof is based on achieving a uniform L, bound, and W21 ’1—energy estimate
for the discrete multiphase Stefan problem.

Key words: Inverse multiphase Stefan problem, quasilinear parabolic PDE with discontinuous
coefficent, optimal control, Sobolev spaces, method of finite differences, discrete optimal control
problem, energy estimate, embedding theorems, weak compactness, convergence in functional, con-
vergence in control.

AMS subject classifications: 35R30, 35R35, 35K20, 35Q93, 656M06, 656M12, 65M32, 65N21.



1 Description of Main Results

1.1 Introduction and Motivation

Consider the general multi-phase Stefan problem ([28]): find the temperature function and phase
transition boundaries {u(z,t), &;(t),j =1,J}in D ={0 <z </{, 0 <t < T} satisfying the
following conditions:

a(u)ut - (k(u)u:c):r = f(ﬂj,t), (Ivt) € D7 U(I,t) 7£ uj7j = 177‘]7 (1)

u|x:§j(t) = uja 0<t S T7 J = ]-77Ja (2)

[U’HI:fj(t) = 07 0<t < Ta ] = 177‘]7 (3)

_ . 9 N

[o(u)ta]la=g, ) = % 0<t<T, j=1,J, (4)

u(z,0) = ¢(x), 0<az<{, (5)
k(u)ug|z=0 = g(t), k(u)tug|o—e = p(t), 0<t<T, (6)

where «a, k are positive C! functions on each segmenti—oo,ul], [uf,wt1],5 =1,...,J — 1 and
[u?, +00) with 1st type discontinuity at u = w/, j = 1,J, where u! < u? < --- < u’/ are known

values; each v;, j =1, J is a known positive number, and [u]|,=¢; is the jump of u at &;, defined as
—lt -
[ulle=g; = ulz—e, — ulo=e,

where u|_¥:£j (or u|;:£j) is the limit value of u at (£;(t),t) taken in the region {(z,t) : u > u/} (or
{(z,t) :u < u?}). We define

GO ={ze00lo@=v} =17, (7)

that is, the phase transition boundaries at the initial time as level sets of the given initial function
¢. In the physical context, f characterizes the density of the sources, ¢ is the initial temperature,
g and p are the heat fluxes on the left and right fixed boundaries respectively, each u’/ represents
a phase transition temperature, and (4) is the Stefan condition expressing the conservation law
according to which the free boundaries are pushed by the jump of the heat flux from different
phases.

The weak formulation of the multiphase Stefan problem, as well as existence and uniqueness
of the weak solution to the multiphase Stefan problem, was first proved in [26, 34]. We refer to
monographs [28, 30] for the extensive list of references.

Assume now that some of the data is not available, or involves some measurement error. For
example, suppose that the heat flux, g, at the fixed boundary = 0 is not known and must be
found along with the temperature u and the phase transition boundaries £;. As compensation for
not knowing this function, we must have access to additional information, which may come, for
instance, as a measurement of the temperature at the fixed boundary x = ¢:

ult,t) =v(t), 0<t<T. (8)

Inverse Multiphase Stefan Problem (IMSP). Find the functions u(z,t), &(t), j =1,J,
and the boundary heat flux g(t) satisfying (1)-(6),(8).

Motivation for the IMSP arose from the modeling of bioengineering problems on the laser
ablation of biological tissues through a multiphase Stefan problem (1)-(6). Laser ablation creates
three phases - solid (skin), fluid (melted skin) and gas (evaporated skin). Free boundaries &;(t)
and & (t) are measuring ablation depth separating solid/fluid and fluid/air regions at the moment ¢.



The temperature measurement on the fixed boundary = = 0 has an error, which makes it impossible
to measure flux accurately. On the other side, temperature v on the bottom fixed boundary = = ¢
can be measured, and the boundary flux g can be identified by solving the IMSP. Moreover, our
variational approach allows us to regularize errors in the measurement v. Our suggested approach
to solve the IMSP is quite robust and can be applied for the identification of various functions
such as f,a, k. Laser ablation of the skin creates a complex environment with three phases, and
phase transition boundaries are not necessarily functions of time, but may form complicated sets.
The major advantage of our approach in this paper is that the weak formulation of the multiphase
Stefan problem doesn’t impose any explicit restriction on the structure of the free boundary, which
is defined as a level set of the weak solution. Another important motivation arises from the optimal
control of the laser ablation process, in which one tries to achieve particular temperature distribution
on the bottom boundary x = £ by controlling flux on the fixed surface boundary, which is essential
to guarantee that the ablation depth is not more than required, and no healthy tissue is affected.

The IMSP is not well posed in the sense of Hadamard. That is, if the data is not sufficiently co-
ordinated, there may be no solution. Even if it exists, it might be not unique, and most importantly,
there is no continuous dependence of the solution on the data functions.

We refer to a recent paper [1] for a review of the literature on Inverse Stefan Problems. The
one-phase inverse Stefan problem (ISP) was first mentioned in [13], in which an unknown heat
flux is to be determined under the given free boundary. The variational approach for solving this
ill-posed inverse Stefan problem was used in [10, 11]. The first result on the optimal control of the
Stefan problem appeared in [41], in which an optimal temperature along the fixed boundary must
be determined to guarantee that the solutions of the Stefan problem stay close to the measurements
taken at the final time. In [41], the existence result was proved. In [43], the Fréchet derivative was
found, the convergence of the finite difference scheme was proved, and Tikhonov regularization was
suggested. Later development of the inverse Stefan problem proceeded in these two directions:
Inverse Stefan problems with given phase boundaries were considered in [5, 7, 9, 12, 14, 15, 16, 21,
37, 19]; optimal control of Stefan problems, or equivalently inverse problems with unknown phase
boundaries were investigated in [6, 17, 22, 23, 24, 25, 27, 29, 33, 31, 35, 36, 40, 19]. We refer to the
monography [19] for a complete list of references of both types of inverse Stefan problems, both for
linear and quasilinear parabolic equations.

In two recent papers [1, 2], a new variational formulation of the one-phase ISP was developed.
Optimal control framework was implemented, in which the boundary heat flux and the free bound-
ary are components of the control vector and optimality criteria consist of the minimization of
the sum of Lo-norm declinations from the available measurement of the temperature on the fixed
boundary and available information on the phase transition temperature on the free boundary. This
approach allows one to tackle situations when the phase transition temperature is not known explic-
itly, and is available through measurement with possible error. It also allows for the development of
iterative numerical methods of least computational cost due to the fact that for every given control
vector, the parabolic PDE is solved in a fixed region instead of a full free boundary problem. In
[1], the well-posedness in a Sobolev space framework and convergence of time-discretized optimal
control problems is proved. In [2], full discretization is implemented and the convergence of the
discrete optimal control problems to the original problem both with respect to cost functional and
control is proved. The main advantage of this method is that numerically at each step, the problem
to be solved is only a Neumann problem, and not a full free boundary problem. Moreover, the
Neumann condition replaces the Stefan condition on the free boundary. In recent papers [3, 4], the
Fréchet differentiability and first order optimality condition in Besov spaces framework is proved
and the formula for the Fréchet gradient is derived.

This approach is not applicable to multiphase Stefan problem. The reason is that the Stefan
condition on the phase transition boundary includes the flux calculated from both phases. There-
fore, it can’t be treated as a Neumann condition, even if we include the free boundary as one of the
control components. In the current paper we develop a new approach based on the weak formula-
tion of the multiphase Stefan problem, as a boundary value problem for the nonlinear PDE with
discontinuous coefficients in a fixed domain. The main goal of this paper is to solve the IMSP in the
optimal control framework by employing the weak formulation of the multiphase Stefan problem.



