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Abstract

We consider a nonlinear Schrodinger equation with critical frequency, (P;) :
e Av(x) — V(x)o(x) + [o(x)|P1o(x) = 0, x € RN, with v(x) — 0 as |x| —
+o0, for the finite case as described by Byeon and Wang. Critical means that
the continuous non-negative potential V verifies Z = {V = 0} = {xo} # O,
and finite means, grossly speaking, that as one comes close to Z, the potential
decays like an positive even polynomial. As the Planck constant, ¢, tends to
zero, the finite case has a characteristic semiclassical limit problem, (Pgy) :
Au(x) — P(x) u(x) + [u(x)|PTu(x) =0, x € RN, with u(x) — 0 as |x| — +oo,
which differs from the limit problems corresponding to the flat and infinite
cases. We prove the existence of an infinite number of solutions for both the
original and the limit problem, via a Ljusternik-Schnirelman scheme that uses
Krasnoselskii’s genus. Fixed a topological level k we prove that vy ., a solution
of (P¢), subconverges, up to a scaling, to a solution of (Pgy), and that vy,
exponentially decays out of Z.
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1. Introduction

A number of phenomena involving atomic and molecular collisions can
be analyzed with enough accuracy by using the asymptotic method known as
semiclassical mechanics. By letting the Planck constant tend to zero, one can
deal with quantum mechanics problems by transforming them into classical
mechanics objects that are mathematically easier to handle, [1]].
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The time-dependent nonlinear Schrodinger equation,

2

ih¥; + %A‘I’ —Vo(x)¥ + [¥|P ¥ =0, 1)
is an appropriate tool to study the evolution of quantum systems like Bose-
Einstein condensates, [2], as well as to model the propagation of light in some
nonlinear optical materials, [3]. When 7 is very small, a semi-classical state of
(1) is a standing-wave having the form ¥ (x,t) = v(x) exp (—iEt/h), where v

verifies
2Av(x) — V(x) v(x) + [o(x)|P to(x) = 0, ()

with
2 =h%/2, V(x)=Vy(x)—E, E=inf(Vp).

Let’s assume that
Z= {x ERN/V(x) = inf(V)} £ Q.

The case of inf(V) > 0, referred to as non-critical case, has a unique limit
problem,

Au—u+|ulP~lu =0, 3)

which is well-known and was used to study (2) in a number of works (see e.g.
[4], [5], [6], 171, 18], [9], [10]) by using the Lyapunov-Schmidt reduction or the
variational method.

The case of inf(V) < 0 is much less meaningful from the physics point of
view and there is no nice limit problem, [11]. When Z is bounded it’s not pos-
sible to find least energy solutions (mountain-pass solutions) but the problem
can still be treated as in [12] and [13]], at least for the one-dimensional and
radial cases, respectively. In this context the case of inf(V)) = 0 corresponds
to a critical frequency or energy and, as we shall comment below, the qualita-
tive behaviour of the solutions of (2) changes dramatically compared with its
non-critical counterpart.

In the mentioned works, [4], [5], [6], [Z], [8], [9] and [10], several common
characteristics were found for the non-critical case inf(V') > 0:

(N1) vf, a solution of , is bounded away from zero,

lim inf max |ve(x)| > 0; 4)
e—0 X

(N2) v} concentrates around some critical points of V;

(N3) v exponentially decays to zero away from such critical points, as ¢ — 0;
and,

(N4) there is a unique limit problem, , and, therefore, a unique profile, as
e— 0.



In this paper we continue the analytical study of the critical-frequency
problem

(Pe)

e2Av(x) — V(x) v(x) + |o(x)|P~o(x) =0, x € RV,
v(x) =0, as |x| — +oo,

p > 1, that was initiated in [11]] and continued in [14]. In [11] it'’s proved the
existence of v, a positive standing wave, a least energy solution, for which

(C1) property @) stops holding, giving pass to the following behaviour:
llgé ||v£||L°°(]RN) =0, (5)

U 00
lim inf Ioelh, RY)

e—0 &2/ (p-1) >0; ©)

(C2) ve concentrates around an isolated component of Z = {V = 0};

(C3) v, exponentially decays out of the region Z; and,

(C4) there is no unique limit problem and, consequently, neither is there a
unique profile; actually it depends on the behavior of V nearby Z.

