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Abstract

In this paper, we consider the heat equation with the natural polynomial non-linear term; and with
two different cases in the diffusion term. The first case (anomalous diffusion) concerns the fractional
Laplacian operator with parameter 1 < « < 2, while, the second case (classical diffusion) involves the
classical Laplacian operator. When o — 2, we prove the uniform convergence of the solutions of the
anomalous diffusion case to a solution of the classical diffusion case. Moreover, we rigorous derive a
convergence rate, which was experimentally exhibit in previous related works.
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1 Introduction

In this paper, we consider the following multi-dimensional, nonlinear and anomalous diffusion heat equation
in the whole space R", with n > 1:

8tu+(—A)a/2u+n~V(ub)=07 l<a<2 (1)

Here, the function u : [0, +00[xR™ — R is the solution, and (—A)*?w is the anomalous diffusion term,
which concerns the well-known fractional Laplacian operator (—A)®/2. We recall that this operator is defined

—

in the Fourier variable by (—A)®/2u(t, &) = cp o [€]*U(t, £). Moreover, in the spatial variable, the fractional
Laplacian operator is defined as the following non-local operator:

no o —ylnte

(=A%t ) = ¢ p.v./ dx,

where p.v. denotes the principal value. Finally, in the equation (1), n € R™ is a fixed vector, and moreover,
b € N with b > 2, is the parameter in the non-linear term. We may observe that this fully non-linear term
essentially behaves as the derivative of a polynomial of degree b in the variable u. Thus, this term agrees
with the classical assumption for the non-linearity in the qualitative study of the heat equation. See e.g.
[3, 4, 5, 6, 12] and the references therein.
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Nonlinear evolution PDEs involving the fractional Laplacian, which describes the anomalous or a—
Lévy stable diffusion, have been extensively studied in the physical and the mathematical points of view.
From the physical point of view, and for b = 2, the equation (1) deals with a generalized Burgers-type
equation [4] which has been largely used to model a variety of physical phenomena as, for example, the
anomalous homogeneous turbulence [10], applications to hydrodynamics and statistical mechanics [17], and
moreover, applications molecular biology in the modeling of growth of molecular interfaces [19]. In the latter
application, the general algebraic non-linear term u’, with b > 2, provides a good model for multi-particle
interactions. For more references see the book [16].

From the mathematical point of view, when the solution (¢, -) is regarded as the density of a probability
distribution for every ¢ > 0, the equation (1) has an important probabilistic interpretation in the theory
of nonlinear Markov processes and propagation of chaos. See, e.g., the works [11], [14] and the references
therein.

Getting back to the expression (1), we observe that for each value of the parameter 1 < o < 2 in the
fractional Laplacian operator (—A)®/2 we get a corresponding fractional PDE. Then, denoting by w4 (t, x)
the solution of each equation, the main objective of this paper is to study the asymptotic behavior of the
family of functions uq (¢, z) when the parameter « goes to 2.

Formally, we may observe that if in the expression (1) we set o = 2, then we get a classical diffusion
equation involving the Laplacian operator:

du— Au+mn-V(ub) =0, (2)

and thus, if u(t, z) is a solution of the equation above, we are interesting in given a rigorous understanding
of the expected the convergence uq(t,z) — wu(t,x), when o — 2. It is worth mentioning that although
this problem is easily formulated, it is not a trivial study since for each value of the parameter a we have
different fractional PDE depending on this parameter.

In the particular case of the following linear equation, posed on a smooth and bounded domain 2 C R™:
g + (—A) 2wy = fo, 0<a <2, (3)

and where the function f, (¢, ) does not depend on the solution wu,, this convergence problem was recently
studied by U. Biccari & V. Hernédndez-Santamaria in [2]. For a time 0 < T' < 400, the authors consider
a family of functions f, € L?(0,T, H-%(Q)), which is uniformly bounded respect to the parameter o:
[ fa(t, )l -y < C, and such that fo(t,-) = f(t,-) in the weak topology of the space H~'(£2) when ov — 2.
Then, using a compactness argument (due to the boundness of the domain ) it is shown that the weak
solutions of equation (3) converge in the strong topology of the space L?(0, T, Hy ~°()) (with 0 < § < 1) to
a weak solution of the corresponding linear heat equation with datum f. Moreover, when the parameter §
is set as § = 1, and then we have a convergence in the space L?(0, T, L?(f2)), the authors of [2] numerically
obtain a convergence rate of the order |2 — a|'/2.

On the other hand, L. Ignat & J.D. Rossi proved in [12], among other things, that weak solutions u(t, )
to the non-linear heat equation (2) can be obtained as the limit, when ¢ — 07, of the weak solutions to the
following non-local convection-diffusion equation on the whole space R™:

1 1
8tu€+;2(Jg*u€—uE)—|—g(G5*ug—uZ€’):0, e > 0. (4)

This equation shares the same scaling properties of equation (2) and here, for suitable non-negative functions
J € S(R") and G € S(R"), we have J.(z) = & J(z/e) and Ge(z) = % G(z/e) respectively. Moreover, J is a

radially symmetric function and the key assumption is that its Fourier transform J(&) satisfies the following
condition:

1 ~
58521*]5(0):1’ Z:L y 1y (5)



which is similarly satisfied for the symbol |¢|? of the classical Laplacian operator. In this setting, using
sharp estimates of the kernel associated to the linear problem, and moreover, for the particular vector

n = (n, - ,m,) in the equation (2), defined by n; = / z;G(z)dz; for all time 0 < T' < 400 it is proven
R

the following convergence in the natural framework (due to the Plancherel’s identity) of the Lebesgue space
L*(R™):
lim sup (Jue(t,-) = ult, )l L2@n) = 0. (6)
e—=0F o<t<T
However, it is worth remark the non-local diffusion operator 1/e2(J. * (-) — I;) (where I, is the identity
operator) does not contains the fractional Laplacian operator (—A)O‘/ 2 as a particular case. More precisely,
we remark that for 1 < o < 2, the symbol |£]* of the operator (—A)*/2 does not verifies the condition (5).

Consequently, the theory developed in [12] for the equation (4) cannot be applied to case of the equation
(1); and this fact strongly suggest to prove a convergence result analogue to the one given in (6) for this
last equation. For this, we will use a different approach and we will investigate the convergence of the
strong solutions u(t, ) for the anomalous diffusion equation (1) to a strong solution u(t,z) for the classical
diffusion equation (2). Our method bases on two main ideas, on the one hand, a fine study on the convergence
of the fundamental solution p, (¢, ) associated to the fractional Laplacian operator (see the expression (12)
for a definition) to the heat kernel h(t,x) and, on the other hand, on some uniform estimates respect to the
parameter « for the family of functions wu, (¢, x).

Finally, we think that in further investigations our method could be adapted to the case when the
fractional Laplacian operator (—A)®/? in the equation (1) is substituted by a more general general Lévy-
type operator L. For a definition and some well-known properties of this operator we refer to the book
[13].

