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Abstract

Abstract. We consider here an elliptic coupled system describing the dynamics of liquid
crystals flows. This system is posed on the whole space R™ with n > 2. We introduce first
the notion of very weak solutions for this system. Then, within the fairly general framework
of the Morrey spaces, we derive some sufficient conditions on the very weak solutions which
improve their regularity. As a bi-product, we also prove a new regularity criterium for the
time-independing Navier-Stokes equations.
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1 Introduction

This article deals with an elliptic coupled system arising from the study of the dynamics in liquid crys-
tal flows. This system, posed on the whole space R™ with n > 2, strongly couples the incompressible
and time-independing Navier-Stokes equations with a harmonic map flow as follows:

AU +div({U @ U) +div(Ve Ve Ve V)+ VP =0,
—AV +div(V e U) - Vo V2V =0. (1)

—

div(U) = 0.

Here, VeV = (0;V;)1<i j<n, denotes the deformation tensor of the vector field V and moreover, for
i=1,--+,n, the i-st component of the vector field div(V® V © V ® V') writes down as:

div(iVeVoVe ‘7)] = Z Z 0;(0iVi, 0;Vi). (2)

j=1 k=1
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The fluid velocity U:R* - R™, and the pressure P : R" — R, are the classical unknowns of the
fluid mechanics. Moreover, this system also considers a third unknown V:R" - S*~1, where S"!
denotes the unitary sphere in R", where the unit vector field 1% represents the macroscopic orienta-
tion of the nematic liquid crystal molecules [17].

The system (1) agrees with the time-independing version of the following parabolic system:

{ Oy — At + div(i ®@ i) + div(V @ TO V@ 7) + Vp =0, div(d) =0, 5
3

0,7 — AT+ div(F @ @) — |V @ 725 = 0,

also known as the simplified Ericksen-Leslie system. This parabolic system was proposed by H.F.
Lin in [14] as a simplification of the general Ericksen-Leslie system which models the hydrodynamic
flow of nematic liquid crystal material [2], [17]. The simplified Ericksen-Leslie system, has been suc-
cessful to model various dynamical behavior for nematic liquid crystals. More precisely, it provides
a well macroscopic description of the evolution of the material under the influence of fluid velocity
field and the macroscopic description of the microscopic orientation of fluid velocity of rod-like liquid
crystals. See the book [5] for more details.

From the mathematical point of view, the simplified Ericksen-Leslie system (3) has recently at-
tired a lot of interest in the research community. It is worth mention that the one of the major
challenges in the mathematical study of this system is due, on one hand, by its strong coupled struc-
ture and, on the other hand, by the presence of the super-critical non-linear term given in (2). Due to
the double derivatives in this term, it is actually more delicate to treat than the classical non-linear
transport term: div(7 ® i), and this fact makes challenging the study of both (1) and (3). See, e.g.,
the articles [7, 8, 11, 15, 16, 18] and the references therein.

The first works in the studying of (3) were devoted to the study of the existence of global in time
weak solutions, for the cases n = 2 in [16] and the case n = 3 in [11], which physically are more
relevant. On the other hand, in the spirit of the celebrated H. Koch & D. Tatary result [10] for
the incompressible Navier-Stokes equations, other results on the well-posedness of 1) were also estab-
lished in [18] for any spatially dimension n > 1 in the more technical setting of the space BM O~ (R").

Concerning the regularity issues of solutions in (3), T. Huang proved in [4] an e— regularity crite-
rion in the framework of the Lebesgue spaces. This result allow him to establish a sufficient condition
on the solutions to improve their regularity in the temporal and spatial variables. More precisely, it is
proven that if @, 7 € H*([0, 7] x R",R™ x S"™!) is a weak solution of (3), and moreover, if (i, V ® 0)
verify @, V@ @ € LPLI([0,T] x R"), with p > n and ¢ > n such that n/p + 1/¢ = 0, then we have
C>([0,T] x R*, R™ x S™1).