Three cases were considered: flat case, where int( Z) is non-empty and bounded;
finite case, where Z is finite and V vanishes polynomially around it; and, in-
finite case, where Z is finite and V' vanishes exponentially around it. The flat
and infinite cases have their limit problems defined on appropriate regions of
RV, meanwhile the limit problem for the finite case is defined on the whole
space RV, For the three cases it was also shown that

(C5) ascaling of the positive least-energy solution v, converges to u, a positive

least-energy solution of the corresponding limit problem;
(C6) the energy of v, converges to the energy of u.

The work [14] focuses on the flat case, assuming that the potential verifies:
(V1) V € C(RY) is non-negative;
(V2) V(x) — 400, as x| — +oo;
(Vgat) int(Z) # @ is connected and smooth.

Here the limit problem is

{Au(x) +u(x) P tu(x) =0, x €int(Z), (Pgat)

u(x) =0, X €0JZ.

The authors showed the existence of sequences of solutions, (vk.)ren and

(wy)ken, for and (Py,y), respectively. Fixed k, they proved that, as ¢ — 0,
a solution vy, - not necessarily positive - behaves like the positive solution

found in [11], that is, (C1), (C2) and (C3) hold. Point (C6) also holds:

lim Ig(vkrs) = I(wk),
e—0



where I and I are standard functionals associated to and (P, respec-
tively. Point (C5) holds in the sense that a scaling of vy, converges, up to
subsequences, to 1y a solution of (Pg,) sharing the energy level of wy:

I(wy) = I(ug).

Remark 1.1. Condition (V2) is more restrictive than that assumed in [11] were,
for some y > 0, liminf V(x) > 2.
|x| =00

In short, in this paper we prove that the type of results of [14] also holds for
the finite case. The general framework which characterize the finite case, see
(V3) and (Vgp), is introduced in Section [2|in a precise way. These conditions
provoke a limit problem that, as was already mentioned, differs from those for
the flat and infinite cases, and creates its own interesting technical difficulties;
in particular, it’s required a control over the potential far away from Z, see
condition (PQ). The main results are detailed in Section

* Theorem [2.8|states the existence of sequences (vy ¢ )ken and (wy ¢ )xen Of
different solutions, respectively, for and its limit problem

{Au(x) — P(x)u(x) + [u(x)[P1 - u(x) =0, x€RN,
(P)

u(x) —0, as x — +oo.
This is dealt with in Section 3| by setting up a Ljusternik-Schnirelman
scheme for the functionals J. and | associated to and (D), respec-
tively.

¢ Theorem states the convergence of ¢, the energy of a scaled ver-
sion of vy, to ¢, the energy of a scaled version of wy. In the context
of the Ljusternik-Schnirelman machinery, an index k of a critical value
represents the topological characteristic of the level set, as captured by
Krasnoselskii’s genus. Therefore Theorem[2.9also says that the level sets
of the functionals J; and | are equivalent. The proof of this property is
the topic of Section [4]

¢ Theorem states the asymptotic profiles as ¢ — 0, i.e., up to a scaling
and up to subsequences, vy, converges to uy, a solution of which
shares the critical energy c;. The proof of this result is presented in
Section [l

¢ In Theorem is stated that, up to a scaling, vy, exponentially decays
out of Z. The proofs of this and other concentration phenomena are
presented in Section

2. General framework and main results

2.1. Problem setting
As was mentioned, we consider the problem

{SZAU(x) —V(x)o(x) + |[v(x)|P~lo(x) =0, xRV,

P,
v(x) =0, as |x| — +oo, (Fe)



where
2<1+4+p<2*=2N/(N-2), ifN>3; @)
2<1+p, ifN=1,2,
and, in addition to properties (V1) and (V2), we shall assume that the potential
V(-) verifies a couple of conditions which replace (V). One of them is
(V3) Z={xeRN: V(x) =0} = {x}.
Actually for simplicity, we shall assume that xy = 0. The second condition,
(Vgn) Dbelow, differentiates our situation with that of the infinite case and
corresponds, grossly speaking, to V decaying at a polynomial rate as we get
close to Z. For its statement we need the concept of m-homogeneous positive
function, as given in [11]].