2 Main Results

Let us consider the Cauchy problem for both anomalous (when 1 < a < 2) and classical (when a = 2)
non-linear heat equation:

{ Oia + (—A)2ug+n-V(b) =0, 1<a<2, 0

ua (0, ) = ug,q-

Well-posedness (WP) issues for this equation have been studied in several works [3, 8, 9] and it is well-
known that for an initial datum wug, € L'(R™) the initial value problem (7) has a unique solution u, €
C([0, +-oo[, LY(R™)) which verifies

[ua(t, )Lt < lluoallpr- (8)
Moreover, for 1 < p < +oo this solution also verifies u, € C(]0, +o0o[, W'?(R™)), and the following estimate
holds:

,ﬂ(l,l)
[ualt, )[Lr < Ot ugall 1

Finally, under the additional assumption on the initial datum: ug, € L'NLP(R™) the corresponding solution
verifies uq € C([0, +00[, LP(R™)), and for all time ¢t > 0 we have the estimate

[walt; )Le < lluo,allre-

In our first theorem below, we complete these previous results providing some regularity properties for
the solutions of the equation (7). We consider here initial data ug, € L'(R"™) which also belong to the
Sobolev space H*(R™), with s > n/2. Then, we first obtain the global well-posedness for the equation (7)
in this space, and thereafter, we also obtain an important improvement of the regularity of the solutions
uq(t, ). More precisely, we prove that these solutions are C'— functions in the temporal variable, and
moreover, they are C°*°— functions in the spatial variable.



Theorem 1 Let 1 < a < 2. For s > n/2, let upo € L' N H*(R™) be an initial datum. Then, there
exists a unique solution uq € C([0,+oo[, H*(R™)) of the equation (7). Moreover, this solution verifies uq €
CL(]0, +-00[,C®(R™)); and it verifies the equation (7) in the classical sense.

For the particular case of the space dimension n = 1, this theorem has the following corollary when we
improve the regularity of solutions of the equation (7), arising from the initial ug, € L'(R) without any
additional assumption.

Corollary 1 Forl < a <2, letugo € L*(R) be an initial datum. Then, the solution u, € C([0, +oo[, L(R))
of the equation (7) verifies uq € C*(]0, +0c[,C*®(R)).

As mentioned, our main contribution of this paper is the study of the convergence of solutions uq (¢, ),
in the anomalous diffusion case for equation (7) when 1 < a < 2, to the solution in the classical diffusion
case when a = 2, which we denote as ua(t, x).

Let (upa)i<a<e C L' N H*(R™) be the family of initial data from which arise each solution u,(t, z).
Moreover, let ug2 € L' N H*(R™) be the initial datum from which arise the solution us(t,z). Then, we
assume that we have the following convergence

Ug,q — U2, QO — 27, (9)

in the strong topology of the space L'NH*(R™). On the other hand, we recall that by the Sobolev embedding
H*(R™) C L>®(R"™) (as we have s > n/2) we also have the convergence above in the strong topology of the
Lebesgue space L>°(R™). Thus, we are interested in studying the uniform convergence:

Ualt,x) = us(t, ), a— 27, (10)

in the space L>°([0,7] x R™), for 0 < T < +4oo. Here, we emphasize that this uniform convergence in
the temporal and the spatial variable provides us a different and fine convergence result, when comparing
from the ones obtained in [2] and [12]. Moreover, as we will observe later in the Corollary 2, this uniform
convergence will also allows us to obtain some convergence results in the framework of the Lebesgue spaces
for another values of the integration parameter.

Going further in the study of the convergence (10), we also investigate a convergence rate. For this, we
assume that the family of initial data ug , converges to ug 2 in the norm of the space L>°(R™), with a given
convergence rate measured by a parameter v > 0.

Theorem 2 For 1 < a < 2, let up, € L' N H*(R™) be an initial data and let uy(t,z) be the solution of
the equation (7) given by the Theorem 1. Finally, let 0 < T < +oo. We assume (9), and moreover, for a
parameter v > 0 we assume

luwo,a —wozllre <c(2—a)?, l1<a<2. (11)

Then, there exist 0 < & < 1, and there exists a constant C = C(||ug||gs,n,b,,T) > 0, such that we have:

sup |[ua(t,”) — ua(t, )| e < C max ((2 —a),2 - a), l+e<a<2.
0<t<T

We observe here that the convergence rate of the solutions is determined by a competition between the
two quantities (2 — «)” and (2 — «). The first quantity (2 — «)” is the convergence rate assumed for the
initial data, while the second quantity (2 — «) is the convergence rate of the fundamental solution associated
to the fractional Laplacian operator p,(t,z) to the heat kernel h(t,z). This convergence rate is rigorous
obtained in the Lemma 5.1.

We also remark that as we have 1 +¢ < o < 2 then we get 0 < 2 — a < 1 — . Thus, we will discuss the
result above by considering two cases of the parameter ~.



e When 0 < v < 1. Here we have max ((2 —a)7,2— a) = (2 — «a)”, and consequently, the solutions

uq(t, x) converge to the solution uy(t, x) with the same convergence rate as for the initial data.

e When v > 1. In this case may observe that the convergence rate of the initial data is faster that
the previous case when 0 < v < 1. Moreover, we have max ((2 —a)7,2— a) = 2 — o, and thus, it is

interesting to observe that the convergence rate of the solutions does not mimic the one for the initial
date. More precisely, the solutions u,(t,z) converges to the solution ug (¢, ) with a rate of the order
2 — «, which is slower than the convergence rate of the initial data (2 — «)7.

Finally, as mentioned above, the convergence result given in the Theorem 2 also allows us to study the

convergence (10) in the following Lebesgue spaces.

Corollary 2 Within the framework of the Theorem 2, for all 1 < p < 400 and 1 < g < 400, we have:
(1-4) (3 -
|wa — 2l Lr(0,7),La(Rr)) < Cp,q max ((2 —a) ), (2 —a) q), l+e<a<2
We observe that in the framework of the LYLI— spaces, the convergence rate is only driven by the

parameter ¢, which describes the decaying properties of solutions in the spatial variable.

On the other hand, setting the parameter v = 1, and moreover, for the particular values p = ¢ = 2, we
obtain the following convergence rate:

o — uzll 272 < C2 — )2,
which was experimentally obtained in [2] for the particular case linear (when n = 0) of the equation (7).

To close this section, let us comment that in this work we have restricted ourselves in the case when
the parameter « verifies 1 < a < 2. However, our results are also valid for the case 2 < o with the minor
technical modifications

Organization of the paper. In the Section 3 we recall some well-known facts on the linear fractional
heat equation that we will use the next sections. The Section 4 is devoted to the proof the Theorem 1 and
the Corollary 1, while, in the Section 5, we give a proof of the Theorem 2 and the Corollary 2.