The time-independing counterpart of system (3), given in the system (1), has still been little
studied and in this article we are interested in studying some regularity issues for the system (1).
More precisely, the main objective of this article is to introduce first a notion of very weak solutions
for the system (1), and then, to give some a priori conditions on these solutions which imply an
important improvement of their regularity.

Let us start by introducing the following notion of very weak solution for the system (1) which,
to the best of our knowledge, have not been considered in the existence literature.



Definition 1 A wvery weak solution of the coupled system (1) is a triplet ((7, P, ‘7) where: U €
L2 (R"), P e D'(R"), V € L®R") and V@V € L2 (R"), such it verifies (1) in the distributional
sense.

Comparing with the notion of weak solution given in [4], which in the setting of the time-
independing system (1) reads as UV eH HR™ R" x S* 1), we may observe that in this definition
we impose minimal conditions on the triplet ([7 , P, 17) to ensure that all the terms in (1) are well-
defined as distributions. We remark moreover that by the physical model we have |V| =1 (since V
is a orientation vector field) and thus, the condition Ve L>°(R™) is completely natural.

As mentioned, we study here the regularity of the very weak solutions for the system (1) defined
above. Recalling the result obtained in [4] in the framework of the Lebesgue spaces, we observe that

essentially we need certain decaying properties of solutions in order to get a gain of their regularity.

The main idea to state the following result bases on the fact that, within the large framework of

the space L2 (R"), where the very weak solutions are defined, and in order to obtain a gain of their
regularity, we impose some decaying properties on the mean quantities
1 T 1 = o
- |U(z)[*dr, and —- V& V(z)|*de,
R™ Jio1<r R™ Jiz<r

as long as the ratio R goes to infinity. The decaying rate of these quantities is characterized through
the parameter p, and our main result reads as follows.

Theorem 1 Let (U P, V) be a very weak solution of the coupled system (1) given in Definition 1.
If for all R > 0 the functions Uand V@V verify:

1 — 1 — —
— \U(z)*de < R™*P,  and — Ve V(z)de <R 2P, n<p<+oo, (4)

R™ Jiz1<r R™ Jiz1<r

then we have U € C*(R"), P € C®(R") and V € C*(R"). Moreover, for all multi-indice o € N,
the functions 05U, 03P and 0%V are Hélder continuous with exponent 1 —n/p.

Some comments are in order. The condition on U and V ® V given in (4), of course means that
these functions belong to the homogeneous Morrey space M*P(R™). This space is defined as the
Banach space of functions f € L2 (R™) such that

1 1
n 1 2 z 1 ?
i = s 8 (g [ If@lan) 2o (g [ (i) <40 @)
R>0, zgcR"™ |z—zo|<R R>0 lz|<R

The space M 2P(R™) is a homogeneous space of degree —%, and moreover, we have the following chain

of continuous embedding LP(R") C LP+>°(R") ¢ M?*P(R"), where LP+*°(R") denotes a Lorentz space
which also describes the decaying properties of functions in a different setting. See the book [1] for
a detailed study of Lorentz spaces.

Due to the embedding chain above, we may observe that the condition (4) used here to improve
the regularity of the very weak solutions is given in a fairly general space describing the decaying
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properties of L? — functions. In particular, for time-independing case, the result obtained in [4]
follows from this theorem. Moreover, our result provides a sharper description of the regularity of
very weak solutions, in the sense that we are able to prove that all the derivatives of these solutions
are actually Holder continuous functions with the precise exponent 0 < 1 —n/p < 1.

On the other hand, we observe that in the particular case when the vector field Vis a unitary
constant vector, then the system (1) becomes the well-known time-independing and incompressible
Navier-Stokes equations:

—AU+diviU @ U)+VP =0, div(l)=0. (6)

Thus, the result stated in the Theorem 1 also holds true for these equations and we are able to
write the following new regularity criterium.

Corollary 1 Let (U, P) € LZOC(R") X D’(R”) a very weak solution of the stationary Navier-Stokes
system (6). If the velocity U verifies U e M*»(R™), with n < p < 400, then we have U € C>(R™)
and P € C*(R"). Similarly, U, P, and all their derivatives are Holder continuous functions with
exponent 1 —n/p.

