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Abstract. Let p > 2, Q ¢ RY smooth bounded domain, V € L*(Q)
non-negative, and .%; the space of self-adjoint trace-class operators on
L%(Q). We prove that # ", the p-Sobolev-like cone of operators T ¢ .%}
having eigenvalues v;, i € N, and an eigenbasis B = {1; /i € N} of L*(Q2)
such that

(T = Tl f[[IV6l" 4 V(@) < oo,

is compactly embedded in .#;. In the path we prove regularity properties
for the density function associated to T' as well as Gagliardo-Niremberg
type inequalities departing from Lieb-Thirring type conditions. We ap-
ply the compactness property to minimize free energy functionals where
the entropy term is generated by a Cassimir-class function related to the
eigenvalue problem of the Schrédinger operator —aA + V', a > 0, with
Dirichlet condition.
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1. Introduction

Let’s quickly introduce the concept of p-Sobolev-like cone of nuclear operators
and our main result, a compactness property analogous to that of the classical
Sobolev embedding but at operators level. After this we shall present a short
state of the art and some relevant comments.
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Let © ¢ RY be a smooth bounded domain, H = L2(Q) and T: H — H
a compact self-adjoint linear operator. By the Hilbert-Schmidt and Riesz-
Schauder theorems, there exist a Hilbert basis of H, B = {¢; /i € N}, and
(¥i)ien € R such that, for each i € N,

T s = vinh;. (1.1)
We say that B is an eigenbasis of T, denoted B € %, as the previous relation
implies that, for each i € N, 1); is an eigenfunction associated to the eigenvalue
v;. We shall say that T is a nuclear operator, denoted T € .#7, if, in addition,
(vi)iew € 11 (R) and, in this case, the values
Te(T) = Zl’i and ||T|y =Tr(|T)) = Z 2
€N ieN

are referred to as the trace and the trace norm of the operator T, respec-
tively, [II]. Whenever T > 0 the numbers v;, i € N, are usually referred to as
occupation numbers and the sequence (v;,¥;)ien € Ry x H is called a mized
state.

Let’s assume that p > 1 and that V' e L*(Q) is non-negative. Let’s
consider the Banach space Wi* (Q) = (WP (€), Il,,); where

[l =l gy + [V (@)@ da

For T € %, we write 4, = {B € %,/ B ¢ W%,p(Q)} Now we can
introduce the main concept of this work. The p-Sobolev-like cone, WP, is
the set of operators T' € .#; such that there exists B = {1; / i € N} € A} such
that the pB-energetic value of T is finite:

(T)os = 2 il 19illy,,, < +oo.
€N
The value

(T), = inf (T),.,

shall be referred to as the p-energy of T. Our main result is the following.

Theorem 1.1. Let p > 2. The embedding #'P ¢ .7 is compact, i.c., if
(T nenw € #'VP s (), -bounded, then there are a subsequence (T, )ken and
an operator T € WP such that |T - Ty, |1 — 0, as k — +oo.

In the context of quantum mechanics, [I3], a physical state of a system
is represented by a positive nuclear operator 1" € .77, also referred to as a
density matrix operator because of the decomposition

T¢:ZVZ(¢7¢'L)ww ¢€H7
ieN
where is assumed and (+,-) denotes the inner product of H.

In a number of works free energy functionals have been considered,
dealing with nuclear operators or mixed states, to obtain insights in quantum
mechanics situations (see e.g. [2], [6] and [8]). These and many other works
deal with p = 2 because that is a natural setting for modeling quantum
systems.
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From the mathematical point of view is quite interesting to extend the
study of [5], [6] and [9] to nuclear operators having eigenfunctions with a
different kind of regularity, say W%}p(Q), WP(2) n W2P(Q), ete. In [§] it
was considered HJ(2) n H2(2)-regularity to prove existence and nonlinear
stability of stationary states of the Schrodinger-Poisson system, while in [5
it was necessary only HJ(2)-regularity to produce, for p = 2, Theorem
and other results. In other direction, it’s also interesting to replace the pivot
space H = L2(Q2) with other separable Hilbert spaces as a good part of the
machinery we develop seems to be extendable. In this work we undertake the
first path.

It’s well known (see e.g. [6] and [5]) that fixed the potential V', the min-
imization of a given free energy functional is related to Lieb-Thirring type
inequalities while, in other hand, the optimization on V produces interpo-
lation inequalities. Inequalities of these types are interesting by themselves,
in particular to study the stability of many-particle quantum systems (see
e.g. [I4] and []), and are building blocks in our context. See the description
below.

The paper is organized in the following way.

1. In Section [2.1] we shall present the relevant operators setting.

2. In Section [2.2 we introduce | - v, an equivalent norm for W,*(Q),
and state some easy but useful inequalities that help to build up our
the results.

3. The cone #'P and initial properties of its elements are stated and
proved in Section For example, given T € #*P and a suitable con-
tinuous function 3 such that 3(0) = 0, it holds B(T) € #1P. A Poincaré
type inequality, |71 < K7 - C,{T'),, is also proved here.

4. In addition to the p-energy, the concepts of p-kinetic energy, JZ, (-), and
p-potential energy, &, (-), are introduced in Section showing an
intrinsic imbalance of energy, (T'), > %, (T) + 2, (T), on #,P = {T ¢
#1P | T >0}, which dissapears when p = 2.

5. In Section [2.5] it’s proved a regularity result for the density function
of T e WP, pr(x) = Sienvirlbir(z)]?, for ae. € Q, that is, pr €
W (Q)nL#(Q), for every v € [1,p] and every s € [1,pN/(2N -2-p)].

