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Abstract

In this work we study partial differential equations defined in a domain that
moves in time according to the flow of a given ordinary differential equation, starting
out of a given initial domain. We first derive a formulation for a particular case of
partial differential equations known as balance equations. For this kind of equations
we find the equivalent partial differential equations in the initial domain and later
we study some particular cases with and without diffusion. We also analyze general
second order differential equations, not necessarily of balance type. The equations
without diffusion are solved using the characteristics method. We also prove that the
diffusion equations, endowed with Dirichlet boundary conditions and initial data,
are well posed in the moving domain. For this we show that the principal part of
the equivalent equation in the initial domain is uniformly elliptic. We then prove a
version of the weak maximum principle for an equation in a moving domain. Finally
we perform suitable energy estimates in the moving domain and give sufficient
conditions for the solution to converge to zero as time goes to infinity

1 Introduction

In a standard setting for many partial differential equations of mathematical physics, one
usually assumes that the physical process being described occurs in a fixed domain of the
physical space. This includes many equations describing the motion of fluids for example,
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despite the fact that particle fluids and hence fluid subdomains actually move with time.
Of course there are some other problems,such as free boundary problems, in which the
physical domain of the PDE changes with time. In all these problems the motion of
particles or subdomains occurs according to an unknown velocity field with is actually
one of the main unknowns of the problem.

In this paper we assume some intermediary situation in which each point of a given
initial domain €2y C R"™, moves in time according to some prescribed autonomous vector
field. Hence at later times the domain €y evolves into a diffeomorphic domain Q(¢) (which
is not excluded to coincide with € itself!). In particular, topological properties of the
domain are preserved along time. However the geometrical evolution of the domain can
be very complex; for example one can consider the evolution of the open set € in R?
with the vector field of the Lorenz equations in a chaotic regime.

Our goal is the to describe some sensible class of PDEs to be consider in such a family of
moving domains. We choose then to describe balance equations in moving domains, which
result from conservation principles and which have natural applications to conservation
of mass, momentum, energy etc. For such equations one must then give some suitable
definition of solution.

After giving a convenient meaning of solution for both balance and general parabolic
equations, we prove that such equations can be solved using available results.

Then we investigate, on some particular, although significative examples of equations
in moving domains, basic tools in the analysis of parabolic equations such as the (weak)
maximum principle and energy estimates. In particular we obtain sufficient conditions on
the equations and on the moving domains, that guarantee that the solutions converge to
zero as time goes to infinity.

2 Moving domains

We assume that each point = of an original given domain (smooth open set) Qy C R”",
starting at time ¢ = 0 moves following a curve t —— Y (¢;x), in R". Moreover we assume
this curve is a solution of the autonomous system of ODEs

Yt;x :VYt;:U
{YEO;;)ZJ (t:) )

for some given smooth vector velocity field V : R" — R". Even more and for simplicity
we assume that all solutions of (2.1]) are defined for all ¢t € R.
Hence, for t € R, we have a deformation map

o(t) :R* — R", o(t)z=Y(t;2)

which is a diffeormorphism that satisfies the group properties ¢(0) = I, ¢(t + s) =
o(t) o ¢(s) for all t,s € R. In particular ¢(—t) is the inverse of ¢(t).
Therefore, the original domain 2y is deformed into the domains

Ot) = ¢(H)Q  tER
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and the boundaries satisfy 9Q(t) = ¢(t) 0. Also, any smooth subdomain Wy of g is
also deformed into
W(t) = o(t)Wo, teR

and its boundary is given by OW (t) = ¢(t)0W,.
The next results gives geometrical information about the deformations above.

Lemma 2.1 With the above notations, for xo € 02y then ¢(t)xy € Q(t) and

Do(t)(x0)

is an 1somorphism in R™ that transforms the tangent plane in xoy € 0y, that we denote
T,,08, into the tangent plane to OUt) at ¢(t)xo, Tp(t)w, OSAUL).

