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Abstract

We consider the KdV equation with an additional non-local perturbation term given in terms of the Hilbert transform.
We find the asymptotic expansion when |z| — 400 of solutions to this equation corresponding to initial conditions which

decays as Moreover, we prove that this spatially-decaying is optimal even if the initial datais a fast-decay

1+ |x)2”
funcion.
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1 Introduction

In this article we consider the following Cauchy’s problem for a non-local perturbed KdV equation

{ Oyt + u0pu + O3u + n(Hozu + HO2u) =0, 7 >0, on ]0,+oo[xR, W

u(0, ) = ug.

where the function u : [0, +oo[xR — R is the solution, up : R — R is the initial data and # is the Hilbert
transform defined as follows: for ¢ € S(R),

He) @) = pos [ L0y 2
T JR Y
Equation , also called the Ostrovsky, Stepanyams and Tsimring equation (OST-equation), was derived by
Ostrovsky et al. in [I3] [14] to describe the radiational instability of long non-linear waves in a stratified flow
caused by internal wave radiation from a shear layer. It deserves remark that when n = 0 we obtain the well-
know KdV equation. The parameter n > 0 represents the importance of amplification and damping relative
to dispersion. Indeed, the fourth term in equation represents amplification, which is responsible for the
radiational instability of the negative energy wave, while the fifth term in equation denotes damping (see

[12] for more details). Both of these two terms are described by the non-local integrals represented by the
Hilbert transform .

One rewrites Equation (1)) in the equivalent Duhamel formulation (see [I]):

u(t,xz) = Ky(t, ) * up(x) — % /0 Kyt —1,°) % 0z (u?) (7, ) (z)dT, (3)
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where the kernel K, (t,x) is given by
K,(t,z) = F! (e(i€3t—nt(|£l3—\§|))) (), (4)
and where F~1 denotes the inverse Fourier transform.

Well-posedness results for the Cauchy problem was extensively studied in the framework of Sobolev spaces.
The first work of this problem was carry out by B. Alvarez Samaniego in his PhD thesis [I]. The author
proved a local well-posedness in H*(R) for s > %, using properties of the semi-group associated with the linear
problem. He also obtained a global solution in H® for s > 1, making use of the standard energy estimates. This
result was improved by several authors: X. Carvajal & M. Scialon proved in their article [5] that the Cauchy’s
problem is locally well-posedness (LWP) in H*(R) for s > 0 and global well-posedness (GWP) in L?(R).
After, X. Zhao & S. Cui proved in [I5] the LWP of problem in H*(R) for s > —% and GWP for s > 0.
Finally, in recent works A. Esfahani and H. Wang [8] 9] showed that the Cauchy problem (3)) is LWP in H*(R)

for s > —% and moreover, it is shown that H =3 is the critical Sobolev space for the LWP.

On the other hand, since equation is a nonlinear dissipative equation, it is natural to ask for existence
of solitary waves. Numerical studies done in [6] by B.F. Feng and T. Kawahara show that for every > 0 there

exists a family of solitary waves which experimentally decay as when |z| — 4o00. This numerical decay

1+ |z|?
of solitary waves suggests the theoretical study of the decay in spacizll \‘/ariable of solutions u of equation and,
in this setting, B. Alvarez Samaniego showed in the last part of his PhD thesis (Theorem 5.2 of [I]) that if the
initial data ug verifies ug € H*(R) N L*(1 4 | - |2, dz) then there exists u € C([0, oo[, H*(R) N L*(1 + | - |2, dz))
a unique solution of equation . This result is intrinsically related to the nature of the functional spaces
above in which the Fourier Transform plays a very important role: kernel K, (¢, z) given in associated with
the equation is explicitly defined in frequency variable. Furthermore, remark that this spatially-decaying of
solution is studied in the setting of the weighted-L? space and therefore it’s a weighted average decay.

The first purpose of this paper is to obtain a pointwise decay in spacial variable of solution u(t,x). More

precisely, we prove that if the initial data ug € H*(R), with 3 < s < 2, verifies |ug(z) then there

< c
<
exist a unique global in time solution u(¢,z) of the integral equation (3) which fulfills the same decay of the
initial data ug. Moreover, we show that the solution wu(¢,x) of the integral equation is smooth enough and
then this solution verifies the differential equation (1)) in the classical sense.

Theorem 1 Let 3 < s < 2 and let ug € H*(R) be an initial data such that |ug(x) Then, the

<

Tl e
equation possesses a unique solution u € C(]0,4o00[,C>®(R)) arising from ug, such that for all time t > 0
there exists a constant C = C(t,n,up,u) > 0, such that for all x € R the solution u(t,x) verifies:

()

Remark 1 FEstimate is valid only in the setting of the perturbed KAV equation when the parameter n
18 strictly positive.

Indeed, with respect to the parameter n the constant C' > 0 behaves like the following expression (see formula

1 1 2
for all the details): — (1 + ( + 2> ) + 1, and this expression is not controlled when 7 — 0%.

n3 n
Recall that in the case n = 0, the equation [l becomes the KdV equation. In this framework T. Kato [11]
showed the following persistence problem: if uy € H?*™(R) N L?(|x|*™, dz) where m € N is strictly positive,
then the Cauchy problem for the KdV equation is globally well-posed in C([0, +oo[; H*™(R) N L?(|x|*™ dz))



and then the solution of the KdV equations decays at infinity as fast as the initial data. For related results see
also[10].

Getting back to the perturbed KdV equation , a natural question raises: is the spatial decay given in
formula optimal? Concerning this question, B Alvarez Samaniego shown in [2] that the solution cannot

have a weight average decay faster than and in this case we fave a lost of persistence in the spacial

1+ |zt
decay. This suggest that the optimal decay rate in spatial variable of solution u(t,z) must be of the order
——— with 2 < s < 4.

1+ |x|®
The second purpose of this paper is to study the optimal spatially-decaying for the solution u(t, x) of equation
. We start by studying some decay propietes of the kerner K, (t,2) and in Proposition we show that this

kernel has an optimal decay rate of the order . After, in the following theorem we prove that if the

1+ |z|?

initial data ug decays a little faster than ————, then the solution u(t, x) associated to ug has the asymptotic

1+ |z
profile given @ and we can observe that the behavior of solution u(¢, z) in spatial variable is actually the same
behavior of the kernel K, (t,x). Thus, the decay in spatial variable given in estimate is optimal.

Theorem 2 Let 3 < s <2 and let ug € H*(R) be an initial data such for e > 0 we have |ug(z)| < ﬁcpﬁ
T
d
and ‘du[)(x) < TC’P Then, the solution u(t,x) of equation given by Theorem has the following
X x

asymptotic development when |x| is large enough:

u(t, @) = Kot ) ( /R uo(y)dy) + /0 Kyt — 1) ( /R w(r,y)dyulr, y)dy) dr + o (;,2) , (6)
where the kernel K, (t,x) is given in (J]).

Remark 2 It should be emphasized that even if the initial data is compact supported function then, the arising

1
solution u cant not decay faster than ————.
1+ |z
Let us point out that our approach to study these spatially-decaying properties given in Theorems |1f and [2| are
inspired by L. Brandolese [4] and it’s technically different with respect to previous works on equation since
here we study the kernel K, (¢,x) in spatial variable and not in frequency variable.

Finally it is worth to remark that this approach permits to study the equation in other functional spaces
which, to the best of our knowledge, have not been considered before. More precisely in annex we prove that
the properties in spacial variable of kernel K, (t,x) allow us to prove that the integral equation is LWP in
the framework of Lebesgue spaces.

This article is organized as follows: in Section [2] we study the optimal decay in spatial variable of the ker-
nel K, (t,z). Section |3|is devoted to prove Theorem (1| and in the last Section 4 we prove Theorem

2 kernel estimates

In this section we study the properties decay in spacial variable of the kernel K (t,2) which will be useful in
the next sections.