6. In Section we will introduce free energy functionals like

F3,(T) =T (B(T)) + (T),, TeHl", (1.2)

where the entropy seed [, will be generated by a Casimir-class function
F by 8(s) =F*(-s), seR.

7. Under a suitable condition on the Schrodinger operator —aA +V, o >
0, in Section we prove that ~Tr (F(C™!(-aA + V)P/?)) is a lower
bound for the free energy functional.

8. Assuming that p > 2 and that V' bounded away from zero, in Section [3.3
we obtain more useful estimates for free energy functionals. By assuming
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that a Lieb-Thirring type inequality holds,
Te (F(C(—ah + V)P12)) < fQG(V(x))d:r,,
we produce a Gagliardo-Niremberg type inequality

T (3(T)) + 4, (T) 2 inf, [ 7(op(@)de,

where, for B € %Y., the pB-density function associated to T is given by
Pp,B(T) = Lien vi,r|ni,r (2)[F, for ae. x € Q.
9. In Section [4] we prove Theorem for p > 2. This extends the results of
[5] and [9] were it was considered the much simpler case of p = 2.
10. By using Theorem in Section [5| we shall prove that several kinds
of free energy functionals, including but not restricting to , have
operator ground states.

2. Definitions and preliminary results

2.1. General operators setting

Let’s introduce the global setting for our work. For completeness we repeat
some concepts that were already mentioned in Section [I}

Let Q ¢ RY a smooth bounded domain and H = L2(). As a separable
Hilbert space, H has a Hilbert basis, i.e., there exists D = {¢; /i € N} ¢ H
orthonormal and such that it’s span is dense in H.

We denote by £ and .Z., the spaces of bounded and compact linear
operators on H, respectively. We also write ZLs = {T € £/ T is self-adjoint}
and Yo = oo N ZLs. An operator T € Z belongs to the trace class % iff

DT @iy pi)] < +oo.
ieN
In this case, [I], the values
Te(T) =Y (Tpipi) and [T|=Tr(|T]), (2.1)
1eN
are actually basis-independent; they are referred to as the trace and the trace

norm of the operator T, respectively. The space (£, ] - |1) is Banach and
contained in .#,,. The elements of the Banach space (1, || [1),

y1=jlﬂ.iﬂs§yooy

are referred to as nuclear operators.

By the Hilbert-Schmidt and Riesz-Schauder theorems (see e.g. [11]), for
an operator T' € .7, there exist B = {¢; 7 /i € N} ¢ H, a Hilbert basis of H,
and 6(T") = {v;r /i € N} ¢ R such that, for each i € N,

Tibir =virYiT. (2.2)
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Because of (2.2)), we say that B is an eigenbasis of T, and denote B € #,.. In
this case, T belongs to .71 iff (v; 1)ien € I*(R). In this case the formulas

T (T)=>vir and [Ty =Te(|T]) =) w7l (2.3)

€N €N
are equivalent to those in (2.1). The density function associated to T is pr €
LY(Q), given by
pr(z) = > virlir(z)f?, for ae. z e (2.4)
€N

We shall always assume that the sequence of eigenvalues (v; 1)y € R is
ordered: |v; 7| > |v; 7| if i < j, and if both v and —v are eigenvalues, —v comes
first.

Remark 2.1. If T € ./} is a positive operator, which is denoted T" > 0 and
means that (T'1,1) > 0, for every 1 € H, then every eigenvalue v; r is non-
negative and both values in (2.3) coincide.

Remark 2.2. Since I*(R) c I?(R), it follows that .# is contained in the space
of Hilbert-Schmidt operators, [13],

1/2
,%:{Teyw/ T||2:(Z|m|2) <+oo}.

ieN
¥ is a Hilbert space as its norm is induced by the inner-product given by
(L,R)2 = Tr(R*L). The action of an operator T € .%5 is characterized by
a kernel function K7 € L2(Q x Q) such that Kr(z,y) = Kr(y, ), for a.e.
x,y € . In fact, it holds

(T9)(@) = [ Kr(e.y) o)y, for ac. e,
for g € H, and T2 = | K7 2(0x0)-

2.2. An equivalent norm for W(l)’p(Q)

Let p > 1. Let’s introduce a norm for Wé’p (2) which is equivalent to the
classical one,

1/p
e A

and state some simple but useful properties. From now on we shall assume
that

(VQ) V eL*®(Q) is a non-negative potential.

Remark 2.3. Given p > 1 we shall denote p* = pN/(N —p) if p < N, and
p* =+o0 if p> N. We write p’ > 1 the conjugate of p, 1/p+1/p' =1.

We write
WP () = (WeP(Q), [ly-,),
where
p _ P
[uly = 430y + [ V@lu(@)Pda. (2.5)
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Remark 2.4. Let 1 <p< N and q € [1,p*[. By Rellich-Kondrachov’s theorem,
[3, Th.9.16], the embedding W%/’p(Q) c L(£2) is compact. Then, in particular,
there exists S;, ; > 0 such that

Vu e W(lfp(Q) : Hu”Lq(Q) < Sp.q

ully,,- (2.6)

Remark 2.5. Let 1 <p< N and g € [1,p*]. By [7, Sec.5.6.1, Th.3], there exists
Cp,q > 0 such that