To close this introduction, let us briefly explain the general strategy of the proof of Theorem 1.
This proof bases on two main steps. In the first one, usmg the condition (4) and passing by the frame-
work of a parabolic system we prove that the U and V@V are bounded functions on R”. With this
information, and using always the condition (4), in the second step of the proof we use a bootstrap
argument to show that the derivative of any order of U and V belong to the Morrey space M?*P(R™).
Using this last information, and some well-known properties of the Morrey space, we finally obtain
the regularity properties stated in Theorem 1. Moreover, by the first equation in (1), we show that the
pressure P is always related to U and V and this fact also implies a gain of regularity for the pressure.

It is worth mention that this program is not only restricted to the system (1) and it can be applied
to other elliptic systems with a similar structure. In particular, after some technical modifications,
the Theorem 1 also holds true for the time-independing Magneto-hydrodynamic system:

—AU +div(U @ U) —div(B® B) + VP =0, div(U) =0
~AB+div(BeU) —diviU @ B) =0,  div(B) =0,
provided that the velocity U € L} (R™) and the magnetic field Be L} (R™) verify:

1 - 1 =
\U(z)|*de < R7*P, and — |B(z)Pde <R™2P, n < p< 4oo.

R Jii<r R Jiui<r

2 Proof of Theorem 1

Let (U, P, V) be a very weak solution of (1) given in Definition 1. We assume that it verifies
Ue M?*?(R") and V®V € M*P(R") with p > n. In order to prove this theorem, the first key idea
is to prove that U € L>*(R") and V@V € L>®(R"); and for this we will prove the following technical
theorem.



Theorem 2.1 Let ([j,P, ‘7) be a very weak solution of (1) given in Definition 1. If Ue M?P(R™)
and V @V € M*P(R") with p > n then we have U € L®(R") and V ® V € L®(R").

Proof. We consider the following initial value problem for a coupled system involving the vector
field @ = (uq,uq, - - ,u,) and the matrix V = (v; j)1<; j<n. Let us mention that in the first equation

below P denotes the Leray projector, and moreover, in the second equation below Ve L>*(R") is
the solution of (1) given at the beginning of this proof:

Ol — A+ P(div(dZ @ @) + P(div(V © V)) =0, div(d) =0,
OV —AV+V @ (@V)-Ve(VLEV)=0, (7)
@(0,-) =y, V(0,-) = V.

For a time 0 < T < o0, we denote C,([0,T], M?*?(R")) the functional space of bounded and
weak—#* continuous functions from [0, 7] with values in the Morrey space M?P(R"™). Then we have
the following result.

Proposition 2.1 Consider the system (7). If @y € M*’(R™) and Vo, € M*P(R"), with p > n,
then there exists a time 0 < T < +o0, depending on Uy and Vo, such that (7) has a solution
(a, V) € C.([0,T], M*P(R™)). Moreover this solution verifies

sup 1% ([|a(t, )|z + || VIt )| z) < +oc. (8)
0<t<T

Proof. We observe that the mild solution (@, V) of system (7) writes down as the (equivalent)
integral formulations

t t
i(t,) = ey + / eEIAP(div(d @ 1)) (s, - )ds +/ e HAP(div(V © V) (s, -)ds, 9)

0 0

B, () By(V.V)
and
t . t . .
V(t,) = ¢V, + / -9 @ (V) (s, )ds — / (NG @ (VET)(s, )ds.  (10)
0 0
Bg(Tl',V) B4(‘\;7V)

The equivalence between the integral formulations above and the system (7) is not only formal and
it can be established rigorously in quite general functional settings. See the Theorem 1.2, page 6, of
the book [12] for this issue in the particular case of the Navier-Stokes equations, which also holds
true for the system (7).