We prove the existence of the optimal control and convergence of the sequence of discrete optimal
control problems to the continuous problem both with respect to functional and control. The proof
is based on the proof of uniform L., bound, and VV21 ’1—energy estimate for the discrete multiphase
Stefan problem. We address the problem of Fréchet differentiability and application of the iterative
gradient methods in Hilbert spaces in an upcoming paper.

In Section 1.2 we describe the notation of Sobolev spaces used in this paper. In Section 1.3
we formulate IMSP as an optimal control problem. In Section 1.4 we perform full discretization
through finite differences and formulate discrete optimal control problem. In Section 1.5 the main
results are formulated. In Section 2 we prove the existence and uniqueness of the discrete state
vector. We present the proof of the main results in Section 3. In Section 3.1 we prove L, estimation
for the discrete multiphase Stefan problem. In Section 3.2 we prove V[/21 ’1—energy estimation for the
discrete multiphase Stefan problem. Based on these estimations we prove the existence of the
optimal control in Section 3.3. Proof of the convergence of the discrete optimal control problems
to continuous optimal control problem is completed in Section 3.4.

1.2 Notation of Sobolev Spaces

L5(0,T) - Space of Lebesgue square-integrable functions. It is a Hilbert space with inner product

T
(u,v):/ v dt.
0

Lo (0,T) - Space of essentially bounded functions. It is a Banach space with norm

||“||LOC[O,T] = esssup |u(t)].
0<t<T

W¥(0,T),k =1,2,... - Hilbert space of all elements of L(0,T) whose weak derivatives up to order
k exist and belong to Ls(0,T). The inner product is defined as

T k
Su d®v
(u,v) :/ dt
0o = dts dts

Lo(D) - Hilbert space with inner product

(u,v) :/ wv dzx dt.
D
W, (D) - Hilbert space of all elements of Ly(D) that have a weak derivative in the z direction,

g—;‘, and such that it belongs to Lo(D). The inner product is defined as

Ou Ov
(u,v) = /D (uv + %%) dx dt.

W' (D) - Hilbert space of all elements of Ly(2) with weak derivatives of first order, %, %. Also
its weak derivatives must belong to Ly(D). The inner product is defined as

Oudv  Oudv
(u,v)z/ﬂ)(uv%—%%—FEE)dxdt.

1.3 Multiphase Stefan Optimal Control Problem
Following the well-known reformulation of the IMSP (see [28, 34]), we consider the transformation

u(zx,t)

v(z,t) = F(u(z,t)) := / k(y) dy. 9)



u’
Then v/ = [ k(y)dy, v' =0 <--- <v’, and our conditions become:
ul

By —vew = f(x,t),  (2,t) € D,v(x,t) # 7, (10)
Vlpmg,y =07, 0<t<T, (11)
[Wllgme, iy =0, 0<t<T, j=1,7, (12)
wllemg 0 =, 0<tST, j=T.7, (13)
P(x)
v(z,0) = ®(z) = k(y) dy, 0<ax <, (14)
o
Vg|z=0 = g(t), 0<t<T, (15)
Vg |w=e = p(t), 0<t<T, (16)
v(t)
v, t) =T(t) = / k(y) dy, 0<t<T, (17)
o
where a(F-1())
B(0) = S (18)
and F~! is an inverse function of F. The function 3(v) is of similar type as o and k, so that it is
a positive C! function on each segment (F(—o00),v'], [v/,v7%1],j =1,...,J =1 and [v”/, F(+00))

with 1st type discontinuity at v = v?, j = 1,J. Now, we can invoke a function b(v) such that
b’ (v) = B(v). Our partial differential equation becomes
0b(v)
ot

— Vg = fz, 1), (z,t) € D,v(x,t) # 7. (19)

Moreover, we're free to choose the jump of b at the values v = v/. We choose them in such a way
that [b(v)]]y=vs = ; so that upon integration by parts of (19) over D, the integrals over the phase
transition boundaries cancel out. Define the level sets

%= {(@) €D | v(w.t) =}, j=T7.
Definition. We say that a measurable function B(z,t,v) is of type A if
(a) B(z,t,v) =b(v), v#0v, Vj=1,J, and
(b) B(z,t,v) € [b(v?)~,b(v?)7F], v = vJ for some j.

Note that B(x,t,v) can take different values for different (x,t) when v = v/ for some j.
Given g, a solution to the Stefan problem (10)-(16) is understood in the following sense:

Definition. v € Wy (D) N Lo (D) is called a weak solution of the Stefan problem (10)-(16) if
for any two functions B, By of type %, the following integral identity is satisfied:

St~
Ot —y T~

L
[ - B(:L',t,’[)(l’,t))l/}t + Uﬂcwz - f¢:| dxdt — /BO(Ivov (I)(I))QZJ(I’, 0) dz—
0

T
p(t)yL, ) dt + / o0, ) dt =0, Vi e WPI(D), oz, T)=0. (20)
0



Note that the definition of the weak solution doesn’t impose any restriction on the structure of the
free boundaries, which are identified as level sets of the weak solution. In particular, the level sets
%; need not be curves in D, and the Stefan condition (4) is not explicitly required, but is absorbed
into the definition of the weak solution through the function B(x,t,v) and the integral identity (20).

Consider the control set
Yr=1{9:9€W5(0,7), llgllwipmn <R}
We wish to minimize the cost functional # given by
S (9) = llv(tt;9) = T 2400,1) (21)
on ¥r, where v = v(z,t;g) € Wy'' (D) N Loo(D) is a weak solution of the Stefan problem in the

sense of (20). This optimal control problem will be called Problem T.

1.4 Discrete Optimal Control Problem

Let T P
wr ={tp,k=1,n}, 7= =t = kr, wp ={z,i=1,m}h=— z; =ih
n m

be grids in the time and space domains, respectively, and we’ll assume from here on that
m— 00 asn — oo.

Define the Steklov averages

ty Tit1
1 1
ak = / a(t) dt, ®i=7 / () de, T = (), (22)
T
th—1 Ti
1 trp Tit1
fik:% / / f(z,t) dzdt, k=1,n, i=0m-—1,
th—1 X

where a stands for any of the functions p, I', g, or g". Introduce the discretized control set
I = {lgln € R" : [l[g]nlluy < R}

where [g]n = (907917 e 7gn)7 and
n n
lglalZy =D Tai+ > 97
k=1 k=1

with gy = 221 Assume that every element g € W3 (0,T) is continued to [—7,0] as a con-
stant g(0). Consider now the mappings between the discrete and continuous control sets, 2, :
Wi0,T) — R 2, R — W1(0,T) as

tr

1
2,(9) = [g]n, for g € Yr, where g = - / g(t)dt, k=0,n, (23)

te—1

'gzn([g]n) = gn’ for [g]n € g]ga gn(t) = 9k-1 + %(t - tkfl)at € [tk717tk)7 k= 1777" (24)

Approximate the function b(v) by the infinitely differentiable sequence

v+%
ba(v) = / b(y)m (v — )dy, (25)



where w,, is a standard mollifier defined as

wn (V) = (26)

Cne_1—7112v27 |'U| S
0, lv| >

3= 3=

and the constant C is chosen so that [wi(u)du = 1. Since b'(v) is piecewise-continuous, we also
R
have

v+%
)= [ V(o - )y, 1)

Hence b, is strictly monotonically increasing. Next we define a discrete state vector, which repre-
sent the solution of the discrete multiphase Stefan problem.