Proof. Just note that if z(s) is a curve in 99 with z(0) = xo, then 2/(0) = vy is a
tangent vector at xy (and conversely). Hence, w(s) = ¢(t)(z(s)) is a curve in 9§2(t), with
w(0) = yo and

w'(0) = Dg(t)(xo)vo
is a tangent vector at 092(t) . =

We also recall the following
Definition 2.2 A matriz n(t) is a fundamental matriz of the linear system
X'(t) = A(t)X (¢) (2.2)
iff each column of n(t) is a solution of and n(t) is nonsingular.
Observe that in particular, '(t) = A(t)n(t). Then we have
Lemma 2.3 Ifn(t) is a fundamental matriz of , then
y(t) = (1) = (" (1)
15 a fundamental matriz of the adjoint system
Y'(t) = -A*()Y (t)
where * denotes the adjoint matriz.

Proof. Differentiate in
nt(t)on(t) =1

and use (2.2). =

The following result is obtained from classical results in ODEs, see [4].



Proposition 2.4
i) For x € R, D¢(t)x is a fundamental matriz of

and D(0) = I, where A(t) = DV (¢(t)x).
ii) Denote
|K(x,t)| = det(Do(t)x), xR

then we have the Abel-Liouville—Jacobi formula

% K (2, 8)] = tr(DV)($(t)2) |K (2,1)] = div(V) (6(t)2) | K (. t)]

hence d
|K (2,t)| = ol divV (9(s)z) ds

In particular, fort € [=T,T] there exist C1(T), Co(T) such that
0<Cy(T) <|K(x,t)] < Co(T) VreQy Vtelo,T]. (2.3)

Remark 2.5 Observe that if Wy C Qg and W(t) = ¢(t)W, then the measure of W (t)
satisfies

W (t)] = 1dy :/ |K (z,t)] dz = ols divV (@(s)(@)) ds g,
) Wo

Wt Wo
In particular, if div(‘?) = 0 then the measure is preserved, that 1s,
W (t)| = |[Wo| VW CQy VteR.
Also, if dz’v(\?) < —dy < 0 at every point, then
(W(t)] < [Wo| e~

and we say the flow of is contractive.

—

Finally if div(V)) > dy > 0 at every point, then
(W(t)| > [Wo| e®

and we say the flow if expansive.
For example for a linear flow, that is, V(x) = Mz for a given matriz M, we have

—

div(V) = tr(M) = Z i = do

15 the trace of M, that is the sum of all eigenvalues of M.

Then we have the following result that complements Lemma [2.1]
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Corollary 2.6 Assume xo € 09 and consider yo = ¢(t)xg € OQt). Then if ©i(xg) is an
unitary outward normal vector to Sy at xo then

N(yo) = ((De(t)wo)")~"7i(wo)

is an outward vector at yo. That is, ((Dp(t))*zo)~" is a linear isomorphism in R" that
transforms the normal space at xy € 08y, which we denote, N,,, into the normal space
to Q(t) at yo € 0SU(t), which we denote Ny, .

Proof. From Lemma [2.1] a normal vector at yo = ¢(t)(zo) € 0Q(t) , 7, must satisfty
< 7_2:, Dng(t).To’T_" >=0 V7e TanQO

which reads
< (Do(t)xo) n, 7 >=0 V7T € T,,00.
)xo)*)7i

Hence we can take 7 such that ((D¢(t 1(xo) which gives the result. =

3 Balance equations
The following notations will be used throughout the paper.
Definition 3.1 If for some T > 0, f is defined in

[ Uecrm)Qt) x {t} — R, (y,t) — f(y,t)
then we define f in Qq as

[iQox (-T.T) — R, flz,t)=f($(t)z,1)

Consider W (t) = ¢(t)Wy C (1), a sufficiently smooth region with boundary oW (t).
Then the time variation of the amount of 7" in W () is given by

d

- | Tyt)dy

which is computed below. Note that this is the classical Reynolds Transport theorem,
6], 3, [5].
Proposition 3.2 With the notations above, we have that

d

i T(y.t)d
o (y.t)dy

can be written by either one of the following equivalent expressions

oT

b Ot —(x,t) | K (z, )| dx—i—/ T(z,t) divV (z,t) | K (z,t)| dx (3.1)