Proposition 2.1 Let K, (t,z) be the kernel defined in expression .



1) There exists a constant ¢, > 0, given in formula (@ and which only depends of n > 0, such that for all
nt 1
e
time t > 0 we have |K,(t,2)| < cp——"5.
‘ 77( )’ ﬁt% 1—|—|1’|2

1
2) Moreover, the kernel K,(t,x) cannot decay at infinity faster than T\P
x
Proof.
1) First we will estimate the quantity |K, (¢, z)|, and then we will estimate the quantity |z|? K, (¢, z)|.

We write
Ky ()| < (1K () lpee < ([ K5t )l (7)

and then we must study the term HI/(\n(t, Ilz1- By expression (4) we have I/(\n(t, £) = (@€ t=nt(E°~IEN) and
then we can write

1Bt ) = / €| et —1ED) | g — / —mUEP=leD g
R R
_ / e—mHIEP—1€D g 4 / e mHIEP —1€D) ge
lé1<v2 l€1>v2
= I + Io. (8)
In order to estimate the integral I7, remark that if [¢| < v/2 then we have —(|¢]? — |£]) < |€] and thus we
can write
L < / e"tlﬂdﬁ < ceﬂ”t < cet,
l€1<v2
Now, in order to estimate the integral I5, remark that if [¢| > v/2 then we have —(|¢|> — |¢]) < &P and

2
thus we write
I, < e 2 dE < e 2 d¢ < T
|€[>v2 0 (nt)s

With these estimates, we get back to identity and we write

- 2nt t 1 1 3nt 1 3nt
IRyt s e+ Sy <o STIRHL < CPHL (00T )
(nt)3 (nt)3 (nt) (nt)s
hence, getting back to estimate @ we can write
637715
(nt)3

Now we will estimate the quantity |z|?|K,(t,z)|. Always by expression , for x # 0 we write

Kn(t,l’) _ ]_-—1 (e(i€3—nt(‘§|3—‘f|))> ($) — / 62Wi$£6(i£3_nt(|£‘3_lgl))dé'

R
- / e2miat o(i€3 (€ ~€D) ge 4+ / e2miat o (i€3nt(|€ - eD) ge
£<0 £>0
_ / 627rix.£eit53nt(§3+§)d§+/ €2wix§€it§3,nt(§37§)d§
£<0 £>0
1

— . / 27ri:ve2m$£eit£3_"t(_gg"'g)d&+1./ 27Tix62mz£e“§3_”t(gs_f)dﬁ. (11)
2mix Jeco 2mix Jeso



In the last identity, remark that O¢(e*™%¢) = 271ize?™¢ and then we can write

1
2mix

_ 1 / 85 (627rix§)eit§3—nt(—£3+€)d€ 4+
£<0

/ 2mime? ™ (= HE) e
£<0 2mix

/ Qi e?TiTE HE —ME—O) ¢
£>0

/ 35(62wix§)eitﬁ3—nt(€3—E)dg'
£>0

2mix 2mx

Now, integrating by parts each term above and since lim =+ — gand  lim e HE -0 =
E—>—o00 &—+o00

then we have

1 / 35(e%ixf)eit£3fnt(*£3+€)d§ + 85(62”’”5) Qe —nt(€5-¢) de
2mix Jeco 2mix Jeso
_ L1 2mizg g, ( its—nt(—€°+€) | g¢ _ L1 iz g, ( ite®—nt(£—¢) d¢
= - - e e ¢ - - e e (e
2mix 2miw Jeoo 2mix 2mix Jeso

= — 1. / e2m':c£a£ (eitf?’—nt(—£3+§)) d¢ — 1' / 627ria:§a§ (eit§3—nt(§3—§)) dé = (a).
2mix Jeco 2mix Jeso

Then following the same computation done in identity and since 85(62””’5 ) = 2mize? ¢ then we

write

(a) _ 1 85(62”“”5)65 (eit§3—nt(—§3+£)> d¢ —

1
(2miz)? Jeco (2miz)? Jeso
1

- - 2mizly ( ite3—mt(—£3+€) 2 _9¢2
T (2miz)? /§<08§(e )(e™ )(3itE” — nt(—3&° + 1))d¢

D¢ (e2™7€) 9, (eitES—nt(ES—E)) de

_(27;:)24 O85(6%”65)(eitgg_nt(_§3+§))(3it£2 — (3% —1))d¢.
>

= 6L + I, (12)
where we will estimate both expressions I; and Is. For expression I, remark that we have

lim (e M40 (3442 — pi(—3¢2 + 1)) = 0,

{——0o0
and then, by integration by parts we can write

= 7; _ _ 2mizé it£3—17t(—§3+§) L2 a2
b= (27rim)2( i /§<06 ¢ ((6 )(3ate? — (=3¢ +1))) de
nt 1

_ 2mixé it€3 —mt(—€34€) 2 a2
= (2miz)? + (2miz)? /§<oe 23 ((e K )(3it&” — mt(—=3&° + 1))) dg . (13)

=1

Now, for expression I given in , remark that we have

lim (€40 (31462 — pt(3¢2 — 1)) = 0,

{—+o0

and then, always by integration by parts we write

Y miz Bt (—E34€)\ (27162 _ .

I = (2m)2< nt /we? €0 ( (€M) (3862 — r(3¢? 1)>)d5>
. nt 1 izt HE—t(—E34E)\ (252 2
= e T e /£>Oe B¢ <(e ?7 )(3ite? — nt(3¢ 1))>d§.

=1,



Thus, with identities and at hand, we get back to identity and we write

2nt 2
Gria)? T @ria)?
and then, getting back to identity we have

L+ 1=

Ia + Ib)v

2nt 2 nt c
I+ L) <c—=+ —=|1, + 1. 14
(2mix)? + (27Tia:)2( L)) < ‘2 + x2’ + 1| (14)

0] =

We still need to estimate the term |I, 4+ I;| above and for this we have the following technical lemma,
which we will in prove later in the appendix.

Lemma 2.1 There exist a numerical constant ¢ > 0, which does not depend of n > 0, such that for all

1 2
t >0 we have |I, + I < ¢ < + 2> etnt,
n

With this estimate, we get back to equation and we get

t 1 2 etnt 1 2t 1 2 et 1 2 et 1
K, (t,z)| < c”2+c<+2> €2§c<+2> ’72+c<+2) €2§c(+2) €2+c(+2>
x n T n Z n T n T n
1 2 gdnt
< ote) e
n

hence we can write

2
2| K, (t,z)] < C <717 + 2> et (15)

Thus, with estimates and we can write

3nt 1 2 Ant 3nt 1 2 ant
|, (¢, 2)| + |22 Ky (t, x)| < C(e )1 +C(n+2> C <ot 4o <+2> (nt)% ¢
nt)3

5t 1 2 snt 1 2 st
‘ 1+C<+2> c  <c 1+(+2) —

(nt)s U (nt) U (nt)3
2 5nt

< CI<1+<1+2> )61 .
n3 n t3

Finally, from now on we set the constant

2
cn:q<1+<1+2>>>o, (16)
17§ n

and then we can write the desired estimate.