Using the well-known Picard’s fixed point argument, we will solve both problems (9) and (10) in
the Banach space

Er = {f € C*([O,T],sz(RN)) : Oiltlth%Hf(t’ N < —|—oo} ,

dotted with the norm

1fller = sup [1£(t, Mz + sup 5] f(2, )] o
0<t<T 0<t<T
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Moreover, let us mention that for fi, fo € Er, for the sake of simplicity, we shall write ||(f1, f2)|lg, =
1 filler + [ f2ll er-

We start by studying the linear terms in (9) and (10) We observe first that as @, € M>?(R")
and V, € M2P(R”) then for all 0 < ¢t < T we have ||(e"®y, e .tAVo)HMz,p < ¢||(t@o, Vo)|| y2.r» hence
we obtain' ', € C,([0, T], M*P(R™)) and e*V, € C.(]0, ], M2P(R”)). On the other hand, by the

smoothing properties of the heat kernel we can write sup 2» | (e"ido, "2 V) | oo < ll(o, Vo)l yr2-
0<t<T

Thus, we have e'?i, € Er and eV, € Er, and moreover we can write the estimate

“(etAﬁo,etAV())llET S CH(QZQ,V())HMQ,I,. (11)

We study now the bi-linear terms in (9) and (10). To estimate the terms B (i, @) and By(V, V)
in (9), it is worth to recall some well-known facts. We recall first that for 1 < r < p < 400 the Leray
projector PP is bounded in the Morrey space M"?(R™) (see the Lemma 4.2 of [9]). Thereafter, we also
recall that for 1 < r < p and p > n, the space M"P(R") is stable under convolution with functions
in the space L'(R™): we have ||g * f| 0 < cllgllrt|| f]lyrmr (see the page 169 of [13]).

With these information in mind, and moreover, applying the well-known estimate on the heat

kernel: ||ﬁh(t_s)(~)\|L1 < ﬁ, for the first term in the norm || - ||z, we have
-3

sup || By(t, @) + Ba(V, V)| 32

0<t<T

= sup
0<t<T

/ t AP (div (i@ @ @) (s, -)ds + / t eIAP(div(V O V) (s, -)ds

M2

t
<c sup / ||e(t DA (div(d @ 1)) (s, ) + D2 (div(V © V))(s HMQPdS
o<t<T Jo

t (12)
< sp [ o () @ s s + V(5. © Vs ) g ) s

0<t<T S)

t 1 - N
<cswp [ o (s Miea + FIVE NIV ) ds

0<t<T )1/252

<cT% (@, V)|, ,

where as p > n then we have 1 — 35 > 0. Now, to handle the second term in the norm |- [ g, first we

shall need the following remark. Recall that the operator e*=2P(div(-)) is a matrix of convolutions

(=7 + ="

operators (in the spatial variable) whose kernels K ; verify |K;;(t —s,2)| <

TActually we have e'2d, € C(]0,T], M>?(R™)) and '*V, € C(]0, T], M>?(R™)) due to fact that for f € M>P(R™)
the following estimates hold: [€'® f|| ;2.0 < ¢l f || yrz.o and [|0€" f| yy2n < S| f |l yr2.p for t > 0.
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hence we get || K ;(t —s,-)|lp < ﬁ With this remark in mind, we can write
— s

sup 20 || By (i, @) + Bo(V, V)| oo

0<t<T
t t
= sup t% /e(t_S)AP(div(ﬁ@b ﬁ))(s,~)ds+/ U=AP(div(V © V))(s, -)ds
o<t<T 0 0 L
t
< sup t / |2 P(div (il ® @) (s, -)ds + " P(div(V © V))(s, )| . ds
o<t<T 0

< sup 1 [ o (15, @ (s, )l + [V(s.) © Vi, 1) s

0<t<T

n t dS n 2 3 _V 2 d
<c sup tz _— <5% u(s, - oo) +<s% S, oo)) S
Rl e d (G OB Vs, )l "
t
, d

<o (s oF [T @I,

o<zt Jo (t —s)/%s% T

" t/2 d " t d

<fe s | [T [ @ v

0<t<T o (t—s)Y2s» t/2 (t — s)/2s» ’
<e (s |5t [T s [ i@ v
— \o<i<r o sVP 12 (t— )12 br
(

<cT* % (i@, V)

2
||ET :