Discrete State Vector. Given [g],, the vector function [v([g]n)]n = (v(0),v(1),...,v(n));
v(k) e R™HL k=0,...,nis called a discrete state vector if

(a) UZ(O) = (bia i= Oama

(b) For arbitrary k = 1,...,n, the vector v(k) € R™*! satisfies

[u

Z h[(bn(vi(k)))fni + Viz (k) Niz — filmi] — PENm + gx o = 0, Vn = (n:;) € R™HL (28)
Given [g], € ¢4, the discrete cost functional .#, is defined as

n

Fallgl) = 3 (vlk) ~ 1) (29)

k=1
where vy, (k) are components of the discrete state vector [v([g]n)]n. We define

S, = inf 2 ([g]n).
o (lg]n)

The discrete optimal control problem will be labeled Problem Z,. Furthermore, the following
interpolations will be considered:

(x,t) = vi(k), x € |z, xip1], tE [th-1,trl, i1=0m—1, k=0,n,
O(x; k) = vi (k) + vig (k) (xz — ), x € [z, xiq1], 1=0,m—1,
v (x,t) = 0(x; k), t € [th—1,tk],
0" (z,t) = 0(a; k — 1) + Op(z; k) (£ — tg—1), t € [th—1,tk], k=1,n. (30)

1.5 Formulation of the Main Results

Unless otherwise stated, throughout the paper we suppose that
f€Lo(D), peW;(0,T), ®eW;(0,) (31)

and the one-dimensional Lebesgue measure of the level sets &;(0),j = 1,J defined in (7) is zero.
Equivalently, the level sets {x € [0,/] | ®(x) = v/} are of Lebesgue measure null sets. Concerning
the behavior of the coefficients o and k at oo, we take the following assumptions:

/u Oo () du = oo, (32)

lim inf M
U—00 k;(u)

> ag > 0. (33)



Condition (32) guarantees that the domain of b(v) is R. Condition (33) implies that there is a
uniform positive lower bound for & and b/,:

b (v),b,(v) >b>0, veR. (34)
for some b > 0.

Theorem 1. The Problem I has a solution, that is, the set

9. ={gen| 7 (9) = F.:= i F(9)}

9EYR
18 not empty.

The proof of Theorem 1 hinges upon showing the weak continuity of the cost functional ¢.
The weak continuity of # will be established by proving an L. (D) bound and a VV21 ’1(D) - energy
estimation for the solution to the discrete Stefan problem, and subsequent use of compactness of
the family of interpolations.

Theorem 2. The sequence of discrete optimal control problems Z,, approrimates the optimal control
problem T with respect to functional, that is,

lim .7, = £, (35)

n—-+oo

where
ﬂn* :glﬂfjn([g}n)a n=12....
IR

If [g9]n. € 95 is chosen such that
In. < In([9ln.) € In. +n, €n 10,

then the sequence g" = P, ([g]ln.) has a subsequence convergent to some element g. € 9. weakly
in W4(0,T) and strongly in L2(0,T). Moreover, the piecewise linear interpolations 7 of the cor-
responding discrete state vectors [v([g]n.)]n converge to the weak solution v(x,t;g.) € Wy (D) of
the Stefan Problem weakly in W' (D).

The necessary and sufficient conditions for the convergence of discrete optimal control problems
to the continuous optimal control problem are formulated in [41] (see Lemma 2 in Section 2 below).
The proof of Theorem 2 is based on the proof that the conditions of the general criteria are satisfied.
As before, the Lo, bound and the W21 1 energy estimation for the solution to the discrete Stefan
problem play a significant role in this context.

2 Preliminary Results

Lemma 1. Given any [g], € 9™, and any h, T, a discrete state vector exists uniquely.

Proof. First we prove uniqueness. Suppose v and ¥ both are discrete state vectors for a given [g];,.
Due to (a) from the discrete state vector definition, we have that v(0) = ©(0). For a fixed k > 1,
suppose that v(k — 1) = 0(k — 1). Because (28) is satisfied for both v and 9, subtract the identities
for n = v(k) — v(k) to get:

[ay

m—

Z {(bn(vz(/ﬂ))f — by (05(K))z) (vi(k) — Di(k)) + (via (k) — 1711(]“))2} =0.

K2

However,




so that the previous summation identity becomes:

m—1

1 - - - 2
|~ (b (0ilk) = b (@ (K))) (0s(k) = 5:(k)) + (via (k) = 5ia (k)] = 0.
i=0
Since by, (v) is monotonically increasing, the whole summand is non-negative. Therefore, it is equal
to 0, which implies that v;(k) = 0;(k), Vi =0, m. Hence, by induction, v = 0.
Now we seek to prove existence. Again we’ll rely on induction. Construct v(0) as given in (a)
of the Discrete State Vector Definition. Note that ||v(0)[ := max|v;(0)] = max |®;| < [|®|z_[0,q-

Now fix k > 1, and assume that v(k — 1) has been constructed successfully so that (28) is satisfied
for all K < k. Moreover, assume that ||v(k — 1)|| < +o0. Notice that the summation identity (28)
is equivalent to solving the following system of non-linear equations:

(Uo(k) n h;bn(vo(k») — vy (k) = B2 p,, (vo(k — 1)) + B2 for, — hgp!
vy (k) + (m(k) + h;bn(vi(k))) —via(k) = Zb(ui(k—1))+h2fi, i=T,m—1-
—Umfl(kj + Um(k?) = hpy

(36)
We will construct v(k) by the method of successive approximations. It is critical to remember that
h,T will be fixed here. Choose v° = v(k — 1). Having obtained v ,we search v+ as a solution of
the following system:

(6671 06) + b (0 (1)) ) = 01 () = Ebu(uolk = 1) + h2for — hap
—ol (k) + 20 T (k) 4+ b, (0 T R)) — 0N g (R) = b (vilk — 1) + B2 f, i=T,m—1-
o (k) e ) - b

(37)
We now proceed to prove that the sequence {v™V'} converges to the unique solution of (36). Substract
(37) for N and N — 1 to get

vg T (k) — v (k) + 2= [ba (05 (K)) = b (08 ()] = v (k) — o " (k)

T

K2

200 (k) = ol (k) + 2 [ba (0] T (k) = ba (0] (k)] = o1 (k) = o7 (k) + 0l (k) — oY1 (k)
om (k) = vl (k) = v T1 (k) — vl (k)

m—1

which is transformed as
2 —
(14260 @37 (k) = v (k) = o (k) — o ' (k)

(2+ 26 x) 0N () = 0N (B) = N1 () = o7 (00) + (0, (k) = 015" ()

where .
N = / V, (00N TH(E) 4+ (1 — 0)o) (k))do, i=0,m —1.
0



Due to (34), we have thN >b, i=0,m — 1. Hence we have

o (B)—oN " (k
o (k) = (k) = P

N+1(k) B yN(k) _ vﬁl(k)—z;ﬁ;;ikijvjfil(k)_va:ll(k)’
T Sn,N

(38)

i=1,m-—1"

v (k) — vl (k) = v T (k) — ol (k)

m—1

Let Ay := max |UN+1(k') - U.N(k)|, 5= (1 + 5

-1
ohax Vi ) € (0,1). From (38) it easily follows

[Nl

Ay <OAN_1 <o < Agd™. (39)
Now it is possible to prove that there exist finite limits
v; (k) NI i (k), i=0,1,...,m (40)
Indeed, from (39) it follows that for arbitrary ¢ = 0,1,...,m, we have
— AN < oNTHE) — o] (k) < Apd™. (41)