IN

W=

We will suppose that there exists ¢ > 0 and M > 0 such that for all |z| > M we have |K,(t,z)| < S
x

and then we will arrive to a contradiction. Indeed, if we suppose this estimate then we can prove that the
function z K, (¢, ) belongs to the space L' (R): we write

/ |e K (t, x)|de = / |z K, (t, z)|dx + / e K, (t,x)|de = I + L.
R lz|<M |z|>M

In order to estimate the term Ij, recall that by point 1) of Proposition we have: for all ¢ > 0,
K,(t,-) € L*(R). Thus, we have

L<M [y (8, ) |de < ML, (2, )| o < oo
|z|<M



Now, we estimate the term Ip and since we have |/, (¢, z) for all |x| > M, then we can write

<L
S

1 dx
I < / |z| —5—dx < / ———dx < +o00.
lwl>m |T[FTE e|>M [1Te

Thus, the function 2K, (¢, z) belongs to the space L!(R) and then by the properties of the Fourier trans-
form we get that 8§I/(\,7(t, ¢) is a continuous function. Moreover, recall that we have K,(t,-) € L*(R) and
then I/(\n(t, €) is also a continuous function and thus, for all time ¢ > 0 we have K (t (t,) € CL(R) but this
fact is not possible. Indeed, by identity (4) we have K, n(t, &) = 67’53%*””5'3e”tIé |, but observe that the term
™€l is not differentiable at origin and then I, »(t,+) cannot belongs to the space C!(R). [

3 Proof of Theorem [1

Let 3 < s <2 fix and let ug € H*(R) be the initial data and suppose that this functions verifies
(17)
We start by studying the existence of a local in time solution u of integral equation .

3.1 Local in time existence

Let T' > 0 and consider the functional space Y = {u €S ([0,T] xR) : sup t%H(l + - Pult, )|z~ < —i—oo}
0<t<T
and then define the Banach space

Pr = YrnC([0,T], H(R)), (18)

doted with the norm
1
I ll7r = sup ¢3[[(1+ |- [2)O)llzoo) + sup |- [l (19)
t€[0,T t€[0,T]
Remark that this norm is composed of two terms: the first term in the right side in will allows us to study

the decay in spacial variable of the solution u. In this term we can observe a weight in time variable t3 where
the reason to add this weight is purely technical and it allows us to carry out the estimates which we shall
need later. On the other hand, the second term in the right side in will allows us to study the regularity
of solution « and this will be done later in Section [3.3

Theorem 3.1 There exists a time Ty > 0 small enough and a function uw € Fr, which is the unique solution
of the integral equation @

Proof. We write

laller = [ Youo— 3 [ Kt 7 =00

Fr

erw»wmﬁ+\/K ) x Bp(2)(r, Yar|| (20)

Pr

and we will estimate each term in the right side.



Proposition 3.1 There exist a constant C1, > 0 gwen in formula @), which only depends of n > 0, such
that we have:
1Ky (8, ) % wollpy < Cry €™ (I(1+ |- [*uol| oo + [[uol 1+ - (21)

Proof. By the definition of the quantity | - || 7, given in equation (19)) we write

1
1Ky (t, ) % uollpp = sup t3[[(1+ |- *)Ky(t, ) * uoll o + Sup. [[ECy (£, ) * wol| s, (22)
te[0,T) tel0,T

and we start by estimate the first term in the right side. For all z € R we write

L+1y
Kot ruale) < [ 1oft. — )|l < / 5t = ) )y
| K (t
N T T (23)
[l T
Koyt — y) . : iy
We need to study the term T’de and for this remark that by point 1) of Proposition [2.1| we have
et 1
the estimate |K,(t,z —y)| < n® : 5, and then we can write
ts 1+]z—y|
Koy ( st d
[ sy < e Y (24)
1+|y| ts Jr (L4 ]z —y*)(1+y[?)

where the last term in the right side verifies

dy 1
< . 25
/R T+ e yP A+ P = T+l (25)

Indeed, for z € R fix we write

dy B dy dy
I Kierero e /|y|§§' A+ Je— o2+ wP) /||| (ErErE TR

then, for the first term in the right side, since |y| < I%‘ then we have |z — y| > |z| — |y| > ‘zﬂ and thus we can
write

dy < 1 / dy < 1 / dy < c
i<zl M+ 2 —yP) T+ y?) — T+ [z Syt T+ [yl? — 1+ (22 Jr 1+ y? ~ 1+ 2|

Now, for the second term in the right side in 1| since |y| > % then we have

/ dy < 1 / dy < 1 / dy < c
>zl U+ ]z —yP) A+ y?) ~ L+ [z Syl Tz —y? ~ 1+ |2 Jp 1+ ]z -y ~ 1+ [z2

With these estimates we get the estimate given in (25) and then, getting back to equation (24) we can write

/]K cpedm 1
y < .
e M
cpednt 1

Now we get back to and we have |K,(t,-) * uo(z)| < [|(1+]- ‘2)UOHL°°7771W-
t3 €T

Thus, the first term in the right side in is estimated as follows:

1
S[up}tg 1L+ 1+ ) B2, ) * wollzee < cne®™ (1 + |- [*)uo oo (27)
tel0,T



We study now the second term in the right side in and we will prove the following estimate

sup Ky (t,-) # uoll e < ™ gl 7+, (28)

where ¢ > 0 is a numerical constant which does not depend of n > 0. This estimate relies on the following
technical estimate given in Lemma 2.2, (page 10) of [1]: let s; € R, ¢ € H*'(R) and let s3 > 0. Then, for all
t > 0 we have

e5'r]t

K (E, ) * Bl praress < c 10| 71 (29)

(nt) %

In this estimate we set ¢ = ug € H*(R), s1 = s and s = 0; and then, for all 0 <t < T we get
1Ky (8, ) * woll s < ce®™[|uollrs < ce®™ [|uol| s,
hence we have the estimate . Now, by estimates and we set the constant C, > 0 as
Ciy=cy+ec, (30)

where ¢, > 0 is the constant given in formula , and then we have the estimate given in . Proposition
[B:1] is proven. [

We study now the second term in the right side in equation ([20)).

Proposition 3.2 There exists a constant Ca, > 0 given in formula , which depends only of n > 0, such
for all u € Fr we have

2 1
< Coy e max(T5,T2)||ul pyl|ull - (31)

H;/() Kot = 7.+ 0u)(r )|

Proof. By definition of the norm || - ||z, given in we write

1/t 1/t
I3 [ e —roeaman] = s o (5 [ Koo i)
2 Jo Fr t€[0,T] 2 Jo Lo
1 t
+ sup / Ky(t—r,-)x* Oy (u?) (7, )dr , (32)
tefo,r] 112 Jo He
and we will estimate each term in the right side.
For the first term in (32)), for all ¢ € [0,T] we have
L 2y (1 ! 2 L[ o\ 1 2
dlasip (5 [ me-rosandmaar)| < [asppime- o)
2 Jo Loo 0 2 Loo
and now we need to prove the following estimate:
) 1 ) 6577(15—7—
a1 Py =7 0ue0)| el e (33)
2 Lo (t—7)3753

Indeed, we will study first the quantity 1K, (t — 7,-) * 0, (u?)(7,-)(z). Remark that we have 19, (u?) = ud,u
and then for all z € R we write

LKyt =7+ () (7, ) (@)

5 < |Ky(t—7,0) * (u(r, -)Ozu(T, ) ()|

< / Kt — 2 — )l Julr, )] |Byu(r, )| dy. (34)
R

9



5n(t—r) 1
Now, recall that by point 1) of Proposition we have |K,(t — 71,2 —y)| < cn(e ) FuP—rE and then
t—T T =

in the last term above we can write

ePn(t=T) |u(T, y)||Oyu(T, u)|
_ — <

J te = =t gty < eq——p [ B E

ePnt=7) 2 |Oyu(T,y|)
ec— |+ |- [P)ul(T, - oo/ LA
ol G e )

eBn(t—7) ) dy
cn— [|(L 4| - |[*)ulr, )|| oo || Ozu(T, - oo/ , 36

(a) S

where we have to study the terms (a) and (b). For term (a) we have

(a) < —llull el pr- (37)

\]
W= o

Indeed, recall first that we have the inclusion H*~!(R) C L>(R) (since s > 3 then we have s — 1 > 1) and
then we can write

10yu(T; )l < ellOpul(T, ) ge-r < cllulr, )| g (38)

Thus we have
c 1
(@) < I+ [ P)ulr, Mz llulr, )as < -y <T3H(1 + 1 Pulr, ')HLO@) (lu(r ) zs)
T
and by definition of the norm || - |7, given in we can write the estimate given in (37)).