In order to estimate now the terms Bs(@, V) and B4(V, V) in (10), recall that by the physical model
we have the assumption |V (x)| = 1 and then ||V||p~ = 1. Thus, for the first in the norm || - ||g, we
have:

sup ||B3(ﬁa V) + B4(V7 V)HM%D

0<t<T
t t
= sup /e(t_s)AﬁQb(ﬁV)(s,-)ds—/ eIAY @ ([V2V) (s, -)ds
0<t<T ||Jo 0 M?2p
t 1 .
< — _(1@Vi(s, e V,-QV-p>d
<c sup / = )1/2 (n (5, Mgz + V(s )PV L yge ) ds
=P / =) (s, )Lz IV (s laee + 11V (5, )Pl [V 1< ) ds (14)
0<t<T Jo
= / oy U sz [V (sl + 11V, ) Pllyzes) ds
0<t<T
=P / oy (M IV (s, e 1V, lyzes [V (5, ) ds
0<t<T
<c sup/ @ V)3, <eTH 5 @ V)2, .
— 0<t<T 1/2Sn/2p Er — ! Er



Finally, for the second term in the norm || - ||g,, following the same computations done in (13) we
have

sup t2 || Bs(@, V) + By(V, V)l e

0<t<T

n
sup t2r
0<t<T

<eT % (@, V)|, .

¢ t
[T @it s — [5G @ (VT (s, s
0 0

Lo

With estimates (12), (13), (14) and (15) at hand, we are able to write
g _ o=
1BL(@, @)l| 5, + | Bo(V, V)l g, + 1 Bs(@ V)l g, + [1Ba(V. V), < T2 % (@ V)|, (16)

Once we have the estimates (11) and (16), we set a time 0 < T" = T'(tp, Vo) < 400 small enough

and the existence of a solution (#, V) for equations (9) and (10) follows from standard arguments.
|

In the second step, for ((7 , V) the solution of (1) given at the beginning of the proof, in the Cauchy
problem (7) we set the initial data (iy, V ® ty) = (U, V ® V). Then, by Proposition 2.1 there exists
a time 0 < T < 400 and there exists a solution (@, V ® ¥) € C.([0,T], M*(R™)) of (7) arising from
(U, VaV).

On the other hand, since ((7 Ve ‘7) is a solution of (1) then, applying the Leray projector
in the first equation of (1), thereafter, applying the operator V® () in the second equations of
(1), and moreover, as &,U = 0 and 8,V = 0, we have that (U,V ® V) is also a solution of the
Cauchy problem (7) with the initial data (i, V ® @) = (U,V ® V). Remark that we also have
(U,V@V)eC.(0,T], M**(R").

Thus, in the space C, ([0, T], M*P(R")) we have two solutions of the Cauchy problem (7) with ini-
tial data (@, V ® @) = (U, V @ V): the solution (@, V) given by Proposition 2.1 and the stationary
solution ((7 V® ‘7) We shall prove that both solutions are equal and for this we have the following
uniqueness result.

Proposition 2.2 Let (i, V1) and (i, V3) be two solutions of (7) in the space C,([0,T], M*P(R™))
arising from the same initial data. Then we have (4, V1) = (U2, Va).

Proof. We define the set
E={rel0,T]: [[(d(t, ), Vi(t,")) — (@(t,-), Va(t, )|l yy2r = 0, for all t € [0, 7]},

and let T = sup 7. Let us remark that 7% exists since F is a bounded and non empty set. Indeed,
TeEE

we have E' C [0, 7] and moreover we have 0 € E.

We have T* < T and we will prove that T = T'. For this, we will assume that 7™ < T to obtain
a contradiction. First, we shall verify that 7" € E. Indeed, as (i1, V1) and (i, Va) belong to the
space C,([0,T], M*P(R™)) then we can write
1@ (T, ), V(T ) = (@™, ), Vo T, )l yger < limuinf [ (@1 (2, -), Va(Z, ) = (4(t, ), Va(t, )| xrzs

t—(T*)~



hence we get [|(@1 (77, -), Va(T™,-)) = (@2(T",-), Vo1, )|l w2 = 0.