Wo
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or

oT , 3}
| Srwndys [ din (.0 V) (32
W(t) W(t)
or
orT - .
5 W) dy + T(y,t)V(y)ds. (3.3)
W (t) W (t)

Now we will derive the Balance Equations for the quantity T'(y,t). In fact we have

d >
— T(y,t)dy = / fly.t)dy — / J ds
dt Jw W (t) oW (¢)

where f(y,t) represents the rate of production/consumption of 7" per unit volume in
W (t) and J is the vector field of the flow of T" across the boundary of W (t¢). Hence the
divercence theorem leads to

d .
a me@:/'fww@—/ div, J dy (3.4)
dt Jw ) W () W (t)

Hence, (3.4)) and the Proposition above leads to

Proposition 3.3 Under the assumptions and notations above, the magnitud T satisfies
the balance equations in the moving domains, if and only if the following equivalent con-
ditions are satisfied:

%—Fftp(y,t) +divy (T(y,t) . V(y) = fy,t) — divy(J), yeQ(t), t>0 (3.5)

or

%T(m, )+ T(x,t) div(V)(x,t) = fz,t) — div,(J)(z,t) x€Q, t>0. (3.6)

Proof. First, equating (3.2)) and (3.4) we get
orT . ~ R
5 W t) +divy(T(y, )V (y)) | dy = (f(y,t) — div,J) dy.
W (t) W(t)

Since W (t) = ¢(t)(Wp), ¢(t) is a diffeormorphism and Wy is arbitrary, we get (3.5)).
Now, using y = ¢(t)x we get in the right hand side of ({3.4))

—

f(x,t) | K (2,t)| dx —/ divy(J)(x,t) |K(x,t)| dx,

Wo WO

equating to (3.1) and using that W is arbitrary, we get (3.6). =



4 Boundary and initial conditions

As we consider Dirichlet boundary conditions and using
y=0o@)z, Q) =0(t)Q, I = (t)(02)

then
T(y,t)=0 Yyedt) & T(r,t)=0 Ve

As for the initial condition we have, since ¢(0) = I,
T(y,0) =To(y) VyeQy < T(x,0)=Ty(x) Ve Q.

Thus, (3.5) and (3.6)), with boundary and initial conditions read, respectively,

—

Wy, 1) + divy(T(y,1) . V(y)) = f(y, 1) — div,(J) y € Q1) -

T(y,t) =0 ye€ Q) vVt T(y,0)=To(y) ye€Q

DT (w,t) +T(x,t) div(V)(x,t) = fla,t) — divy(J)(x,t) € Q
(4.2)

T(Jf,t) =0 z € 5’90 Vi T(I,O) = Tg(l’) x € Qo.
In fact we use (4.2)) to define a solution of (4.1)), i.e.

T(y,t) satisfies (4.1) < T(x,t) satisfies (4.2).

5 Balance equations without diffusion

5.1 No flux and no diffusion: pure inertia

With the previous notations, assume divy(j ) = 0 then the following problems are equiv-
alent
FT(y.t) + divy(T(y,t) . V(y)) = [(y.1) y€Q) -
5.1
T(y,t) =0y e oQ(t) vt T(y,0) =To(y)  y€Q

and

DT (w,t) + T(x,t) div(V)(z,t) = fla,t) x€Q 52

T({L’,t) =0 zxe€ 6@0 Vit T(ZL‘,O) = T()(ZL') x e Qo.

Then we have



Proposition 5.1 With the notations above, and have a unique explicit solu-
tion given by

— t t . —
T(y,t) _ To(l’) e Jo divy V(¢(r)x) dr + / e [ divyV (¢(r)x) dr f(y, S) ds, y= ¢<t>$ c Q(t)
0

and
_‘ t . 7 p—
T(m,t) _ To(.ZC) e fot divV (p(r)z) dr +/ e fst divV (¢(r)x) dr f(ill', S) dS, = QO)
0

respectively.