For term (b) in (36]), recall that this was already estimated in (25]).

Then, in estimate , by estimates and we have
5n(t—7) 1
(t— T)%T% 1+ [z

/R Kot — 7 — )|, 9)]|8yulr y)ldy < el

and now, we get back to estimate (34 and we write

1 edn(t—r) 1

'an@ — 1) 0 () (7 ) (@)

< ¢

1 ‘UHFTHuHFT7

(t—r)srsl+|z !2’

hence we get the estimate .

Once we dispose of this estimate, for all ¢ € [0,T], we can write

t 1 ¢ d
/ dr < cyth / 10— ) Yl ]
0 oo 0 (t—7)57

§K,7(t —T,") % 8m(u2)(7, )

W=

t (T+1-1%)

ol

t
dr 1 1
< et ([ Tl bl < e TH (T) el
0 (t—7)373
2
< e TS [ul gyl

and then we have

2
< eg @ T3 ullpy |l pp- (39)
Loo

sup t%
te(0,7)

( /K ) 5 Oy (1 )(T,-)d7>

10




We study now the second term in identity (32). For all ¢ € [0, T] we write

* O (u?) (7

/wrwf i 0y (u2) (7, ) ol
/||a (=7 2(7,.))||Hsdfg/o 1Kyt = 7,2) 027, ) gros -

Then, in estimate we set now ¢ = (u?)(7,-), s1 = s and s3 = 1; and then we have

t t edn(t—7)
/ | K (t —7,-) >|<’U,2(7'7 MNas+rdr < / c(il\u%r,.)HHSdT,
0 0

T
n(t—7))2
where, by the product laws in Sobolev spaces and moreover, by definition of the norm || - ||, given in (19)), we
have
t 5n(t—T) L G 5n(n(t—T))
e e
| et ol < [ St ) e
o (n(t—7))2 0 (t—7)2
snT t d snT
e T e 1
< e— | sup lu(r, )l | | sup flu(T,)lgs / r < e~ T2 ||ul pr [[ull 7r-
nz  \relo,7] r€[0,7] 0o (t—7)2 n2
Thus we get the estimate
snT
sup / Ky ( # 0, (u?)(r,)dr|| < T2 ul gy |ull - (40)
te[0,7] Hs Uk

Finally, by estimates and we set the constant Cs;, > 0 as

02,17 = CTY y (41)

3
t\.’)\»—t‘ o

where ¢, > 0 is always the constant given in formula , and the estimate follows. Proposition in
now proven. |

Once we have the estimates given in Proposition and in Proposition we fix the time Ty > 0 small
enough and by the Picard contraction principle we get a solution u € Fp;, of the integral equation (3)).
Now we prove the uniqueness of this solution v € Fr,. Let uj,us € Fr, be two solutions of the equation

() (associated to the same initial data ug). We define v = u3 — uz and we will prove that v = 0. Indeed, recall
first that v(0,-) = 0 and then v verifies the following integral equation

1 t
o) = =5 [ Byt =) ¢ (0,00 () — i ) dr.
Since v = u; — up then we write u?(7,-) — ui(7,-) = v(7, Jui (7, -) + uz(7, -)v(7,-), and thus we have

(t,-) = —% /0 Ky (t —7,-) * (O (v(T, - )ui(7,-) + ua(r,-)v(r,-))) dr.

In this expression we take the norm |[| - ||, given in and by Proposition [3.2| we have

N
I\J\H

ol < Coqmax(Ty, T3 )olrg, (et g, + luzller, ) (42)
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From this estimate, the identity v = 0 is deduced as follows: let 0 < T™* < Tj be the maximal time such that
v = 0 on the interval [0, 7*[. We will prove that T* = Tj and by contradiction let us suppose T < Ty. Then,
let Ty €]T™,Tp[ and for the interval in time |7, T consider the space Fi,_7+) defined in and endowed
with the norm || - ||F(T17T*> given in . By estimate we can write

2 1
lollmgy ey < Cogmax (T3 =T, (T =TV ) [0l g, ey (lhatllg, ey + Izl o))

and taking 77 — T > 0 small enough then we have ||v|| Fir, 7+ = 0 and thus we have v = 0 in the interval in
time |7, T1[ which is a contraction with the definition of time 7%. Then we have T* = T. Theorem is now
proven. |

3.2 Global in time existence and decay in spacial variable

In this section we prove first that the local in time solution u € Fr;, of the integral equation is extended to
the whole interval in time ]0, 400[. Then we prove the decay in spacial variable given in formula .

Theorem 3.2 Let Ty > 0 be the time given in Theorem . Let the Banach space (Fr,,|| - ||py,) given by
formulas @ and (@) and let w € Fr, the solution of the integral equation (@ constructed in Theorem .
Then, we have:

1) u e C(]0,+oo[, H*(R)).

2) Moreover, for all time t > 0 there exists a constant C = C(t,n,ug,u) > 0, which depends of t >0, n >0
the initial data ug and the solution u, such that for all x € R the solution u(t, x) verifies the estimate (@

Proof.

1) Since up € H*(R) then by Theorem 2 of the article [I5] there exists a function v € C([0, +oo[, H*(R))
which is the unique solution of integral equation . But, by definition of the Banach space Fr we have
the inclusion Fr C C([0,7], H*(R)) and then the solution u € Fr belongs to the space C([0,T], H*(R)).
Thus, by uniqueness of solution v we have v = v on the interval of time [0, 7] and then

sup ||u(t,")||gs = sup |lv(t,-)|las.
te[0,T] (0,7

In this identity we can see that, since v € C([0, +oo[, H*(R)) then the quantity sup ||u(t,-)| ms does not
te(0,7

explode in a finite time and thus the solution u is extended to the whole interval of time [0, +o00[. Thus

we have u € C([0, +oo[, H*(R)).

2) In order to prove the property decay of solution u € C([0, +oo[, H*(R)) given in estimate ([]), we will prove

that the quantity sup t3]/(1+ |- |[2)u(t, )| is well-defined for all time 7' > 0.
te[0,T

Let T'> 0. For all t € [0,T] we write

BIA+ ] Pult e <5 |(1+]- ) (Kn<t,~>*uo—§ / Kn<t—n->ax<u2><n->df> o
< [P () o)
3 ? 1 t - T, u?) (7, -)dr
st p (5 [ K= ronttye )|
< L+ Do, (43)
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where we will study the terms I; and Iy above. For term I, by Proposition [3.1] we have
L < 5] ( 4 |- PRy (1) 5 woll e < Cry @ TI1(1+ |- [Pugl| e,
where we set the constant
Co(T,n,u0) = Cry € [|(1+ | - [PJuol| = > 0, (44)

and then we write
Il < Q:()(T, n, uo). (45)

We study now the I in the right side in formula . We write

(1+]-] </K Du(u )(T,-)d7>
t%/o 3a+ r>;Kn<t—T>*am< )7,

(a)

I

IN

LOO

IN

dr, (46)
LDO

and we will estimate the term (a). Indeed, the first thing to do is to study the quantity

§K77(t - T ) * 833(“’2)(7_7 )(aj)

Y

‘ 1

and by estimates and we have
1 2
St =7 0,02 (7, ) )] <

n(t=7) [u (T, y)||Oyu(T, u)|

t—T% L+ |z — y|2

dy, (47)

where the constant ¢, > 0 is given in , and then we write

n(t—r 517T

\UTy |10y u(T, w)| |u(7, )10y u(T, u)l
1+|x—y\2 t—q-é 1+ |z —y|?

75 (1 + |y |u(r, y)||dyu(r, )|
(T4 [y (A + |z —y?)