(V) for each x € R, V (x) = P(x) 4+ Q(x), where, for some m > 0, Q €
C(RN) is such that
lim |x|7"Q(x) =0, 8)

|x|—0
and P is a m-homogeneous positive function, i.e., P € C(R) and
Vx € R\ {0} : P(x) > 0;
Vx € R,Vt>0: P(tx)=t"P(x). )

Given ¢ > 0 we shall denote
Ve(x) = g2/ (mt2) .y (sz/(m+2)x>
= P(x)4e 2/ m2) . 9 (82/(m+2)x) . (10)

Therefore, since V is continuous and non-negative, so is V..
The following easy result provides a control of P over Q and V, around
zero that shall be useful.

Lemma 2.1. Let o, B, > 0.
1. There exists Rep > 0 such that

Vx € B(0, R ) : g=2m/ (m+2) ‘Q (ez/(m”)x)‘ < %P(x). (11)
2. There exists Req > 0 such that
Vx € Bey: g 2m/(mt2) ‘Q (82/(m+2)x> ‘ < aP(x) (12)
as well as
VX € Bew: (1—a)P(x) < Ve(x) < (1+a)P(x), (13)

where Bey = B(0, Req ). It also holds

lim Ry = +o00.
e—0



Proof. 1. By (B), we have that
Vh>0,36(h) >0: |x| <d(h) = |x|7"|Q(x)| < h. (14)

Then we put 6, g = min {0 (h1), 0 (h2)}, where

hh=- A min P >0, hy=- 4 max P(z) > 0. (15)
B lzl=1 ) > B lzl=1
Let’s define
Ryep = Oup € 2/ MH2), (16)

Let x € B(0,Ryep) \ {0}. Since ’82/(m+2)x‘ < 04,5, point implies that

—|x|"hy < e72m/(m2) o (82/(’"+2)x) < |x|"hyq,
so that, by (9) and and taking z = x/|x|, we get

- %P(x) < g 2m/(mt2) (ez/('”+2)x> < %P(x). (17)

By the continuity of P and Q, it’s clear that the last relation also holds
for x = 0. Since x was chosen arbitrarily, we have proved (1T).

2. In we put
504 - 5&,1/ Rs,tx = Rs,a,lz (18)

so that and provide (13).

O
Remark 2.2. Observe that by (16), point (I3) in Lemma [2.T|can be rewritten as
Va > 0,36, > 0,Vx € B(0,6y) : (1 —a)P(x) < V(x) < (1+a)P(x).

The last condition, (PQ), which we immediately introduce, is a technical
one and shall be used in Section [4 it requieres the function Q to be controled
by P far away from zero.

(PQ) Q is non-negative and there exist p, 7 > 0 such that
vx e R¥\B(0,0):  Q(x) <7 P(x),
which is equivalent to
Ve > 0,V|x| > e 2/ m+2) . = 2m/(m+2) o2/ (m+2) ) <y P(x). (19)

Remark 2.3. The following problems are closely related to (P):

{Aw(x) — Ve(x)w(x) + |w(x)|Pw(x) =0, x € RV,

Pl
w(x) =0, as |x| — +oo, (Pe)



AD(x) — Ve(x) ©(x) + 2A [@(x)|P~'d(x) =0, x € RY, 5
R (Pe)
w(x) =0, as |x| = 400,

where A = ||@||? /2 and |||, is given in below. In fact, if @ is a solution

of , then

w(x) = 2A)YP Vp(x), xeRN,
is a solution of , and

o(x) = €2m/(m+2)(p71)w(872/(m+2)x)
1/(p-1
= [2/\.52"1/(’"“)} v )w(g*2/<m+2> x), x€RN, (20)

is a solution of (P).

