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Abstract

We investigate some smoothness properties for a transport-diffusion equation involving a class of non-degenerate Lévy type
operators with singular drift. Our main argument is based on a duality method using the molecular decomposition of Hardy
spaces through which we derive some Hélder continuity for the associated parabolic PDE. This property will be fulfilled as far
as the singular drift belongs to a suitable Morrey-Campanato space for which the regularizing properties of the Lévy operator
suffice to obtain global Holder continuity.
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1 Introduction and Main Results

In this article, we are interested in studying some smoothness properties of the real-valued equation

8:0(t,x) — V- (v0)(t,z) + LO(t,z) = 0,
0(0,z) = 0g(x), forz € R", n>2, with div(v) =0 and ¢ € [0,T],

where T' > 0 is a given arbitrary fixed final time. The operator £ is given by the expression

£if)e) = v [ [f@) - flz = p)]()dy, (12)
where 7(y)dy is a non-degenerate and bounded Lévy measure. The first order term is written in divergence form
and the velocity field v is meant to be rather singular. The divergence free condition of the drift term v is usual in
problems arising from fluid mechanics.

When the operator £ is a fractional power of the Laplace operator (—A)2 with 0 < o < 2 (given in the Fourier

level by (—A)% £(£) = cl€|*f(€)), equation (T.1)) can indeed be seen as a simplified version of the quasi-geostrophic
equation (denoted by (QG),) which corresponds to the non-linear velocity field v = (—R26, R16) where R; 5 denote

the Riesz Transforms defined by E;@(f) = —%A(f) for j = 1,2. It is worth noting in this quasi-geostrophic setting

that there is a competition between the drift term v and the diffusion term (—A)% and it is classical to distinguish
here three regimes: super-critical if 0 < a < 1, critical if « = 1 and sub-critical if 1 < a < 2, from which only the
two first cases are of interest since in the sub-critical case the regularization effect given by the fractional power of the
Laplacian (—A)? is “stronger” than the non-linear drift and, as a consequence, there is a natural smoothing effect
in the solutions of . For the two other cases there is an interesting and rather complex competition between the
smoothing term and the drift one and, in particular, in the super-critical case it is still an open problem to under-
stand the regularity of the solutions of this equation, see [2], [8], [6], [7], [I7] and the references therein for more details.

Following the work of Kiselev and Nazarov [15], it is possible to study the Holder regularity of the solutions of the
(QG); equation (i.e. the critical case) by a duality-based method where the main idea is to control the deformation
of a special class of functions in order to deduce the regularity of the solutions of such equation.

The aim of this article is, in the spirit of [3], to generalize this idea using different tools and to apply it to a wider
family of operators. Specifically we will work here with Lévy type operators under some hypotheses that will be stated
in the lines below and we will see that this approach actually turns out to be well adapted to investigate the impact
of a singular divergence free drifts on the smoothing properties of the operator £. Thus, one of our objectives is to
characterize, for a singular drift, the functional spaces for which a Holder continuity property holds for the solution
of the Cauchy problem . Under some non-degeneracy assumption on the Lévy measure 7, it will be seen that



the natural framework for the drifts is the one of Morrey-Campanato spaces, whose parameters will be related to the
operator £ thanks to some homogeneity properties and then, with the useful hypothesis div(v) = 0, we will prove that
it is possible to obtain a small gain of regularity.

In this paper we will mainly establish existence and uniqueness results as well as Holder regularity for the solutions
of equation (|1.1]). We will also obtain, as intermediate results, a maximum and a positivity principle for equation ([1.1)).

Let us start by describing our setting in a general way. In the space variable, the divergence free drift (or velocity)
term v(t,z) will be connected with the homogeneous Morrey-Campanato spaces M?%(R™) which are defined for
1< ¢ < +4ooand 0 <a < +o0o as the space of locally integrable functions such that

1 B g
1flpan = sup  sup ( / ( )f(x)me,T)i‘Idx) < +oo, (1.3)
B(xo,r

zoER™ 0<r<+o0 re

— 1
with fp(ze.r) = 7/ f(z)dr and where B(xg,7) = {x € R" : |x — 29| < r} is an open ball. Morrey-
07 ‘B(ﬁo,’l’)‘ B(zo,T)

Campanato spaces M®% are closely related to other classical spaces, indeed if @ = 0 then LI(R™) C M 20(R™) for
1 < ¢ < +oo and if 0 < a < n we obtain the usual Morrey spaces Mq’a(R”). In the particular case of a = n
then we have M®™(R") ~ MUV"(R") ~ BMO(R"), which is the space of bounded mean oscillations functions. If
n < a < n-+q, we have M%%(R") ~ C*(R") where C* is the classical homogeneous Hélder space with 0 < \ = <1

and finally if n + ¢ < a the spaces M%%(R") are reduced to constants. We refer to [16], [I8] and [26] for more details
about Morrey-Campanato spaces. As we can see, following the values of the parameters ¢ and a we can continuously
describe a wide family of functional spaces. However, from the previous formula above, we observe that all these
functional spaces are only defined modulo constants.

Thus, in order to give a precise meaning to the solutions of equation (|1.1)) we will need to consider smaller spaces
that are not longer defined modulo constants and are well defined Banach spaces. Indeed, for the velocity field
v: R X R"” — R™ we will assume the following general hypothesis:

[MC] The divergence free drift v(t, z) is assumed to belong to the space L>([0,7], M4*(R™)) where T > 0 is a fixed
time and M%%(R") is a local Morrey space characterized for 1 < g < 400, 0 < a < n + ¢ by the condition:

1/q 1/q
[ Fllaree = supsup (1& [ - me,T)wdx) + sup sup (i / If(:v)lqdfv> < oo,
zo€R™ 0<r<1 \ T J B(zo,r) zoeR™ r>1 \ 7" J B(z0,7)
From this definition we observe that we always have the space inclusion M%%(R") C M%%(R™). We remark now that
ifa =0and 1 < ¢ < 400 we still have the inclusion L9 C M%?; furthermore, in the particular case when a = n and
g = 1 the space M1"(R") corresponds to the space bmo (the local version of BMO) and from this fact we derive
the identification M" ~ M%" for 1 < q¢ < +oo. Finally, if n < a < n+ ¢ and 1 < ¢ < +00, we observe that
M®%(R™) = M%(R™) N L°(R™) and in fact we obtain M%®*(R") = C*(R") where C* are the classical Holder spaces
with 0 < A = % < 1. The case n+¢ < a will not be considered as the corresponding spaces are reduced to constants.

Once we have stated the hypotheses on the velocity field v, we describe now the setting that will be used for the
Lévy-type operator L:

[ND] Introduced in (1.2)), the operator £ we are going to work with is a Lévy operator for which we assume that the
function 7 is symmetric, i.e. w(y) = m(—y) for all y € R?. Also, the following bounds hold:

‘—n—a

Cly " < w(y) <aly over |y| <1,

0< 7(y) <@lyl™°  over |yl > 1, (1.5)

~

where 0 < ¢; < €y are positive constants and where 0 < § < a < 2. In the Fourier level we have Z]?(f) =a(§)f(&)
where the symbol a(-) is given by the Lévy-Khinchin formula

a€) = [ (1= cos(e )m(u)dy. (16)
R\ {0}

We refer to [12], [13] and [19] for additional properties concerning Lévy operators and the Lévy-Khinchin representa-
tion formula. See also the lecture notes [14] for interesting applications to PDEs.



Observe carefully that the properties of the operator £ can be easily read, in the real variable or in the Fourier
level, through the properties of the function 7. In order to have a better understanding of these properties it is helpful
to consider the important example provided by the fractional Laplacian (—A)% defined by the expression

(z) = flz —y)

(*A)%f(fc) =V.p. iyl dy, with0<a<2.

R

Note that we have here w(y) = |y| "~ * and 7 satisfies and with a = §. Equivalently, we have a Fourier
characterisation by the formula (—A)% f(£) = c[€|*f(£) for ¢ = c(a,n) (see [21] for the exact value of ¢). Thus, the
function a(€) is equal to ¢|¢|*. With this example we observe that the lower bound in guarantees a diffusion
or reqularization e[fec like (—A)% for £. Indeed, in some general sense, only the part of the integral near the
origin is critical as 7 satisfies . Assumption [ND] can therefore be viewed as a kind of non-degeneracy condition
which roughly means that in terms of regularizing effects (which are induced by the behavior of 7 near the origin) the
operator £ behaves as (—A)%.

As the case 6 = o = 1 was already treated in [3] in a different framework and since the case § = a corresponds to
the fractional Laplacian (—A)% where the computations are considerably simplified, we will always consider in this
article the following cases: 0 < d<a<lorl<d<a<2.

Presentation of the results

We will from now on assume that assumptions [MC] and [ND] are in force. Our first result concerns existence and
uniqueness to (|1.1)).

Theorem 1 (Existence and uniqueness for L? initial data) Let 6y € LP(R") with 2 < p < 400 be an initial
data. Assume that [ND] holds for the Lévy operator L. Assume moreover that assumption [MC] holds for the
velocity field v with the conditions

o 2<q< Ho0,

e l<g<2andn<a<n+qorl<qg<2,0<a<n andﬁgp.

Then equation (1.1) has a unique weak solution 6 € L*>([0,T], L?(R™)).

Furthermore, if 8y € L (R™), then equation (1.1} has a unique weak solution 6 € L>([0,T], L°>°(R™)) with the
restrictions 1 < ¢ < 400 and 0 < a < n+ q for the velocity field v € L>=([0,T], M?*(R™)).

The conditions on the parameters ¢ and a that characterize the Morrey-Campanato spaces are technical and are
not very relevant here as we are mainly interested in the case p = +00 where no conditions on ¢ and a are imposed.

Our main theorem is the next one. Following the usual terminology for the quasi-geostrophic equation we will say
that equation (L.1)) is super-critical in the (resp. sub-critical case) if o €]0, 1] (resp. « €]1,2]).

Theorem 2 (Holder property of the solution) Fiz any small time Ty > 0 and let 6y be an initial data such that
0y € L>®°(R™). Assume [MC] and [ND] hold.

e In the case 0 < § < a < 1, if O(t,x) is a solution of equation and the velocity field v(t,x) belongs to the space
L>([0,T), M®*(R™)) with a7 =1—aand = < q, then for all time Ty <t < T, we have that the solution 6(t,-)
belongs to the Hélder space C7(R™) with 0 <y < d < a < 1.

o Inthe case 1 < 6 < a < 2, if O(¢,x) is a solution of equation and the velocity field v(t,x) belongs to the space
LOO([O,T],M%“(]R")) with % =1-—«a and ﬁ < q, then for all time Ty <t < T, we have that the solution 0(t,-)
belongs to the Holder space CYV(R™) with 0 < v < 2 — a.