)
1
t—T 3

dy

A
¢}
=
=
|
B
~—
Wl
B
=
%\

e 2Vl M e wlr Mo dy
< ey (PO PGl >w/ﬂa(1+ly|2)(l+|x—y|2)’ (48)
' (a.2)

where we still need to estimate the terms (a.1) and (a.1). For the term (a.1), always since s > 3 then we
have s — 1 > 1 and thus we can write (a.1) < dpu(7, )| grs—1 < |lu(7,")||zs. Now, by point 1) of Theorem
we have u € C([0, +oo[, H*(R) and then we get (a.1) < sup |lu(7,-)||ms. Thus, we set the quantity

7€[0,T
¢ (T u) = sup |lu(r,)|[ms >0, (49)
T7€[0,T
and we can write
(a.1) < &1 (T, ). (50)
1
On the other hand, recall that term (a.2) was estimated in formula by (a.2) < cm.
x

13



In this way, we substitute estimates and in terms (a.1) and (a.2) respectively given in formula

and we get

cy——— (73||(1 + | - |)ul7, )| Lo Opu(T, )| oo /
vyt (IO Pl ) (0str. M) | oyt 1=y
e (P01 Bt ) () 1)
< 67<T§ + |- 9)u(r,- oo) U)
n(t—T%T% r ' 1+ [z]?
hen, by formulas (47)), (48)) and (51) we get the following estimate
Lyt 0, (u® T A+ (T !
“ - 7' * x 7. 1 1 + : 7' o ) T 19
St =) 50 ) ) v g PG € T
and by this estimate, for term (a) given in right side of estimate (46)) we can write
9 9 6577T 1 )
(@) = [[(A+]-)Ey(t —7) % 0u(u”)(7, )| o S(%““‘j%ji(T3H(1+-P! ﬁdTyﬁﬂLw)‘3K7¥u)
(t—7)573
eSMTe (T, u 1
ey L (14| Pugr ).
(t—7)5753

Now, we get back to estimate and we have

t
1
ho< etieTet) [ (I Pt ) dr
0 (t—r7)373
t
1
< oThETe ) [ e (P | Pl ) dr
0 (t—7)373

At this point, with the constant ¢, > 0 given in and the constant € (7, u) given in , we set the
constant

Co (T, 1, 1) = ¢y T3 (7€ (T, u)) > 0, (52)
and then we write
t 1 1
B<@@au) [ (Pl ) dr (5)
0 (t—7)373

With estimates and we get back to estimate and then for all ¢ € [0,T] we can write
1

t— T)%T%

E L+ [P)ult, ) [z < Co, T, u0) + Ca(n, T ) /0 : (PRI - P, i) dr. (54)

Now, in order to prove that quantity ¢3 (1 + |- *)ult, )|z does not explode in a finite time we will use
the following Gronwall’s type inequality. For a proof of this result see Lemma 7.1.2 of the book [7].

Lemma 3.1 Let > 0 and v > 0 such that 5+~ > 1. Let g : [0,T] — [0,+00[ a function. If the
function g verifies:

1) g € Lj,([0,77),

loc

2) t7"tg e L} ([0,T)), and

loc

3) there exits two constants a > 0 and b > 0 such that for almost all t € [0,T] we have

g(t) <a+ b/ot(t — ) Yg(r)dr, (55)
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then:

a) There exists a continuous and increasing function © : [0, +oo[— [0, +00[ defined by

“+o0

o) => ext™", (56)

k=0

where 0 = B+~ — 1> 0 and where, for the Gamma function T'(-) the coefficients ¢, > 0 are given by
the recurrence formula:

Ck+1 . F(kO' + 1)

=1 d = kE>1.
o==5 an Ck D(ko+B8+7) for k2
b) For all time t € [0,T] we have
9(t) < aO(bs t). (57)
In this lemma we set 3 = 2 and v = 2 (where we have 8 + v > 1) and we set the function g(t) =

t3 (1 + - [*)u(t,-)|| L~ which verifies the pomts 1), 2) and 3) above. Indeed, since t%H(l +1 P ult, )| L=
then this functions verifies the points 1) and 2) (with v — 1 = 1). On the other hand, if for the constant
Co(T,n,ug) > 0 given in and for the constant €o(T,n,u) > 0 given in (52)we set the parameters
a = C(T,n,up) > 0, b = €(T,n,u) > 0, and moreover, if we set the parameters f — 1 = —g and

—1=- é then we can see that the point 3) is verified by estimate |D Moreover, remark that where

smceﬁ and’y— thenwehaveazﬁ—i—'y—l:%andthus%:?).
Then, by estimate of Lemma for all time ¢t € [0,7] we have: for bo = (€o(T,m,u)) >0,
BN+ Pt e < €o(T,n,u0) (b7 t) < €(T,1,u0)6 (b7 T) (58)

Finally, we set the constant

ot (1)

C = > 0, (59)
t
and then we have the estimate given in formula . Theorem is now proven. |

3.3 Regularity

In order to finish this proof of Theorem [I] we will prove now that the solution u of equation is smooth enough
is spatial variable.

Proposition 3.3 Let 3 < s < 2 and let u € C([0,+oc[, H*(R)) be the solution of the integral equation (@)
given by point 1) of Theorem- Then we have u € C(]0,4o00[, C*(R)).

Proof. Recall that by hypothesis on the initial uy given in (17) we have ug € H*® for % < s < 2 and then by
Theorem 1 of the article [I5] the solution u € C(]0, +oo[, H*(R)) verifies

ueC | [0,+o0f, () H*R) | . (60)
a>0

With this information we easily deduce the property u € C(]0, +o00[,C*(R)). Indeed, we will prove that for all

k € N the function d7u(t,-) is a Hélder continuous function on R. Let n € N fix. Then, for 1 < s1 < 3 we set

15



a =n+ s; and by we have 0L u(t,-) € H*(R).

On the other hand recall that we have the identification H*'(R) = Bj%(R) (where B;%(R) denotes a Besov

s 1 S
space [3]) and moreover we have the inclusion By (R) C Boo.ol (R) C Boo o2 (R).

isp_ 1 .
Then we have 87u(t, ) € Bos o2 (R), but, since 2 < s1 < 3 then we have 0 < s; — & < 1 and thus 9%u(t,-) is a
f— Hélder continuous function with 8 = s1 — 5. |

Theorem [1] is now proven. [

4 Proof of Theorem 2|

Let % < s < 2fix, let up € H%(R) be the initial data and suppose that this function verifies the following decay

properties: for € > 0,
c

< —s.
T 1+ |z
Let u € C(]0,+o0[,C>*(R)) be the solution of equation associated with the initial data ug above and

given by Theorem (I} In order to prove the asymptotic development of u(t, z) given in formula @, we write the
solution u(t, z) as the integral formulation given in (3)) and will study each term in the right side of equation .

c d

For the first term in the right side of (3): K, (t,-) * ug(z), we will prove that this term verifies the follow-
ing asymptotic development when |z| — +oc:

Ko (t, ) % uo(z) = Ky(t, z) ( /R uo(y)dy) + o (’;'2) . (62)

Indeed, for all t > 0 and x € R we write:

Kyt ) xun(x) = /R Ky (.2 — y)uo(y)dy = /R Ky(t,z — y)uo(y)dy + K, (t,2) ( /R uo<y>dy)

6t ([ oy
= Ky(t,z) (/Rw(y)dy> +/}R{Kn(t,x—y)uo(y)dy—Kn(t,x) (/Rw(y)dy>-

(a) (0)

Now, in expression (a) and expression (b) above, first we cut each integral in two parts:

Jow=+ [ Oa [ o (63)

2

and then we arrange the terms in order to write

(@)+ () = /M (Kot — ) — Kt 7)) o (y)dy + /M Ky (.2 — y)uo(y)dy
Kyt ) ( /||' Uo(y)dy>
= L+ I+ I3, (64)
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and now, in order to prove identity (62]) we must prove that
1
L+IL+I3=o0 <|2) ,  when |z| — 4o0. (65)
x

In order to study the term Iy in identity we need the following technical result.