Remark 2.4. Under conditions (V1), (V2), (V3) and (Vg,) the limit problem
of is

Bw(x) — P()w(x) + [w(x) [P - w(x) =0, xERY, o)
w(x) — 0, as x — oo, fin
Connected to is the problem
AW (x) — P(x)d(x) + 2T |@(x)|P~1d(x), x € RN, B )
w(x) =0, as |x| — oo, fin

where I' = ||i2||3 /2 and ||-||p is given in below. In fact, if @ is a solution
of (Pgy), then

w(x) = DY Vo(x), xeRN, (1)
is a solution of (Pgy).
2.2. Main results
We shall look for solutions of and in the Hilbert spaces He and

Hp, defined as the completions of C§°(R") in the norms ||-||, and ||-||p in-
duced, respectively, by the inner products

(u,v)e = /]RN [Vu(x) - Vo(x) + Ve(x)u(x)v(x)] dx,
(1,0)p = /R L [Vu(x) - Vo(x) + P(x)u(x)o(x)] dx.

Remark 2.5. The non-negativity of Q implies that ||u||, < ||u
so that the embedding H, C Hp is continuous.

forall u € He,

e

The following result states that a weighted Sobolev space such that the
weight-function verifies (V1) and (V2) is compactly contained in a range of
L7-spaces.



Theorem 2.6. Assume that W € C(IRN) is non-negative and such that W(x) —
+00 as |x| — +oo. Let Hyy be the Hilbert space that results of completing C3*(RN)
whenever is equipped with the interior product given by

(v, w)w = /]RN [Vo(x)Vw(x) + W(x) v(x)w(x)] dx.
Then, the embedding

HW - Lq(]RN)/

is compact for all q € [2,r[, where ¥ = 2* if N > 3, and r = +o0 if N = 1,2. For
q = r the embedding is continuous.

Theorem [2.6)is obtained by an application of [15, Cor.4.26 & 4.27], by compen-
sating the non-boundedness of the domain with the property of U exploding
at infinity.

To state our main results we also need to define functionals associated to
the problems and (P,). Let’s consider Je : M CH, -+ Rand J: M C
Hp — R given by

Jelw) = 3 W2 = 5 [ [IVu) P+ Ve@)lu()P] dx, @)

T S 2 2
J) =5l = 5 [ [IVeG)P + P u(P] ax, @3)

where we are considering the Nehari manifolds

Me = {u € He/ Jullypo gy =1},

M={ueHp/ [m— 1},
Remark 2.7. Let’s observe that for u € H,

lull = lael[p + ©e (),

where

®£(u) _ 872m/(m+2)/

. Q (sz/(m+2)x) Ju(x)* dx.

Lemma [2.T]implies that for all a,¢ > 0 and all u € H,

—2m/(m+2) 2/(m+2) ..\ . 2 2
€ /BWQ (s x) lu(x)|dx < IX/BW P(x)|u(x)|"dx

2
< ”‘/RN P(x)|u(x)|dx,
so that for all « > 0 and u € H,,

lim @ (u) = 1im€—2m/(m+2)/B Q(ez/(m+2)x>-\u(x)|2dx

e—0 e—0

« /IRN P(x)|u(x)[>dx.

€,

IN



Therefore, it also holds, for « > 0 and u € Hp,

(1= a) ul[p < lim uf]? < (1+a) [|ull}- (24)

Let’s assume that (V1), (V2), (V3), (Vgn), (PQ) and (7) hold. Our first main
result is a multiplicity one.
Theorem 2.8. The following points are true.
i) Lete > 0. The functional [ has a sequence of different critical points (Wy ¢ )ken €
M. For each k € IN the function given by

1/(p—1
Vpe(x) = [ch,s : 82m/(m+2)] v )Zf?k,s (872/("”2) X) , xeRN, (25)

where ¢ = Jo(Wy ), is a solution of (Py).
ii) The functional | has a sequence of different critical points (Wy)reny < M. For
each k € IN the function given by

wi(x) = (260 PV @y (x),

where ¢, = J(Wy), is a solution of (Pgy).

To prove Theorem we shall use a Ljusternik-Schnirelman scheme so
that, in this context, the index k of a critical value represents the topological
characteristic of the level set, as captured by Krasnoselskii’s genus. Therefore,
the convergence of energies, which we are going to write, means that the
critical values of | and J, are topologically equivalent.