3 Some well-known facts

In this section, for the completeness of this paper, we quickly summarize some well-known facts on the
linear, homogeneous fractional heat equation

Opa + (—A)%p, =0, 1<a<2, t>0.
The fundamental solution of this equation, noted by p, (¢, ), can be computed via the Fourier transform by
Pa(t, &) = e "1
Moreover, in the spatial variable the fundamental solution p, is given by

palta) = P (). (12)

[e3 [e3

where the function P, in the inverse fourier transform of e l¥I”. See [13], Chapter 3 for more details. It is
well-known that for 1 < a < 2 the functions P, is smooth and positive. Moreover, it verifies the following
pointwise inequalities

C C
P, S
[V Pu(2)] < (1 + |z[nroD)

for a constant C' > 0 and for all x € R™. These inequalities allow us to derive the following estimates.

0< P, <
< Oé(x) = (1+ ’x‘)n+a’



Proposition 3.1 (LP—estimates) For 1 < p < +oo, there exists a constant Cy, > 0, which depends of
the dimension n € N* and the parameter p, such that for every 1 < a < 2 and for every t > 0, we have

_n(q_1
1. HpOé(t7 ')HLP < Cn,p t a( p),

_ 1+n(1—1/p)

2. IVpa(t, Mgy < Cnp t™7

Moreover we have:
Proposition 3.2 (LP—continuity) Let 1 < p < +oo. For every ¢ € LP(R™), we have

lim t,)*p— = 0.
A ipa(t )+ — ¢l

On the other hand, using the identity pu(t,€&) = e*tma, we have the following known results in the
setting of the Sobolev spaces:

Proposition 3.3 (Hs and H* estimates) Let s1,s2 > 0, there exists a constant C, s, > 0, which depends
of the dimension n € N* and the parameter sa, such that for every 1 < o <2 and for every t > 0, we have:

_s2
1) Apalts) * @l grorres < Crsy 177 [0l o -

2) Ipa(t, ) * @l s < Crss (LHE72) [l e

Proof. In order to verify the point 1 we just write:

s1+s2) ,— RPN 252 a¢|2sg 2|t/ xg|e S|
1Pat, ) * @l ey 4o :/R ¢[00 B dg < ¢ <sup [¢1/ogP2e2 el )/R €21 B()[? de.

EeR™

On the other hand, to verify the pint 2 we write:

Hpa(tv ) * ‘P”HS1+52 = Hpa(t7 ) * 90HL2 + Hpa(t, ) * 90HH31+82 .

For the first term in the right side, by the Young’s inequalities and the point 1 in the Proposition 3.1, we
have:

1pa(t; ) * @llpz < lpa(t, )l lellp: < cllelize < el - (13)

Then, for the second term in the right side, by the pint 1 above we can write:

IPa(t,) * @llgrer e < Cnsat™™* [loll g - (14)

Thus, the desired estimate directly follows from (13) and (14). [

Proposition 3.4 (H*— and Hs—continuity) Let 51,50 > 0 and € > 0. There exists a constant Cp s, o >
0, which depends of the dimension n € N*, the parameters so and €, such that for every 1 < a < 2 and for
every ti,to > €, we have

1/2

1. ||pa(t1, ) *Q— pa(tQ’ ) * SOHH51+52 < Cn,SQ,E |t1 - t2| ||90HH517

2. Palti, ) * © = palta, ) % @l gatee < Cnsyeltr =t 0]l gror -



Proof. To verify the point 1 we assume, without loss of generality, that we have t; > t5 > ¢. Then we write

”pa(tl, ) * —pa(tQ’ ) * gp||§~{sl+s2 :/R |£|2(s1+$2)|e—t1|§\a B 6—t2|€\a|2|§5(§)|2 d¢

:/R || 227 2281 | (=R 112 g 12911 5(¢) |2 de

2s

—Z32 l/a « «@ e ~
<t, ° (gsuﬂg [t/ e[z 12" e ) / e 28" e (=R 112112911 5(¢) 2 dg
€Rn "

2s9

<Gy [ e 1 B0

<Cr,sz,e / eI e mIEIT 12 [P () de.

We study now the expression |e_(t1_t2)|§‘a — 1|?. We remark first that as we have t; > t then the expression
le (=128 _ 1] is uniformly bounded and we can write

le(=t2)lEl® _ 72 = |em(i=t)lEl" _ 1] |e=(i=R)IEI" _ 1] < Ole~(tit2)lEl* _q),

Now, by the mean value theorem in the temporal variable we have [e =12 _ 1] < C'|¢]% |t; — t5]. Thus,
gathering these estimates we get

lem R _ 12 < O ¢ty — ta].

Getting back to the last integral we finally have:

Ipa(t1, ) * @ — pal(ta, ) * g0||§~151+52 <Ch,so.e |t1 — to| /R e—€\§|a’§|a |€|231 ’$(€)|2 de
<C _ —elg|™ o 2
>Un,so,e |t1 t2| sup e |£| ||<10HH91

EERn

<Crsae lt1 = o]l Fe,

hence, the estimate stated in the point 1 is verified. The estimate stated in the point 2 essentially follows
these sames lines. [}

4 Global well-posedness and regularity

4.1 Proof of the Theorem 1

Let 1 < o < 2 fixed, and let ug o € L* N H*(R™) be an initial datum. The result stated in the Theorem 1 is
well-known for the case a = 2, see for instance [3], [8] and [9], where we have the classical non linear heat
equation (2). So, we only consider the values 1 < o < 2. We will prove this theorem in five steps, which we
detail below.

Step 1: Local in time existence. Note that by Duhamel’s principle the solution of the problem (7)
can be write as follows:

Ua(t, ) = pal(t,-) *upa + /0 Palt —T,°) *n- V(ug)(T, )) dr. (15)



Here p, denotes the fundamental solution of the fractional heat equation. Also, we can see that the
nonlinear term defines a multi-linear form in the variable u, therefore, in order to construct a solution of
(15) we will use Picard’s contraction principle. For this, for a time 0 < 7' < +o0o we consider the Banach
space

Er =C([0,T], LY(R™) nC([0, T}, H*(R™)), (16)
endowed with the norm
lullg, = sup [lut, )l + sup [Jult, )| gs- (17)
0<t<T 0<t<T

Then, we have the following technical result:

Theorem 4.1 For s > n/2, let ugo € LY(R™) N H*(R") be the initial datum. Then, there exists a time
T =T(a, |luoallLr [[uoallzs) > 0 given by:

a
a—1

1 1—1/a

T=_ : (18)

b—1
- )

where ¢ > 0 is a numerical constant. Moreover, there exists a function u, € Ep which is a solution of the
equation (15).

2oc ] (fluo.allps + 0.0

Proof. We will prove the following estimates. For the linear term in (15) we have:

Proposition 4.1 We have p,(t,-) * uo.o € Er and ||pa(t,-) * uo ol < ¢ (Juoall + |wo.allz:)-

Proof. We observe first that, due to the Proposition 3.2 and the first point of the Proposition 3.3, the
quantities ||pa(t,-) * ool 1 and ||pa(t,-) * uoq||zs are continuous in the temporal variable respectively.

By the Young’s inequalities and the point 1 in Proposition 3.1 (with p = 1) we write
1Pa(t, ) * woallr < palt, )l luo.all < clluoallp: -
Moreover, we also write
IPa(t, ) * woallms < [Palt, Lo l[uoalles < llpalt, )l uoallms < clluoallms.