It is worth noting that the Morrey-Campanato space M9 used in this theorem is fixed by the relationship % =1l—-«

and this relationship between the parameter o which rules the regularization effect of the Lévy type operator and the
indexes ¢ and a is actually quite sharp. Indeed, if the identity <=2 = 1 — « is not verified, it is possible to provide

q
counterexamples of Theorem [2|in some particular cases. See [20] for a construction of such counterexamples and see

also [7] for similar results in the setting of the quasi-geostrophic equation.

Let us also remark that in the super-critical case, since 0 < a < 1 we have n < a < n + ¢. Thus, the Morrey-
Campanato space M?* is equivalent to a classical Holder space of regularity 1 — « and the small regularization effect
of the Lévy-type operator L is exactly compensated by the Holder regularity of order 1 — « of the velocity field.

lthe term “diffusion” must be taken in the sense of the PDEs considered by analysts.



In the sub-critical case, since 1 < a < 2 we have that 0 < a < n. Hence, the higher regularization effect of the
Lévy-type operator £ allows to consider a more irregular velocity field belonging to a true Morrey space. Observe
that in both cases we are able to obtain a smoothing effect and we can prove that the solutions of belong to
a Holder space C7. However, the maximal Holder regularity v obtained by this method is constrained by the pa-
rameter 0 < § < « in the super-critical regime (0 < a < 1) whereas in the sub-critical regime (1 < o < 2) the
constraint writes 0 < v < 2 — . This last constraint comes from the relation 1 — a = 2=2 which readily gives that

a=mn+¢q(l —«a) < nsince a > 1. Anyhow, to have a > 0 imposes n/(ov — 1) > ¢. Since on the other hand, the
condition ¢ > n/(1—+~) of the Theorem is crucial for the computations to work (see Section, this actually imposes
nfla—1) > n/(l —v) < <~ < 2 — « which gives the constraint on the regularity bound. We insist here that,
even though the smoothing effect of the spatial operator is higher for 1 < a < 2, the fact that the drift is allowed
correspondingly, through the relation 1 — o = =2 to behave worse, we do not obtain much additional smoothness
in that case. Observe in any case that in order to obtain a final v-Hdlder regularity in the previous ranges, the
parameter ¢ must be greater than A? . This fact reflects the equilibrium between the regularization effect of the
Lévy operator, the singularity of the Ve1001ty field and the integrability required in order to get a prescribed Holder
regularity. Nevertheless, in this context the most important issue is to obtain some Holder regularity since it should

then be possible to apply a bootstrap argument as in [2], Section B, in order to obtain higher regularity.

The strategy to derive the previous results is the following. For existence and uniqueness, we first start from a
fixed point argument for a modified problem, with mollified drift and an additional viscosity term in A which is meant
to vanish, and for which a uniform maximum principle is established for any L? initial data with p € [1,4o00[ (see
Proposition . To recover weak solutions from this modified problem we will need compactness arguments which
anyhow require some Besov regularity, yielding the constraint p € [2,+oo[ (see Theorem . The extension of the
result to the case p = +o00, which is crucial to derive Theorem [2] with our duality method follows from the previous
computations.

For the Holder properties of the solutions, we use the duality between local Hardy spaces and Holder spaces and
the fact that we have a molecular decomposition of local Hardy spaces. Roughly speaking, to derive the smoothness,
it suffices, thanks to those two previous features and to a transfer property (see Proposition , to control the L'
norm of the adjoint equation to where the initial condition can be any molecule. A molecule v at scale r» > 0, can
be viewed as a function satisfying an L> condition, [[¢)|| e ®n) < Cr~("™) and a concentration condition around its

center xg, i.e. / [(z)||z—x0|“dx < Cr*~7, where n is the dimension, 7 is the final Holder index and w is a technical

parameter meant to be close to «, roughly speaking w = v + ¢ for a small € > 0. We refer to Definition [£.2] for a
precise statement. To control the evolution in time of the L' norm of the adjoint equation having a molecule as initial
condition, two cases are to be distinguished. If the molecule is big, i.e. r > 1, the previously established maximum
principle readily gives the result. The small molecules require a more subtle treatment. The evolution of the L!
norm of such molecules can be investigated updating in time the previous L*° and concentration conditions, this latter
being considered around the current spatial center in time corresponding to the evolution of the differential system,
starting from the initial center of the molecule with the averaged drift of on a suitable ball. In other words, the
evolution of the initial center of the molecule is nothing but its transport by an averaged, less singular, velocity field
associated with the initial one. Averaging is a way to regularize, once this choice is made, the functional framework of
Morrey-Campanato spaces is indeed very natural since it allows to sharply control the differences between the initial
drift and the regularized one.

The article is organized as follows. In Section 2] we study existence and uniqueness of solutions with initial data in
LP with 2 < p < +00. We will also prove a maximum principle for the weak solutions of . Section [3|is devoted to
a positivity principle that is crucial to prove the Holder regularity. In Section [4 we study the Holder regularity of the
solutions of equation by a duality method. This is the core of the paper. Technical computations are postponed
to the appendix.

2 Existence and uniqueness with L? initial data and Maximum Principle.

In this section we will study existence and uniqueness for weak solution of equation with initial data 6, € LP(R™)
where p > 1. We will start by considering viscosity solutions with an approximation of the velocity field v, and we will
prove existence and uniqueness for this system. To pass to the limit we will need a further step which follows from
the maximum principle.

2.1 Viscosity solutions

The point in this section consists in introducing an approximate equation deriving from (|1.1), where we add an
additional viscosity contribution in €A and suitably mollify the potentially singular drift. Precisely, for ¢ > 0, we



introduce:

{ 9,0(t,x) — V- (v 0)(t, @) + LO(t,z) = eAO(t,x),  te[0,T], 21

0(0,2) = Og(x), div(v:) =0.

Above, the vector field v, is defined in two steps. First, in order to obtain some regularity in the time variable, we
introduce v, . = v * 9. where x stands for the time convolution and . (t) = e~1¢(t/e) where ¢ € C5°(R) is a non-

negative function such that supp(v) C B(0,1) and / ¥ (t)dt = 1. In the previous time convolution, we have extended
R

the velocity field on R setting for all (s,z) € R\ [0,T], v(s,x) = 0. Then we define v, = v, . * w,, here * stands now

for the spatial convolution and w, is a usual mollifying kernel, i.e. w.(z) = e "w(z/e), w € C§°(R™) is a non-negative

function such that supp(w) C B(0,1) and / w(z)dz = 1. From this regularization, for a fixed ¢ > 0, the approximate
R
drift v, will be a smooth (in the time and space variables), divergence free and bounded vector field under [MC] (see

Lemma for this last property). Thus, the role of the additional viscosity is clear: we can view the spatial operators
in the left hand side of as a source term for the usual Heat equation. We will prove existence and uniqueness
results, see Theorem |3] Remark as well as uniform controls with respect to the mollifying parameter/vanishing
viscosity that are the preliminary step of our compactness based approach, see Proposition Following [g], the
solutions of problem will be called viscosity solutions.

Note now that the problem (2.1)) admits the following equivalent integral representation:
t t
O(t,z) = 20y () —l—/ e=IAY . (v, 0) (s, x)ds — / =)D L(s, x)ds. (2.2)
0 0

In order to prove Theorem [1| we will first investigate a local result with the following theorem where we will apply
the Banach contraction scheme in the space L>°([0, T, LP(R™)) with the norm || f||zec(zry = sup [|f(¢,-)|lzr-
te[0,T)

Theorem 3 (Local existence for viscosity solutions) Assume assumptions [MC] and [ND] hold. If the initial
data satisfies ||0g||L» < K with 1 < p < +oo, and if T' is a time small enough, then the integral problem has a
unique solution 8 € L>([0,T"], LP(R™)) on the closed ball B(0,2K) C L*([0,T'], LP(R™)).

Proof of Theorem[3. We denote by N!() and L.(6) the quantities

t t
NP (0)(t,2) = / DY . (o 0)(s,2)ds  and  L.(0)(tx) = / =95 205 2)ds.
0 0

We construct now a sequence of functions in the following way
Ont1(t, ) = 200 () + N2 (0,)(t, ) — Le(0) (¢, ).
We take the L>°(L?)-norm of this expression to obtain
16n1 ]l zoe (1) < N1€7 20l Lo 1oy + INE (On) [l L= 1oy + [ Le (8 )l Lo (L0) (2.3)
and we will treat each of the terms of the right-hand side separately.

For the first term above we note that, since e¥*2 is a contraction operator, the estimate [|e*2 f||» < ||f||z» is valid

for all function f € LP(R™) with 1 < p < 400, for all ¢ > 0 and all € > 0. Thus, we have

1652 Fll Lo )y < N1 f 1o (2.4)

For the second term of (2.3)) we have the following inequality: if f € L>°([0,T"], LP(R™)) and if v € L*°([0,T"], M ©*(R™)),
then 1
&

INZ ()l zoe 2oy < C=5= €7 ol poo (rraey | fll oo (1) (2.5)

1
£2
Indeed, it can be shown that the following inequalities hold |[v.(s, )| = ||vx.c (s, ) ¥ we ||z < Ce™™ v, (s, -)|| praca,
and [|vx e[| oo (praray < [|]| oo (ara.0) (see the details in Lemma i and with this estimate at hand, since e**2 f = fxh.y,
where h.; is the associated heat kernel, we write:

¢ t
INS(f)llLe(zry =  sup / eTIAY (v f)(s,)ds|| = sup / Vo (Ve f) * her—s) (8, )ds
o<t<T"’ 0 Ly 0<t<T” 0 Lp
¢ t
< sup / lve f (s, ) 1o HVhE(t,S)HLl ds < sup / loe(s, oo [1£(s: )]l 1o Cle(t — s))—l/st
o<t<T" Jo o<t<T" Jo



T

1
'3
I

£2

t
< Ce™™ vy e || oo (arava 11 oo (1) 0<s;1<pT//O Cle(t —s)) ™ 2ds < C— 790 oo (aracey 11l e ) -

For the last term of (2.3) we have the following fact: if f € L°°([0,7”], LP(R™)), then

o 5
g2 £2

TI-% T/l—g
[ Le(f)llLoe ey <C ( + ) £l oo (Lr)- (2.6)
Indeed, we write

= sup
Lp o<t<T"

t
/ eSE=IALf (s, )ds
0

t
/ Lf*he—s)(s,-)ds
0

| Le(f)ll oo ey = sup

o<t<T’ Lp

Then by the properties of the Lévy operator £ we can write Lf * ho(,_s) = f * Lh.;—s) and we obtain the estimate

t t
L lewn < swp [ 15 er Lo lords < Wfleiay sup [ Chem s
0<t<1"J0 0<t<T" Jo
We need now to study the quantity ||Lhe—g)| 1, for this we use the following lemma (proved in Appendix B):

Lemma 2.1 Let 0 < 6 < o < 2 and let L be a Lévy-type operator of the form satisfying [ND] (in particular
and hold). Let hy be the heat kernel on R™. Then we have, that there exists C' s.t. for all 8 € [0,2] the

inequality:
s
2

[L(=A)2he—s)llpr <C ([E(t - s)}_Tﬂ + [e(t — 3)]—#) )

Thus, with this result at hand and after an integration in time we obtain the wished inequality (2.6)).