Vue WoP(Q) 1 Julpegay < Cpa IVl 1o(ey - (2.7)
Also, for all 1 < p < +o0, we have Poincaré’s inequality,
Vue WP () [ulpsgay < Cp | Vulioq) - (2:8)
Remark 2.6. Let 1< g <p<+oo. Let’s recall that by Holder inequality,
VueLP(Q): ”u”Lq(Q) S Kpg |u”LP(Q) ) (2.9)

where K, , = |Q|(P~9/P4. For future reference we denote K, = K, if p > 2,
i.e.,

VueLP(Q): H“HL?(Q) < Kp HUHLP(Q) : (2.10)
Proposition 2.7. Let 1 <qg<p<+oco. Then

Y e WoP () [¥lvig < Coalltlva, (2.11)
where C, = K& (14 |V =) C2). So, if p>2, denoting C, = Cy 2,

Ve W ()1 [¥lva < Cpldlvy. (2.12)
Proof. Point (2.11)) is obtained by a direct and simple computation using
Holder inequality and (2.8]). ]

2.3. The p-Sobolev-like cone
Let p> 1. For T € .7, we write % = {B e B,/ BcWy"(Q)}.
Definition 2.8. The p-Sobolev-like cone, # >, is the set of operators T € .7}

for which there exists B = {1; /i € N} € 2. such that the pB-energetic value
of T is finite:

(Th,n = %IW,TI [l 7, < +oo. (2.13)
The value
(T), = inf (T),. (214)

shall be referred to as the p-energy (or p-total energy) of T.

As it was already mentioned, the case p = 2 comes in a natural way
for most of the applications to quantum mechanics and, moreover, has the
advantage that the 2-energy is basis-independent, i.e., on T € #'12 = #" is
unnecessary to take the infimum in . The term cone in Definition
is justified by point i) in the following result.

Proposition 2.9. The following properties hold.
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i) For every a e R, a#' VP c WP and

YT ew i (T), = |al(T),.
ii) Given aeR and T e WP,

(aTh, =0 iff a=0v T=0.

iii) Let T ¢ #*P, M > 0 and 8 € C([-M,M]) such that 3(0) = 0 and
o(T) c [-M, M]. Assume that there exist ¢y >0, a > 1 and ty €]0, M]

such that
Vte[~to,to]:  |B()] < calt]. (2.15)
Then, for every B € %Y. such that (T), » < +oo, there exists Cg > 0
such that
(B(T))s < CB(T ), 5- (2.16)

Consequently, B(T) e w'.

Proof. Points i) and ii) follow from simple computations. Let’s prove iii). Let
B = {n;/i e N} € #Y such that (T), » < +oo0, and ¢; = min{1,¢y}. Then
#{i e N/|v;r|>t1} < +o0 and we can choose cg >0 such that

1B(v;)] < ealvjl,
for each j € {i € N/|v;| > t1}. Therefore, by the Spectral Theorem, [IT]
Th.VIL.2], and (2.15), we get

(BT oo =2 1B@llmly, = 3 BT, + X 18)llmly,

1eN 1eN 1eN

|v;|<ty lvil>t1
<ar Y it +es Y willmlly,
€N i€
|I/i|St1 |Vi|>t1
<Op Y willnily, = Co{T ), 5,
€N
where Cp = max{cg, c1 }. O

The following estimate of the trace norm in terms of its p-energy is a
kind of Poincaré inequality at operators level. We use the constants provided

in Remarks 2.4] 2.5 and 2.6]
Proposition 2.10. Let p>2. Then
VT ew''?:  |T|y < K2 -Cp(T),. (2.17)
Proof. Let T € #'P and B = {n; [ i e N} € %%, such that (T'), » < +oo. Then,
by (2.9), (2.8)) and (2.5)), we have, for i e N,
vir| = il 1nillT2q) < Eplvar| 10:lT0 )y < K Colvirl Imily
whence, by summing over 1,

1T =2 virl < 3 KpColvirllmily,, = KpCp{ Ty, 5,
€N €N

which, by the arbitrariness of B and T', gives (2.17)). O
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In general, 1 < ¢ < s < +oo does not imply that #1* ¢ #19. However
we can prove something of the kind, by using sets of the form

WP = {Tew'? 3B e : Bisbounded in |- |v,}.
Proposition 2.11. Let 1< g<p<+oo. Then, V/bl’p cwla,

Proof. Let T € 7/171717 and B = {n; /i € N} € ., bounded in the norm | - |y,
Then there exists 5 > 0 such that |7y, < 8, for every i € N. By (2.14),

(2.11) and (2.3]) we have that
(The < 2 virl Inily, < Cfg 2 virl il

ieN ieN
<(BCpq)? z lvi,r| = (BCp,g) | T]1 < +o0,
ieN
so that T € #14. Since T was chosen arbitrarily, we are done. O

2.4. Imbalance of the p-energy
Now we shall introduce the concepts of p-kinetic and p-potential energy for
operators that belong to the positive cone

WP ={T e W™ T >0},

By Remark We have |T|y = Tr (T) = ¥y vir, for every T e #,P.
Let T e #,°P and B = {1; /i € N} € B%. The pB-kinetic energetic value
and the pB-potential energetic value of T are given, respectively, by

Hs (1) = S vir [ [Vi(@)Pda, 2,5 (1) = Y vie [ V(@) (@)]da.
ieN Q2 ieN Q

Then, as it was done in ([2.14]), the p-kinetic energy and the p-potential energy

of T are given, respectively, by

H (1) = inf o, (1), 2,(T)= inf 2,,(T). (215

Remark 2.12. Let T € #,P. Let’s assume that B = {; /i € N} € £ is an
eigenbasis of T and that (T'), 5 < +oo. Even though -A, is not a linear
operator, by using (2.1) and integration by parts, we formally have that