Then, the desired estimate holds. |

We study now the non linear term in (15). For b € N with b > 2, we denote the multi-linear form

My(u) = /0 Pa(t —7,) %7 - V(ub)(T, dr,

where, to simplify the writing, we have written the function u instead of u,. We thus have the following
result.

Proposition 4.2 For u € Er we have My(u) € Er. Moreover, the following estimated holds:

1-1/a

b
[ Mp(u) || 27 < ¢l 1= 1a [ullE,-

8



Proof. Let us start by noting that thanks to [6] we have M(u) € C([0,T], L'(R™)), so, it remains to
prove that My(u) € C([O,T],H S(R”)). Indeed, let t1,t; > 0. Without loss of generality we assume that
0 <t1 <ty <T. Then we write:

S ’

t1 to
/ Palts —7,°) %1 - V(ub)(T, dr — / Palta —T,°) %1 - V(ub)(T, dr
0 0

Hs

t1 t1
/ Palts —7,) %1 - V(ub)(T, dr — / Palta —T,°) %1 - V(ub)(T, dr
0 0

Hs

+

t1
<
0

t2
+)
t1

=Ra1(t1,t2) + Rapa(ti, t2).

/ 1 Palta —T,) 1 - V(ub)(T, dr — / ’ Palta —T,) %1 - V(ub)(T, dr
0 0

e (19)

Palts = 7, 4 (7,2) = palts = 7) s (r,)|

Vpa(te —7,) * nub(T, )HHS dr

For the first term on the right-hand side, by the point 2 of Proposition 3.4 (with s; = s and sy = 1),
and moreover, as s > n/2 by the product laws in the Sobolev spaces we obtain:

t1 t1
Ra(tite) < c / b= tof" "l |[u? ()| < el - tol/Q/ lu(r, logedr < elnl b =t/ Tl .
0 0

Hence, tlinr% Ry 1(t1,t2) = 0. Then, for the second term on the right-hand side, we write
112

to
Roa(ti,t2) = /

t1

Vpa(ta —T,-) * 77’LLb(T, )‘ Lo + vaa(tQ — T, ) %7 Ub(T, )H dr

Hs
t1

to
< Jn| / IVpalts — )
t1

= Ra21(t1,t2) + Ra22(t1,t2).

u®(r, ‘)HL2 dr + |n|

J— . b .
; Palte —7,) x u’(T, )HHSH dr

In order to estimate the term R, 21(t1,t2), by the Holder inequalities, the second point of Proposition 3.1,
and moreover, the product laws in the Sobolev spaces, we write:

to

t2
Rapa(ti,ta) <clnl [ (t2 — 7)Y *u’(r, )| 2 d7 < c|n| / (ta = 7)Y ul (7, )| s dr
t1 t1

1= /a
b |t2 =t
<cn||lul g, T y.

Moreover, in order to estimate the R, 22, by Proposition 3.3 (with s; = s and s = 1), and using always
the product laws in the Sobolev spaces, we can write

2 1, b bt —ta e
Rapp(tite) < clnl [ (t2 =)/ (r, )l grodr < el lullpy, ——F—7— a
t1

Gathering the estimates made for the terms Ry 21(t1,t2) and Ry 22(t1,t2), we obtain tlirr% R o(ti,t2) = 0.
1—t2
We thus have M (u) € C((0,T], H*(R™)). We prove now the continuity at ¢ = 0. For this we shall verify the

estimate

tlfl/a

[ patt=ry -ty mde| < clallull = (20)

Hs

9



Indeed, by the Young inequalities, the second point of the Proposition 3.1, the Proposition 3.3, and
moreover, the product laws in the Sobolev spaces we can write:

/0 pa(t —T,:)*n- V(ub)(r, \) dr

HS

t
< [ 19patt =l [0, + ot = 7y < m |,

t
S/o et —7)7" n| Hub(ﬂ')Hp+C(t—7)_1/a‘77‘ ’“b(77 )HHs dr

. : y b tlfl/a

< —7) " dr < ‘
< clal ull, [ (6= 77" ar < clallul, {— 7

We will verify now the estimate || My(u)|| g, < c¢|n| Tl_é/(l —1/a) ||u||l}3T We remark first that by the
estimate (20) we write directly

T1-1/a
sup < C\ﬂ\m ull .- (21)

t
/ Palt —T,) %n - V(ub)(T, )dr
t€[0,T] 0

Hs

On the other hand, applying the Young inequalities and the point 2 of the Proposition 3.1 we have

/0 Palt = 7,) ¥ - V(u')(7, )dr dr

t t
<elul [ tt=ny e [uttr||ydr <l [ 6=y e lutr 1 )l dr

As s > n/2 we have the embedding H*(R") C L>®(R"), and thus we can write

t
S/ HVpa(t—T,-) * 1) ub(T,~)‘
Lt 0

Lt

t t
C|77|/O(75—T)_l/C'IIU(T,-)Hlioo1 (7, )l 12 dTSCIWI/0(15—T)_l/"IIU(Tw)Il?qs1 [u(T, )l dr

il e, (o ) Tl g 2 e
<c|n sup ||u(7, )| s sup ||u(7, )| <cn U .
T€[0,7] H T€[0,7] 1-1/a 1—1/a " "Fr

Then, we have

t t Tl—l/a
sup / palt —7,) %0 - V(W) (1, )dr| < / HVpa(t—T, s ub(r, )H dr < c[nliHuH%T.
tefo,7) I1/o I 0 L 1-1/«a
(22)
Finally, by (21) and (22) we obtain the desired estimate. This proposition is proven. |

Once we have the Propositions 4.1 and 4.2 at hand, for a time 7" small enough set in (18), by the standard
fixed point iterative schema we construct a solution u, € E7 of the equation (15). [

Step 2: Uniqueness.

Theorem 4.2 The solution u, € Ep of the equation (15) given by the Theorem 4.1 is the unique one.

Proof. Let v, € Er be a solution of the equation (15), arising from the same initial data ug, € L'(R™) N
H?3(R™). We define wy = uq — Vo, where the functions w, solves the problem:

wq(t, ) :/0 Palt — T, -)*n-V(ug—vg)(T,-) dr.

10



Now, we define the time 0 < 77 < T as the maximal time such that [|wa|[z, = 0 and we will prove that
1
T1 = T. By contradiction, we suppose that 77 < Ty and we can set a time 77 < Th < T.