By summation we have
+o00 M—1 M-—1 +oo
o (k) = Ag Y 6" <ol (K) = Ag Y 8 <oM(k) <ol (k) + Ao Y 8 <o)+ A0 ) 60 (42)
(=N (=N =N =N

for all M > N > 0. In particular, by choosing N = 0 it follows that the sequence {v"V} is bounded
in R™*!. Let us now assume

. N _ . N, o . . _
}\1{21_1&2 v (k) = pgrfmvi (k), N, < Npt1, p=0,1,...; pEI—Poo N, = +o0.
By choosing in (42) N = N, we have
+oo
oM (k) <ol (k) + Ao Y 6, M >N,
(=N,
which implies that
—+oo
limsupvf”(k)gva”(k)—i—Ao Z s, p=12...
M —o0
£=N,
Passing to limit as p — 400 we have
h]&njip vio (k) < lim v;7 (k) = liminf o7 (k)
Since opposite inequality is obvious, it follows that finite limits (40) exist. O
Given the existence and uniqueness of the discrete state vector for fixed n, we can uniquely
define for each k = 1,...,n the vector (;, whose m components C,i are given by
‘ 1
(= / bl (Qvi(k) + (1 — )vi(k —1))dd, i=0,m— 1. (43)
0

Lemma 2. [/1] The sequence of discrete optimal control problems I,, approximates the continuous
optimal control problem I if and only if the following conditions are satisfied:

10



(1) for arbitrary sufficiently small € > 0 there exists My = M;(g) such that 2n(g) € G for all
g € Y9r_c and M > M;i; and for any fixed € > 0 and for all g € Yr_. the following inequality
is satisfied:

limsup (£ (2w (9)) =  (9)) <0. (44)
M —o0

(2) for arbitrary sufficiently small € > 0 there exists My = Ma(e) such that Py ([9]m) € Drie
for all [glp € 93 and M > Ms; and for all [glp € 94T, M > 1 the following inequality is
satisfied:

timsup (7 (Za(lgln)) = A (lglar)) <0. (45)

M— o0

(3) the following inequalities are satisfied:

limsup £.(c) = o liminf £.(—2) < 7., (46)
where 7, (%e) = g};i/( g).

Lemma 3. The mappings P, 2, satisfy the conditions of Lemma 2.

Proof. Let g € ¥R, [g]n = Zn(g). We observe that

tk T
A E / < [ @yt =gl o 1) (47)
=1 tr—1 0
n nqy (1 f a "1 2
ZTQ%EZZ; ;/g(t)dt—;/g(t)dt —3 // €) dedt
k=1 k=1 tho1 tia oy toT
n 1 tr t
<2 [ [ et <9100 (15)
k=1 th—1t—T
From (47),(48), we get
liglal2, < B2 (49)

Now let [g],, € 97} be given and write ¢" = #,,([g]»). We see that

T d (t) 2 n 2 n
gn
/ | S a=> [ i =3t (50)
5 k=1, k=1
T n tr )
[ ora=3" [ (01 +oult—0-0)
0 k:ltk .

n n
=Y g 1+ZT Gk-19kE + 5 ZT Gir = ZTgkgk 1+ ZT Jir- (51)
=1 h—1

n
Actually, since [g],, € 9, it is the case that Y 7g7; < C? where C is a constant independent of n.
k=1

|9k — gk—1] < CV/T, k=1,...,n. (52)

This implies that

11



Using (52) in (51), we can write

T n n n

1
/|g"(t)|2 dt <> 1g +CVTY Tlgkl + 572 > Tok
0 k=1 k=1 k=1

Z g2 +CVTT ZTgk-‘rgTZ grs. (53)
k=1

k=1

Combining (50) and (53) we have that

n 1 n
19" Brsozy < Moy + OVIVE, | St + 27 Y rge < R +O(VF). (54)
k=1 k=1

Owing to (54), we can choose n so large that 7 will be small enough to guarantee that the right-hand
side will be bounded by (R + ¢)2. Hence g" € Y. for all n large enough. (]

Lemma 4. There is at most one solution to the Stefan problem in the sense of (20).

Proof. That a solution to the Stefan problem in the sense of (20) is unique follows by an argument
analogous to that presented in Section 9 of Chapter V of [28]. Indeed, we will prove uniqueness in
a wider class of solutions than that given in (20). Suppose that v € L., (D) only, not necessarily in
the Sobolev space W21 ’1(D), and that for any two functions B, By of type £ it satisfies the identity

T ¢ ?
/ / (Bt ) + vt + f0] drdt + / Bo(,0,0(x))i(x, 0) da-+
0 O 0

T

/ p(t)(6, ) dt — / JOD0.)dE =0, Vi) € W2LD),d(x,T) = 0,1, (0, ) = s (£, ) = 0.
0 0
(55)

The class of functions satisfying the above definition contains the class of solutions given in (20).
Suppose v and ¥ are two solutions in the sense of (55). Due to our assumption on ®, subtracting
(55) with 0 from that with v guarantees that the second integral in (55) vanishes, and we obtain:

T ¢
// (,t,v) — B(z,,9)) (1 + a2, t)¢z,) drdt =0
0 0

where a(z,t) = For (x,t) € D such that v(z,t) = o(z,t), it is the case that

m
a(x,t) = 0. Otherwise, since B and B are strictly increasing on v a.e. (x,t) € D, it follows
that a is non-negative for a.e. (z,t). Moreover, the a.e. positiveness of ¥ (v(z,t)) implies that
b = essinf b > 0 and that b is strictly increasing, and so for almost every (z,t) (assume that
0(x,t) < v(x,t) for the sake of notational simplicity),

Y - 1
la(z, )| = v—10 < Vo) .
v(z,t) ) . v_ b
J Vwydw+ Y (i) —bwi)m)| |[bdv
(xt) 01 €(T(@,t),0(x,t)) v

so that a is essentially bounded, and esssup a(x,t) = a1 < +o0o. Fix € > 0, and take as ¢(z,t) the
solution of the Neumann problem

P + (a(ac,t) + 5)¢m = F(x7t)7 'l/)m(oat) = %(5, t) =0, w(m’T) =0, (56)

12



where the € is added to ensure the uniform parabolicity of the conjugate diffusion coefficient, and
F is an arbitrary smooth bounded function in D. Note that (56) is the conjugate heat equation.
There exists a unique solution ¢ € W' (D) of the problem (56)([28]). Our goal here is to use the
arbitrariness of F' to obtain that B — B = 0 a.e.; to this end, notice that through the use of (56),
we can write

T ¢
// (z,t,v) — B(z,t ,0)) (F = evl,) dedt = 0. (57)

Thus our goal will be attained if we have an energy estimate on 1, for solutions of (56). In
the following, we prove a sufficient estimation for the analogous Heat Equation (the result follows
immediately for the conjugate one by a simple change of variables). Let a®(z,t) = a(x,t) + ¢, and
for simplicity we don’t write the superscript. Multiply the non-conjugate version of (56) by ..
and integrate it over the rectangle D; := (0,£) x (0,t) to get