Once we have in information 7% € FE, and moreover, as we have assumed 7™ < T, in the the
interval of time |7, T we will study the equations

t t
i) = / e =IAP(din(id @ @))(s, )ds + / 9B (div(V © V))(s, -)ds, (17)
B, (1) By(V.V)
and
t . t . .
V(t,-)z/ e(t_s)AV®(ﬁV)(s,-)ds—/ =98 @ (V2 T)(s, )ds. (18)
* T*
Bg(TZV) B4(\V,,V)

We define & = i — @y and W = V; — V5 and by the equations above we may observe that (w, W)
solve the following equations:

U_]' - Bl(U_j, /ljl) —|— Bl<ﬁ2, ’LU) —|— BQ(W,Vl) —|— BQ(VQ,W),
(19)
W == Bg(?ﬁ, Vl) + Bg(ﬁQ,W) + B4(W,V1) + B4(V2,W).

For a time T* < Ty < T', we will estimate the quantities sup ||@W(¢, )| 20, and  sup  [[W(E, )| ys20;
T*<t<Ty T*<t<Ty

and for this we need the following technical lemma.

Lemma 2.1 Let f,g € L®([T*, Ty], M**(R")). Fori = 1,---,4, let Bi(-,-) be the bilinear forms
gwen in (17) and (18). Then, we have

sup |rBz-<f,g><t,->||M2,psdTI—T*W”‘"/”’( Sup ||f<t,->r|M2m)( Sup ”g“")”m”)'

T*<t<T) T*<t<T) T*<t<T)
(20)

Proof. Remark first that each term bilinear term B;(-,-) essentially writes down as

t

B(f,g)(t,) = / K(t = 5,-) % (£9)(s,)ds, (21)

*

where the kernel K(t — s, x) verifies |K(t — s,2)| <

c
. Thus, it is enough to study

(VE—5+ |z])m* s

the generic bilinear form B(f, g)(t,-) for t € [T*,T1]. First, using the interpolation inequalities we

write

IBU, )t e < elBU9) LIz 1BU 9) (8%, (22)

9



where we must study each term in the right side separately. For the first term, recalling that the
Morrey space M'P/2(R™) is stable under convolution with L'— functions, we have

t
IBCf, 9)(E M xiwrz < /T 1K = s,-) * (f9)(5, )| yyrns2ds

< | KE = s, )l fa (s, )l anads

T*

t
< /T 1K = s, el (55 Mz llg (s, )l wgzods

T* T*<s<Th T*<s<Th

< t||/c<t—s,->||ds( sup ||f<s,->||M2,p)( sup ||g<s,->||M2,p).

Moreover, since we have |[IC(t — s, x)| < then we get

(Vi + el

t t dS
K(t—s,- dsgc/ <t = TV
I1( )|l Nr ( )

T+ «\t—8

Thus, we can write

IB(f, 9)(t ) sirae < et —T7)Y? ( sup || f(2, ')I’M“) ( e ”g(t’.)HM2m> . )
T*<t<Ty T*<t<T
For the second term in the right side in (22), by point éi) of Proposition 3.2 in page 590 of [6] we

have
t

I1B(f: g)(t,)|[r= < [K(t = s,-) * (fg)(s,-)|lL=ds

T*
! 1
e | a= sz /9(8 Mipzds
! 1
SC/ @—(s)muf(sf)uz\ﬂm“g(s")HMz,pds (24)

K 1
<C - < a1~ Ssu S’- . D Ssu 57. . ,p
< [ sy (pm, 1o M) 5o, 1ot e
SC(t — T*)—n/ﬁ+1/2 ( sup ||f(57 ')HMZP) ( sup ||g(37 )”M?P) )

T*<s<Ty T*<s<Ty
With estimates (23) and (24) we get back to (22) to write
IB(f, 9)(t, gz < et = T)2070P) ( sup || f(z, -)||M2,p) < sup |g(t, -)||M2,p> ,
T*<i<Ty T*<t<Ty

hence, as p > n then we have 1/2(1 —n/p) > 0 and we get the desired estimate (20). |