Proof. The solution of (5.2)) is obtained by solving a linear nonhomogeneous ODE
Z'(t) + P(t)Z(t) = h(t), Z(0) = Zo

for each x € Q. From this the solution of (5.1)) is immediate. =

Remark 5.2 Assume in particular that there are no source terms, that is, f = 0. Hence

m we have
T(y,t) = To(z) e Jo V@D =y — g(t)g

—

Thus, if moreover div(V') = 0 then

T(y,t) =To(r) y=o(t)x,

and T remains constant along the paths of the flow.
On the other hand if the flow is expansive then T(y,t) decreases along the paths of the
flow, while it increases if the flow is contractive.

5.2 Flux and no diffusion: transport equations
Below we use ¥(t) = ¢~ 1(t) = ¢(—t).

Proposition 5.3 If we assume

—

J(y,t) =d(y, )T (y,t) ye Qt)

with a C* scalar field
a:R"xR — R

then the balance equations and read
ST (y,t) + divy(T(y,t) . V(y)) + V, Ty, 1)y, t) + divy(@ly, ) T(y,t) = f(y,t) y € QA1)

T(y,t)=0 yeot) vt T(y,0) = To(y) y € Qo
(5.3)



and _
%—f(:c,t) +T(x,t)C(x,t) + V T(z,t)b ( t) = flz,t) x€Q
(5.4)
T(x,t) =0z €00 Vt T(z,0) =To(z) x€Q

which are equivalent, where

Ca,t) = divy(V)(x, 1) + divy(@)(x,t),  blw,t) = D(t)y - ly, ).
Proof. Note that follows by direct computation from using
divy(a(y,t) T(y,t)) = V,T(y,t).a(y) + T(y, t)div,(aly,t)).

On the other hand, for (5.4) we have to write div,(a(y,?)T(y,t)) in terms of . For
this we observe that since z = 1(t)y we have T'(y,t) = T(1(t)y, t) and then

oT " 0T 0, (t)y
—(y,t) =Y —(z,t
ayi(y ) 2. a:cj( ) o

(5.5)

and V,T(y,t) = V. T (x,t)Dy(t)y.

Thus, V, T (y,t).d(y,t) = V,T(z,t) (DY(t)y . d(y,t)) and hence

T
Vy,T(y.t).a(y, t) = VoI (2, )(DY(t)y - aly, 1)) = V. T (@, )b, ).

Now we show that under some natural geometrical conditions (5.4)) (and hence (5.3))
can be solved by using characteristics. Note that we now disregard boundary conditions.

Proposition 5.4 Assume that for all time and y € 9§(t), we have

< d(y,t),no(y) ><0

where < -, > is the scalar product and and ny(y) is the unit outward normal vector at y.

Then and have a unique solution.

Proof. For (5.4) we use the method of characteristics. Hence, for zy € €y we define
curves defined on some interval I containing 0

s— X(s) €Qo, X(0)=m, s—t(s) €RT, #0) =0,
and s — Z(s) = T(X(s),t(s)). Then

%Z(S) = V. T(X(s),t(s)X (s) + 2T(X(s), t(s)t (s).

So from (j5.4]) we choose



which gives t(s) = s and
X'(t) =b(X(t),t), X(0)=uz9€ Qy, (5.6)

which has a solution because b € C'(R™).