Lemma 4.1 Lett > 0 and let K, (t,-) be the kernel given in . Then, K,(t,-) € C1(R) we have and moreover,
there exists a constant C, > 0, which only depends of n > 0, such that we have:

667]t
1) for all x # 0, |0, K, (t,x)| < Cn| 3
x
0. K C 46677t !
LK ()] < PR
2) | n(t )| n 5 14|z

The proof of this lemma follows essentially the same lines of the proof of point 1) of Proposition and then
we will postpone this proof for the appendix. Thus, since K, (t,-) € C!(R) then by Taylor expansion of first
order for 0 = a(z —y) + (1 — @)z = 2 — ay and some « €]0, 1[ we can write:

K, (t,x —y) — Ky(t,x) = —y0, K, (t,0), (66)

and then we have

I < /|<z |Ky(tx —y) — Ky(t, @) luo(y)|dy </ <m YO Ky (¢, 0)[|uo(y)|dy. (67)

I<
2
We estimate now the last term in the right side. Recall first that by point 1) of Lemma we can write

66771‘,
|0 Ky (2, 0)] < an,

and moreover, since we have |y| < ‘g—' then we write |x| — |y| > % and thus we get || > g—' Then we have

but since we have § = z —ay (with « €]0, 1]) then we can write |0] > |x| —aly| > |z|— |y

667775

|02 1y (8, 0)] < an, (68)

and getting back to estimate we get

e6nt e6r]t
/ [y0z Ky (t, 0)||uo(y)|dy < 0773/ [ylluo(y)ldy < 0773/ [ylluo(y)ldy, (69)
i<zl |z[* Sy < L2l 2 Jr
where, since the initial data ug verifies |ug(y)| < WCP*E (with € > 0) then the last term in right side
Yy

1
converges. Thus, by estimates 1' and we have Iy < (Cy, ||| - |uo| 1) FE and then
x

1
L=o <‘|2) ,  when |z| — 4o0. (70)
x
Now, for term I in identity (64]) we write

B [ =)o)y ()
Y>35

and in order to study this terms we have the following estimates: remark that by point 1 of Proposition we
have
ednt 1

K,(tz—y)| <cy—g——"5,
| 77( )| ﬁt% 1+‘:U—y‘2

(72)
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hence we get
snt

e
[ (8, )1 < 1 (73)
3
On the other hand, always since the initial data ug verifies |ug(y)| < ﬁc’%s and moreover, since in term Iy
Y
we have |y| > % then, for |x| > 0 large enough we get
c c c
uo(y)| < 1+ [y[2+e = y|2te = 2t (74)
With estimates and at hand, we get back to formula and we write
[ =l < o [ty < o < e ()
Y, T —y)l|luo\y)|10y =~ 75 YT — Y)Y = 750, y MLt > T |\ ST
>z U |z[2Fe i L2l n || 2te 1 2t \ 7 2
and by this estimate and estimate we have:
1
Ib=o0 e when |z| — +o0. (75)

We study now the term I3 in identity . By estimate and for |z| > 0 large enough we can write

65 t
Iy < K1) ( | . |Uo(y)|dy> <o ( | |uo<y>\dy) , (76)

but, recall that since we have |ug(y)| < ﬁC’HE then we get up € L'(R) and thus we have

Y

i ([ oy ) =
2| —to0 \ Jiy|> 12l
Then we can write
1
Is=o <H2> , when |z|] — 4o0. (77)
x

Finally, by estimates , and we get estimate .

1 t
Now, for the second term in the right side in the integral equation : 3 / Kyt —7,-) % 0p(u?) (7, ) (w)dr, we
0

will prove the following asymptotic development: when |z| — +o00 we have

K ) % Oy (u?) (7, ) (z)dr = tKn(t —T,T) u(T, y)0yu(r,y)dy | dT + o 12 (78)
0 R ]
Indeed, for all x € R we write
/ Ky ( ) # Do (u?) (7, ) (w)dT = / Ky, (t =7,2) % (wpu(r, ) (z)dr
— / / Ky(t — 7,2 — y)u(r, y)dyu(r, y)dy dr, (79)

(c)
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then, in order to study term (c), following the same computations done in formulas , and we write

() = Kyt—ma) < /R u(T,y)ayu(T,y)dy> dr

" /| i (Balt =z = y) = Kt = 7,2) (u(r, 9)Oyu(r,)) dy dr
y|I<5

+ /|y>; K, (t — 1,2 —y) (u(r,y)0yu(r,y)) dy dr — Ky (t — 7, x) (/|y u(T, y)0yu(T, y)dy) dr,

2
[>5

and getting back to identity we have the identity:

/ K, ( ) * Oy ( )(7, ) (x)dT = /Ot K, (t—7,x) </R u(T,y)O0yu(T, y)dy) dr

+/0 /I \<m (Kn(t - T, — y) — Kn(t — T,x)) (U(T,y)ayU(T,y)) dy dr

Ia

+/0 /| >l Ky(t = 7,2 —y) (u(r, y)0yu(r,y)) dy dr
y[>15

Iy

- / K, (t — 7. ) ( / y u(T,y)ayu(T,y)dy> dr . (80)
0 ly[>5

~~

I

Thus, in order to prove the asymptotic development given in (78]), we must prove the following estimate:
1
I+ L+I.=o0 e when |z| — 4o0. (81)
x

For term I, by estimates and we can write

t
o [ =)~ Kt =) o]t )y ) dy i
yI<z
t 6n(t T) ebnt
< [ [enoueala) i< [ [ ol @

where, in order to estimate the last term in the right side we have the following technical result.

Lemma 4.2 Since the initial data ug verifies d—uo(x) then there exists a constant 0 < C* =
x

< c
1+ z?
C*(t,n,up,u) < +oo, which depends of t > 0, n > 0, the initial data uy and the solution u, such that for all
time T € [0,t] and for all y € R we have

C*
(T, y)Oyu(T, y)| < VT (83)
T3(1+y[*)
Proof. The first thing to do is to prove that the function dyu(r,y) verifies the following estimate:
C*
[Oyu(T,y)| < ;71 (84)
T3 (14 [yl)
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where C > 0 is a constant which does not depend of the variable y. For this write the solution u as the integral
equation , then we derive respect to the spacial variable y in each side of this identity and we have

1 T
Oyu(T,y) = K;(7, ) x (Oyuo)(y) — 3 /0 (OyKy(T = () * 8y(“2)(Ca y)d¢ = I + Iz,
and now we must study the terms I; and Is above.

In order to study term I, recall that by the second estimate in formula (61) the initial data ug verifies
c
|0yuo(y)| < T e and then, in estimate |j we can substitute the function ug by the function d,uy and thus
Yy

by this estimate we can write

e |1+ - POyuo]| Lo e |1 + | - [20yuol L

I < |K,(7,-) * (Oyuo)(y)| < ¢ <
1] (7, # (Byuo) )] < e g g o < g Sy

(85)

We study now term Is and for this we write

1 T
1l < |3 [ @ = o, ) < /|aK Gy — )| |0 D] dedC, (36
(b)
where we still need to study terms (a) and (b). For term (a) recall that by point 2) of Lemma [4.1] we have

en(T=0) 1

Oy Kp(t—Cy—2)| <C, . 87
|y 77( )| U(T_C)%1+’y_z|3 ( )
On the other hand, for term (b) we have the following estimates
1
(L+ [2)u(C, 2D10:u(¢, 2)| 63 (1 + [2[)u(C, 2DI0-u((, 2)]
10:(u?)(¢, )| = 2fu(¢, )|0:u(C, 2)| =2 T L =2 T
+ 4] ¢a(1+12%)
1 1
< | sup G+ PhulC, )z | | sup [0:u(C, )z | (88)
0<C<t 0<c<t ¢3(1+12[2)
but, by the quantity ||ul|r, (where the norm || - || £, is given in formula (19)) we can write
1
sup ¢ (1+ |- [)u(C, )z < |lullr,
0<¢<t

and moreover, by estimate we can write sup ||0,u((,-)|re < ||ul|F,, and thus, getting back to estimate

0<¢<t
we get

U2 z u 2 —_—.
10=(u”)(C, ) <] IIFtC%(lJr'Z’Q) (89)

Once we dispose of estimates (87)) and , we get back to estimate and then we write

1 1
I 2 = \dzd
|| < //< 1+yy |><Hu”thé(1+|z|2)> 2d¢
t dc dz
C, %7 || u| — 5 < >
< e |ul| g, (/0 ((T—C)3)C3> /}R(1+|y_z|3)(1+|z|2)
6nT dz 6T dz Gnr !
< Gre” (/R <1+|y—zr3><1+rz|2>> =G </R <1+|y—z|2><1+|z|2>) =G e
1 1 1 1
< CprsedT T < opEeSt %0
S Ay "



By estimates and 1@} we set the constant C as C7 = max <c (1 + | - |*)Byuol| oo, Cyt3 66”t> > 0, and
then we can write estimate .