Theorem 2.9. Let k € IN. Then
lim Cke = Ck-
e—0

To state the following result, let’s recall the concept of subconvergence
introduced in [11]. A family of functions (f¢).~0 is said to subconverge in a
space X, as ¢ — 0, iff from every sequence (&,),eNn converging to zero, it is

possible to extract a subsequence (e, )icn such that ( fgn,) o converges inX,
t/ie
as i — oo.

Theorem 2.10. Let k € IN. As e — 0, (wye)e>0 subconverges in Hp to some
uy € M which is a solution of (Pgy) and verifies

J) = ek, = (2c)" P u
Finally we have the result concernig the exponential decay out of Z.

Theorem 2.11. Let u,5,¢ > 0. Then there exist ¢, C > 0 such that for all € €]0, €[
and |x| > u + 672/ 0m+2) it holds

0e(x)] < Cexp (—ee/ 72 [[x] == 52/ ] ).



To finish this section let’s mention that in the path of proving Theorem
for each k € IN, we shall get the properties

lim [[ore | o () =0,

lim inf Hvk’€ LOQ(]RN) >
o 2m/ip—mr2] = 1

which are analogous to (5) and (6).

k>0,

3. Multiplicity

In this section we show how a Ljusternik-Schnirelman scheme provides
Theorem in a very direct way. Given E, a Banach space, we write

Se={ACE: A=A A=-A0¢A}.

The genus of A € X, denoted by y(A) is the least natural number k for which
there exists a continuous odd function f : A — R¥\{0}, see e.g. [16] and [9]).
If there is not such k, then y(A) = 400, and, by definition, y(®) = 0.

Remark 3.1. It's important to keep in mind that if A € X, then A is closed in
the || - ||g-norm.

Krasnoselskii’s genus generalizes the notion of dimension: y (") = m
and 7 (S§) = +oo, where $" ! is the unit-sphere in R” and S is the unit-
sphere in an infinite-dimensional Banach space Y. In the following proposi-
tion (see e.g. [16]]) the basic properties of y are stated.

Proposition 3.2. Let A,B € Y. Then

x40 = y({x}U{-x}) =1,
f € C(A,B) odd = 7(A) < 4(B),
ACB = y(A) <v(B), (26)

7(AUB) < (A)+7(B),
A compact = y(A) < 4o0.

Remark 3.3. Let M be a C! manifold in X, a Banach space, and ¢ € C'(M).
Let’s recall that (v, ),en € M is a Palais-Smale (PS) sequence iff (¢(yn)),cny €
R is bounded, and ||¢'(yn)||y. — 0, as n — +oc0. We say that (M, ¢) verifies
(PS) condition if any (PS) sequence has a converging subsequence.

The following theorem, [16]], is our main tool.

Theorem 3.4. Let M € X be a C! manifold of E and let f € C(E) be even.
Suppose that (M, f) satisfy the Palais-Smale (PS) condition and let
C = inf ,
((f) =, dnf  maxfu)
A (M) ={AeZgnM: y(A) > k}.

Let’s denote by K, the set of critical points of f corresponding to the value c. Then

10



a) y(M) < Y y(Kc) so that f has at least v(M) pairs of critical points on M.
ceR
b) If Ck(f) € R, then Cy(f) is a critical value for f. Moreover, if

c=Cilf) =+ = Cirm(f),

then vy (K.) > m+ 1. In particular, if m > 1, then K. contains infinitely many
elements.

The potentials P, V and V; verify the conditions of Theorem [2.6/so that, in
particular, the result holds for Hp and H; = Hy,. With this ingredient, it is
proved that the functionals ] and J are of class C! and satisfy the Palais-Smale
condition on M and M., respectively. Then, in the context of Theorem
and having in mind Remark we write, for k € N and ¢ > 0,

Y=Yy ={ACH: /A=A A=—-A0¢ A},
Y=y, ={ACHp/A=4A A=—-A0¢A},
Age = AMe) = {A €2/ H(A) 2k A Ve As [luf gy = 1},

A,
A,

A= AM)={A €T/ 1(A) =k A VuecA: il pes gy =1},

The k-th critical values are achieved:

cre = Ce(Je) = Aier}fk Izlea}]s(u) = Je(Wre), (27)
c=C(]) = Aigftk 1;1631;(](”) = J (). (28)

Remark 3.5. In the context just presented we have used the fact that y(M) =
¥(M¢) = +oo. The assertion that vy, and wy are solutions of and (Pyy),
in Theorem [2.8] comes by the changes of variables and (2I), respectively.
Also observe that in the proof of Theorem we didn’t use condition (PQ).
4. Convergence of energies

The proof of Theorem

VkeIN: limcg, =cy, (29)
e—~0 7

is given by Propositions .2 and [4.3] below.