Once we have the estimate (20), we apply this estimate in each term at the right side in the equations
given in (19) to get

sup [|(@(t, ), W(t,))llyger < e(Ty = T%)1207) ( sup ||(w(t,~),W(t,~))||M2,p>

T*<t<Ty T*<t<T)

><< sup ||(@1(t, ), Va(t, )l yew + sup ||(ﬁz(t,-)7V2(t,-))|\M2,p)

S
T*<t<T) T*<t<Ty

Y
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hence we can write

sup [|(@(t, ), W(t, )|y < e(Ty = T%)1207P) ( sup Il(w(t‘)?W(t"))\le,p)

T*<t<T) T*<t<T)

(s 10V e+ s (), Vit D e

0<t<T
In this estimate, we set the time 77 close enough to the time 7™ such that
o(Ty — T7)H20=m/w) ( sup [[(@ (), Vit )llzzo + sup [|(#@(E, ), Va(t, ))”M?m) <1/2,
0<t<T 0<t<T

hence we obtain that @ = 0 and W = 0 also in the interval of time |7, T}, which contradicts the
definition of the time 7™. Thus, we have T* =T [ |

We continue with the proof of Theorem 2.1. Let us recall that in the space C, ([0, T[, M*P(R™))
we consider two solutions of equations (7): the solution (i, V) given by Proposition 2.1 and the
stationary solution (U, V® ‘7) Then, by Proposition 2.2 we have the identity (4, V) = ([j, V® 17)
Moreover, as the solution (@, V) verifies (8) then, by the identity above we can write

sup +7 (HﬁHLoo + ||§® VHLoo) < +00,

0<t<T

hence, as the solution (U, V ® V) does not depend on time variable we finally get U € L*(R™) and
V&V e L*(R"). Theorem 2.1 is proven. |

Now, the second key idea is to use the information U € L®(R") and V@V € L>(R3) to prove
the following technical theorem.

Theorem 2.2 Let (U, P,V) be a very weak solution of (1) given in Definition 1. We assume that
U e M**(R") and V@V € M2>P(R") with p > n, hence, by Theorem 2.1 we get U € L*®(R") and
VeV e L®(R"). Then, for all multi-indice o € N*\ {0}, we have 3°U € M*P(R™), 3P € M*"(R")
and O°V € M>P(R™).

Proof. We will study first the functions U and V; and for this we (temporally) get rid of the
pressure term by applying the Leray projector R in the first equation in (1) to get:

AU +P(div(U @ U)) + P(div(V @ V ® V ® V)) = 0,
—AV +diviV @ U) = [V@ V2V =0, (25)
div(T) = 0,

As U and V solve this system, we may observe that these functions can be written as the equivalent
integral formulation.

0= —— (Bav(@ e 1) - =5 (Baiv(¥ o Vo Vo 7)),
ey (o)« (eorre) -
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Using this integral forpulation for U and \7, we will show that for all multi-indice a € N", the
functions 9°U and 0>V belong to the homogeneous Morrey space M?7?° (R") with o > 1.

This fact can be easily proven by a iterative argument on the order of the multi-indice «, that
we will denote as || = k. Let k = 1. We start by proving that 9°U € M2 (R"). Indeed, from the
equation in (26) we have the identity

0o — —% (Beraiv(i @ 1)) - % (Reraiv(T e Vo Vo), (27)

1 L }
For the term N <P(8adiv(U QU ))>, recalling that by hypothesis of Theorem 1 we have U €

M?P(R™), moreover, recalling that by 2.1 we also have U e L*>®(R™), then, for all 0 > 1 we get

U € M2?%(R"). Thus, we have U x U € M?>?°(R"). On the other hand, we observe that the
operator A (P(0*div(-)) writes down as a linear combination of the Riesz transforms R;R; with
i,j =1,---,n. Then, by the continuity of the operator R;R; in the space M?779(R™) (ref) we obtain

that % <1P>(aadiv(l7 ® 17))) € M*P7(R™).