Hence, from (j5.6) and ([5.4)

t
Z(t) = To(xo)e™ Jo CX@Idr 4 / e~ s CEMNATF (X (), 5) ds. (5.7)

In the computation above we need the solution of not to leave y. Thus, if X (t)
reaches the boundary of 2y at time ¢y at the point yo = x(ty) € 9, the tangent vector
to the characteristic curve at this point is X' (t,) = 5(x0,t0), and therefore if it points
inward, that is, if

—

< b(xg,to),ﬁ(xo) > <0 (58)
then it will remain in 2. Note now that from (/5.8))

—

< b(l’o, to), ﬁ(l’o) >=< Dw<t0)y05(y0, to), 7_7:(.%0) >=< 6<y0, to), (Dw(to)yo)*ﬁ<l’0> >=

=< a(yo, to), (Do(to)zo)*) 'ii(x0) >=< @(yo,t0), N(yo) >< 0

where we have used Corollary and the assumption of this Proposition.
With this (5.7]) gives the values of the solution in the moving domain. =

6 Balance equations with diffusion
Recalling the equivalent equations and we have
Proposition 6.1 Assume the flux vector field is given by
J(y.t) = —kV,T(y,t) ye Q)
for some k > 0, then and read
DTy, 6) + VyT(y, ).V (y) + T(y, Odiv(V)(y) — KAT(y,8) = [(y,1) ¢ € Q)

T(y,t)=0 yeot) vt T(y,0) =To(y) y €
(6.1)
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and

—= - 0% T(z,1) —
BT(x t) o
+T(x,t) div(V t)—k i(zt)———= =
(2,) div(V) (1) (} il ) }j >>
T(r,t) =0z €0 Vt T(xz,0) =To(x) x€Q
(6.2)
where

2”: O(t)y  Oilt)y

agqi(z,t) =
=1

and

si(x,t) = Z 82?(;)9 =Aphi(t)y  y=9(t)z.

j=1 Y;

=

Proof. Clearly div,(J) = —kAT(y,t) for y € Q(t) and we get 1' Now for 1) we
have from ({5.5)), B

Hence,
div,(—kV,T(y,t)) = =k div,(V, T (x,t)Di(t)y) =

OT(x,t) Oy(t) OT(x,t) Oi(t)y
k div, ( g oz, . ayl E oz, oun .
Now observe that

OT(x,t) i)y \ = ( 0 (0 T(x, 1)\ 9 eult)y aT(:c t) 0% Yi(t)y
dy; (; ox; Oy ) ; <8yj ( x; > -y ox; 0y )
(6.3)

and by (5.5), we get

9 (0T(x Z T(x,t) 0 pr(t)y
0y, 8@ Oxy, Ox; 0y,
and we get in (6.3))

0> T(x,t) Ow(t)y \ ult)y | O T(x,t) O*¢ilt)y
Z((Z Oxoz; Oy ) Dy, * dv; Oy )

=1

Therefore

n n

. B T(x,t) OYe(t)y Ii(t)y
—divy(=kV,T(y,t)) = =k Y 1<Z Or,0x; Oy ) Iy

J=1 i=

11



O T(z,t) 0*s(t)y
k;; 0x; 8yj

which leads to

OT(x,t) Oy(t) OT(x,t) Os(t)y B
k div, (Z oz, . 3y1 Z oz, o, =
" 9% T(z,1) "L OUR(ty 0wty " 0T (x, t)
—k _ . — k _— )
’;l 0x1,07; (; y; y; ; 0x; z:: J2

and we get the result. m

Concerning the main part in (6.2]) we have the following
Proposition 6.2 With the notations above, the term
?T
gz, t t
’;1 @i, )axkﬁxz (z,1)

can be written in divergence form.

Proof. Just note that

P T(x,t) < "L 0T (,t)
Z agi(z,t) ax;ﬁxx Zaxz (Z 31‘2 a4 ,t)) —Za—z iz, t)

k,i=1 =1

with

a;” T, t
Z ox;
[ |

Remark 6.3 Note that now can be written as

Ot) L (., t)div(V) (z,t) — k (dz’v(B(x, £)) — Z aTa(i’ 2 d;(z, t)> = F(x,1)

T(z,t) =0z €00 Vt T(z,0) =To(z) =z € Qo

with ) B
B = (Bi)i=1,.n = Az, )V, T (z,t)

Az, t) = (ag(z,t)), di(z,t) = si(z,t) — (2, 1).
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7 Parabolic PDEs in moving domains

Now we consider general parabolic equations in moving domains. That means that the
equations are not necessarily balance equations. Hence, we consider

ST (y,t) — kAT (y,t) + Z gy 1) - 9y ) + e, )T (1) = f(ty) -y € QD)

T(y,t)=0 yE(?Q() vt T(y,0) =To(y) y€Q
(7.1)
with £ > 0 and given smooth ¢(y,t) and §(y,t) = (g:(y,t),...,gn(y,t)). Note that this
equation contains as a particular case.
Then we have the following result whose proof follows from the computation in the
sections above.