Now, applying the inequalities (2.4, (2.5) and (2.6]) to the right-hand side of (2.3]) we have

10n+1llzoozry < 00llze + CollOnllLoo(Lr),

T,% s Tlli% Tllfg
Co = O( 7€ ‘ZH’U||L<x>(Mq,a)+ rey + . (27)
£2 g2 €

[N

Thus, if [|6[|.» < K and if we define the time 7" to be such that Cy < %, we have by iteration that ||0,11 |z (rr) < 2K:

the sequence (6,,)nen constructed from initial data 6y belongs to the closed ball B(0,2K). In order to finish this proof,
let us show that 6, — 0 in L°°([0,7"], LP(R™)). For this we write

10041 — OnllLoe(nry < INZ(On — On—1)l| Lo (1r) + | Le(On — On1)| Lo (Lr),
and using the previous results we have
||0n+1 - enHLOO(LP) § C(0”071 - 0n—1||L°°(LP)a

so, by iteration we obtain
[0n+1 = OnllLoe oy < Coll61 — bol| oo (1r)-

Hence, with the definition of 7" we have |0, 41— 0, L (£r) < (%)" 101 =060l o< (). Finally, if n — +o0, the sequence
(01)nen converges towards 6 in L°°([0,7"], L?(R™)). Since it is a Banach space we deduce similarly uniqueness for the
solution € of problem (2.2)). The proof of Theorem [3|is finished. [ ]

Corollary 2.1 The solution constructed above depends continuously on the initial value 0.
Proof. Let ¢g,00 € LP(R™) be two initial values and let ¢ and 6 be the associated solutions. We write
0(t, ) — p(t,z) = e (0o (x) — po(x)) = N2 (0 — ) (t,2) — L (0 — ¢)(t, ).
Taking L°° LP-norm in the above formula and applying the same previous calculations one obtains
10 — @l Lo zry < (|60 — @ollLr + Coll0 — @l Lo (Lr)
for Cy as in . This shows continuous dependence of the solution since we have chosen Cy < % [ |

Remark 2.1 (From Local to Global) Once we obtain a local result, global existence easily follows by a simple
iteration since the problems studied here (equations or ) are linear as the velocity v does not depend on 0.



We now study the regularity of the solutions constructed by this method.

Theorem 4 (Smoothness for viscosity solutions) Solutions of the approzimated problem are smooth.

Proof. We will work in the time interval 0 < Ty < Ty < t < T* where Ty, Ty and T are fixed bounds. By iteration

we will prove that 0 € ﬂ L*([o,¢], Wg’p(R")) for all k € N where we define the Sobolev space W*P(R"™)
0<To<T\<t<T*

for s € Rand 1 < p < 400 by || fllwse = || fllzr + [|[(=A)2 f||z». Note that this is true for k¥ = 0. So let us assume

that it is also true for k£ > 0 and we will show that it is still true for £ + 1. We consider then the next problem

¢ ¢
O(t,z) = eE=TI20(Ty, ) —|—/ EE=IAY . (v, 0)(s, z)ds — / et L0 (s, x)ds.
To To

We have then the following estimate

16]] < [leftTR(T, )|

k+1 kE+1
Leo(W™ 2 Py — L= (W 2 °P)

t
/ eE=IAY L (v, 0)(s,-)ds

t

+ ’ ot ’ / SR Lh(s, )ds L

To Loo(W%,p) To L‘X’(W%’p)
Now, we will treat separately each of the previous terms.
(i) For the first one we have
e(t— k1
le= TR0 To, )| gr = 10(To, ) * hegemmyy e + 18(To, ) (=) T Aoyl r
k1

IN

16(T0, )| e + [10(Tos M 2o [[(=A) " he(-my) |1

so we can write, using the properties of the heat kernel h;:

Bt
e =TI20(To, ), . g2y < CIOCT0, ) o max {13t~ T)) .

(ii) For the second term, one has

t t
‘ / eft=9)Ay . (ve )(s,-)ds " < IV - (ve 0) * ha(t_s)HWk;lmEpds
To w2 P To
t
k41
< ; [V« (ve 0) % hepgyllLe + [[(=A) 7 [V - (ve 0) % her—s) ]| Lrds
t
< /T [ve Oll Lo IV he(i—gllLr + 1(=A) % (ve O)|| Lo I(=A) 3 (Vhe(i—s))| L1 ds
) ¢ _1 _3
< C o 0s, )y g max [t = )] 5 [e(t - )] F s,

To

For N > £ applying the same arguments used in the proof of the inequality v, - (s, -)*we || Lo < Ce™™/9||v, (s, )| prae
(see Lemma in the appendix), we have the estimations below

[0e6(s, -) < oels, Mlen 106,y 50 < C (1+) e lwec(s, larae 1005, 4

||W%1P — wzP’

Hence, we can write

t
/ =AY L (v, 0)(s,-)ds

< Cllvllpee(araay |10l

To Loe (W) L= (W5 ?)

K I 1 _3
X sup/ (1+eN)e max{[e(t —8)] 2;[e(t—s)] 2 } ds.
To
(iii) Finally, for the last term we have
¢ ¢ . .
‘ / =B LG(s, ) ds < / 106,) % Lhegl o + | (~8)500s, ) 5 £(=8) || s
To W%’P To Lr

IN

ﬁ(—A)%hE(t,s) ds.

Lt

t
[ 1065 et + (=200,

Lr



Applying Lemma to the function (—A)iha(t,s) we obtain by homogeneity that

142 1+2r§)
)

IL(=A)theqsllos < ((t=8)] 7T +[e(t—s)

and then we have

t
‘ / == 205 )ds <clol k.
To L‘X’(W%’p) Loo(W2F)
t
x/ max{([e(t —8)]7 8 et — s)]—%) (et — )7 4 (et — s)]—l*f&)} ds.
To
Now, with formulas (i)-(iii) at our disposal, we have that the norm ||9HLOQ(W%,F) is controlled for all € > 0: we have
proven spatial regularity. Time regularity inductively follows since we have for all k£ > 0:
8k+1 8k 8k 8k
and we recall that v is smooth in time as well. Theorem [4]is now completely proven. |

Remark 2.2 The solutions 0(-,-) constructed above depend on ¢.

2.2 Maximum principle for viscosity solutions

The maximum principle we are studying here will be a consequence of few inequalities, some of them are well known.
We will start with the solutions obtained in the previous section:

Proposition 2.1 (Maximum Principle for Viscosity Solutions) Let 6y € LP(R™) with 1 < p < 400 be an
initial data, then the associated solution of the wviscosity problem satisfies the following maximum principle for
allt € [0,T): |6(t, )|lrr < l60o]lLr-

Proof. We write for 1 < p < +oc:

1017200, )z — p / 1017~ sgn(0) £O(t, 2)d,

n

d
G0 =p [ 1o 20(2804 - (020) - £8) (t.arde = pe |

n

where we used the fact that V - (v.) = 0. Thus, we have
d
— 10, H®, — pe O1P~20A0(t, x)dx + p 0P~ tsgn(0)LO(t, z)dx = 0,
dt L
R R

and integrating in time we obtain

t t
oG, )z, —pg/o /n |0P~20A0(s, x)dxds —l—p/o /n 0|7~ sgn(0)LO(s, x)dxds = ||0o]|}, - (2.8)

To finish, we have that the quantities

¢
—pe/ |0P~20A0(s, 2)dx  and p// 0P~ sgn(0)LO(s, x)dxds (2.9)
R 0 JRrn»

are both positive. Indeed, for the first expression, since (e¥*2),>¢ is a contraction semi-group we have [|e¥%2 f||1» <
Il fllze for all w > 0 and all f € LP(R™). Thus F(u) = [|es*A f||L» is decreasing in wu; taking the derivative in u and
evaluating in u = 0 for f = 6(s,.) we obtain the desired result. The positivity of the second expression above follows
immediately from the Stroock- Varopoulos estimate for general Lévy-type operators given by the following formula (see
Remark 1.23 of [I4] for a proof, more details can be found in [23] and [25]):

C(L]AP/2,10|P/%) < (L6, 0|PLsgn(6)), (2.10)

it is enough to note now that (L|6|P/2,|0]P/2) = ||£z|6]*/?||2, > 0, where the operator £ is defined by the for-

mula (E%f)/\ €& = at (f)f(f), recalling that a stands for the symbol of £ introduced in ((1.6). Thus, getting back to
(2.8]), we have that all these quantities are bounded and positive and we write for all 1 < p < +oo: ||0(t, )]s < ||00||Le-

For the case p = 1, the positivity of the first term of (2.9) is straightforward (see [8]), while the positivity of the
second term follows from the Kato inequality (see [14]). ]



2.3 Besov Regularity and the limit ¢ — 0 for viscosity solutions

In order to deal with Theorem [I] we will need some additional results that will allow us to pass to the limit. Indeed,
a more detailed study of expression (2.8)) above will lead to a result concerning the regularity of weak solutions.

Lemma 2.2 If the function 7 satisfies the conditions and , then for the associated operator L we have the
following pointwise estimates on its symbol a(-) for all £ € R™:

1) a(§) < C (l¢]* + [€1°).
2) [§|* < a(§) +C.