L

—/t/(wT—awm)wmddez—/t/ZqumdxdT=/t/ZFz¢zdxdT—/twasz
t ¢

b

0

// (6r)atbs + ati2,) dwdw/wz

0

de// (o)rthe + atp2,) dmf// Fopy da dr,

0 0
¢ ¢
1 2( 2 2 2
3 iz, t) x—f w (z,0)dx + a¢ da:d7'< (s + FZ)dxdr,
0 0
¢ t e t e t ¢
/w xtdx+2//awizdxd7§//widxdf—i—//Ffdxdr. (58)
0 00 00 00
. ¢
Letting now y(t) = [ [¢2dzdr, it is clear that y/(t) = [?2(x,t) dz, thus that (58) implies
00 0

t £
_yt)+//Fx2d:EdT.
00

By Gronwall’s Inequality now (more precisely Lemma 5.5 from [28]), we deduce from the above

t e
differential inequality that y(t) < [et - 1] [ [ F2dxdr, or in other words
00

L

t ot t
//¢§ x,T) da:d7'< e —1 //FfdxdT, vt € (0,77,
0 0 0

0
so that by (58),

t

14 4
/w :ctdm+2//awmdm<et//F3me, vt € (0,7).
0 0 0

¢
The first of the above inequalities implies that ess sup f V2 (z,t)d f F2dx dr. Now, since
0

0<t<T 0
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Py = aPge + F, we have
1917, 5,y = lates + FlI, 0y < (la¥eall Loy + 1FllLa00)? < 2llatesl,p,) + 21F 17, 00
<2||F||3,p, + 2a0//aw§w drdr < 2(||FH%2(Dt) 1 aoetl\leliz(m)
0 0

These results combined provide the energy estimate we need:

T ¢
J [ (vt ot i) e s ess swp el < 2(1F oy + a0 1 Bl)- (59)
0 0

Having (59), we can now observe that

T ¢ T ¢
//B B)eys, dx dt| = // ——  _(a+e)iyS, dudt
a—i—g)i
0 0 0 0
T ¢ 9 2
< 2esssup b(v) // c
- + e
00 (ate)

T ¢
< Cy/gesssup b(v) //(ais
00

where C'is a constant depending only on 7" and ag. Recall that € < a+¢, and so the integral on the
right-hand side of the above inequality is bounded above by the area of the rectangle D. Therefore,
(57) now implies

ol
Nl

o O\’ﬂ

dx dt

¢
/a—i—s 2dxdt
0

dx dt HF||W10 y >0 as e—=0

T ¢
// (B(a.t,v( ) — Bla.t, (. £))) F de dt = 0.
0 0

Owing to the arbitrariness of F, the above equality gives that B(z,t,v(z,t)) = B(x,t,d(x,t))
a.e.(z,t) € D, implying b(v(z,t)) = b(d(x,t)), a.e. (x,t) s.t. v(z,t) #vI,j =1,...,m. Since b is
strictly increasing, we therefore have v(z,t) = 0(x,t) a.e. (z,t), so v and ¥ coincide as solutions
in the sense of (55), and thus we have proven uniqueness in this large class of solutions. O

Corollary 1. If a weak solution exists, all of the sets €;,7 = 1, J have 2-dimensional measure 0.

Proof. The proof of uniqueness gives us that Bi(z,t,v(x,t)) = Ba(x,t,v(x,t)) a.e. on D, for any
two functions Bi, By of type #. The functions of type % generally differ on the sets ¢, so if one
of them has positive measure, we arrive at a contradiction to Lemma, 4. O

3 Proofs of the Main Results

3.1 L-estimation for the Discrete Stefan Problem

Theorem 3. Suppose that p € Loo(0,T),® € Lo (0,£), f € Loo(D). For [g], € 95 and n,m large
enough, the discrete state vector [v([g]n)|n satisfies the following estimate:

(el 2= max ( max [oi(k)]) < Coo (I iy HIpl 2w o) Hlg g0y H 1@ 2c0)) (60)

where Cw, s a constant independent of n and m.
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Proof.  Fix n arbitrarily large. Note max|v;(0)] < [[®|z_(0,r)- Consider a positive function
v(z) € C?[0, (] satisfying

<~(z) <1, 2 €][0,4. (61)

B~ =

Define v; = 7(x;), i = 0,m, and denote as x' the value in [z;,7;11] that satisfies (by MVT)
Y(wiz1) — y(x;) = v/ (2%)h. Transform the discrete state vector as

w; (k) = vi(k)y, i=0,m, k=0,n.

System (36) can be rewritten as:

h¢vor(k) — vor (k) = h for — g;;
C}lcvzf(k) - Uzzi(k) = flkv 1= 17 , M — 1 (62)
'Um—l,w(k) = Pk
‘We note
1 1
Uz(k) = ?wz(k)a vif(k) - wzf(k)a
1 1 1 1
vz (k) = wig (k) + () wi(k) = —w; (k) + () wir1(k)
Yi+1 Yi/) p i i) g
1 1 1 1
Vigz (k) = Wiz (k) + K) + <> } wiz (k) + () w;(k
*) Yi—1 () Vi) z Vi) g (k) Vi) zz (&)
1 1 1 1
et [(2), (2) o (2),
= (k) v ).\ (k) ) (k)
— ] =- Yizs — = ———Yigz T ———— Yiz-
Yi/) 2 YiYi+1 Yi/) 2z YiYi+1 Yi—17iYi+1
Thus w;(0) = v,;P;, =0,m, and for k = 1, n,

;%wawy—%w%w»—(%)Jm@azhﬁk—gg

LGwak) - swia®) = [(£) +(2) Jwu®) = (2) wik) =fu, i=Tm-1 (63)

TT

%%lwm_m(k)ﬂL( ! ) win (k) = pi

Ym—1/) 4

Furthermore, transform w; (k) as:

ui (k) = w;(k)e Mk, 1=0,m, k=0,n (64)

where 65
A= (N llewa + 17 E10,61) (6

and if t* € [t,_1, 1] satisfies through the MVT that eMr — e -1 = et (tp —tp—1) = AeM 7. then

wiz(k) = eMr—tug(k) + AeM” u; (k).
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So u;(0) = w;(0) = v ®;, i=0,m, and for k = 1, n, the vector u(k) satisfies the system

wos(k) + 31207 = (35) Juolh) = e (b =)

h —
L Ghe (k) — L

1

K ualh) = Zuas) = [ (), + () J )

+ [%Cﬁe*)\(tkftk) _ (%)M} wi(k) = fwe M, P

W7n71um,1,w(k) + (%;11)1 um(k‘) = e_ktkpk

Now fix k1 < n, and define the following sets of indexes for convenience:

My, = {6, K)i=0,....,m, k=0,...k},
N ={,E)i=1,....m—=1, k=1,...,k},
To={(i,k))i=0k=1,... Kk},

T = {0, K)[i=m,k=1,... Kk},
2o ={(i,k)i=0,...,m, k=0}

Unless confusion may arise, we omit the subscript to .#,. It is clear that
M=NUHUIT,UZ.

If u;(k) <0 in ., then max u;(k) < 0. Suppose that there exists (i, k) such that u;(k) > 0. Then
max u;(k) > 0. Let (i*,k*) € .# be such that u;«(k*) = max u; (k).
If (3%, k*) € Zo, then u;+(k*) = maxy;®; < max ®; < %ax D(x).