Trp[-A,T] =Y. (i, —ApT0)12(0) = Y. ViT f ni(x) - [-Apni(z)]dx
ieN ieN Q
=S vir f Vi (2)Pda = ;4 (T) . (2.19)
ieN Q
Let’s assume now that p = 2. Then (see e.g. [13]) the following equality is
valid and basis-independent

Py (T) =T (VT) = fQ V(2)pr(x)da. (2.20)

Here V is interpreted both as a function and as a multiplication operator on
L2(Q) and we have used (2.4). Moreover, if B € H}(Q) n H?(Q), as it was
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assumed e.g. in [§], then the computations (2.19) and (2.14)) become valid
and basis-independent:

Hy (T)=Tr (-AT) and (T),=Tr((-A+V)T).
From and (2.18) the p-total energy is imbalanced:
VT e#\P: (T), 2%, (T)+ 2, (T). (2.21)

For the reasons mentioned in Remark [2.12] only the 2-energy is preserved:
(TH, =5 (T) + P, (T), for every T e #, .

2.5. Regularity of the density function

In this section we shall prove that the density function associated to an
element of %1,17 , given by (2.4), belongs to a range of Lebesgue and Sobolev
spaces.

Lemma 2.13. Let N >3, 2 <p < N and T € %Lp. Let’s denote I =
[p/2,pN/(2N -2)] and I = [1,pN /(2N -2 -p)].

i) For every r € Iy and every B € BY. such that (T) s, < +oo, there exists
Z =Z(B,p,N,r) >0 such that

1YLl oy < Z(T)2G VP,

where L =T2"/P,
ii) For every r eI, and every s € Iy, pr, € WH(Q) nLe(Q).

Proof. Let’s assume that 7' # 0, 7 € I; and that B = {n; /i € N} € &% is
such that (T, 5 < +oco. Since 2r/p > 1, it follows, by Proposition that

L=T2/"¢ %1”’. By the Spectral Theorem, v; 1, = uig/p, for each 7 e N.
Since r < pN/2(N - 1) it follows that

2
P=Ps20_251 ana P =2
r N p—-rT

Then, by the convexity of R 3 y — |y|” € R, Holder inequality, (2.16), (2.17)
and (2.7) with g =pr/(p-1), we get

/;Z|vpL(x)|’“dxg2’”fQ(ZIVi,Lm(w)Vm(I)|) dx

€N

(22) [Q[Z (z;;’ij,L)'"i(z)”V"i(”'] s
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<Ll [ 3

ieN

<2 ILIT Y v [Q<|m|’”>de)l/P ()7 a)

ieN

- r/p (p=r)/p
<2 TPt ”/PZVLL( fQ |vm|de) ( fQ |m|pr/(P*r)dx)

€N

Vi,L ()| | Vn(x)|"dx
(75 Jnorronora

1/P’

2r/p
< 2D S ([ [vnpde)

€N
2r/p
= Zl<<T>>I27T(r—1)/p Z (VLTL |V7h|pd1’) , (2.22)
€N

where Z; = 27K, "V OV Cr  Since (v i c R is bounded,

p .
Wé’p(Q) )lGN

we take A = A(B) = sup,ey Vi1 |1 < 400, s0 that

P
W (9)
-1, 1P 2r/p -1, P
(A vi,T Hnlnwém(ﬂ)) <A vi,T Hnl”W(l),p(Q)
as 2r/p > 1. Therefore, from (2.22)) we get

JiTonalde < A TR S [ onds
= Zy A2 ()2 DI
whence
IV presn ey < 217 AXPYm Q) 2G0T

i.e., point i) with Z = Z}/" A2r/p=1,

Let’s prove point ii). Observe that we already have that p;, € L1(Q) n
WL (Q), for every 7 € I. Now, by choosing P = pN/(N -2)>1 and P* =
pN/(2N -2-p) in Remark it follows that pz, € L () and we conclude
by interpolation in Lebesgue spaces, [3, pp.93]. O

Theorem 2.14. Let N >3,2<p< N and T € #,"*. Then
Vol gy < Z(T),.»

with Z = Z(B,p,N) > 0. Consequently, pp € W"7(Q) n L*(Q), for every
~ve[1,p/2] and every s € [1,pN/(2N -2 -p)].

Proof. Simply take r = p/2 in Lemma and apply Holder inequality. O

3. Free energy functionals

3.1. Casimir class. Free energy and entropy functionals.

As a first step to introduce free enery functionals we shall present the concept
of entropy of a positive nuclear operator. Recall that the Legendre-Fenchel
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transform of ¢ : R > Ru {+o0}, ¢ # +00, is given by
' (y) =suplyA - (V)] yeR. (3.1)

We say that §: R - Ru{+oco} is an entropy seed iff it’s convex and such
that 8(0) =0. Given T'€ 7 , = {L € %1 | L > 0}, the value

Sp(T) = Tr (B(T)),

is called the B-entropy of T provided Sg(T') €] — o0, +00]. We say that the
entropy seed [ is generated by a function F' if

B(y) =F*(-y), yeR

Let p > 1 and consider an entropy seed 5. The Bp-free energy functional,
Fpp: WP > RU {+00}, is given by

F5.0(T) = 8p(T) + (T'),- (3-2)

Ezample 1. Let v > N/p so that m =+/(v+1) € |N/(N + p), 1[. The function
Bm iR > RuU{+00}, given by

Bon(s) = {(1 m)™ tmmms™m | if 5> 0,

, if s<0,

is an entropy seed generated by the function F': R - Ru {+oo}, defined by

sy, ifs>0,
F’v(s):{

+o0 , if s<0.