Proof. We use the Lévy-Khinchin formula to obtain [£|* = / (1 —cos(y - &))|y|~"*dy (see [12] for a proof of
"\{0}
this fact). It is enough to apply the hypotheses (1.4) and (1.5 to conclude. [ |

We state now a useful result for passing to the limit when ¢ — 0 which is interesting for its own sake:

Theorem 5 (Besov Regularity) Let £ be a Lévy-type operator of the form satisfying [ND] (i.e. hypotheses

and hold for the function 7). Let 2 < p < 400 and let f : R® — R be a function such that f € LP(R™)
and

/ ()72 f(2) Lf (2)dx < +o0,  then  fe BET(RM).
Proof. We will prove the following estimates valid for a positive function f:
||f||2%,p =< Cprm”;%a <|1£7%72 +/R [f(@)[P~2 f () Lf (x)de. (2.11)
p P) n

The first inequality can be found in Theorem 4.2 of [4]. The constraint p > 2 is precisely needed for this first step.
We will thus now only focus on the right-hand side of the previous estimate. For this, we will start assuming that the
function f is positive. Using Plancherel’s formula, the characterisation of L2 via the symbol az (¢) and Lemma
we write

17205 = 1210 = / 112 () < / (a} (&) + O (€) P < e (1721130 + 123 5772132
Now, using the Stroock-Varopoulos inequality (2.10]) we have
1FP/2052 + 122 2205 < |1 £772113: + C/ fP2fLfd.
Rn

So inequality (2.11) is proven for positive functions. For the general case we write f(z) = f(x) — f—(z) where fi(z)
are positive functions with disjoint support and we have:

| @p@eseis = [ pi@rti@cod s [ @@ @ (212

— | B @@L e~ | @ @)L )

We only need to treat the two last integrals, and in fact we just need to study one of them since the other can be
treated in a similar way. So, for the third integral we have

Fo@P @)L (@ = [ @ () / (@) — f-W)n(e - y)dydz
R™ Rn»

n

£1@p 2 [ (@)@ ~ @) - ()it = p)dyda,
Rn Rn

However, since f; and f_ have disjoint supports we obtain the following estimate:

fe@)P 2 fr(2)Lf-(2)dz = — f+(33)”_2/ [f+ () f-(y)]m(z — y)dydz < 0,
R’!L R’!L R"’L

since 7 is a positive function and all the terms inside the integral are positive. With this observation we see that the

last two terms of (2.12]) are positive and we have

- F+@)P 72 f(2) L f o (w)d + - f-(@)P 72 f () Lf-(w)dx < /Rn [f(@)P72f(2)Lf (2)dw < +oc.

Then, using the first part of the proof we have fi € Bp% ’p(R") and since f = fy — f_ we conclude that f belongs to
the Besov space BZ " (R™). ]



Remark 2.3 The lower bound p > 2 in Theorem/[]] is a consequence of Theorem[§ above. This constraint results from
the first inequality in .

Proof of Theorem (1| for p € [2,+0c0[. We have obtained with the previous results in Sections and
a family of regular functions (8(%))..o € L°°([0,T], LP(R™)) which are solutions of and satisfy the uniform
bound [|6)(¢,)||z» < ||6o]/zr; in order to conclude we need to pass to the limit letting ¢ — 0. Since we have
that L>°([0,T], LP(R™)) = (Ll([O,T},Lq(R”)))/, with % + % = 1, we can extract from those solutions 6(*) a subse-
quence which is x-weakly convergent to some function 6 in the space L>([0,T], L?(R™)), which implies convergence in
D'(Rt x R™). However, this weak convergence does not a priori imply the weak convergence of (v. #()) to v 6 along
a converging subsequence in €. For this we use the remarks that follow. First remark that combining Proposition 2.1
and Theorem [5| we obtain that the solutions (8(%)).¢ belong to the space L>([0,T]; LP(R")) N L*([0,T], B " (R™))

for all € > 0. Then we fix a function ¢ € C§°([0,7] x R™) and we have the fact that pf(*) € Ll([O,T],Bp%’p(R"))
and 9,00 € L([0,T], BP_N*’(]R”)) for some N > 0. This implies the local inclusion, in space as well as in time,

£ 1 %,p I %’2
0 e WrT Cc W

We can thus apply classical results such as the Rellich-Lions’ theorem to obtain, for a subsequence (&.,)men
converging to zero, the strong convergence of (9(57”))"1@1 to 6 in (L*°LP)jc. Next we recall that v, = v, . * w, where
we(x) = e "w(x/¢) is such that supp(w.) C B(0,¢). Then, applying Fubini’s theorem we have the identity

/0 ' / (v, 0 - Vo)t 2)dadt = /0 ! / e (wm * [9<€m>v¢]) (t, 2)dzdt = I ) (9), (2.13)

where @(z) = w(—x). In order to prove that we have a weak solution of equation (1.1]), it remains to prove that the
quantity Iéfv)e((b) is well defined for any function ¢ € C§°([0,T] x R™) and can be controlled uniformly in &,,. To
this end we distinguish several cases following the values of the indexes ¢, a that characterize the Morrey-Campanato
spaces:

o We start with the case 2 < ¢ < 4o00. Since ¢ € C3°([0,T] x R™) there exists a bounded radius Ry > 0 such
that supp, (Vo) C B(0, Ry) and since suppy(@e,,) C B(0,&,,) with €, > 0 small, then if py = Ry + 2 we have
suppy (@.,, * [0V ¢]) C B(0, pg), thus if we denote by By, = B(0, ps), we obtain the inequality

1 1/q
By|*/4 / v t,x)|%dx ,
LP(By) 1Bl <|B¢|a By o, (8, 2)] )

where p = —L- €]1,2]. Since the radius of the ball By is bigger than 1 we can write
g—1 @

< |[(2-,. * 0= v]) (2]

/n Vs (wgm * [Q(EM,)V(M) (t,z)dz

< OylIVe(t, Mo () 1Be,, 0™ (t ) Lo (3o [0r.e (8 gz

/ . (a; « [e(wv(p]) (t,z)dx

Now, since 1 < p < 2 < p < 400, we have space inclusion LP(B,) C LP(By) and we obtain the inequality

IN

CollVot, Lo () 1@e,, % 0™ (&, )lo () 1vs .0 (£ ) | as0.0 (7

/ . (@Em * [9<8m>v¢]) (t,z)da

IN

CollVo(t, )l Lo @myll@e,, * 0 (¢, )| o@n) Ve, (E )l ara.e @n)

From usual convolution controls (recall indeed that @, , has integral 1) and Lemma we obtain:

IS0 ()] < Co 2 IVl 1w (0,71 xR 10

Lo ((0,7], L7 (R) V]| oo (ra.a () -

From the uniform control on ||§(m) Lo ([0,T],L»(R)), We obtain that the quantity Iéf ;”é(gé) is well defined and uniformly
controlled in &, for all ¢ € C§°([0,T] x R™). This uniform control allows, thanks to the strong convergence in LP of
6m) towards § and usual convolution controls, to pass to the limit and yields:

T
123(0) — Traa@) = [ [ (0-090) (t.a)dadt. (2.14)

e If 1 < g < 2. In this case we need to take into account the values of the parameter a in the definition of Morrey-
Campanato spaces. If n < a < n + g, since we have v(t,-) € M@*(R") = M?%(R™) N L>*(R"™), we can write

< C|(@en «18€6]) (1) 0eic () lleoe

/ . (a;sm « [9<6m>v¢]) (t,z)da

10



< O[9IV )| | 0wt Mlarne < CUOED E N an V00 o [oni (t Hagae (/p+1/p = 1).

Since #(m)(t,.) is uniformly controlled in LP and since the control in the time variable is straightforward, we obtain
the wished uniform control in &, of the quantity I;E;é(qﬁ). Now, if 1 < ¢ < 2 and a = n, since in this particular
case we have M%™ ~ M?" it is enough to repeat the computations performed in the first item to obtain the uniform
control of the quantity (2.13)). Finally, if 1 < ¢ < 2 and 0 < a < n, we need to impose a condition on ¢q. If the value of
pis small i.e. if 2 < p < A7 we cannot completely ensure the fact that the quantity I(Tav)e(qﬁ) is controlled uniformly

in &,,. Indeed, using the fact that 6(t,-) € Bpg’p, some involved and technical conditions between a,p, ¢ and n can be
found to study some very particular cases when 2 < p < ﬁ, but the general case seems out of reach. However, if p

is big, i.e. if qg—l < p (recall that p is fixed by the initial condition), it is possible to reapply the computations of the
first ite and the quantity I;fv )9(¢>) is uniformly controlled.

Thus, in all the cases treated previously, we obtain existence and uniqueness of weak solutions for the problem
(1.1) with an initial data in 8y € LP(R"), 2 < p < 400 that satisfy the maximum principle. Moreover, we have that

these solutions 0(¢, x) belong to the space L>°([0,T], LP(R™)) N L”(]0,T], Bp%m(R")).

We study now the case when the initial data 6y belongs to the space L°°(R™). This extension is crucial for our
duality method to work in order to establish Theorem [2| in Section {4l Let us fix 6 = 61 B(o,r) With R > 0 so we
q

have ' € LP(R") for all 1 < p < 400 and we fix a p large enough in order to obtain the condition 701 < p when

1 < g < 2. Following the previous computations, there is a unique solution 87 for the problem

007 — V- (v9F) + LOF =0,
6%(0,2) = 6f(z), V-v=0andve L>([0,T], M>*(R™)),

such that 7 € L>°([0,T], LP(R™)). Moreover by the maximum principle we have |07 (¢, -)||L» < |05 Lr < v,l/pHHOHLooR%
where v, stands for the volume of the unit ball in R™. Taking the limit p — 400 and making then R — 400 we
finally get

10C¢; )z < Cllfo[ Lo

This shows that for an initial data 6 € L>(R™) there exists an associated solution 6 € L ([0, T], L>°(R™)). Theorem
is now completely proven. |

Remark 2.4 If the solution 0(t,z) belongs to the space L™ ([0,T], L>(R™)), it is easy then to show that the quantity
Ir40(¢) given in (2.14) is well defined for all 1 < g < 400 and all 0 < a < +00 without any restriction or condition,
indeed: if ¢ € C5°([0,T] x R™) and if By = B(0,max(Rg,1)) is a ball such that supp,(¢) C By, then

/ (w0 - Vo) (t, 2)dz
Rn

1/q
o 1
< ||0(t,.)V¢(t,.)|‘L5(B¢)|B¢| /e <|B¢|“ /B |U(t,x)qu> )
®

where 1/p+1/q = 1. Again, since the radius of the ball By is bigger than 1 we can write

< CollVo(t, e 10, Lo l[o(E, )| area@ny,

/n(UG -Vo)(t,x)dx

and from this inequality we obtain that the quantity It ., o(p) is well defined.