Lemma 4.1. Let k € N and a, e > 0. Then, Hp = He and the norms ||-||, and ||| p
are equivalent.

Proof. To ease the proof let’s introduce the following notation for annular re-
gions of RN. For e > 0 and pp > 1 > 0,

Guupa = BOu2) \B(O,j1),  Giyy = B(O, iz -e /" 2)\ B(O,py - 2/42),

11



Let’s assume that J, < p, where ¢, is given in . The case of p < J, is
easier so that it’s omitted. Let u € Hp. Then, by and (19), it follows that

Oc(u) = 872m/(m+2)/N Q (82/(m+2)x) . |u(x)‘2 dx
R

g—2m/ (m+2) [/ +/
Bea G

v
]RN\B(O,p £—2/(m+2))

e
[y

< 2 / 2
< a/Bw P(x)|u(x)["dx + 1 ]RN\B(O,pg*Z/(erZ))P(x)|u(x)‘ dx +
—2m/ (m+2) / 24
+e ||QHL°°(G5W) . lu(x)|*dx
2
< v [ PO ()P, 0)
where
1RG4, ,)
= = L Cp)
TEmEAET TN Ply) [
ythsa,P

and we have used the relation

0< inf P(y)=e 2/ (m+t2) inf Pp(y),
yo (y) =e¢ yelgw (y)

which directly comes from the homegeneity of P. Then, by (30), we get

w2 = lullp +©:(w)
< Jullp+7 [ P ) Pdx
< (147 [Jul,

which shows that the immersion Hp C H; is continuous as u was chosen
arbitrarily. The last together with Remark [2.5|let us conclude the proof. O

Proposition 4.2. Let k € IN and & > 0. Then, it holds
Ck < Che-

Proof. By Lemma a set W C Hp open (closed) in the ||-||,-norm is also
open (closed) in the [|-|| p-sense. Then, having in mind Remarks[2.5|and [3.1|as
well as point (26), it follows that A, C A and

¢ = inf max](u
k AcAx ueA ]( )

inf max/J(u
AGAk,g ucA ]( )

IN

IN

inf max Je(u
Ac Ay, ucA ]E( )

Ck,s-

12



Proposition 4.3. Let k € IN and o > 0. Then

limsupcy, < ¢ + 0.
e—0
Proof. Lete > 0. By Lemma aset W C Hp = H; open (closed) in the ||-||p-
norm is also open (closed) in the |[|-||,-sense. Then it follows that Ay C Ay,
and, for all A € Ay,

c = inf max]J.(u
ke A€A, ucA ]6( )

IN

inf max Je(u
AcA; ueA ]E( )

< max J(u). (31)
ucA

Now we choose A, € Ay such that

o o
< - iy
R = ety matsy .
Let’s pick
o/2
Then, by 24), (31), and (33), we get
limsupcy, < limsup max Je(u)
e—0 e—0  UEAs
< maxlimsup J¢(u)
U€As g0
< (1+a)maxJ(u)
UEAy
c/2
< 1+——— - 2
< ( +Ck+0/2) (ck+0/2)
= ¢ +o0, (34)
where we have used the relation
lim sup max J¢(#) < max limsup J¢(u). (35)

e—0  UEAs U€As  ¢50

To show (35) let’s pick (M;),en C R such that

Vre N: maxlimsup Jo(u) < M,,
U€Asr g0

and
Iim M, = maxlimsu u).
r—+4o0 4 UEAr  ¢y0 pjg( )

Let’s fix r € IN. Then, for all u € A,,

limsup Je(u) < M.

e—0
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Therefore, for all u € A, there exists ¢, > 0 such that
Ve €10, ey: Je(u) < M,.