A nice class of functions that generate entropy seeds is the Casimir class
that we are going to introduce. We shall use the following kind of assumptions
for the operators —aA + V.

(Gv,a) «is positive and the operator —aA +V with Dirichlet boundary condi-
tions has a sequence of eigenelements ()\E/a) (a))zEN c R x H} () such

that {qbgfi) /i € N} is a Hilbert basis of L2(£2) and )\g/,i) — +00, as i — +00.
We denote Ay; = )\(1) and ¢y, = $/127 7€eN.

Z

Remark 3.1. Condition (G 1) holds by [3| Th. 9.31]. This corresponds to the
classical eigenvalue problem of the Laplacian operator —A. Moreover, since
in our context 0 < V e L*(Q), we have Ag; < Ay, for every i € N, and,
therefore, (Gy,1) also holds.

Definition 3.2. Assume (Gy,) and p > 2. A function F : R - Ru {+o0}
belongs to the Casimir class ‘Kp‘fv if it is convex, non-increasing on ]0, +oo[
and
lF (e p/2 -1 (a) &
r( (C(-Aa+V)) ) SECIADPR) < v, (33)
€N

where C'= C? comes from (2.12). We write €, =%} , .
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Example 2. Let p > 2 and v > N/p. The function F, defined in Example
belongs to €, , N %, . In fact, by [10, Th.1.3.1], there are ¢(£2),C(2) >0

such that c¢()i?N < \g; < C(Q)i* N, for each i € N, and so, by Remark
we get

S (CTAv) PP <3 (CT N,0) PP < oo,

ieN ieN
Ezample 3. A sufficient condition for (3.3)) to hold is that for some ¢ > N/p,
(1/)\&?)1@1\1 c9(R) and, for some M’ >0,

Vy e]M’ +ool:  Fy) < M|y,

This is an extension of the situation in Example [2] where it was assumed
a=1.
3.2. Lower bounds for basic free energy functionals

The following theorem gives a lower bound for .#, 3. This result is very
important as it allows us to prove some Gagliardo-Nirenberg type inequalities
in the context of the cone %1,19 and, therefore, it’s a building block to prove
our main result, Theorem

Remark 3.3 (Important). Keep in mind that by saying that a function F
belongs to the class €'y, we are immediately implying that condition (Gy,q)

holds, p > 2 and a > 0.

Theorem 3.4. Let 8 be an entropy seed generated by F € (gv,p- Then
—A p/2
VT e P %,I,(T)Z—Tr(F(( gv) ))

Proof. Let T e #;"" and B={n;/ieN}e Y. Let i € N. We have that

ni=y Wijdvy, . M?j =1,

jeN JjeN

where ;5 = (¢v;,7;). Since F is non-increasing on |0, +oo[ it follows from

[£-12) that
F(Inlly,) < F(CHmill%)- (3.4)

By the convexity of F and R >y~ |y[P/? € R, it follows that

a A /2 A /2
F(C 1H77i||]\9/,2) :F((sz,jc 1)\V,j)p )S %M?jF((C 1)\V,j) ) (3.5)
je

Then, since the Spectral Theorem provides

F (€7 A+ V)Y vy = F((Cv,) ") by
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for each j € N, we get

> hF (( 1)‘VJ) ) > i F (( 1)\vg)/2)(¢v,j,¢v,j)

jeN jeN

(Z pigovgs 32 i ((C7v) ”)m)

jeN jeN

- (m,F((_ACjV)p/Q)m). (3.6)

Therefore, by (3.4), (3.5), (3.6) and (2.1]), adding over i € N yields
~A+ VP2
mewgzﬂ@« . ))) 37

ieN

Since the entropy seed 8 is generated by F, we have that 8(v) + vy > -F(y),
for all v,y € R. Therefore, using (3.7) with v = v; 7 and y = |n[7,,, and
adding over i € N | we get

A+ VPP
3 80sr) + Trirlilt 2 X Pl > -1 (P ((227) 7).
€N €N €N c
We conclude by (3.2) and the arbitrariness of B and T a

Proposition 3.5. Let 8 be an entropy seed generated by F € (fp(o{,) Then,
for every T e #W.1P,

So(T) + (a+1)"2(TY, > ~Tr (F ((‘O‘Aé*v)p/z)) . (3.9)

Proof. The proof follows exactly the scheme of the proof of Theorem [3.4] We
just have to observe that the elements of the Hilbert basis {d)%,])/ j e N}

verify Ay " "
(G N ER (G e
]

Remark 3.6. Let 8 be an entropy seed generated by F' € ‘fp(%), V' =0. Then,

Ss(T) + X, (T) > -Tr (F (( _OéA )p/Q)) . (3.9)

3.3. Gagliardo-Niremberg type inequalities
Let p > 2. When we say that V is bounded away from zero, inf{V(x)/x €
Q} >0, we mean that there exists 7‘(,’)) > 0 such that

V()2 KIyP >0, zeQ.

(») (/\)

In this case, for A <, we define a generalized free energy functional .7,

WP S RU {+o0} by
FEONT) = 7, (T) = ATy = S5(T) +(T), - AT
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The next result proves, given some conditions, that fﬁ();) is bounded

from below, i.e., the negative term —|7T'|; can be controled.