1 L L L oL
For the term N <P(8adiv(v VoV V))), since we have V@V € M*P(R"), and moreover,

since by Theorem 2.1 we have V@ V € L®(R"), then we get V@V € M277(R™) and following the

1 L. L :
same ideas above we are able to write N (P(aadiv(v VoV V))> € M*P7(R™).

We thus have 9°U € M?7*?(R™). On the other hand, always by the information V@V € M2P(R")
and V® V € L®(R"), we also have 9*V € M?*??7(R"™), for ¢ > 1 and |a| = 1.

Let k > 1. We assume that for all multi-indice 8 such that |3] < k—1 we have °U € M7 (R")
and 8°V € M?77(R™). Then, for || = k we will show that 0°U € M?*?’(R") and 9°V € M?*7*° (R").
For this, we start by writing o = oy + oy where the multi-indice oy verifies || = 1 while the multi-
indice o satisfies |as| = k — 1.

For the function 8°U given in (27), we will study the two terms in the right side of this identity.
For the first term we write

1 — — 1 — —
— (P(@“div(U ® U))) - — (P(@“ldiv 0°2(0 U))) ,
1
where, we the operator N (P(0*div(+))), always writes down as a linear combination of the Riesz
transforms R;R;. It remains to study the term 80‘2((7 QU ). More precisely, we will show that this
term belongs to the space M?7??(R™). Indeed, i, = 1,--- ,n, applying the Leibinz’s rule we write

o*? (UzU]> = Z Cay,B 8“2_5Ui 06Uj.
|B1<k—1
By the recurrence hypothesis (writing 26 instead of §) we have 0°2~°U; € M?*%7(R™) and 0°U; € M**27(R")
L . 1 S .
hence we get 9°2(U @ U) € M***°(R"). Finally, we are able to write N (IP’(@“div(U ® U))) € M* 7 (R™).
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The second term in the right side of (27) follows the same computations above (with V @ V
— 1 — — — — .
instead of U) and we also have — (P(@adiv(v VeV V))> € M*?7(R™). Then we obtain

— . _A
0°U € M*¥(R").
For the function 9V, we remark first that by the second identity in equation (26) we have
CaVa 1 ayiv(V & T 1 a(INT o TFI2 T
V= —— (a dw<V®U)) +—% (a (IV & V| V)), (28)
hence, always following the same computations performed above we can prove that °VeM 2707 (R™).
Finally, we study the function 0“P. We observe first that applying the divergence operator in

the first equation of the system (1), we get that the pressure P is necessary related to U and V ® V'

through the Riesz transforms R; = \/% by the formula

P=> RiR;(UiU;)+ > RiR; (Vi 0;Vi).

1,7=1 1,5,k=1

From this identity, performing essentially the same computations above and using the information
0°U € M**7(R™) N L®(R*) and 9*V € M**#7(R™) N L°(R™), we get that 9*P € M***°(R"), for
all @ € N*\ {0}.

We thus set 0 = 1, to obtain 9°U € M*P(R"), 9°P € M*(R") and 9°V € M>?(R"), for all
multi-indice o € N\ {0}. |

Now we are able to finish the proof of Theorem 1. We just recall the following well-known
properties of the homogeneous Morrey spaces. First we have the embedding M?? (R™) C M7, and
then, by Theorem 2.2, and for all a € N™\ {0}, we get that 8°U € M'*(R"), 9*P € M"“P(R") and
9°V € MY (R™). Thereafter, we use the following result which links the Morrey spaces and the
Holder regularity of functions. For a proof see the Proposition 3.4, page 594 in [6].

Proposition 2.3 Let p > n and let f € S'(R") such that Vf € M(R"). Then, f is a Hélder
continuous function with exponent 5 =1 —n/p, and we have

[f(@) = F@)] < C IV fllap |2 = 917,
for all x,y € R with a constant C' > 0 independent of f.

Applying this result to the functions 8°U € M?*P(R"), 8*P € M**(R") and §°V € M**(R") we
finally obtain the regularity stated in Theorem 1. This theorem is proven. [
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