Hence, by definition of the time 77, on the interval of time [T, T5] we have that w, solves the equation:
¢
Wo(t, ) = / pa(t —7,)xn- V(Wb —o2)(r,") dr.
T1

Hereinafter, we will consider the space

Eq, 1) = C([T1, To), L' (R™)) N C([T1, To], H*(R™)), (23)
endowed with the norm
lullgy o= sup [t )+ sup[fu(t, )l (24)
’ T <t<T3 T1<t<T3

We estimate now the quantity ||wal g7, 7). For the term [[wq(t,-)||z1, by the Young inequalities and the
second point of the Proposition 3.1 we write!

t
e (t, )21 <eln| /T IVpalt — 7)1
1

(ub— o) <r,->\L1dT
t b—1 o
<cln| T(t—rr% (e = va) Y _ub | (r,)|  dr = (a).
1 j=0

Ll

Then, by the Holder inequalities, and moreover, by the continuous embedding H*(R") C L*°(R") for
s >mn/2, we have:

t _b_l . .
(@ el [ (t=07" nll e = 0a) (7Y lgs |3 [ ), el e |
1 _j:O

t —b—l
<elal [ (6=l e = 0) (r s | S [ ) el | e
1 _j=0
t
b—1 —1/a
<clnl l[ua ~ vall g,y ZuuauET; Il g | [ (8= 7)Y
Thus, we get the estimate:
b—1 1-1/a
b—1—j j (To — Tv)
lwalt, Mz < elnl hwallgy, le talllg, oy 10allig, oy | 70— (25)
For the term ||wq(t,-)| s, we write
lwalt, s < / 1Palt =7, ) - T, — ) (7, )| 2 dr + / 1Palt =7, ) -V, =8 (7, ) o dr = (b).
b—1 o
'Here, we use the identity u® — v* = (u — v) Zubil*]vj, b>2.
j=0

11



Then, to estimate the first term in the right side, we use the Young inequalities and the second point of the
Proposition 3.1. Moreover, to estimate the second term in the right side, we use the Proposition 3.3. We
thus get:

t

b) <cl / 19pa(t = 7.l Palt=7.) xm (b, = b))

b b
e e |

t

<elal [ =l |t =20, dr el [ (@ =73 et = )| e
Ty L Ty H
t b—1 o
<clpl | =)V ||| (ua —va) D _ub Tl (7| dr = (o).
7 j=0 e
Now, by the product law in the Sobolev spaces, since we have s > n/2 then we write:
t b—1
—1/a b—1—j
(@) <elnl | (¢ =) o~ wa) (7o |3 [k 0|, Nehir g | a7
1 7=0
b—1 _ t 1
< cllllua — vallg,, Zn ol 2 Wl | [ 4 ar
b—1—j _ (Ty —Ty)' e
< c[n| [lua —va||E[T1,T2] Z ||“aHET ] v aHE[T ) W
Finally, gathering all these estimates, we are able to write:
b—1 1-1/a
b—1 (T2 - Th)
|wa(t, ) = < clnl HwaHET . ZH aHET 1{] lva By | 1—1ja (26)
By equations (25) and (26), we have:
1-1/a
b—1—j j (Ty —TY)
leallgy, .., < [ el Z el W,y | 7 = | Tl

But, as 1 — I/a > 0, we can set T» close enough to 77 such that:

-1 1—1/a
b—1 (Tr — Th) 1
elal | S luallg o Wl | o < 5

We thus obtain |Jw|] By 1y = 0, which is a contradiction to the definition of the time 77. Therefore, we
1:42
have Ty =T. |

Step 3: Regularity The goal of this section is to prove the following regularity result. For this, we

will define the space H*°(R") as H>(R") ﬂ H?(R"™).
s>0

Theorem 4.3 Let u, € Ep be the unique solution of the equation (15). Then, this solution verifies u, €
C((0,T], H*(R™)). Moreover, we have uq € C*((0,T],C®(R™)); and for 0 <t < T, the solution u, verifies
the differential equation (7) in the classical sense.

12



Proof. We will verify that each term in the right side of the equation (15) belong to the space
C([O,Tg],H"O(R”)). For the first term in the right side, by the second point of the Proposition 3.3, and
moreover, by the second point of the Proposition 3.4, we directly have py * up o € C((O, T], HOO(]R")).

For the second term in the right side of (15), recall that for all time 0 < ¢t < T, by (20) we have

t
/ palt —7,-) xn-V(ul)(r,)dr € H*(R"). Then, we will prove that for ¢ > 0 small enough, we have:

0

t
pa(t —7,-)xn-V(Wb)(r, )dr € H*T7(R"™). Indeed, for o > 0, which we will set later, by the second

point of the Proposition 3.3 we have:
t
< cn| / )
HS+(7‘ 0

<ol [ [t+@-nemr],
0

t
<c|n| HuaH%T/O [1 + (t_T)—<o+1>/a} ar.

/0 Palt —T,-)%m- V(ug)(ﬂ dr

b
pa(t - ) * uO‘(T’ .)HH5+0+1

uZ(T,-)H dr

where, setting 0 < o0 < o — 1 (recall that we have 1 < a < 2), this last integral computes down as

tl—(‘7+1)/a

t
1 _ 7<U+1)/a — .
/0 +(t—7) dr=t+ 15 A

Thus, for all time 0 < t < T we obtain the estimate:

t
We will prove now that we have / pa(t —7,) %0 - V(ul)(r,)dr € C((0,T], H" 7 (R™)). Let 0 < 1,15 <

0
T, where, always without loss of generality, we assume ¢; < t5. Then we write:

b
<clnllluallg, |+

t
/ Palt —7,) %1 V() (r, Y
0 Hs+o'

tl—(UJrl)/a
1— @+ a|’

/2pa(t2—T,-)*n-V(ug)(T,-) dT—/lpa(tl—T,')*n-V(ug)(T,-) dr
0 0

Hsto
to t1
< ‘ / palto—71,-)xn-V(Wb)(r,-) dr — / palto—71,-)xn-V(b)(r,-) dr
0 0 Hs+o
t1 t1
+ / pa(tg —T,~) *U'V(Ug)(ﬂ') dT—/ pcx(tl -7 )*UV(UZ)(T7> dr
0 0 Hs+(r
- Ra,l(tb t2) + RO{,Q(tb t2)7 (27)

where, we must study the terms le(tl, to) and Ra,z(tl, t2). For the term Ra,l(tl, t2), by the second point
of the Proposition 3.3 we can write:

to
Palta —7,-) %1 (ug)(q-, )H dr < C {1 + (ty — 7_)7(0-5-1)/0(}

Hs+o’+1 4

~ to
Ro(ti,t2) < /

t1

n (@), an

Here, as we have 0 < ¢ < a — 1, analogously as before, the integral writes down as

to (tQ _ tl)l—(0+1)/a
14 (tg — 7)o dr = (tg — t1) +
\/tvl 1-— (U+1)/a

13



Hence, we have:

R (t t ) < | b t t (tQ _ tl)l—(a+1)/o¢ 28
et 12) < el Jull, | (02— t0) + 2 (28)
For the term ng(tl, t2), always by the second point of the Proposition 3.4, we can write:
~ tl
Roaltit) <clal, [ |[patta = 70 ()7 = palts = 7 (0h) (7. )|
0 Hs+o'+1
t1
1/2 1/2 b

Sdﬂﬂr%ﬂ/l |atr)|,,. dr <elnl [t —t2> T ull, (29)

Therefore, for 0 < 0 < a— 1, by (28) and (29) we have
t
/ pCX(t - T, ) *1 - V(Ug)(’i', ) dr € C((OvT]v HS+U(Rn))'
0

At this point, we have proved that u, € C((0, Ty, H**°(R™)) and repeating this process (in order to
obtain a gain of regularity for the non linear term) we conclude that u, € C((0,7], H>(R")).