By a contradiction argument we prove that e, = ir}‘f gy > 0. Then
u€A,

Ve €]0,e0[,Vu € Ay 1 Je(u) < M,,

and
Ve €]0,e0[:  limsup max Jo(u) < M,,
g0 UEAs
whence we obtain by letting r — +o0. O

5. Asymptotic profiles and concentration phenomena

Let’s prove the asymptotic profiles stated in Theorem that is, for a
fixed k € N, as € = 0, (Wy)e>0 subconverges in Hp to some u; € M which
is a solution of (Pg,) and verifies

up = (2c0)V Py (36)

Proof of Theorem2.10, 1. Let us prove that wy, weakly subconverges to
some uy € Hp. Let 6 > 0. By (29) there is € > 0 such that

Ve €]0,g(: Che < C+ 9, (37)
whence,

_ L2 A2
Ve €l0,&[: | Drellp < dxelly = 2exe < 2(cx +9),

so that (u?k,g)ge(orgé) is bounded in Hp. By [15, Th.3.18], @y, weakly
subconverges to some #i; € Hp, as ¢ — 0. By Remarks and and
point we have that wy, = (2¢,)Y (pfl)zbk,g weakly subconverges to
uy, given by (36), as e — 0.

2. Let us prove that 1y is a weak solution of (Py)). Point 1 implies that @y

subconverges to 7, point-wise almost everywhere. From Theorem
and Remark we have for ¢ € CP(RY) that

Jon (Ve Vg + Vitepedx) = 20y, [ [l duepdr. (38)
Since Q is o(h™), it immediately follows, for all ¢ € CF(RYN), that

. —2m 2 N _

lim [ €m0 (8"'+2 X) Wy (x)p(x) dx =
. —2m 2 N .

= lgré wapp() em+2Q (e mi+2 x) Wy e (x)p(x) dx = 0. (39)
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Therefore, by passing to the limit when ¢ — 0 in (38), we have by (29)
and (39), that

A ~ _ A p—14
/RN (Vi - V¢ + Pig¢p dx) = 2¢ /}RN [0 |P™ g dx, (40)

for any ¢ € CF(RN), i.e., uy is a weak solution of (Pg). By a density
argument, holds for all ¢ € Hp. Therefore, by taking ¢ = 7 in (40),
we get that J (i) = c.

3. By Proposition 4.3|and the non-negativeness of Q, we get that

lim sup HZTJkSH?J < limsup \|wk8\|§ < 2 limsup ¢y,
e—0 e—0 e—0
52
< 26 = [likllp- (41)
Since Hp is a Hilbert space, it is also a uniformly convex Banach space.

This, together with and point 1 provide, by [15, Prop.3.32], the sub-
convergence of wy . to uy in the norm Hp, as ¢ — 0.

O

For the last part of this paper, devoted to the proof of Theorem let’s
strengthen the assumption (V1) by requiring that

(V1,) For some 7 >0, V € C1(RN).

Then, by using standard regularity arguments, it follows that vy, and wy be-
long to C>7(IRN) and that they are classical solutions of and (Py,), respec-
tively.

We shall use the following result.
Proposition 5.1. Let D be an open and connected subset of RN. If w € H}(D) is a
classical subsolution of the elliptic problem

Aw— f(w) >0, inD,
w >0, in D,
w=0, on oD,

where N >3, p+1 €]2,2*[ and forall t € R"
tf(t) < ctPtl,

for some ¢ > 0, there exists C = C(c, p, N) > 0 such that

H4/ N+2 p(N-2)]

[l ) = Cllwll 2+

A proof of Proposition [5.1|is provided in [13] under the conditions that A is
smooth and bounded. Nevertheless, as it’s mentioned in [14], the proof can
be modified to release the constraints of boundedness and regularity of the
domain.
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Proposition 5.2. Let k € N, 6 > 0 and €5 > 0 as in (37). Then there exists K5 > 0
such that
Ve € (O,E(s)i ||wkr€HL°°(]RN) < K(g. (42)