From Proposition the previous paragraphs and the end of the proof of Theorem [1|for p € [2, +00[ we eventually
derive the following theorem.

Theorem 6 (Maximum Principle) Let 6y € LP(R™) with 2 < p < 4o00. Assume that [ND] holds for the Lévy
operator L. Assume also that assumption [MC] holds for the velocity field v with the condition 2 < q < 400 or with
l<g<2andn<a<n+qorwithl <g<2,0<a<n and qf—l < p. Then the weak solution of equation
satisfies the following mazimum principle for all t € [0,T]: ||0(t,)||lze < ||0ollLe. In the case when 6y € L=°(R™) and
with the condition 1 < ¢ < +00 and 0 < a < n+q we also have the mazimum principle ||0(t, )| L~ < C||0o|| L for all
te0,T].

2These technical issues when p is small explain the different cases given in the Theorem

11



3 Positivity principle for Weak Solutions

Theorem 7 Let 0y € LY(R™) N L*°(R™) be an initial data such that 0 < 0y < M a.e. where M > 0 is a constant.
Assume that [ND] holds for the Lévy operator L and that assumption [MC] holds for the velocity field v.
e I[f0 <6 < a<1, then the weak solution of equation satisfies 0 < O(t,x) < M for all t € [0,T].

o [f1 << a<2andifq>n, then the weak solution of equation satisfies 0 < O(t,x) < M for allt € [0,T].

Proof. To begin with, we fix two constants, p, R such that R > 1 and R > 2p > 0. Then we set Ag r(z) a function
equals to M/2 over |z| < 2R and equals to fp(x) over |z| > 2R and we write By r(z) = 0o(z) — Ao r(x), so by
construction we have

90(37) = AO,R(QT) + BO’R(x),

with || Ao rllze < M and ||Borlr~ < M/2. Remark that by construction we have Ay r,Bor € LP(R™) with
1 < p < 4o0. Now fix v € (L>([0,T], M9*(R™))) such that div(v) = 0 and consider the equations

{atAR(t,x) — V- (vAR)(t,x) + LAR(t,x) =0, 1 {atBR(t, z) — V- (v Bg)(t,x) + LBR(t,z) = 0, 51)
an .
AR(O,I) = A07R(1}), BR(O,:E) = BO,R(CC)-
Using the maximum principle and by construction we have the following estimates for ¢ € [0, T7:
AR, e < [|A0,rllLe < [|olls + CMR (1< p < +00),
[AR(t, )l < |Ao,rllze <M and ||Br(t, )|z~ < [[Bo,rll~ < M/2. (3.2)

where Ag(t,z) and Br(t,z) are the weak solutions of the systems (3.1]). Since the initial data 8y belongs to the space
LY(R™) N L>°(R™) it is possible to consider an LP framework with 1 < p < +oo. However, we set from now on the
following conditions:

p>§ifo<5<a<1andp>nif1<5<a<2. (3.3)

These conditions naturally appear at the end of the proof (see equations (3.6)) and (3.7))) and allow to fix p.
We can see now that the function 0(t,x) = Agr(t,z) + Br(t, z) is the unique solution for the problem

{ 8i0(t,x) =V - (v0)(t,x) + LO(t,x) = 0, (3.4)

9(0,1‘) = AO,R(I‘) + BO,R(ZE)-

Indeed, using hypothesis for Ar(t,z) and Bg(t,x) and the linearity of equation we have that the function
Or(t,x) = Agr(t,z) + Bg(t, ) is a solution for this equation. Uniqueness is assured by the maximum principle and by
the continuous dependence from initial data given in Corollary thus we can write (¢, z) = Or(t, ).

To continue, we will need an auxiliary function ¢ € C§°(R"™) such that ¢(x) = 0 for |z| > 1 and ¢(z) = 1if |z| < 1/2
and we set p(z) = ¢(x/R). Now, we will estimate the LP-norm of ¢(z)(Ar(t, z) — M/2). We write:

p
:p/
p n

O "~ (sa(x) (Ar(t,z) — M/2)>

p()(Ar(t, ) — M/2)

o(z)(Ar(t,z) — M/2)

X Oy (go(x)(AR(t,x) - M/Q))dx. (3.5)
We observe that we have the following identity for the last term above

O(p(@)(Ar(t,x) — M/2)) = V- (p(@)v(t,z)(Ar(t,z) — M/2)) — L(p(z)(Ar(t,z) — M/2))
— (Ar(t, ) — M/2)v(t, ) - Vo(a) + [£, o] Ar(t, ) — M/2Lep(2),

where we denoted by [L£, ¢] the commutator between £ and . Thus, using this identity in (3.5) and the fact that
div(v) = 0 we have
P
_—
Lr n

[ (. - 1)

X ( (Ar(t,z) — M/2)v(t,x) - V(z) + [L, o] Ar(t,z) — fﬁ@(z)) dz. (3.6)

M

o o) ante ) - Y o) (ntn)~ )| (o) (Antt.) - 50 )2 (o) (ntt.) - ) o

() (An(t.2) — o)

12



Remark that the integral (3.6) is positive by the Stroock-Varopoulos inequality (2.10). So, one has

p
<
Lp "

X (—(AR(t,x) — M/2)v(t,z) - V(z) + [L, 0| Ar(t,z) — Ajﬁga(x)) dx.

p—2
ol e() (At ) M/2) o) (An(t,) — M/2) (so(fv) (An(t,z) - M/2>)

Using Holder’s inequality and integrating in time the previous expression we have

le() (Ar(t,) — M/2)1E, < [le()(Ar(0,) — M/2)|7,

t M
+p/o (”(AR“’ ) = M/2)o(s,) - Vel , + 1L, ) Ar(s, )l + sz

) 16() (Ar(s,) — M/ ds.

Lr

The first term of the right side is null since on the support of ¢ we have Ar(0,x) = % Use now Young’s inequality
and Gronwall’s lemma to derive:

le() (Ar(t,) = M/2)IL, < Cp/o le() (Ar(s,-) = M/2)|I7, ds

t
+Cp { /0 |(Ar(s, ) = M/2)u(s, ) - Vlls, + 1L, @l Ar(s, )}, ds +27PM7t] wip}

t
< Cpexp(Cypt) {/0 [(Ar(s,-) = M/2)v(s,) - Vol + 1L, o] Ar(s, )7, ds + 2”Mptﬁs0||’£p} - (37
For the first term of the right-hand side of the previous expression we have the inequalities below:

Lemma 3.1 For1l <p < +o0, and R > 1, recalling that % =1 — «, we have the following inequalities
e if0<d<a<l:|(Ar(s,-) — M/2)v(s,) - Vo|,, < CR™P(||Ag gL + M/2)[|v]| Lo (asa.a)-

e ifl<d<a<2: ||(AR($,') — M/Q)'U(S,') 'chHLp < CR71+n/p+(ain)/q(||AOVR||Loo + M/Q)HUHLoc(Mq,a), with
the condition that ¢ > p.

Remark 3.1 When 1 < < a < 2 we have imposed the condition ¢ > p to the index q that characterizes the Morrey-
Campanato space M. At the end of the proof we will need the condition p > n and this fact gives the constraint
q > n stated in Theorem[7.

For the term ||[£, p]AR(s,-)||,» we will need the following lemma:

Lemma 3.2 For1 <p< +o00 and R > 1 we have the inequalities

e if0<S<a<l:|[L,¢lAr(s, )| < C(R™+ R7)| Ao gl Lr-

e if1<d<a<2 |[£eAn(s ) < C(AorllLe R+ Ao rl R7Y)? (R + R Ao rllz)' 7.

We refer to Appendix A and B for a proof of these two lemmas.
Finally, for the last term of we have by the definition of ¢ and the properties of the operator £ the estimate:
Lol < CR? (R™® + R7%).
We thus have the following inequalities for 0 < § < o < 1:

o) (4t - )

p

- c[R—P+"(||AO,R|Lm + M2 [0ll? « (pg0
Lr

(R + R™7)|| Ao g}, + MP(R"™P + R"°P)
or,ifl<d<a<2:

o) (Arte) - )

Mq,a)

< c[Rp+n+<an>p/q<||Ao,R|Lm + M/2P|o]lh

Lpr
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+ (1140, rll o R + || Ag,mll s R (R + R™)|| Ao i) + MP(RM P + R"”‘s)] :

Observe that we have at our disposal the estimates (3.2)), so we can write, for 0 < 0 < a < 1

M p
o) (arte) - ) < O R ol
(R R (ol + MR+ AR ) 38)
andifl<d<a<?2
M| —ptn+(a—n)p/ p
o) (Arte) - ) < clr PP ol a g
+ (MR 4 (60|l + MR™)R™) (R + R™1)M)" ™" + MP(R*°P 4 R”“SP)} . (3.9)

At this stage, we recall the conditions given in (3.3): p > Fif 0 <d <a<landp>nifl <d<a <2 Then,
P
using again the definition of ¢ we have that the left-hand side above is greater than / dx. Now,

M
Ar(t,) — 5

B(0,p)
if we make R — +o00, with the definition of the parameter p given in the lines above, the right-hand side of the
expressions 1] and 1) tends to zero and we obtain Ag(t,x) = % over B(0,p). Hence, by construction we have
0(t,x) = Ar(t,z) + Br(t,z) where 6 is a solution of (3.4 with initial data 6y = Ao.r + Bo,r, but, since over B(0, p)
we have Ag(t,z) = & and ||Bg(t,-)||r~ < %, one finally has the desired estimate 0 < 6(t,z) < M on B(0,p). It is
now possible to repeat these arguments at any point « € R™ and consider balls of the type B(z, p) to finish the proof
of the Theorem [ [ |

4 Holder Regularity

We will now study Holder regularity by duality using Hardy spaces. These spaces have several equivalent characteriza-
tions (see [5], [I0] and [22] for a detailed treatment). In this paper we are interested mainly in the molecular approach
that defines local Hardy spaces.

Definition 4.1 (Local Hardy spaces h?) Let 0 < o < 1. The local Hardy space h° (R™) is the set of distributions
f that admits the following molecular decomposition:

JEN
where (\;)jen is a sequence of complex numbers such that ZjeN I\j|7 < 400 and (V;) en is a family of r-molecules
in the sense of Deﬁm’tion@ below. The h"-nornEI 1s then fized by the formula

1/o

I £llne =inf ¢ (D 1A17 PPV

JEN jEN
where the infimum runs over all possible decompositions .