With this information we can verify now that for all 0 < ¢ < T, and for all multi-index a € N, we
have Q2uq(t,) € C((0,7],C N L>*(R™)). Indeed, let a = (a1, --,a,) € N® be a multi-index, where we
denote by |a| = a1 + --- + a,, its size. Then, for § < s; < § 41 we set s = |a| 4+ s;. Thus, as we have
uq € C((0,T], H*(R")) then we get djuq(t,-) € H*(R™). As § < s1 we have the continuous embedding
H*'(R™) € L*(R™), hence we conclude that 02u,(t,-) € L>(R™).

On the other hand, recall that we have the identification H*(R") = B3, (R") (where B34 (R") de-
notes a non homogeneous Besov space [1]). Moreover, we also have the continuous embedding Bj',(R"™) C
BX LN (RY) € BELHRR).

We thus have 02u,(t,-) € Bgé;g/Q(R"). But, since § < 51 < § + 1 then we have 0 < sy — § < 1, and
thereafter, by definition of the homogeneous Besov space Bié;g/ 2 R™) (see always [1]) we get that 02u,(t,-)
is a f— Holder continuous functions with parameter § = sy — % € (0,1).

We thus have u, € C((0,77],C>*(R")). Moreover, writing

Oty = —(—A)O‘/Qua —-n- V(ub ),

«

we obtain that d;u, € C((0,T],C®(R™)), hence, we conclude that u, € C'((0,T],C®(R™)).
|

Step 4: Global in time existence To finish the proof of the Theorem 1, we will prove that the unique
and regular solution u, of the equation (7) can be extended to a global in time solution. Following similar
arguments of [7] (see the proof of Theorem 2, page 9) we have the following result.

Theorem 4.4 Let T* > 0 be the maximal time of existence of a unique solution u, € Ep+ for the problem
(15). Then, we have T* = +o0.

Proof. By contradiction, we will assume that 7% < +oo. By (18), we define the following function
T: [0, +o0o[— [0, 400, such that for each initial datum ug, € L' N H*(R™) we have

1 1—1/a o
2

T (Jluoall 1) = -
25¢ |n| (J[uo.all . + lluoallge) "

14



the time of existence of a solution u, to the equation (15) associated to the initial datum ug. Additionally,
we can observe that this function is decreasing in the variable ||ugq |, 1-

On the other hand, by [6], for every initial datum wup, € L' N H*(R") we have a solution u, €
C([O, +ool, Ll(R”)). Moreover, for every time ¢t > 0 we have

L1 (30)

In addition, since the function 7" defined above is decreasing in the variable ||ug| 1, given an initial datum
vo.a € LY N H*(R™) there exists a time 77 > 0 such that

[wa(ts )1 < lluoa

T(llvoall) > T, (31)

for every upo € L' N H*(R™) which verifies |[vo.al[;1 < [luo,all;:-

By definition of the time T we have T; < T*. Then, for 0 < ¢ < T3, we consider the time 7% — e > 0
and we set the initial datum vy = uo (7™ — €, ). We denote v, the solution associated to vy, which exists at
least until the time T'(|jvoall ;1 )-

Therefore, the function

ua(t,),  te 0,7 —¢l,
aa(m ) =
va(t,”),  te[T"—&T* —e+T(llvoall,)]-

is the solution to (7), associated to the initial datum wugq, which is defined on [0,T* — & + T'( ||lvo|[ ;1 )]
Moreover, by (30) we have [[vgall ;1 = |[ua(T* —€,-)|[11 < [[uoll 1, hence, by 31 we get T'( |Jvoall;:) > Th.
Thus, we can write T*—e—i—T( lvo.all 1 ) > T*—e+T). Finally, since 0 < ¢ < T1, we obtain T* —e+T7 > T*,
which is a contradiction to the definition of the time 7. So, we have T™* = +o0. |

The Theorem 1 is now proven. |

4.2 Proof of the Corollary 1

Let ugo € L*(R) be an initial datum, and let u, € C([0, +oo[, L}(R)) be the corresponding unique solution
of the equation (7). For a time ¢; > 0 fixed, we have that u, € C([t, +oc[, L'(R)) is the unique solution
of the equation (7) arising from new initial datum wu(t1,-) € L*(R). Moreover, since for 1 < p < 400 this
solution also verifies u, € C(]0, +oo[, WHP(R)), setting the value p = 2 we have uy(t1,) € L'(R) N H'(R).
Then we can apply the Theorem 1 to obtain u, € C1(]0, +00[,C*(R)). [

5 From anomalous to classical diffusion

5.1 Proof of the Theorem 2

For 1 < a < 2 let u, € C([0, +oo[, L N H*(R™)) be the solution of the equation (7) given by Theorem 1.
Thus, for 1 < a < 2 we have

Ualt,) = palt,) % uga + /0 Pt — 5,7 %7 - T (u8)(s, -)ds, (32)
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where p,(t, x) is given in (12); and moreover, for a = 2 we also have

t
ug(t, ) = h(t,-) xup2 + /0 h(t —s,-)*n- V(ug)(s, )ds, (33)

where h(t,x) always denotes the heat kernel. Then, for a time 0 < T < +oo fixed we write

sup |lua(t, ) —ua(t,-)||ze < sup ||palt,-) * vo,a — h(t,-) * uo2l
0<t<T

0<t<T
t t
+ sup / Palt = s,) %1 V(ub)(s,)ds - / h(t = s,-) - V(ub)(s,)ds (34)
0<t<T ||Jo 0 Lo
= Ia + Ja’
where we must estimate each term in the right side. For the term I,,, we write
Io < sup [|(palts) = () * Uoall oo + sup [1h(E,) * (w00 — 102) oo = Lot + Taz.  (35)
0<t<T 0<t<T

In order to estimate the term I, 1, using the Bessel potential operators (1 — A)™*/2 and (1 — A)%/2, we
obtain:

Tog = sup H(1 _A)2 (pa(t, )~ h(t, -)) £ (1— A2,

Lo (a).
Then, applying the Young inequalities (with 1+ 1/00 = 1/2 + 1/2) we have:

(@ <e swp (=207 (patt,) = nit.0)|| , |1 = 2) 20

)

0<t<T L2 ’
(36)
9( sup upau,-)—h(t,-)uH_s) (sup Huo,auHs).
0<t<T 1<a<?

Here, we study first the term sup ||pa(t,-) — h(t,-)|| -5, and for this we have the following result.
0<t<T

Lemma 5.1 For s > n/2 and 0 < T < +o0, there exists a constant C = C(s,T) > 0, such that for all
1 < a< 2 we have:

sup Hpa(tv ) - h(ta ')HH*S < C|2 - Oé|.