Proposition 7.1 With the notations above 15 equivalent to

%—f(:ﬁ,t) — kdiv(B(z,t)) + VIT(ZE,t).(E(lE, t) — ﬁ(:v,t)) +¢(x, )T (z,t) = flo,t) o € Q
T(x,t)=0 €09 VWt T(z,0) =To(z) 1€
(7.2)
with

" Ot N, (t
3 Ur(t)y  OYi(t)y

B(z,t) = A(x, )V, T(z,t), A(z,t) = (ari(x,1), api(z,t) = dy;, oy,

Y

j=1
Qg (T t
dl<x7t) = Si('r?t) - Ci(x7t)7 Si(xat) = Ay%(t)(% Z kT

h(z,t) = (G(x,1) . Vi (B)y, ..., §x,1) . Vyut)y), v = o).
Now we are in a position to proof that (7.1]) is well posed.

Proposition 7.2 Under the assumptions above, if the initial data satisfies
Ty € L*(p)

then and have a unique solution.
Proof. Observe that in ([7.2))

Al,t) = DUy (DY) y = d(b)e.

Then we show below that this is a positive definite matrix. In fact for £ € R™, £ # 0, we
have

Az, )€, € >=< (DY(t)y)'E, (DP(1)y)'e >= ||(Dv(t)y)E||* > 0.
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since (Di(t)y)! is non singular. Also, from (2.3)), the eigenvalues of D¢(t) are bounded
and bounded away from 0 for all ¢ € [0, 7] and so are the eigenvalues of D) (t). Therefore
there exist o = a(T’) > 0 such that ||(Dy(t)y)%|]” > a||€])*.

Using this, the smoothness of the coefficients and the results in [II, 2], we get that
has a unique smooth solution and so does . [ ]

8 Maximum principle

In this section we show that the parabolic equations in moving domains possess the
maximum principle. We will show this on the particular example of the heat equation

Ty, t) — AT(y,t) +aly.t) T(y,t) =0 y e Q1) 51
8.1
T(y,t)=0 yeot) Vi T(y,0)=To(y) y€Q

witha a sufficiently smooth coefficient a(y,t). Then we have

Proposition 8.1 With the assumption above, if
Ty € L*(), To(z) >0 €
and
a(t) <a(y,t) YyeQt) Vt
for some smooth «(t). Then
T(y,t) >0, yeQt), t>0.

Proof. We multiply (8.1) by the negative part of T, T~ (y,t), and integrate in Q(t), to
get

or
S0 T @ [ AT T 0 dyt | alt). T 0. T 0 dy = 0.
Q(t) Q(t) Q(t)

Using (3.3) for (T7)? and the fact that T~ (y,t) = 0 in 98(t), because T(y,t) = 0 in
0Q(t), we have

1d _ _ _
5o | (T )Q(y,t)der/ VT (y,1)| dy+/ a(y, t)(T7)*(y, ) dy = 0.
2dt Jou o) Q)
Hence 14
_ 2 _ 2
2dt HT ("t)HL2(Q(t)) +a(t) ”T ("t)HLQ(Q(t)) <0

and taking F(t) = HT‘(.,t)Hiz(Q(t)), we have

d _ _
%F(t) +2a(t)F(t) <0
and Gronwall’s lemma leads to F(t) < HTJHH(QO) e2Jel)ds — 0 since Ty = 0 in Q.