Local Hardy spaces have many remarkable properties and we will only stress here, before passing to duality results
concerning h? spaces, the fact that the Schwartz class S(R™) is dense in h? (R™), this fact is of course very useful for
approximation procedures.

Now, let us take a closer look at the dual space of the local Hardy spaces. In [I0], D. Goldberg proved the following
important theorem:

Theorem 8 (Hardy-Hélder duality) Let i5 <o <1 and fix v = n(L —1). Remark that 0 <y < 1. Then the
dual of the local Hardy space h? (R™) is the Hélder space CY(R™) endowed with the norm

f@) = )|

[fllev = [[f]lze + sup
Tz#Yy |l‘ - y|’y

3it is not actually a norm since 0 < o < 1. More details can be found in [I0] and [22].
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This result allows us to study the Holder regularity of functions in terms of Hardy spaces and it will be applied to the
solutions of equation ([1.1J).

1/o0
Remark 4.1 Since ;5 < o < 1, we have 3,y |Aj| < (ZjeNMj\") thus for testing Holder continuity of a

function f it is enough to study the quantities |(f, ;)| where 1; is an r-molecule.

Since we are going to work with local Hardy spaces, we will introduce a size treshold in order to distinguish small
molecules from big ones in the following way:

1_
o

Definition 4.2 (r-molecules) Set .25 <o <1, definey = n(
An integrable function v is an r-molecule if we have

1) and fix a real number w such that0 < v < w < 1.

e Small molecules (0 <r < 1):

/ |(z)||x — zo|“dx < ((r)*™7, for xop € R" (concentration condition), (4.2)

RW,

[¥|lL~ < 1 (height condition) (4.3)
S (SO ! ’ |
Y(z)dr =0 (moment condition). (4.4)

Rﬂ.

In the above conditions the quantity ¢ > 1 denotes a constant that depends on v,w,a and other parameters to be
specified later on. See Remark[{.3 below.

o Big molecules (1 <1 < +00):

In this case we only require conditions and for the r-molecule 1 while the moment condition 18
dropped.

Remark 4.2

1) Note that the point xo € R™ can be considered as the “center” of the molecule.

2) Conditions and imply the estimate ||| 1 < C(Cr)~7 (see e.g. the arguments for the proof of (4.26)))

thus every r-molecule belongs to LP(R™) with 1 < p < 4o00. In particular we have for any small molecule and for
1<p<+oo,
[l < C(¢r)™ 0. (4.5)

3) We find more convenient to show explicitly the dependence on the Holder regularity parameter «y instead of o.

4) The parameter w is technical and is meant to be very close to 7. See Remark 6) below for a precise statement.

For a more concise definition of molecules see [22], Chapter III, 5.7. See also [24], Chapter XIV, 6.6 or [I5] for a similar
characterization.

The main interest of using molecules relies in the possibility of transferring the regularity problem to the evolution
of such molecules. This idea is borrowed from [15].

Proposition 4.1 (Transfer property) Let [MC],[ND] hold, t € [0,T] be fized and 1) be a solution of the following
backward problem for s € [0,]:

as¢(57 CE) = -V [U(t -5, x)ql)(&m)] - L"/}(Swr)?
¥(0,7) = o(x) € L N L®°(R"), (4.6)
diviv)= 0 and ve L>([0,t], M?*(R™)),

where Yo () is a molecule. If 0(t,.) is a solution of at time t with 6y € L (R™) then we have the identity

0(t,x)(0,z)dx = 0(0, )y (t, z)dz.

R R

Proof. We first consider the expression

0Os 0t —s,x)(s,x)dx = / —00(t — s, z)(s,x) + 0s0(s,2)0(t — s, z)dx.

Rn
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Using equations (|1.1) and (4.6) we obtain

0s 0(t — s, z)Y(s,x)de = /n { =V [(w(t—s,2)00 —s,z)] (s, z) + LOE — s,2)(s, )

Rn

=V - [(v(t — s,z)1p(s,x))]0(t — s,2) — Lp(s,x)0(t — s,a:)}da:.

Now, by an integration by parts in the first term of the right-hand side of the previous formula, using the fact that
v is divergence free and the symmetry of the operator £ we have that the expression above is equal to zero, so the

quantity / 0(t — s, )Y (s, z)dz, remains constant in time. We only have to set s = 0 and s = ¢ to conclude. ]
]Rn

This proposition says, that in order to control (4(¢,-), ), it is enough (and much simpler) to study the bracket
<907 w(tv )>

Proof of Theorem Once we have the transfer property proven above, the proof of the Theorem [2] is quite
direct and it reduces to establish an L' estimate for molecules. Indeed, assume that for all molecular initial data g
we have an L' control for (¢, ) a solution of (4.6]), then Theorem [2] follows easily: applying Proposition with the
fact that 8y € L>°(R™) we have

[ 000,20t )] < 0oz 002, )2 < oo (47)

000l =| [ 01t pvn(o)io

From this, we obtain that 6(¢, -) belongs to the Holder space C7(R™) for a small v. We recall here that the exact value
of v depend on the regularization effect of the Lévy operator (see the statement of Theorem .

Now we need to study the control of the L' norm of (t,-) and we divide our proof in two steps following the
molecule’s size. For the initial big molecules, i.e. if r > 1, the needed control is straightforward: apply the maximum
principle and the Remark [£.2}2) above to obtain

1
100l 1% (E, )z < llbollz=lI%ollzr < € boll =,
but, since 7 > 1, we have that [(0(t,), )| < +oo for all big molecules.

In order to finish the proof of this theorem, it only remains to treat the L' control for small molecules. This is the
most complex part of the proof and it is treated in the following theorem:

Theorem 9 Let 1)y be a small molecule r-molecules (i.e. 0 < r < 1) and consider (t,-) the associated solution of
the backward problem (4.6) where the hypotheses [MC] and [ND] hold. If we assume moreover

1) q>o¢L—’y ifo<a<l,

2) orq>ﬁ, fl<di<a<?,
then there exists C' > 0 such that for any given time Ty > 0 we have the following control of the L'-norm.

[t ) <CTy T (To<t<T),
where 0 <y <d<a<lif0<a<lor0<y<2-aifl<a<?2.

Accepting for a while this result, we have then a good control over the quantity |[¢(¢,-)||zr for all 0 < r < 1 and
getting back to (4.7) we obtain that |(0(t, ), 1o)| is always bounded for Ty < ¢t < T and for any molecule ¢y: we have
proven Theorem [2| by a duality argument. |

Let us now briefly explain the main steps to prove Theorem [9) We need to construct a suitable control in time
for the L'-norm of the solutions (¢, -) of the backward problem (4.6 where the inital data 1) is a small r-molecule.
Two cases need to be considered:

o If r > Ty/2. Then, we can again apply the maximum principle and the control (2) in Remark gives the result.

o If r < Tp/2, i.e. the molecules at hand are really small with respect to the threshold Tp. In this case, the control is
derived by iteration in two different steps:

* The first step explains the molecules’ deformation after a very small time sy > 0, which is related to the size r
by the bounds 0 < sy < er with € a small constant. This will be done in Section [4.1
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* In order to obtain a control of the L' norm for larger times we need to perform a second step which takes as a
starting point the results of the first step and then gives the deformation for another small time s;, which is also
related to the original size 7. This part is treated in Section .2}

To conclude it is enough to iterate the second step as many times as necessary to get rid of the dependence of the
times sg, s1, ... from the size of the molecule. The procedure can indeed be stopped as soon as the size of the molecule
at the current time-step is larger than 7;/2. We make the size grow at each iteration. This way, we obtain the L!
control needed for all time Ty <t < T.

4.1 Small time molecule’s evolution: First step

The following theorem shows how the molecular properties are deformed with the evolution for a small time sq.

Since in the following T" > 0 is fixed and that the computations of this section can be performed for an arbitrary
divergence free vector field v € L (M%), we will denote by v(t,x),t € [0,7] x R™, what should actually be from the
transfer property established in Proposition v(T —t,z). This abuse of notation is essentially done for notational
convenience.

1

Theorem 10 Set o, v and w real numbers such that ;%5 <o <1,y =mn(; —1). Let 1(so,z) be a solution at time

so of the problem
Os¥(s,2) = =V - (v)(s,x) — LY(s,x), s €[0,T],

¥(0,2) = tho(z), (4.8)
div(v)= 0 and ve L>([0,T], MT*(R™)) with sup |v(s,-)|pas < p
s€[0,T

We assume as for Theoremlg that, for 0 < a < 1 we have q > aL—v and that if 1l < a <2, ¢ > ﬁ Then, there exist
positive constants K and e small enough such that if 1 is a small r-molecule in the sense of Definition[{.] for the
local Hardy space h? (R™), then for all time 0 < sg < er®, we have the following estimates:

[ 1wsn.allle —atso)lde < (60" + Ks) (4.9
1050, Mlze < L (4.10)

((¢r)*+ Kso) *
[¥(s0, )Ly < 2o , (4.11)

QR

((Cr)a + Kso)

where v, denotes the volume of the n-dimensional unit ball.

The new molecule’s center x(sg) used in formula @ is given by the evolution of the differential system

v(s)= Vs, = B(I(IW)/Bu(s) p)v(s’y)d% € [0, 50}, (4.12)
z(0) = o,

where p = (M1 and By > 1 will be specified later on. In the previous controls and in the dynamics for the evolution of
the center, the parameter ¢ = ((a,w,vy, 1) > 1, to be chosen further, is the same as in Definition .

Remark 4.3
1) The definition of the point x(sg) given by reflects the molecule’s center transport using velocity v.

2) Remark that it is enough to treat the case 0 < (({r)® + Kso) < 1 since s is small: otherwise the L' control will
be trivial for time sy and beyond: we only need to apply the mazimum principle.

3) The parameter ¢ was introduced in the definition of the molecules — in order to absorb the Morrey-
Campanato norm of the velocity field which is denoted by u. Now since ( can be a rather large quantity, in order
to obtain ((¢r)* + Ksg) < 1 we need r to be very small and this fact is compatible with our interest in small
molecules.