Proof. Let’s assume that N > 3 as the cases N = 1,2 are easier. Let ¢ € (0,%;)
and D{ a connected component of W,", = {x € RN / wy, > 0}. Then, since

Wy ¢ is a solution of , we have that

Awge +wh, >0, inDJ,
Wk e >0, in D;r,
wie =0, on oD/

Therefore, by Proposition 5.1} we get

4/[N+2—p(N-2
LZ*[(I;E) p( )] (43)

Hwk,s L°°(DQ') < CHwk,s
On the other hand, by Theorem 2.6|and (37), we have that

2 Ky o2
|12 (RN) < = I1Prell; = Kieke < Kileg +9).

1,. 2 N
> Hwk,EHLZ*(Dj) < || ke
From this and ({@3), there is K; > 0 such that

Ve € (0,8):

[|wke ||L°° (W:f,e) < K,

because D, was chosen arbitrarily. The same result can be worked out for
Wi, = {x e RV /w, <0} . O
Remark 5.3. By the definition of vy, (25), we see that Proposition [p.2] imme-
diately implies that

lim [[ore [ o vy = O-
Moreover, since for all k € IN and all € > 0,

to find 77, > 0 such that

wk,eHLpﬂ(]RN) =1, it’s possible

limin HkaEHL‘”(]RN)

i D mr2)] = Tk > 0

Remark 5.4. To prove Theorem the exponential decay of wy, out of Z
we shall use the following comparison result. Given a,b,d > 0 and D C RN
bounded, let U be a positive solution of the problem

AU-2bU=0, xecRN\DY,
U=aq, x € 9D, (44)
lim U(x)=0.

‘x‘~>+oo
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Then U verifies
U(x) < C-exp{—b-dist(x,D)}, xeRN\D?,
where C = C(a,d) and
D? = {x e RN / dist(x, D) < d}.

Let’s recall the statement of Theorem Given u,d,c > 0, there are

values ¢, C > 0 such that for all ¢ €]0,¢[ and |x| > u + 6 e~/ ("*2) it holds

[wge(x)] < Crexp (—ee /(M) [|x] —p—ge 2/ 012 )

Proof of Theorem Let us consider g > 0 as in and K; as in Proposi-

tion[5.2} Let’s pick & €]0,&;[ such that

Py = inf P(x) > (K, +2¢céni?) g2,
|x|>6

Let ¢ €]0,¢[. By and the homogeneity of P it holds

Pye = inf{P(x): x| > 6672/ ("2} — inf p (e72/(m42)y)

ly|>é
_ 8—2m/(m+2) inf P(y) — s—Zm/(m-i—Z)Pé
ly|>d

> K5 +2ce ™/ (m+2)

From this and Proposition we have, for |x| > de=2/("+2) that

Let us now consider U, a positive solution of (#4), with
a=K;, b= cg_m/(m+2), d= 58—2/(m+2),
and, for some y > 0

D =B(0,u), D= B(0,u+ s % m+2)

ie.,
AU —2ce™ M2 =0,  |x| > u+ e 2/ (m+2),
U =Ky, x| = p + ge2/(m+2),
lim U(x) =0.
[x]—+o00

17
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Thus, by #6),

AU — Ty (x)U <0, x| > p+ og= 2/ (m+2),
=K, x| = ot g2/ 0m42), 47)
lim U(x)=0.

|x|— o0

Since wy . solves (P), from (#7) and it holds

A(U - wk,e) - Tk,e(x)(u - wk,s) <0, |x| > pt 58_2/<m+2)/
U —wy, >0, x| = p+0e72/(mFD, - 4g
lim (U(x) —wg,) =0.
[x]—+o0 ,
From (48), we get by the weak maximum principle (see e.g. [17]),
wie(x) < U(x), |x| > p+ de72/(m+2),
In an analogous way it is proved that
“U(x) < —wge(x), x| > potoe 204,
Therefore, by Remark there exists C = C(4,¢) > 0 such that, for |x| >
pu+ 672/ m+2) it holds
|wi(x)] < U(x) < C-exp (—ce—m/<m+2> [|x| - 58-2/<m+2>}) .

We conclude by the arbitrariness of e. O
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