Therefore T~ (y,t) = 0 for y € Q(¢) and t > 0 as claimed. =
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9 Energy estimates

In this section we derive suitable energy estimates for the heat equation in a moving
domain

8 (y,t) — AT(y,t) + a(y,t) T(y,t) =0 y € Q2) o)
9.1
T(y,t) =0 yeoUt) WVt T(y,0) =To(y) y€Q

with a smooth enough a(y,t). First, we have for nonnegative solutions

Proposition 9.1 Assume
Ty € L*(%) To(z) >0, € Qg
and
a(t) <a(y,t) VyeQt) Vi
for some smooth a(t) such that

1 t
liminfg/ a(s)ds > oy > 0.
0

t—o00

Then
/ T(y,t)dy < e_fota(t)ds/ To(x) dz — 0.
Q(t)

Qo t—o0

Proof. From (3.3

d

aT ~ .
G orendy= [ Swnds [ T@ovm)ds
Q) Q1) a9(t)

and since T' vanishes on the boundary, we have

oT
—(y,t) dy.

T(y,t)dy =
(y,) o Bt

dt Q)
Using this, we integrate in (9.1)) in Q(¢), to get

oT
/ E(y, t)dy — / AT(y,t)dy + / a(y,t) T'(y,t)dy = 0.
Q(t) Qt) Q(t)

Now Green’s formula leads to

d T S
G rena- [ i [ a) Tw.ody=o.
U Jaw ao(t) dn Q(t)
By the maximum prinicple we know that T'(y,t) > 0 for y € Q(¢) and ¢t > 0, and then
for y € 9Q(t) we have 9% (y,t) < 0 and then

7

T(y,t)dy +/ a(y,t) T(y,t)dy < 0.

dt Jo) (1)
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Hence, denoting Y (t) = / T(y,t)dy we have
Q(t)

%(t) +a®)Y(t) <0

and Gronwall’s lemma gives

Y(t) = / T(y,t)dy < e_fota(t)ds/ To(x) de — 0.
Q(t)

Qo t—o0
since, by assumption

t—00
1 t
t(;/ a(s) ds)
e Joa(s)ds _ e 0

Now without assuming sign on the solutions, we have

1 t
liminfz/ a(s)ds > ag >0
0

and then

R ——
t—o00

fort>>1. =

Proposition 9.2 With the notations above, assume
Ty € L*(p)

and the function
V() = a(t) = Co(2(1)),

15 such that for some aq > 0,

1 t
liminf—/ v(s)ds > ay >0,
t—oo Tt 0
where Co(2(t)) is the Poncairé constant in (t).
Then
0< / T?(y,t) dy < leOt”(s)ds/ T3 (z) do — 0.
Q(t)

Proof. Multiply (9.1) by T'(y,t) and integrate in 2(¢), to get

or

(g, )T (y,t)d —/
o at(y )T (y,t) dy

Aﬂwﬁ@ﬂ@ﬁ/ameWﬂ@ZO
Q(t)

Q(t)
Using (3.3)), the boundary conditions and the Green’s formula we have

1d

T?(y,t) dy + /

IWwﬁV@+/<memw@=0
Q(t)

Q(t)
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Now the Poincare inequality in Q(t) gives for any smooth function vanishing on 9€2(t),

2 2
IVullz200)) = Co(Q)) [[ullz20q) -

This and the assumption on a(y,t) leads to

S dt HT('vt)”i?(Q(t)) + @) |1 T(., t)HiQ(Q(t)) < 0. (9.2)
Thus, denoting Z(t) = HT(.,t)Hig(Q(t)), 1) reads

%Z(t) +2v(t)Z(t) <0

and Gronwall’s lemma yields

Z(t) < | Toll gy € 207 ® — 0.

t—o00

since by assumption

1 t
liminfg/ v(s)ds > a; >0
0

t—o00

1 t
—t(—/ ~(s) ds)
e~ fot v(s)ds _ e t Jo

and then

<e Mt 50

t—o00

fort>>1. =
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