Theorem 3.7. Assume that V is bounded away from zero and that X < ’y‘(/p),

Let B be an entropy seed generated by I € %”;7/02 for some € €]0,1]. Then, for
every T € WP,

FO(TYs Ty (F (( € A)p/Q)) ). (3.10)
2C 2
Proof. Let T € #;"F. Using we get
FENT) 2 H,(T) + 2, (T) + S5(T) = AT + 4, (T)

- [5(T) 4 SyD) |+ S, (D) + (1= 98, (T) 4
+Z,(T) = AT

Since F € ‘5;)/02, by Proposition we have that

s siny>n(r((25a)")).

whence,

_ pf2
ag(N) € €
FONT) > —Tr(F ((20A) )) v S, (T)
+(1-e) A, (1) + 2, (T) = AT (3.11)
Now we claim that
(1-e) A, (T)+2,(T) - A|T]1 20, (3.12)

which, together with (3.11)), imply (3.10)).

If A <0, (3.12) is immediate. So let’s assume that A > 0. Let B ={n; /i€
N} € %7 Then, by using (2.10) and ||7;]12(qy = 1, for each i € N, we have
that

Pys (D)= MTh = L vir [ V@lni(a)Pde =AY vixr

1eN 1eN

IT( SV @hrds - zumm @y dm)
> Zyi,T(fQ(V(x)—AKg)m(x)\de) >0,

ieN
which, by the arbitrariness of B, implies (3.12]). O

A useful consequence of Theorem is the following corollary which
will be used in Section [5| to minimize free energy functionals.
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Corollary 3.8. Assume that V' is bounded away from zero and that X < 'y‘(,p).
Let B be an entropy seed gemerated by F ¢ %;’/02 for some € €]0,1]. Let’s
assume that (Ty)gen S %1,10 s such that (ﬁéi)(Ta))geA c R is bounded.

Then th(? famdies (% (TU))UGA; (Sﬁ(TU))O'eAJ (HTUH1)0'€A7 (<<TCT>>P)U€A and
(Z,(T5))oen are also bounded in R.

Proof. By taking advantage of the boundedness of (9&) (T5))oen and of the
estimates appearing in the proof of Theorem we first prove that there

exists A > 0 such that
—¢ p[2
Tr(F(( AA) )) <A
2C

With this it’s proved the boundedness from above of (%, (T,)),ea which,
with help of (3.12)), allows to prove the same for (Sg(T))sea. Then with

help of (2.10) and (2.8]) it’s proved that
VoeA: |T,| <CEKEA,(T,),

so that (|T,]l1)sea is also bounded. This easily gives the boundedness of

((T5)p)oen and (2, (T5))sen-
O

Now that we have proved boundedness from below for the kind of
free energy functionals under consideration, we shall obtain some Gagliardo-
Nirenberg type inequalities for operators. The following result is an extension
of [6, Th.15] and [5, Th.3.2] to the Sobolev-like cone #,"?, for p > 2.

Remark 3.9. Let p>1, T e #,%P and B = {n; /i e N} ¢ AY.. The pB-density
function associated to T is formally given by

pp.5(x) =Y virnir(x)P, for a.e. T € Q.
1eN

Theorem 3.10. Let 3 be an entropy seed generated by F' € Cgp,V‘ Let’s assume
that the functions 7,G are such that 7(s) = —(-G)*(s), s € R, and

Tr(F((_Agv)p/Q)) < fQG(V(x))dx. (3.13)

Then, for every T € WP,

§o(T)+ 7, (1) in, [ o (@)da.

Proof. Let T e #;"" and B={n;/ieN}e Y. By (3.1)), for s, e R,
-As = G(A) 2= (-G)*(s) =7(s).
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Therefore, by choosing A = V(z) and s = p, g(z), we get, by (3.13) and
Theorem that

S5(T) + Hy 5 (T) >~ P, (T) - [QG(V(x))dx
- [ -V @ppp() - GV (@) da
;@ﬂ%mme;g%Lﬂﬁmmm%
We conclude by the arbitrariness of 7" and B. O
Ezample 4. Let g:R* - R" such that
[0+°o g(t—t)(l +t7V2)dt < +o00.

Moreover, consider the convex non-increasing functions F,;, G, : R > Ru{+c0}
given by

F= [Tetan T G = [ et rn .

For the case p = 2, it was proved in [6] that Fy, G, satisfy the conditions of
Theorem [3.10)

Ezample 5. Let’s retake Example [I] for the case of p = 2. Then we consider
v > N/2so that m =~/(vy+1) € IN/(N +2),1[ and the entropy seed 5, : R >
R U {+00}, given by B (s) = —(1-m)™ Im™s™ if s > 0, and B,,(s) = +oo
if s <0. Then, as in [0, Ex.2], there exists a constant p = (v, N,Q) > 0 such
that the following interpolation inequality holds

VTN A (T) + S5, (T) 2~ [ plh(w)da,

where ¢ = (2y - N)/[2(y+1) - N] €]0,1].

4. Compactness

In this section we prove our main result, Theorem Given p > 2, it states
that the embedding # 1P c.#] is compact.

Along this section we shall assume that a given sequence (7T}, )nen S %l’p
is p-energetically bounded:

Ko =sup(Ty), < +oo. (4.1)
neN

Then we shall prove that there are a subsequence (T}, )xeny and an operator
T € #* such that |T - 1T,

L1 — 0, as k — +oo.
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Remark 4.1. It’s enough to deal with positive operators as any 7' € # P can
be written as the diference of two operators T7,T5 € %1,;) :

To = vir(d,vir) i

ieN

= > vir(o,vir) iz — Y, (~vir) (¢, vir) Yir =Ti¢ - T,
€N €N
v; 20 v;<0

where ¢ € H and {¢; 1 /i € N} is an eigenbasis of T

Let’s introduce some necessary notation. For each n € N, we shall denote
by (ui(") )ien the sequence of eigenvalues of T,,. We shall assume that, for each
neN, B, = {nz-(n)/ i €N} e 2, verifies (T5,), 5, < +00.