4) For notational convenience we denote the new center of the molecule by x(sg) = s,

5) The existence of a solution of the differential system follows from the Cauchy-Peano theorem: indeed, since
the velocity field v is a locally integrable function, the quantity Vg, is a continuous function of x(s). Uniqueness
s not needed as far as our computations are involved.
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6) We will always assume the following relationship: if 0 < a < 1 then we have 0 < v < w < § < a < 1 while if
l1<d<a<?2, wehwed<vy<w<2—a.

Proof of the Theorem . We will follow the next scheme: first we prove the small Concentration condition (4.9)
and then we prove the Height condition (4.10)). Once we have these two conditions, the L! estimate (4.11)) will follow
easily.

1) Small time Concentration condition

Let us write for s € [0, 5], Qs(x) = | — 2(s)|¥ and Y (z) = Y4 (x) — Y_(z) where the functions ¥4 (xz) > 0 have
disjoint support. We will denote 14 (sg, z) two solutions of (4.8) at time sy with 14 (0,2) = ¥ (x). At this point, we
use the positivity principle, thus by linearity we have

¥ (50, 2)| = |4 (s0, ) — P (s0,2)| < ¥s(s0,2) + Y- (s0, ),

and we can write / [ (50, 2)|Qs, () dx < / ¥4 (80, ) Qs (x)dz + P_(s0, %), (x)dz, so we only have to treat
R™ R® R™

one of the integrals on the right hand side above. We have for all s € [0, so]:

Iy = = || 0sQs(@)Py(s,2) + Qs(2) [=V - (045, 2)) = Ly (s, 7)] due

R™

9, / ()0 (s )

—VQu(@) - 2 ()1 (5,2) + Qs(2) [V - (v (5, ) — Ly (5, )] dax) .

R™

Using the fact that v is divergence free, we obtain

I, =

[ =900 @(6) = 00 (5,0) — Ruf) 5 5, 0)
Since the operator £ is symmetric and using the definition of z’(s) given in (4.12) we have

I<e / o= a(s)|“ Mo = T, 4 (5, ) da +e / L9 @)| e (s, ) (4.13)

1511 Is,2

We will study separately each of the integrals I, and I, 2 by two lemmas that will be proven in Appendix C in a
more general way.

Lemma 4.1 For the integral I5 1 in (4.13]) we have the estimates:

1) Ifo<di<ac<l, ifa’_b,y<qandif%+%:1, we have

a—n

Isn < Cllo(s, )l[mae l((ﬁlr)q{(CB“T)”_H:IIUJ(& Mg +H(CHDr) 75 (s, )| v }Jr(Cﬁlr)“_Hgllzb(& ')||Lq'] ;

here By < 1 < B1 are technical parameters and we have 1 < p < 7= with % + 1% =1, moreover we set p > 17— with
I I [1,4(617/30)(5@—1)%)]
s+ =1 and we define € = G—D+mBomQ)  ~ 0.

2) If1 <6 <a<2andif 17 < q we have:

w—l-{—%

Iy < Cllo(s, M (€r)5 () ™4 s, Y + (PO s, e + (€O r)* s, o )

1 1 _ 1,11 _ 5> _n
whereE—F?—l,ﬁ—F -=1p> 1.

Q

Lemma 4.2 For the integral I, 2 in we have the inequality for 0 < § < a < 2:
Lo < O =% iy (s, )| pars
where q, 7 > 1, %—&—%:1 andw—5+%<0.

Let us mention that in the case 0 < § < a < 1, it is precisely this last lemma that constrains the Hélder regularity
index vy < 4.

We will use these two lemmas in order to obtain an interesting estimate for the quantity (4.13). To continue we
need to divide our study following the values of the regularity parameter a.
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e For 0 < a < 1: we derive from the first part of Lemma and from Lemma the inequality

Is S Is,l + Is,2
Cliv(s, )l arae [(CB1 )T {(Cﬁo )T (s, )| o + (CPFIr)ETI g(s, ')”Lﬁ'} + () T (s, )
+ O ) T T (s, )| -

Now, since sup |[v(s,*)||aae < g and by the maximum principle (see Theoremﬁ} we can write
0<s<T

IN

I,<Cu +C () T [ao | Lot

(¢7r) " {@" )T oll o+ TR TS o | }HCBW)“”ZII%IIL«;'

but since 1y is a small molecule we have the following estimate (see equation (4.5)) in Remark

I, < Cu

(¢Prr) {<<ﬁ° YT (¢r) ") o (Pl (@)*W}ﬂcﬁlr)“”‘é x (¢r) =G
(SO N (O R

n =1 — a we obtain

L < TwavcmaX{M71}[Cﬁl(1—a)+ﬂo(w—1+2)—(2+v)+Cﬂl(l—a)+50(1+6)(w—1+Z)—(;Hv)

LA emat )= (5 4) i (wmot i) (34 |

and if we set n = C'max{yu,1} |:Cﬁ1(1a)+50(w1+;‘)(;§+7) + Cﬂl(1*04)+50(1+€)(w*1+%)*(%+7) + Cﬂl(w*a+§)*(’§+’v) +

Cb’l(wa+3)(3+7)] , We can write
[S S T] waaf"y'

As we can see, beside some dimensional constants and the parameter { > 1, the term 1 depends on the L (M%®)
norm of the velocity field v and we will see how to absorb this quantity. Indeed, the above estimation on I, associated
with the initial concentration condition now gives (taking into account the two parts associated to ¥y and ¢_)
the following inequality for the concentration condition at time sg:

[ o= also)#vsna)d < ()4 20re s = () (1 2 ).

Recalling we have assumed 0 < sy < er® we can choose € small enough to have:

w=y

/n o — a(so)l“b(so, 2)de < (¢r)* 7 (1 + 277’7@5:7@)? - <(Cr) + 27%@ == v) N

= () +Kso) T (4.14)

where K = 22— nm At this point we want to make the quantity K small enough. To be more precise, in order
to perform an 1terat10n in time in resonance with the height condition that will be studied later on, we will need the

following condition
« 1 « _
KZQw—an(W*O‘*V) < (n+7> C1 X ¢, (4.15)

where the constant ¢; is given in the hypothesis [ND] associated to the Lévy operator and the constant 0 < ¢ < 1 is
associated with the height condition and is explicited in (4.25]).

We will see now that if ¢ is big, then 774@_71&_” is small. Indeed, from the definition of 1 given above we have:

1

n((waﬂ) C max{yu, 1} C(ﬂo—l)(w—a+%)+(1—a)([31—/30)+C(l—ﬁo(l-i-e))(a—w—%)—i-(ﬁl—60(1+6))(1—a) (4.16)

+<(61_1)(°"_0‘+%)+C(51—1)(w—a+%) .
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It therefore only remains to prove that all the exponents of ¢ in the right-hand side of the previous formula are
negative. For the first exponent let us take Sy = 1 — v, 81 = 1 + v for some v €]0, 1[. Then, the negativity is given by
the following remarks:

—y(w—a+ﬁ)+21/(l—a)<0 = 2-a-w<2,
p p

thus choosing 1 < p < 5—2— (which is compatible with the constraint 1 < p < 1= given in the Lemma ) we obtain

the required negativity. For the second term (1 —fBo(1+¢))(a—w— %)+ (81— Bo(1+¢€))(1 — ), since 0 <w < < 1,

we can chooseﬁﬁ > —2— and thus we only need to prove that 1 —fo(1+¢) < 0 and 1 —Bo(1+¢) < 0. Since By = 1—v
and f; = 1 + v, it is enough to study this last term which can be rewritten in the following manner (e is given in

Lemma:
In [1 _ C?u(ﬁ(w—l)-ﬁ-n)]

br=bol+e)=(1+v) = (1 =v){l+e) =2 — (1 —v)e =2 = —Zr =

now, since we have fixed p > —"— we have p(w — 1) +n < 0, and then if v is small enough we obtain that the previous
quantity is negative which implies the negativity of the whole exponent of the second term of . Finally, the
two last terms of are easy to study: by the constraints given in the Lemmas (recalling as well that
0 <7v<w<d<a<l) we have the conditions 5 > Lw—a—i—% < Oandw—é—i—% < 0. We obtain that

(B~ D(w—a+2)<0and (f — )(w—a+2) <0,

Thus, if ¢ is big we can make the quantity K = Q%ﬂngw—i{x—v) small enough in order to fulfill inequality 1'
Getting then back to (4.14) we finally obtain

/n | — x(s0)|[“¢(s0, x)dx < ((Cr)a + KSO)%,

which is the desired control over the concentration condition given in Theorem

e In the case when 1 < a < 2, we have by Lemmas [I.1] and [£.2}

I < Cllo(s,larea (P r)E ((€Por) ™ s, ) looe + (PO Jap(s, s + (€7 r)= 7 b(s, ) o )
+C(CPr) T T (s, )l o

Then, since sup |[v(s,)||are.e < p and by the maximum principle we write
0<s<T

I, < Cp (¢Pr)s ((¢Por) ™7 ol e + (CP0HIR) 48 gl + (P ol o ) + P ol
At this point we use the fact that 1y satisfies the molecular condition (4.3)) and the inequality (4.5)):

IS Cu () ()70 s ()77 4 (PO R () T 4 (P (o))

HO(CPrr) o= a 5 (¢r) MR,

Now, since % + % + % =1, =+ % =1, =1 and recalling 1 — a = % we obtain

1 1
q q

I, < r@7ax Cmax{u, 1} [Cﬁo(wa+n)+(ﬁ1ﬁo)‘;(n+7) + C31%+ﬂ0(1+€)(w71+%)7n+;7’y
FRICES I T Cﬁ1(wa+";)(";+w)]

I < e

where 77 = C max{y, 1} [Cﬂo(w—a+n)+(ﬁ1—ﬁo)%—(n-‘r“/)_'_cﬁl %+ﬂo(1+€)(w—1+%)—”+§—7+<ﬁ1(%'Hv—l)—%—7+<31(w—0¢+%)—(%+w)] )
This estimation on I, associated with the initial concentration condition (4.2)), gives in the same manner than in (4.14):

An'x‘$<80>|“w<80aw>dws(<<r>a+2iﬁ S N (SO LR ) R

w=1ge

4(Which is also compatible with the constraint p > ﬁ given in the Lemma D
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Again we want to make the quantity K = 2%7“/?)((&,717,@ very small. Using the definition of 77 given above and
recalling that 0 < v < w <1 < a < 2 we obtain that

C(wiﬁwia) = Cmax{u,1} C(ﬁofl)(w7a+n)+(ﬁ1750)(170&3)+Cﬁl(1*a+%)+ﬁo(1+€)(w71+%)7(%Jr%)Jrafw

peBrDw=at) | C<ﬂ1—1><w—a+%>] (4.17)

Since ¢ > 1, we want to prove that all the powers of { in the previous contribution are negative. For the first term,
choose g = 1 — vy for a small vy > 0 and B; = 1 + v; where 0 < 11 << ry. The negativity of the exponent for the
first term then writes:

n n v
—vylw—a+n)+ w+n)(l-a+ 5) <0 <= w—a+n> (l—a—i-g)(l—i—y—l).
0
Since 0 < 17 << 1y, observe that this constraint can be fulfilled as soon as w —a+n > 1 — a + 2. But since by
assumption ¢ > n and n > 2 the constraint is always satisfied. On the other hand, for the second term, the global
negativity will follow as soon as:

(611)(1&+Z)+{BO(1+€)1)(w1+2)}V1(1a+2)+(€yo(1+6))(w1+Z)<0.