0<t<T
Proof. First, we verify the the quantity [pa(t,-) — h(t,-)||3- is continuous in the temporal variable t.
Indeed, for 0 < tg,t < T we have

Ipa(t, ) — Bt F—s — llpalto, ) = h(to, )Il7—

:/ lelt _ —le2e]? A€ _/ oIttt _ gl |* A€
n (L+EP) Jgn (1+[5P)°
:/ (’emat ol et _ e 2) €
n 1+
d¢ .
As s > n/2 we have W < 4o00; and then, can apply the dominated convergence theorem to
R

obtain lim (|[pa(t.) = h(t, ) -« = palto ) = hto, )l ) = 0.

Thereafter, by the continuity of the quantity ||pa(¢,-) — h(t,-) Hzfs respect to the variable ¢, there exists
a time 0 < ¢y < T such that sup ||pa(t,-) — h(t, )|l g-s = [[Pa(ti,-) — h(t1, )|l g—s-
0<t<T
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Now, we will prove now the estimate ||pqa(t1,-) — h(t1, )| g-s < C|2 — a|. For this we write:

a d¢
b — bt )| :/ ol _ =gz 6
Here, for £ € R™\ {0} fixed, and for 1 < o <2+ 6 (with § > 0) we define the function
Je(a) = el (38)
where, computing its derivative respect to the variable a we get
fe(a) = =ty eI ¢ In([¢]).

Thus, by the mean value theorem we can write

‘f&(a) - f£(2)‘ < ||f,g”Loo([1,2+5]) 2 —al.

Moreover, we can also prove the uniform estimate respect to the variable &:

15 uztan ] g, < €T (39)

The proof of this estimate is not difficult and it is given in detail in the Appendix B. We thus have,

[fela) = fe(2)| < T2 - al.

Then, getting back to the identity (37), we can write

Ipalts ) = h(tr, )2 _/ fela) = fe(2)P—2 ScT2\2—a2/ (s T)2— ol
R™ rn (

i+ IePy T+ IeP)
|
Getting back to (36), in order to estimate the term sup |ugq| s, we recall that by (9) the family
(u0,a)1<a<2 is bounded in H*(R™). 1<a<2
Thus, we can write:
Ini1 <CJ2—al (40)

On the other hand, for the term I, 2 given in (35), by the Young inequalities (with 14 1/00 =1+ 1/00),
the well-known properties of the heat kernel, and moreover, by (11) we have:

Ino<C(2-a). (41)
Thus, gathering the estimates (40) and (41) we obtain:
I, < C max ((2 —a)’,2— a). (42)

We study now the term J, given in (34). For this we write

t t
Ja < sup / Palt —8,°) %1 - V(ug)(s, )ds — / ha(t —s,-) xn - V(u’;)(s, -)ds
0<¢<T ||Jo 0 L
t t
+ sup / h(t —s,-)xn-V(ul)(s,)ds — / h(t—s,-)xn-V(ub)(s, )ds
0<¢<T ||Jo 0 L®
t (43)
< sup | [ (bt = 5. = bt = 5.)) 55 Tk (s, )ds
o<t<T ||Jo L
t
+ sup / h(t—s,-)*mn- V(ug — ug) (s,-)ds = Ja1 + Ja2,
o<t<T ||Jo L*>
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where, we will study the terms J, 1 and J,2 separately. For the term J, 1, we apply first the operators
(1—A)=%/? and (1 — A)*/2, and moreover, by the Young inequalities (with 1+ 1/00 = 1/2 4 1/2) we have

o = s ([ (pute =500 =it = 9) e Wy as)

< il sup ([ 190 =500 = Vhie =9l a0, 05) ()

0<t<T

< In\T< sup |[Vpal(t, ) —Vh(tw)lle) < sup_||ul (s, -)IIHs) -
0<t<T 0<t<T

Here, we need to obtain an uniformly upper bound on the term sup |[u® (s, )|/ s+ respect to the parameter
0<t<T
«. This is the aim of the following technical result.

Lemma 5.2 There ezists 0 < € < 1, and there exists a constant C = C(e, T, b, ||uo2|r1, ||woz2lms) > 0,
such that for all 1 +¢e < a < 2 we have:

sup_||ug (s, )|lms < C.
0<t<T

Proof. For the initial data up, € L' N H¥(R™), with 1 < a < 2, we recall that by the Theorem 4.1 there
exists a time T}, (depending on «) defined in (18) and a (unique) solution u, € E7, (for a definition of the
space Er, see (16) and (17) ) of the equation (15). Our staring point is to obtain a lower bound for the
time T, which does not depend on «. For this, by (9) we can set 0 < e < 1 such that for all 1 + ¢ < a < 2
we have:

| (ol + luo.allars) = (1o,

hence we get the lower bound:

] < 5 (ol + o),

0) < (Juoalles + lwollae).

and then, we can write:
1 [ 1—1Ya
2 [ 28 ¢|n|(fuo2llr + [[uo 2 1

Moreover, as we also have 1+ ¢ < a < 2, then the expression in the left side in the estimate above can be
lowered by the following quantity:

- 1 [ 1— 14e ]2/5 1 [ 1— U1e ]1+€
o =max | = — , = — .
2 [ 2% elnl(luozllzr + [luoz2llms)" 2 [ 22 elnl(luogllr + lluozllme)"

D‘/a 1
)b—1:| < Ta

The proof of this fact is easy, see the Appendix A for all the details. Thus, for all 1 + & < a < 2 we have
To < Ty,.

We recall now that for the time Ty the unique solution u, € Er, is constructed by the Picard’s fixed
point argument. Then, for a constant ¢y > 0 this solution verifies [|uallz,, < co] ).

On the other hand, by the Theorem 4.4 we know that we obtain a global in time solution by repeating this
argument in the intervals of the form [kTp, (k+1)Tp], with & € N*, as follows: in each interval we consider the
initial datum us (kTp, -). Then, always by the Picard’s fixed point schema, there exists unique solution u, €
By, (k+1)1) (for a definition of the space Ejyqy (k+1)15] See (23) and (24)) of the equation ((15)), and more-
over, there exists a constant c > 0 such that we have [[ua || By, (1yry < Ck([ua(ET0,)l|zr + [[ua (KT, )| #2)-
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In the last estimate, we study now the expression ¢ (||ua(kTo,)||r1 + |[ua(kTo, )| ms). For the quantity
|lua(ETo, )| 11, by (30) we have |luq(kTo, )| < ||uoallrr. Then, we can write

ck([ua(KTo, )| Lt + [[ua(kTo, ) #e) < eruoallzr + [lua(kTo, ) me)-

On the other hand, for the quantity ||uq(kTo, )| s, we remark that we have

[ua(KTo, Mas < supNua(t, s < uall 2y wry < k-1(luo,allr + [[ua((k = 1)To,-))||as-
(k—1)To<t<kTp
k
Iterating these estimates, we can find a constant Cy > 0 big enough (in particular we have Cj > H cj)
§=0

such that we have:
|ua(kTo, )| s < Ck(lluo,a

|1+ [[uoallms)-
Gathering these estimates, for all £ € N* we obtain:
[tall By i1ymy) < Crlllwoallnr + [luo.allzs)-