Q:O(tv n, uO)@ (b% t)
735 (14 [y[?)
C* as C* = max (Cy(t,n,up)O bs t) ,C’f) > 0 and then by estimate above and estimate we get the
desired estimate (83)) |

Finally, recall that by estimate (58) we can write |u(7,y)| < , thus, we set the constant

Thus, getting back to estimate , for |z| > 0 large enough we can write

677t t dr |y‘ eGnt(c* t%)
C dydr <C’<C</></ dy))SO,
<o (/ /R REEAD ) "z o 1) s T+ T PP

and the we have

1
I,=o|—5 |, when |z|] — +4o0.
|z[?

We study now the term I in formula . By estimate have have

I, < // p(t =12 —y)||u(r, y)au(7y|dyd7-<// p(t—, a:—y)|2C7dydT,
lyl>12l n y|>'”” 73 (1 + |y[*)

but, since in term I, above we have |y| > | then we can write r ’ ‘4 < W and thus we get
Y

t C*
// Byt )| // B (t =7~ y)dydr
yI>'5 73 (1 + |yl*) y|>ﬂ”
= ’ ‘4/ HK HleT

where, by estimate we write

C* t 6577(15—7') C* 9
K, ( d - ldr< = mtys )
i Mustr < 75 | (C"@_T); < o (@)

*

C
Then, for |z| > 0 large enough we have I < W (Cne5’7tt§> and thus we can write
x

1
Iy=o0 <|’2> ,  when |z|] — +4o0. (91)
x

We study term I. in equation . By estimates and we have

I. < / | Ky ( |</|yl>;IU(T,y)f?yU(ﬂy)ldy> dr
eSn(t T) 1 C*
= /0 (C (t—r7)s L+ [z ) (/y|>x' §(1+\y!4)dy> "
t 6577t 1 C*
hp— > dy | dr = (a),
: /o<"<t—v> lﬂfl></yl>';f 75 (1+y2) (1 + [y]2) y) @
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but, remark that term I above we have |y| > % then we can Write

t 657775 1 C*
1773 5 dy | dr
0 (t—7)3 |zl >3k 73221 + |y]?)
cne57’tC* /t 1 / dy dr < cne‘r’”tC* /t dr < cne57’tC*.
2t Jo \(t—1)3 B+, -l o (t—7)srs )~ lal

T ’2 = ‘2 and thus we get
Y T

(a)

IN

c e5ntc*
Thus, for |x| > 0 large enough we have I, < —7 o and then
x
1
I.=o (W) , when |z|] — 4o0. (92)
Finally, by estimates (91)), (91]) and (92)) we can write estimate (81) and Theorem [2|is now proven. |

5 Appendix
Proof of Lemma [2.1]
Recall that the term I, in is given as
Ia — / €2ﬂix€8€ ((eitf3_nt(—§3+f))(3it§2 o nt(_3£2 + 1))) dg —
£<0

TLL ite3— 3 TLL
= /£<062 fa?(eté —ni( £+€>d§ / o2 582 K,(t,€) d¢.

£<0

(2T g, ( O ( ez‘t§3_nt(—£3+§))) de
£<0
On the other hand, by Lemma 5.1 in [I], we have: for all £ # 0,

~ ~ 2 ~
ORI (1, €) = Ko (t, )12 (3162 —  sign(€)(362 = 1))+ 61€(i — n sign(©)) K, (1, &),

and then we have

<c(1+n)? t2HK (1+H)H +c(1+n) tHK (1+H)‘

(93)

Ll < 2Ry .

L1(J—o0,0) LY(R)

In order to study the term in the right side we have the following estimates: for m > —1, by estimate @ and
denoting by I' the ordinary gamma function we have

H(l TR )) o S HK"(t’ )’ ot Hmm Ky (¢, )‘ L
3nt ' -
S C € n 1 + / |€’m 67”7(|€|37|£”) dé‘ + / ‘€|m eftn%‘éls dé_

()3 Jlel=2 612
3nt m+2 +1

(ntys m+1 (nt)(i)

3nt 1

m € T + Ch T (94)

(nt)3 (nt) s
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With this estimate (setting first m = 4 and then m = 1) we get back to and we write

3nt 1 3nt 1
o] < C(1+77)2t2<6 T+ 5>+C(1+77)t<6 T+ 2)
(nt)s  (nt)s (nt)s  (nt)s
14 n)2 3nt 1 1+ 3nt 1
PENEEL) W(e SRS A7) PR S
U (mt)s  (nt)3 U (mt)s  (nt)s
1+ 1) 5 1 L+ 2 1
< B (e + o) + D (ke s o))
1 2 1
< c( +2"7) (2647;1&) +c( +1) (264nt)
n n
< (5 () +1)
n n
1 1
< (5 ) () 1)
n n
1 2 ant
< cl=4+2) . (95)
n
The term I in is treated following the same computations done for term I, above. |

Proof of Lemma [4.7]

1) Remark first that since K, (t,2) = F ! (e(igst_”t(mg_'g'))) (z) and 9, K, (¢, x) = F 1 ((ng)e(iﬁst—ﬁt(lﬁ\?’—IE\))) (2),

and moreover since the functions (&t~ =IED) ang (27”-5)e(i§3t—nt(|§|3—|§|)) belong to the space L'(R)
then by the properties of the inverse Fourier transform we have that K, (t,2) and 0, K,(t, ) are continuous
functions and thus K, (t,-) € C}(R).

Now, we write

1
2mx

N A S OGS

1
2mx

/ (2mi&) (2miz) e K, (t, €)dE
£<0

| (rie) @min)etm R, 1 ),
£>0

and since O (€>™@¢) = 2mize®™¢ then we write
1 e~ 1 o~
2mif) (2miz) ™ K, (t, £)dE + —— 2mif) (2miz) ™ K, (¢, €)d
iz . ORI s+ [ (o) (i)t R
1

= e (€276 (2mrig )’ ~ME+) g 4

e (2™ (27 it§3—nt(53—§)d’
2mix Je<o 2mix Jeso e( J@mi)e &
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then, we integrate by parts and we get

1 | _
O (e2™78) (2mi€) K (2, €)d.
Dz Jooo E\C IR (L0 + o

- b / 2T (27ri) K (¢, €)dE + / (2™ (2mi) K, (t, €)dE
£<0 £>0

O8g<e2’”“§><27rz'5>f?n(t,f)d§

2mix 2mix
1

2mix

2mixé . 77 2mixé . 77
/£<0 e (2718) D Ky (t, €)dE + Srim /§>0 e (271€) D Ky (t, €)dE