If (i*,k*) € T, then i* = m, up_1.,(k*) > 0 and we can choose h small enough that v,,_1 , =
v(z™1) € (=2, -3) so that
Tm—la_ (k) < e~ M o o mYmel . N
I k) < k * — By < —— k L < k .
%nﬁ’mqum( )<e Pr um (k%) < —7/(xm71)€ Dk = € Dk

If (i*,k*) € J, then i* = 0,upz(k*) > 0, ugp,(k*) < 0. Notice that (7—10) = 7%1% Yoz- Note
3 T
2

Yoo = ' (2°), so for h small enough, we can ascertain yo, = 7'(z°) € (3, 2). It follows
7' ()
YoV1

If (%, k) € A, then upg(K*) > 0, tinas (k%) = 5z (wi11(K*) — 2ui- () + w1 (k*)) < 0. For
(i, k) € A, the corresponding equation in (66) is equivalent to

L P U S S AN I 1 ~
%‘Cke wit(k) %‘+1um<k> K’Yz>z+<%>j wis ()

+ |:Pj\_<]ie)\(tktk‘) _ <1> ]uz(k) _ fikei)\tk- (67)

up(k?) < e (hfors —gi-) = uo(k) < e (hfor — git)-

Vi
Define the sets

Ny = {(i,k) c w’ <i>w+ (i)w > o}, N = {(i,k) c JV’ <71>w+ <71>w < o}.

And it’s clear A = A, U A_. Suppose (i*,k*) € A;. Then owing to (66) and wu;,(k*) < 0, we

can write

)\ o *71@* 1 * _ .
L' G - (7- > ] wir (K) < firpee 70 (68)
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If instead (i*,k*) € A_, then we can use (67) and the fact that wu;«z(k*) > 0 to achieve again

(68). Therefore, (68) is achieved in any case. We can choose 7 so small that e~ At—t") %, vEk.
Observe that

IN

(4217 lor,0) + 1621 I30.0)]

L ey (L W%*m]
E* Vix+1 Yix —17i*+1

IN
@l‘ % SN

(I lleto.g + 17112 0.01)-
Then by (65), it is the case that the coefficient of w;- (k*) is positive independently of i*, k*. There-

fore,
Ui (k*) < Cy fimpee” Mor

where C., is a constant depending only on v and b.
We can put together the obtained estimations to deduce that for (i,k) € #, ,

u;(k) < m/;}xui(/f) < max {0, [®llcro.es lpllciors g™ lco,r) + 1fllLw D) Cv“f”Loo(D)}

But because u;(k) = y;e~M+rv;(k), we have the following uniform upper bound for the discrete state
vector:

v (k) < 4e*" max {07 I®llcio,q, lIPlleo,s 9™ e+ f .o, O’nyHLOO(D)}a (i,k) € My, .

In a fully analogous manner, we arrive at a uniform lower bound for the discrete state vector: For

(i, k) € My,,

Ui(/f)24€mmin{0, —[®llco,g, —lellco, —lg"llcom — 1l _C'nyHLDO(D)}-

Combining the uniform upper and lower bounds imply (60) up to k;. But k; was arbitrary in
1,...,n. Theorem is proved. O

3.2 VV21 I_ energy estimation for the Discrete Stefan Problem

Theorem 4. Suppose that p € W3 (0,T),® € W} (0,€), f € Loo(D). For [g], € 4% and n,m large
enough, the discrete state vector [v([g]n)|n satisfies the following estimate:
MlallZ =D 7

— m—1 n m—1
272 hoii(k) + max (2; ’wfx(k)> + ;72 Z; Tz, (k) (69)

< Coo(I13 00 + 1713 o) + 11y 02 + 9" 3z 0.1 )

n m—1

where Cus is a constant independent of n and m.

Proof. Consider n and m large enough that Theorem 3 is satisfied. In (28), choose n = 27vz(k).
Using (43), write (b, (v;(k)))s = Civg(k). Also, use the fact that

270i5 (k) (vig(k)) 2 = 2702 (k) (viz (k)7
= 02,0+ (via (k) —via(k — 1)) — o0k~ 1)

= ,0142513(]{) - v?z(k - 1) + T2vi2xf(k)'
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We thus have

m—1 m
27 Z thvzt ) + Z hvzz:c(k) - Z hv?r(k )
L 1=0

i=0 i=0 i=0
m—1

=27 Z hfikvir(k) + 27prvmi(k) — 27gpvos(k). (70)
i=0

Estimate the right-hand side of (70) by applying Cauchy Inequality with ¢ > 0 in the first term
Recall that b/, (v) > b, Yv. We have:

m—1 m—1 m—1 m—1
2r > Gk (k) + Y i (k) = Y hod (k= 1) +7° Yl (k)
=0 =0 1=0 1=0
B m—1 1 m—1
<br Y hod(k) + 37 > i+ 27prvm(k) — 2rgivi (k). (71)
=0 i=0

We can absorb the first term on the right-hand side of (71) to the first term on the left-hand side

Hence:
m—1 m—1 m—1 m—1
7Y hbol(k) + Y Wi (k) = > bl (k= 1)+ 72 hd(k)
i=0 i=0 i=0 i=0
1 m—1 ) .
< 37' hfi + 2mprvmi(k) — 21grver(k), Vk=1,...,n. (72)

Perform summation of (72) for k from 1 to ¢, 2 < ¢ < n. The second and third terms on the

left-hand side telescope, and we obtain:

q m—1 m—1 q
bY 7Y h(k)+ Y i)+ Y TP Y hod(k)
k=1 =0 i=0 k=1 =0
m—1 1 q m—1 q q
< h“z‘zm(o) + b Z T h sz: +2 Z TPk Umi(k) — 2 Z 795 voi (k) (73)
i=0 k=1 i=0 k=1 k=1
Use the summation by parts technique on the p and ¢ sums:
q q q—1
Z TRV (k) = Zpkvm Zpkvm -1) Zpkvm(k) - Zkarlvm(k)
k= k=1 k=1 k=0

= - Z Tpktvm(k) + pqvm(Q) — P1Um (O)a

q g—1
> rgrvei(k) = = Tgpvo(k) + ghvo(g) — give(0).
k=1 k=

In view of (74) and borrowing (60) from Theorem 3, (73) yields (through Cauchy Inequality):

q m—1 m—1 q
BZT Z hvZ (k) + Z hv?,(q) + 272 Z ho? :(k) <
k=1 =0 i=0 k=1  i=0
m—1 1 q m—1 qg—1 q—1 )
<D ML Ad T Y MRy o+ Y T(oh) +
i=0 k=1 =0 k=1 k=1

+ 2tg-1l|[lall, +2(IPllo,r) + 19" L 0.0) 0l
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Through the definition of the Steklov average, the Cauchy-Schwarz inequality and Fubini’s Theorem,
for h small enough we have the following results:

Z h®Z, < 117,000 + 19117, 0—n0) < ”(I)HWl(O 0>

19" 20,7y < 9" Iz 0y < R,

n 2 n
7(gk)” = Y 7(050” < 1™ a0y < 19" vz 0,1y < B2
1 k=2

q—1
E Tp2 =
k=1

_

=
Il

M=

i < 10120,y < 1PI3vz 01y

k=2
q m—1
DT < I (76)
k=1 =0
Applying the results in (76) to (75),
q m—1 m—1 q m—
YIS BIETCRS JETNRS 3 pitch
k=1 =0 =0 k=1 =0
<C (||‘I’HW1(0 o ALy + 1P 0.0 + 19" 2 0, T)) (77)

where C is a constant dependent on b, T, R, but independent of n,m and ¢. Since, ¢ = 1, n is
arbitrary, from (77), (69) follows. O

Theorem 5. Let {[g],} be a sequence in 9F such that the sequence of interpolations {2, ([g]n)}
converges weakly to g € Wy [0,T]. Then the whole sequence of interpolations {07} of the associated
discrete state vectors converges weakly to v = v(x,t;g) € Wy' (D), with v the unique weak solution
to the Stefan Problem in the sense of (20).