We have now all we need to prove the upper bound stated in this lemma. Let 7" > 0. Then, there exists
k = kr € N such that we have kpTy < T < (kp + 1)Ty. Then, by (9) we can write

b kr
sup [|uf,(t,)[ms < sup [ualt, )||3s < ( sup |[[ua(t, ')HHS) < (D2 s ualt,)a
0<t<T 0<t<T 0<t<T j=0 JTo<(j+1)To
kr b kr b
< Muallzyny oo | < [ Cillluoallss + luoalae)
§=0 j=0
kr b kr b
<D G| (uoaller + llwoalles)” < [ D Ci | e(luoalinr + lluollms)
§=0 §=0

=C(e; b l[uozllr, [luollers, T)-

To finish this proof of this lemma, we just remark that the constant defined above also depends on the
parameter € since the time Ty (from which we set kp such that kpTy < T < (kp + 1)Ty) depends on the
parameter . |

We get back to the estimate (44), where, by the Lemma 5.2 we can write

Ja,l S ‘n‘ T ( sup vaa(t, ) - Vh(t, )‘Hs> C
0<t<T

Moreover, we may observe that in the proof of the Lemma 5.1, by considering now the function f¢(a) given
in (38) as fe(a) = 4§, e 18" with j =1,2,--+ ,n, then we have

sup ||Vpa(t,:) = VA(t, )| g-« < C|2—«al.
0<t<T

Thus, we can write:
Jar < Cn|T)2 - a| < Cly| T max ((z—a)nz—a). (45)
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We must study now the term J,, 2 defined in (43). For this, by the Young inequalities we write:

Jna < clal sup [ IVRE 5,1l ) — o mds = @)
In order to estimate the term ||Vh(t — s,-)||z1, by the well-known properties of the heat kernel h(t, -) we have
IVh(t —s,)||;1 < c(t —s)"/2. On the other hand, in order to estimate the term [[ul (s, ) — u(s, )| 1o, as
we have s + 1 > n/2, and moreover, by the Lemma 5.1, for a constant C' > 0 which does not depend on «
we can write

b—1
g (s, ) = ub(s, ) poe = || (uals, ) = uals,-)) D ug 7 (s, Juh(s, )
Jj=0 [,
b—
1—i .
<luals, ) —ua(s,)l|ze ZHua Mo ™ Nua(s, )l
1 .
<[lua(s, ) — ua(s !LwZHUa MGt Mz (s, )l

<C Hua(sv ) - u2(87 ')”Loo'
With these estimates we obtain:

t
(a) <Cln| sup /(t—8)1/2 lua(s, ) —ua(s, ) |Lds < C |n|T*/? ( sup ||ua(s, <) — ua(s, -)Hm)-
0

0<t<T 0<s<T

Once we have studied the terms I,, Jo1 and Jy 2, getting back to (34) we can write

sup lua(t,) = ua(t, Wi < Lo + Jag + Joz < Lo+ Jog + C |n| T ( sup_|[ua(s, ) —U2(s,-)IILw> :
0<t<T <s<T

In this estimate, for a first time 7} small enough such that it verifies
12 1
Clnit < 3, (46)
we get:

1
sup lua(t, ) —ua(t, )|z < Lo+ Jag + 5 ( sup [|ua(s, ") — ua(s, -)IILoo) ;
0<t<Ty 0<s<Ty

and then we can write

1
5 sup Jlua(t, ) —ua(t, )llzee < lo + Jag.
0<t<T

Hence, by (42) and (45) we obtain:

sup ua(t,-) —u2(t, )|z < C2 = af.
0<t<Ty

Finally, by iterating this argument on the intervals of the for [kT}, (k 4+ 1)T3], with & € N, for all time
0 < T < 400 we have

sup ||ua(t, ) — ua(t, )|z < C max ((2 —a),2— a).
0<t<T

The Theorem 2 is now proven. |

20



5.2 Proof of the Corollary 2

For 0 < T' < +o0 fixed, and moreover, for 1 < ¢ < 400 and 1 < p < 400, using the interpolation inequalities
(with 0 = 1/q) we write

T 1/q T 1/q
) —usa(t, )| Ua(t, ) — ua(t, )99 lualt, ) — ua(t, )| 2L = (a).
( /0 lua(t, ) — uslt, >||Lpdt> < ( /0 ta(t, ) — st M Jua(t, ) — uat, )% dt) (a)

Where, by (8) and (9) we have the uniform estimate ||uq(t, ) — u2(t,-)||z1 < C. Then, we have:

T 1/q
(a) < C° ( / lua(t, <) — ua(t, ->Hz<i‘9>dt) < Clug(t, ) — ua(t, )| TV,
0

hence, the convergence result is a direct consequence of the Theorem 2. Moreover, the case when ¢ = 400
follows the same lines above with the obvious modifications. |

A Appendix

Here we give a proof of the estimate

1[ 1—1/14e ]WE1[ 1—1/14e ]”6
max | = , =
2 [ 22 elnl(luozllzr + [luozllms)"* 2 [ 22 elnl(luozllzr + [luozllme)>

1

1—1/a oo
< |:b b—1} :
2 [2°cn|(lluozllzr + llwo2llas)

1

First, as we have 1 + ¢ < a < 2, then we get 1 — Tre

<1- é, and we can write

1 1-— 1/1+5

2 {2b0|77l(|!u0,2!

Thereafter, by the sake of simplicity, we denote

:|a1 - 1 [ 1—1Ya ]“/al
v+ lluwozllms)* =t T 2 [2%eln|(fuozllpr + lluoallas)"~! '

1-— 1/1+€

2%cln|(Jluo,2l| v + [luoy2

)bfl = (a),

| s

and we have
1 a

o 1 1—1/a et
5[(a)]a 1< 5 21,0’77‘(

luo2llrr + lluozllms)°~1

(6]

We study now the expression —%3, where, always as we have 1 + & < a < 2 then we get 1 +¢ < %5 < %

. . . 1 2 1 _a_
Thus, on the one hand, if the quantity (a) above verifies (a) < 1 then we have 5[(a)]s < 5[(a)]a—1. On the
1 1 a
other hand, if the quantity (a) verifies (a) > 1 then we have 5[(a)]1+5 < 5[((1)]ﬁ

B Appendix

We proof here the estimate (39). We recall the expression

fe(a) = —tie "B g m(¢]), 1<a<2+6, 0<ty <T.
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Then, we write

H“ﬂHLW(D2+MﬂLPan)S HW&HL“(DQ+&)HLquSI)+'HW&HLM(U2+Q)HLm“ﬂ>1):44+VBy

where, we shall estimate the terms A and B separately. For the term A, as we have [{] <1, 1 < o < 2+ 4,
and moreover, as we have mlimJr |€] In(|¢]) = 0, then we can write:
—0

A<T | sup e 1P g m(g)) ) < O T
ER™

For the term B, as we have || > 1 then we can write

B<T (sup e tilel|g|2+9 ln(|§|)) <CT.
EeER™
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