_ 1 2mizé 77 2mixéN 77 >
(e o [ @R 0

+1 < / MKy (L, €)dE + / eQWixféasE<t,£>d£)
£<0 £>0

x

1
In order to study the term I; remark that we have I} = — K, (¢, ) and then, by estimate 1' we get
x

e577t
L|<Ch— 97
1< Gy, (97)
We study now the term Iy above. Remark that the have ag(e%mf) = —4n?22e?™*¢ and then we write
1 . _ 4 __
I, = ———— ( / —Ana?)e? D K, (t, €)dE + / —Ana?)e? D K, (¢, & d§>
(—4m22?)x §<0( ) s K (t,€) £>0( ) Ky (2, €)
1 4 _ : __
— e ([ TR e+ [T 1.0,
— 4243 ( £<0 3 (] 20 3 2%

then, integrating by parts the last expression we can write

_ 1 2mizé 277 377 2mixé 27 377
h=—5s /g L (2R ) + RO der | (20810, + €0 (1,6)) e |
=(I2)a (L) o)
98
and now we will prove the following estimate
|(I2)a| + [ (I2)s] < Cpe™™. (99)

Indeed, for term (I2), we write |(I2)q] < c||8§2[/(:7(t, L1 g=oc0p + cHﬁ@E’I/(\n(t, I L1(g=o0,0p), but recall that
by estimates and we have ||l/(:7(t, M rrg=oo0p < C,e*™ and then we can write

|(I2)al < Cpe™ + |l €02 K (t, )| L1 (o0 0p < Cre™™ + cll€OE K (E, )l L1 o0 0p) (100)
Now, we study the term c”ﬁ@?.f(;(t, 1 (=oc0p- By Lemma 5.1 in [1], we have: for all § # 0,

DK (1,€) = K, (t,€)(3i” — nsign(€)(3¢2 — 1))°
H2 G (,€)(366% (n* — 1) — T2i sign(£)€® + 12 nsign(€)€ — 1217%€)
H612 1, (1, €) (£ (i — nsign(€)))(3i€2 — nsign(€) (32 — 1)) + 6tK, (,) (i — ysign(£)),
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then we can write
(03T, (£, €)] < Cyt(1+ [€[0)| Ky (t, )] + Ct? (1 + |6 Koy (1, )| + Cot [ Ky (£, €)1,
and thus we get
€102 K (t, )] < CotP (1 + €[ E (1 €)] + Cot> (1 + || Koy (8, )| + Cyt (1 + [€]) [y (£, €)].

With this estimate we can write

€K (t, ) La gy < ent® (L + €]V Kyt )l Lamy
Fept? | (1 + €M K (8 ) pr @) + Cotll(1+ 1E) Ky ()| @)
= (a)7

and then, by estimate (94 (setting first m = 7 then m = 4 and finally m = 1) we have

€0 (8, )| £ (—so.00

IN

(a)

IN

C,t3 (62”7 Lt t—(g)) +cpt? (62’*’7 Tt t—@) + eyt (e2t77 Tt t—@)
< Cpe,

and this we can write ||£8§’I/(\,,(t, IMrrg=so0p < C,e®™. With this estimate we get back to estimate 1D
and we write |(I2)q] < Cye™".

The term ([3)p is estimated following the same computations done for the term (I2), above and the

we have estimate .

Finally, with estimate we get back to estimate and we write

5t

&
’I2| S C’I]W7

(101)

and thus, by estimates and (101]) we get back to estimate and we can write the desired estimate:

e5nt
|02 Kt 2| < an.
We write
|@&wwsAAJ%@WMmmM%sm+mmw»mu (102)
and by estimate (with m = 1) we have
—~ 1 1 C, C
Huﬂwmwwus@Gm+l+2)::G%W+ﬁ+0s;@W (103)
t3 t3 t3 t3

Then we can write

= =
t3 t3
€5nt
Finally, by this estimate and estimate proven in point 1) above: |0, K | < C’,]W, we can write: |0, K, (t,z)| <
x
6nt 1
e
o r L n
K 5 1+ z)?
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6 Annex: the local well-posedness in Lebesgue spaces

We start by remarking that the kernel K, (¢, ) given in (4) and its derivative 0, K, (t, -) belong to the space LP(R)

nt 1
for 1 < p < +o00. Indeed, by point 1) of Proposition we have, for all time ¢ > 0, | K, (t,z)| < cne—lm
t3 T
nt 1
and then for 1 < p < +oo we get || K,(¢,-)||rr < cne—1 T E|, hence, for the sake of simplicity we will
t3 ’ Lp
write
657]15
1Ky (E,)llze < T (104)
3
et 1
In the same way, recall that by point 2) of Lemma 4.1 we have, for all time t > 0, |0, K, (t,x)| < C’n—m,
t3 T
hence, for 1 < p < 400 we obtain
6nt
e
102K, (L, )| r < Chy e (105)
3

Estimates and will allow us to study the existence of mild solutions for the Cauchy problem in
the framework of Lebesgue spaces when the initial data wug is small enough. It is worth to remark here that
the following theorem is just a first study in the setting of Lebesgue spaces and we think that this result could
be improved in further investigations.

Theorem 6.1 Let 1 < p < 400 and let ug € LP(R) be an initial data. Let T > 0. Then, there exists
6 = 6(T) > 0 such that if ||ug||L» < & then the integral equation (3) possesses at least a solution local in time
solution u € L>=(]0,T[, L*(R)) which verifies sup t%||u(t, MNrr < +o0.

0<t<T

Proof. Let T > 0 fix and consider the Banach space L>°(]0, T[, LP(R)) with the norm sup t3 |- |lp. We write
0<t<T

/0 K, (t —s,-) * 0 (u?(s,-))ds

)

sup 15 ||u(t,)[pr < sup ¢3]|K,(t,-) * uol|rr + sup t3
o<t<T o<t<T o<t<T

Lp
and we will estimate each terms in the right side.

For the first term in the right side above, by estimate (104]) we can write

5nt

1 1 1 e
sup 3| K, (t,-) xuollr < sup 3] K (L, )| pr1]|uol|ze < sup 3 <c,7 T > luol|zr < cne5”T|]u0||Lp. (106)
o<t<T o<t<T o<t<T t3

Now, the second term in the right side above is estimated as follows: first for all time ¢ €]0,7[ and for
1 < ¢ < 400 which verifies 1 + % = % + %, we write

and then, by estimate (105 we get

IN

/ K, (t—s)* Dz (u(s,-))ds / || Ky (t — ) * Dz (1 (s, )| rds < / 102Ky (t — s,-) * u®(s, )| reds
0 0 0

Lp

IN

t
0= s ) s,

[ 105,05 el s < [ (€0 ) 1ot )l s < G [ (o
K (t— s, )| pal|u’(s, )|, pds < / — | ||lu“(s,")|| . pds < Che /us,- S
0 ! ’ L2 o \ (t—s)3 L2 T o (- )3 L
< O 8T ! -z 2/ 1 2
< Cye (t—s)"3s 3 (sd”u(s, )||Lp> ds
0
6nT 1 2 t _2 _2
< Cue™ | sup t3||lu(t, )| e (t—s) 3s 3ds|,
o<t<T 0
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but,

t
the last expression (also known as the Beta function) verifies / (t— s)_§8_§d3 < ¢t™3 and then we can
0

write

2
< Cne677T< sup t%Hu(t, )HLp) 3.
0<t<To

/0 K, (t — 8) % 0p(u?(s,))ds

Lp

Once we have this estimate we write

t 2
sup ¢3 / K,y (t — ) % 0p(u’(s,-))ds < sup t3 C, et ( sup t3 ||u(t, )HLp) 3
0<t<T 0 v 0<t<T 0<t<Tp
2
< Cyet < sup t%Hu(t, )||Lp> . (107)
0<t<T

1
Now, with estimates (106)) and (107]) we set the quantity 6 as § = Te O olliT > 0 and if the initial data verifies

ey Cre
|luo||lLr < & then the result follows from the Picard contraction principle. [ ]
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