To prove Theorem we have some technical steps.

Lemma 4.2. Assume . Then
1) (|Tnllh)nen is bounded and
sup 3" (r™)™ < +oo,
neN jeN

where m =~/(y+1) € IN/(N +p),1[, with v > N/p.

ii) Up to a subsequence, for each i €N, VZ.(") >7; e R"u{0}, as n — +o0.

Proof. Let n e N. By Propositionwe get |Tnl1 = Lien I/i(") <KPO, Koo <
+o0, which, by the arbitrariness of n, immediately provides point ii). Let’s
consider the functions 3, and F), as in Example[l] By Theorem we have,
for V=0, that %,  ,(T,)>Tr (FW((—CA"lA)p/Q)) so that, by (4.1)),

(1-m)™ tm™ Z(VZ.("))"‘ <O F, ((C‘"l)\o,i)p/z) + 4, (T,) < +oo.
ieN ieN
Since n was arbitrary, this implies point i). o

Remark 4.3. To facilitate several computations, from now on, we shall assume
that v; # 0, for every i € N.

Lemma 4.4. Let us assume ([&.1]). Then, there exists B = {1;/i € N} ¢
Wé’p(Q), a Hilbert basis of H, such that for every i e N and t € [1,p],

771(”) =1

— 0, asn—> +oo, (4.2)
L (Q)

up to a subsequence.

Proof. Let i,n € N. Let u > 0. By (2.14) we can assume that B, verifies
(Tw)p.5, <{Tn), + p. Then, by (4.1)), we have that

()| (n) p 1 ) () p
g HWé’pm)S”"" ”V*’Suﬁm%yﬂ' ;™ 1

1 (T )y + 1
= W«Tn»pﬁn s T

)
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which implies that (ngn))neN is bounded in Wé’p(Q). Therefore, up to a sub-
sequence, (r]i(n))neN converges in LP(Q), and holds.

Since for every n € N and ¢ € H, ¢ = ZjeN(¢,n§."))n](.n), it’s quite clear
that B is a Hilbert basis of H. That B is contained in Wé’p (2) follows from

a standard application of [3, Prop. 9.18], i.e., fixed i € N we find C' > 0 such
that

Ve Co(RY),Vje{l,.., N} ‘/Qm(@agydw
J

<Ol oy (4:3)

For this we use (4.2)) and the fact that, again by [3, Prop. 9.18], for each n € N

there exists C,, > 0 such that (4.3)) is verified with 7; and C replaced by ﬁgn)
and C),, respectively. O

Remark 4.5. Let’s recall a reverse Holder inequality. Let p €]0,1[ and q «
] — 00,0[ such that 1/p + 1/¢ = 1. Then, for any (z;);y € P(R*) and any
(Yi)ien € L1(RT),
1/p 1/q

leylz(fo) (ny) . (4.4)

1eN 1eN €N
Lemma 4.6. Let us assume . Then, for every e >0 there exists My € N
such that

+ 0o
sup ». (ui(n))m <e, (4.5)
neN j=M,

where m=v/(y+1) € IN/(N +p),1[ with v > N/p. Moreover, up to a subse-
quence,
lim Z M = S (4.6)

n—+oo B
ieN

Proof. Let € > 0. By Example [2] we know that
+00
Yeo > 0,IN"eN: S (o) P < e (4.7)
(=N

For each 7,n € N let’s consider the expansion

(n) = > Wik®ok, ik = (Uﬁ%%,k); S |kl = 1. (4.8)
By (4.4), we have, for an arbitrary Ny € N, that

keN keN
1/m N -1/~
n) (n)ym
N ‘ HI(Q) (l_z: ( ) ) (i_NO HI(Q)) i

Z
too 1/~
) (E W) e

- 1/m
W) <o 3
i=No i=Np

(n)’
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)‘ = Z |,U,z'g|2)\0,g, we get by the convexity of

H ()
10, +00[3 s = s77P/? ¢ R and q; that

< S lielAg (4.10)
LeN

HI(Q)

Then, since (Ao ¢)sen is non-decreasing we get, for a fixed M e N\ {1},

M-1 +o0 +00 400
| zzww’” T
1= ( ) i=Ng LeN ¢=1 i=Ny ¢=M i=Ng

+o00 +oo

el A (4
()\01 7”/2 Z e;:wi;vo 0.t

Since B is a Hilbert basis of H, for each £ € N, ¥ |(7;, ¢o, O = @ =
1. Therefore given any €1 > 0, there exists Ny € N such that for some ng € N
and ¢ = 17 ...,Nl - 17

Then, by taking M = N’, Ny = Ny in (4.11)), and choosing g, ¢; > 0 such that
€1 ((M - 1))\6711’/2 + 60) <e€, we get

M-1

< ——-€1 +€p€er <€
Hl(Q) (/\0,1)’”’/2 ’

=N

which together with (4.9) provides (4.5 as well as (4.6]), up to a subsequence.
O

Remark 4.7. Under the conditions of Lemma and working as in the proof
of [B) Th. 3.4-ii] it’s proved that, for every m’ €]Jm, 1], up to a subsequence,

lim Z|y<”>|m =S

n—+oo B :
ieN

Proof of Theorem [1.1] By point ii) of Lemma and Remark with
=1, we have that ¥,y 7; < +oo. Let’s write, for n € L2(Q2),

Tn =3 (071200 Tilli
ieN
and observe that, by Cauchy-Schwarz, HTUHLZ(Q) < nl12(0) Zien Vi < +00, s0
that the operator T:12(Q) - L2(Q) is well defined. Moreover, for each i € N,
17, = U;7;, so that, by Lemma B={7,/ieN}e %‘% It’s quite easy to
show that T is self-adjoint and positive.