Proof. By the definitions of the interpolations given in (30), and by using (36) we deduce that

16 o) = esssup 167, )] = mae (e [ B)]) = e e (78)

T ¢ n—1m-—1 n m—ll
[ [razar<2 e, () 4237 3 2 he(k) < 2ol + 191y 0)
0 0 k=0 i=0 k=1 =0
T ¢ n m—1 n [m—1
2
/ / 07) dedt <2 > Th(vi( 3h2 vZ (k) <3 l (7Thv >+2Thv72ng(/€)],
0 0 k=1 =0 k=1 L:=0
n n
S rhole(k) <230 th(v2 () + W) < 20[elalE + 202 [Pl 0.1 (79)
= k=1

Since [g]l, € 9", then [g"lwzjo,r) < R+ 1 for large enough n. From the energy estimates (60),
(69) and calculations (78), (79) it is therefore the case that {07} is uniformly bounded in the spaces
W%’l(D) and Lo (D). As such, we may choose a subsequence of {07} that converges weakly in
W,"' (D) to some function v € W,"' (D) N Loo(D), and thus strongly in Ly (D), by virtue of which
we can choose a further subsequence that converges to v pointwise almost everywhere. It is our
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intent to show now that v satisfies the definition of a weak solution to the Stefan Problem. To do
this, first realize that the sequences {v”}, {67} are equivalent in W,"°(D), and sequences {v7}, {5}
are equivalent in Lo(D), as shown by the following calculations:

n m—1 bk Titl

/T/e|v7_{)7|2dxdt SN // O(x; k) — (s k — 1) — dp(a; k) (¢ — ty_1))” da dt
0 0

k=1 i= Ot’_1 s

n m—1 Uk Titl 1 T ¢
=>> / /@%(x;k)(tk—t dx dt = g72//(@;)%19;(&—>0, (80)
k=1 i:Otk,l zi 00

n m—1 Uk Titl

/T/Zw;_ﬁﬂ?dxdt ZZ / / Vig (K )_Uix(k_l)—Uimf(k)(t—tk—ﬂ)dedt
00

k=1 i= Ot_1 o

n m-—1 tr
- / h? p (k) (ty, — t)? dt = 77 (Z Z hv? i (k ) 0, (81)
k=11i=0," i=0
T ¢ n m—1 Tit1 )
//|’UT—’U|2dxdt=Z T (k)—i—vm(k)(x—zz)—vz(k)’ dx
50 k=1i=0 7
n m-—1 1
=> gTh?’vfw(k‘) —0, (82)
k=1 i=0

as n,m go to +o0o. Accordingly, v7 — v weakly in W2 ( ) and ¥ — v strongly in Lo(D) and
pointwise a.e. on D along a bubsequence Fix arbitrary ¢ € W,''(D) with ¢|,—p = 0. Actually,
due to density of C'(D) in W,'' (D), without loss of generality we can consider ¢ € C'(D) and
Y|t=r = 0. Define ¢; (k) = ¥ (x;, t), Vi Vk, and consider the interpolations:

¢T($at) = Q)Z}z(k)v 1#;(%15) = 1/11:5(]@) d}[(l’,t) = wzt(k)v

T < T < Xig1, tp—1 <t <ty 1=0,m, k=0,n. (83)

It is readily checked that 17,47, %7 converge uniformly on D as n,m — oo to the functions v, 1., 1
respectively. Fix n. For each k in (28) as satisfied by the discrete state vector [v([g],)]n, choose

n; = 7¢;(k), Vi and sum all equalities (28) over k = 1,...,n. The resulting expression is as follows:
n m—1

T h[ %( ) + Uzw(k)wzw( ) fzk¢z :| Z Tpkwm + Z Tk ¢0 84)
k=1 =0

We transform the first term through summation by parts:

n m—1 n m-—1 n m-—1
ST h(ba(vilk) whi(k) = > by (vi(k) > by (vi(k — 1)) (k)
k=1 =0 k=1 i=0 k=1 =0
=33 hb, k) — by, (vi(k))i(k + 1)
k=1 1=0 k=0 =0

n—1 -1 m—1 m—1

ZT hbn, (vi (k)i (k) + (vi(n))i(n) (vi(0))2i(1)

k=1 =0 =0 1=0
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Thus, (84) can be rewritten as:

T ¢ ¢

[ [ [= @t + o707 = o] dwae — [ bu(@)07 @) s
0 0

T

0
O/p ¢T€tdt+0/Tg()1/JT(0t TZjbn ST dw dt = 0. (85)

Theorem 3 implies that if %, := {y € R | 3(z,t) € D s.t. 9(z) =y} (i.e. ¥, is the range of 7), then

o0 —
the set ¥ = |J ¥, is bounded in R, hence its closure ¥ is compact in R. Because of the piecewise
n=1

continuity of b, it follows that b(0(z,t)) € Loo(D), and therefore ||b,, (7)1 (p) < C. Since D is a set
of finite measure, ||b,,(0)||,(py < C so that a subsequence {b,, (0(x,t))} can be constructed so that
it converges weakly in Ly(D) to a function b(x,t) € Ly(D). Through a similar argument, we can
choose this subsequence so that by, (®(x)) converges weakly in L [0, £] to a function by(z) € L0, €].
Take a diagonal of these subsequences as the whole sequence. We see that

T ¢ ¢ 3 T ¢ 3
/ /bn D)7 da dt < / /b2 da dt / /(¢[)2dxdt
T—7 0 T—7 0 T—7 0
2/~
< 11B28) o) 571, (W[T o) —0asn =00, (36)
Now, due to (86), the uniform convergence of 97, , Y[ respectively to ¢, 9y, 1 and weak

convergence of by, (0), v7 bn(<1>) g" to b, vy, by, g in the respective Lo spaces, then as n — oo,

(85) implies

T ¢ ‘
// b(x, t)s + vpthy — fi/):| dx dt — /Bo(x)z/z(x,O) dx
00 0

T

T
—/p(t)1/)(€7 t) dt+/g(t)1/z(0,t) dt = 0. (87)
0

0
It can be checked that both b and by are functions of type Z. If at the point (z,t),
b(x,t) — v(x,t) # 07,

then we have
(z,t)+L

by (0(x,t)) = / wi/n(|0(2,t) —ul)b(u) du — b(v(z,t)).
O(z,t)— L

On the contrary, if at the point (z,t) we have
b(x,t) = v(x,t) =07,

then we have ‘ ‘
b(v?)” < liminf b, (9(x,t)) < limsup b, (d(z,t)) < b(v?)T.
n—00 n— 00
Since the sequence {b,(?)} converges to b(x,t) weakly in Lo(D), by Mazur’s lemma there is a
sequence of convex combinations of elements of {b,,(?) } which converges to b(x,t) strongly in Ly (D).
Therefore, there is a subsequence of convex combinations which converges to b(z,t) a.e. in D. It
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easily follows that b = B(xz,t,v(x,t)) is a function of type Z. In a very similar way, it is seen that
bo = B(x,0,®(x)) is of type #. Hence, by definition, v is a weak solution to the Stefan Problem
in the sense of (20). From Lemma 4 then, v is the unique solution, which implies that v is the only
weak limit point of the sequence {07}. Therefore, the whole sequence {97} converges to v weakly
in W, (D). O

3.3 Existence of the Optimal Control

Consider a sequence {g;} € ¥g such that #(g;) \v _Z«. Since {g;} is uniformly bounded in
W2(0,T), it is weakly precompact in ¥g. Therefore, there exists a subsequence {g;, } which con-
verges weakly in W} (0,T), say, to g € W4 (0,T) € ¥r. For ease of notation, take this subsequence
as the sequence {g;}.

Let v; = v(z,t; g;) and v = v(x, t; g) be solutions to the Stefan problem in the sense of (20) with
g1 and g respectively. Then for fixed [, the sequence of vectors {[g].} given by [gi]n = Zn(g1) is such
that the interpolations ¢i* = Z,,([gi]») converge weakly in W3 (0,T) to g; € W5 (0,T) as n — oo.
Therefore, Theorem 5 applies, and so associated to [g;],, the interpolations 9] of the discrete state
vectors [v([gi]n)]n converge weakly in W,"' (D) to v;. As such,

[velly 21 (py < Hminf {107 [y 11 py < Clim inf (H[Ul]nllew + H['Ul]nllé”) (88)

where C' is independent of n,m and I. Thanks to {g;} C ¥g, it it is clear from (60) and (69) that
the right-hand side of (88) is uniformly bounded. Similarly, one can conclude that

< limi .
||UIHLOC(D) = hnfglg.}f [vi)nllen

Accordingly, {v;} € W, (D) N Loo(D) is a weakly precompact sequence in W,*' (D), so that it
contains a subsequence {v;, } which converges weakly to a function v € ng ’1(D), and thus strongly
in Lo (D). Due to this strong convergence in Lo(D), a further subsequence of {v;, } can be extracted
which converges almost everywhere to © on D. Then the uniform boundedness of this subsequence
in Lo (D) implies that o € Lo (D). Now, take this subsequence as the whole sequence. Each
of the v; satisfies (20) with g; and with an arbitrarily fixed function B of type #£. Going to
infinity along the sequence, we have that we can replace g; with g and v; with ¢ in (20). Indeed,
B(z,t,v(z,t)) = B(z,t,9(z,t)) a.e. on D because of Corollary 1 and the fact that v; — ¥ a.e. on
D. Consequently, v is a solution to the Stefan problem with g. But, due to uniqueness of such a
solution, it follows that v = @ in Wy'' (D) N Luo (D). Next, note:

lim | #(g) = 7 ()| = lim [[lv(€,t) = D(t)l|7 10,7y — lle(£,t) — F(t)HQLQ[O,T]‘

l—o0 l—o0

= lim <U—F,’U—F>L2[07T] - <U1—F,UZ—F>L2[07T] ’
=00

= lim |||v(4,t) — v (¢, t)H2L2[07T] +2<v—v,vu—T >0 ‘

l—o0
:zl_iglo /|v(£,t)—vl(é,t)|2dt+2/(v(€, t) — (€, 1)) (v (€, t) — T(t)) di|.
0 0

(89)

By the weak convergence of the sequence {v;} to v in W,''(D), it follows that we have strong
convergence in the space of traces. In particular, the integrals in (89) vanish as [ — oco. Hence
llim F(q1) = _#(g). This limit is unique though, therefore it is the case that #(g) = _#., so that
—00

g €Y.. O

3.4 Proof of the Convergence of Discrete Optimal Control Problem

The proof of Theorem 2 is split into three separate lemmas, as shown below.
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Lemma A. Let Z.(+e) = gl;lj F(g9), €>0. Then 21_1)% File)= Fu= ;1_1)% Hi(—e).

Proof.  The proof of this lemma is very similar to the analogous lemma from [1]. If 0 < g1 < €3,

then
He(e2) < Fuler) < Ju < Ju(—e1) < Ju(—e2)
Hence lin% Fi(e) £ Fs and 1in(1) F+(—¢) > _Z,. Choose g. € Yr. such that
E—r E—>

tim (7 (9.) = 7.()) =0,
Since {g.} is weakly pre-compact in W3[0, 7], there exists a subsequence ¢’ such that g — g.
weakly in W3[0,T] as ¢ — 0. Since # is weakly continuous, ¢ (g.) = _#(g«) as e — 0. Hence
I = F(gs) > Fv as e — 0. Thus li_>r% File) = 7.
€

From the other side, by Theorem 1 we know there exists g. € ¥g such that #(g.) = #Z.. If
g« € Yr\O9R, then there exists e, > 0 such that g, € Yr_., Ve < ¢, and in this case Z,(—¢) =
s, Ve < e, If g. € 09g, then there exists {g.} with g. € ¥r_. such that g. — g, in W3[0, 7] as
e — 0. The continuity of # gives us that lir% F(9:) = Z(9«) = #«. Since on the other hand,

E—r

F(g:) > _Z«(—¢), it follows that lir% Fi(—e) = 7. O
e—
Lemma B. For all g € 9, li_>m I (2n(9)) = 7 (9).

Proof. Take g € 9 arbitrarily. If 2(g) = [g]n, and ¢" = P, ([g]n), then g" — g strongly in
W3(0,T) as n — oo. Applying Theorem 5, we have that the interpolations ©7 of the discrete state
vectors [v([g]n)]n converge to v = w(x,t;g) weakly in W, ''(D) as n — oo, and thus the traces
97 (¢, ) converge strongly in Lo gO,T) to trace v(¢,-). By calculations (80) and (81), the sequences
{v7}, {67} are equivalent in W, °(D), so that the v (£,-) traces too converge to v(¢,-) strongly in
L2(0,T). If we define

tk
~ 1
() = Ty = / T)dt, b1 <t<tp k=T, (90)

-
tp—1

then T' — T in Ly(0,T) as n — oo. Therefore,

T

70(2a(9) = (9] = | D m(vm(k) = Tk)* — /(v(& t) —I(t)) dt

k=1 ,
< o7 (6,) = vl 0.0y + IT =Tl 071

T
+2 [ [l7(E0) — ot ot 0) ~ T + @) - Tt t) - L)) e
0

— 0 as n— oo,

which establishes the lemma. g
Lemma C. For an arbitrary sequence {[g],} such that [g],, € 9},

tim (7 (Zn(lgla)) = Fallgln)) = 0.

n—oQ

Proof.  Let g" = Z,([g]n).- This sequence is weakly precompact, so that a subsequence g™
converges weakly to a function g in W} (0,T). Take this subsequence as the whole sequence. Note
that

|7 (9") = Zullgln)l < 17(9") = F () + 1.7 (9) = Zulgln)l- (91)

Since ¢ is weakly continuous, | # (¢")— _# (g)] — 0 as n — oco. It remains to show that the second
term on the right-hand side of (91) goes to 0 as n — oo. Actually, the proof of this fact follows in
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a manner very similar to the proof of Lemma B. From (91) it follows that ligl (/(:@m ([g]n)) —
ny oo

fnl([g]m)) = 0. However, the subsequence chosen was arbitrary. Therefore, the same result
can be achieved for any subsequence {g,_} of {g,}. It is then the case that the whole sequence
I (Zn(l9]n)) — Fn([g]n) converges to 0 as n — oco. O
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