Let’s prove that (T, < +co. For the moment let’s fix Ny € N. For n e N
and B,, € %p we write

fo(2) = Z v (™ (@) + V(@)™ (2)P),  for ae. zeq.
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It’s clear that sup [ f,(x)dx > 0. Hence, by Fatou’s lemma (see e.g.[I5]),
neN J
Lemma [£.2] and Lemma 4] we get

No
fQ & (Vs (IVl? + V() ;)] d < l}lriligf [Q frn(x)dz. (4.12)

Given € > 0, we can choose B, € %%1 such that

liminf inf f fu(z)dz < liminf f (@) de
17{” Q n—+oo 9]

n—>+o0o BnE%

<liminf inf ffn(x)dx+e (4.13)
r Jo

n—+o0o Bnegg

Thus, by (4.12) and (4.13), we have that
No
[ 3 9@ + V@R @P) e <timint it [ fo ()
i=1 nteo T

B, c%
<liminf (T3, )),,
n—+oo
whence, by doing Ny — +oc0, we get
(T, <liminf(T,), < Ko < +00, (4.14)
n—+oo

so that T € #,"". Finally, to prove that |T =T, |, — 0, as n - +c0, we work
as in the proof of [5, Th. 3.4-iii]. ]

5. Ground states for free energy functionals
Let’s use our main result, Theorem to minimize free energy functionals.

Theorem 5.1. Let p > 2. Assume that V is bounded away from 0 and let

A< 7‘(,]0) and that B is an entropy seed gemerated by F' € ¢ (12 for some

p,0
€ €]0,1]. Then there exists a unique Toy € WP such that

FMN(Te)= inf FN(T) (5.1)
Tew}?

Proof. By Proposition fﬁ();) is bounded from below on #1?. Let (T}, ) peny €
#. 1 be a minimizing sequence for ﬁﬂ(? (). Since (fﬁ();) (T3.) ) nen is bounded,
Corollary implies that ({7, ),)nen, (Sg(Th))nen and (||Th, |nen)nen are
bounded and Koo = sup,,y{7n ), < +00. Then we can apply Theorem [1.1] and
extract a subsequence, still denoted (7},)nen, such that |7, - T|; — 0, as

n — +oo, for some T € #/;"F. This implies that |T},||; - |T|1, as n - +oo and,
moreover, by (4.14), we have that

(T), <liminf{T,)

n—+o0o

n

pe

Let’s prove that
Ss(T) < liminf Sg(Ty,). (5.2)

n—+oo
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The convexity of 8 implies the convexity of the set
A+ = {9 = (ei)iEN € gl(R+)/ Z 5(91) < sugSg(Tn)}
ieN ne

and of the mapping J : A, — R given by J(6) = 3,y 6(0;). Since J is lower
semi-continuous we have that

Sp(T) = J((7i)ien) < lim inf J((™)ien) = lim inf S5(7;,).
n—+oo n—+oo
Then, by the superadditivity of liminf, we get
FH)(T) = Sp(T) +(T), - AT
<liminf Sg(T},) + liminf (7T, ), - A lim ||}, 1
n—+oo n—>+oo n—oo

< liminf 9}5)}‘,)(’11“) = inf yg(? (T),
n—+00 ’ TE"//E*” '

so that T is a minimizer for .7 éi‘,). As it’s worked out in [6], the minimizer of
(5.1) at mixed states level is unique, up to a choice of a basis for non-simple
eigenvalues. Therefore the operator T is the unique minimizer of (5.1). O

Remark 5.2. Using the scheme of the proof of [6, Prop.4], for p = 2 the
minimizer in Theorem has the explicit form Tw = (B8)71(A -V + ),
provided S is strictly convex and differentiable on the interior of its support.

Whenever it makes sense, let’s write for 7' € #,"? and for some function
z:[0,+00[— R,

(1) = [ Apr(@)de and FNF(T) = FONT) + 2(T).
Corollary 5.3. Assume the conditions of Theorem and that for some
se[1,pN/(2N -2-p)] and ¢1,¢2 20,

Vye[0,+00[: ¢1 < 2(y) < cay®. (5.3)
Then there exists T, € %Lp such that
FL(T)= b FND).
Proof. The proof is similar to that of Theorem Observe that, by

and Theorem Z () is well defined on #,"”. By using (5.3) and Fatou’s
lemma, it’s obtained that 2°(T%) < liminf 2°(T},), where (T )nen € #,7 is a
n—+oo

.. A
minimizing sequence for .%#;° (-). ]

Remark 5.4. Using the scheme of the proof of [6, Prop.4], for p = 2, it can
be proved that the minimizer in Theorem has the explicit form T, =
(B)H(A -V + \), provided B is strictly convex and differentiable on the
interior of its support. In the same way, T, the minimizer in Corollary [5.3]
is a fixed point of the map W : #% - #?, given by W(T) = (B")1(A-
V +A—g'opr), assuming that g is of class C.
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