Since p > 7

12, recalling the definition of ¢ in Lemma the above inequality readily holds for 1y small enough.
Indeed, since fp = 1 — vy, f1 =141, 11 << 1y, € :=¢e(vo, 1) —>O +o00. Finally, the negativity of the last two term
vo—

follows from the conditions w — a + % < 0 (recall ¢ > ﬁ, y<w<l)and w—0+ % < 0 which implies w — a + % <0
since 1 < d < a <2

Thus, it is possible to choose ¢ big enough in order to obtain the inequality

a 1 a
K =2 7l < C1 X
w_,ync.(w_,y_a) > <n+’y> C1 c,

where the constants ¢, ¢ are the same as in (4.15). We finally obtain the following inequality for the concentration
condition with an appropriate control of the constant K:

/ |z — a(s0)|“v(s0, z)dx < ((Cr)* + Kso) .
This concludes the proof for the concentration condition in the case 1 < a < 2.

2) Small time Height condition

We treat now the Height condition and for this we will give a sligthly different proof of the maximum principle
of A. Coérdoba & D. Coérdoba. Indeed, the following proof only relies on the concentration condition. Assume that
molecules we are working with are smooth enough and in particular continuous. Following an idea of [§] (section 4
p.522-523) (see also [12] p. 346), we will denote for s € [0, so] by Ts the point of R™ such that ¢ (s, Ts) = ||¢(s, )| L.
Thus we can write, by the properties — of the function 7 :

d _ _ — 1/’ Safs B ¢ S,
0t Mo < = [ [l — (e, — plnldy < - [ BT 0oy <o )
S R™ {|Zs—y|<1} |7, — 9
To establish the control of the theorem we aim at proving that:
d n—+-y o _(w—y) 14+ %
S Mo < = (D) (o o) 5 ol (1.19)

Indeed, integrating (4.19) yields:

/030 % (W(s, ')||Zﬁ) ds > /OSO % (KCT)Q N Ks]%) .

-2 nty -3 P o nty
ls0, MZ 2 () + Ksol 72 4 (100, )27 = [(¢r)e]#3 ) = [(¢r)* + Kso] 752,
recalling the initial height condition [|4)(0,-)||z~ < (¢r)~(+7) for the last inequality, we therefore derive

_n+ty

[¥(s0, Moo < ((¢r)* + Kso)™ =,
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which is the required control.

To establish the differential inequality (4.19) for s € [0, s¢], let us first consider a corona centered in Z4 defined by
C(R,pR) ={y e R": R < |Ts; — y| < pR}, where the parameter R > 0 to be specified later on is such that 0 < pR < 1

with p > 2. Then:
/ w(sLxs) *;/L(z ) dy > / w(sLxs) - ;ﬂ(z Y) dy.
(To—yl<1}  |Ts =Yl c(rpRr)  |Ts =Yl

Define now the sets By and By by By = {y € C(R,pR) : ¢(s,Ts) — ¥(s,y) > 3¢(s,2,)} and By = {y € C(R, pR) :
U(s,Ts) — (s, y) < 3¢(s,Zs)} such that C(R, pR) = By U Bo.

We obtain then the inequalities

Y(s,Ts) —U(s,9) Y(s,Ts) — (s, y) Y(s,Ts) Y(s,Ts)
b > - dy > =25 (|C(R,pR)| — |B
/C(R,pR) 7, -yl Y 5, [Ts—yrte Y 2p"+°“R”+"| 1 2pnta Rt (C(R, R = 1B2l)
1/)(3»@) n n
syrtagpirs (V" DR~ 1By (4.20)

where v,, denotes the volume of the unit ball.

To continue, we need to estimate the quantity |Bz| in the right-hand side of (4.20)) in terms of ¥(s,Z;) and R. We
will distinguish two cases and prove the following estimates:

1) if [T, — z(s)| > 2pR or |Ts — z(s)| < R/2 then

w—y

Ci((Cr)* + Ks) = (s,Ts) 'R > |By| (4.21)
2) if R/2 < |Zs — x(s)| < 2pR then

- 1/2
(Cg((g“r)“ —&—Ks)“R"_‘”w(s,xs)_l) > | Byl (4.22)

For these two controls, our starting point is the concentration condition, indeed we can write:

(e +55) 7 = [ sl ol [ ol -a@ra = U5 [y os@ra. @)

2 2

We just need to estimate the last integral following the cases given above. Indeed, if [Zs — x(s)| > 2pR then we have

mln — (s W> Rw: wa’
y€32CC(R,pR)|y ()] = (pR) p

hile if |Z5 — < R/2, one has i — “ > —.
while if 7, — o(s)| < R/, onehas __min |y~ 2(s)|* > o

Applying these results to (4.23) we obtain ((¢r)*+Ks) = > @pr“\Bﬂ and ((¢r)*+Ks) = > wleZa) & By,
and since p > 2 we have the first desired estimate:

w7y w—y

C’l((CT)O‘—i-Ks) = - 2((Cr)°‘+K5) =
¥(s,Ts)RY - p¥U(s,Ts)RY

For the second case, since R/2 < |ZT5 — z(s)| < 2pR, we can write using the Cauchy-Schwarz inequality

2 |BQ| with Cl = 21+w'

-1
[ sty 5P ([ -aola) (420
By By
Now, observe that in this case we have By C B(z(s),5pR) and then

/ ly — x(s)|"“dy < / ly — ()| "“dy < va(5pR)".
Bs B(z(s),5pR)

Getting back to (4.24)) we have ly — 2(s)|“dy > |Ba|?v;, ' (5pR) ™™ and we use this estimate in (4.23) to obtain
B

CQ((CT')Q +KS)%Rn/27w/2
P(s,Ts)1/2
Now, with estimates (4.21) and (4.22)) at our disposal we can write

> |By|, where Cy = (2 x 5" “u,p""@)1/2,
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o if |T; —x(s)| > 2pR or |Ts — x(s)| < R/2 then

_C’l((Cr)o‘+Ks)% o
PR )

G

|js — y‘n-&-a y= 2pn+aRn+a

/ Qﬁ(s,fs) - ¢(Say)d > ¢(57f5)
C(R,pR)

o if R/2 <|T, —z(s)| < 2pR

/ w(svfs) _w(&y)d > 1?(87@)
C(R,pR)

B CQ((C’I“)a 4 KS)%Rn/2—w/2
|Ts _ y|n+a — 2pn+aRn+a .

w—y
If we set R = (((r)® + Ks) “0F) w(s,fs)fﬁ, since we are working with small molecules we have 0 < R < 1 and we
obtain for all the previous cases the following estimate:

|Ts — y[rte 2pmte

/ dj(safs) — w(safs)dy > vn(pn — 1) — \/E(5P) K2 ((CT)a + KS)_ﬁw(s f’)1+n_jﬁ.
C(R,pR) N o

At this point we set p = 5 and once the dimension n and the parameters «, w are fixed, we obtain that the quantity

v (5™ — 1) — /20,5
. v 7 (4.25)

is a small positive constant. Thus, and for all possible cases considered before, we have the following estimate for
@19):
d z a —553 Lt ags
T (s )l < =20 e x ((Cr)* + Ks) X [[9(s, )l "
We recall now that the constant K was given in (4.15)) and therefore we can write

n+-y

d o —d 4255
sl < = (D) (o) 4 5097 ot
which is exactly the formula (4.19).
The proof of the Height condition is finished for regular molecules. In order to obtain the global result, remark
that, for viscosity solutions studied in Section we have A)(sg,T) < 0 at the points T where 1(sg, ) reaches its

maximum value so we only need to study the term L(sg,Z) as it was done here. We refer to [§] for more details.

Remark 4.4 The constants obtained here do not depend on the molecule’s size but only on the dimension n and on
parameters w, v and .

Remark 4.5 The above computations amend the ones performed in [3].

3) Small time L! estimate

This last condition is an easy consequence of the previous computations. Indeed: we write

/ (50, 2)|dz = / (0, )|+ / (50, 2) |z
n {|lz—=z(s0)|<D} {lz—x(s0)|>D}

on D" 650, )|~ + D~ / (50, )| — 2(s0) |

IN

Now using the Concentration condition and the Height condition one has:

D" we
o+ D7)+ Kso)

/ [¥(so,x)|de < v, =
" ((Cr)* + Kso) =

where v,, denotes the volume of the unit ball. An optimization over the real parameter D yields:
2u,

[Y(s0; ) £ ——————
((¢r)™ + Kso)

(4.26)

212

Theorem (10| is now completely proven. |
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4.2 Molecule’s evolution: Iteration

In the previous section we have quantified the deformation of molecules after a very small time sg. The next theorem
shows us how to obtain similar profiles in the inputs and the outputs in order to perform an iteration in time.

Theorem 11 Fori € N* and a given time s;_1 such that 0 < s;_1 < T, let (s, x) with s € [s;_1,T| be a solution of
the problem

3s¢(5,$) = -V (U w)(svx) - ‘Cw(&x)a
div(v)= 0 and ve L>([0,T], M**(R™)) with sup [v(s,")||amae < p
SG[Sifl,T]
Here, the initial data 1p(s;—1,x) satisfies the three following conditions

/ [W(sic1,2)|lv — 2(si—1)[“dz < ((Cr)* + Ksi—1) o 3 [W(sic1,)lLe < ! e
’ ((Cr)o + Ksi1) ™

21}{;%
((Cr)™ + Ksi—1)

where y,w, o and K are as in Theorem[10}, s;_y is such that (((r)*+ Ks;—1) < To/2 and z(s;_1) stands for the center
of the molecule at time s;_1. Then for all time 0 < s; < er®, where € is small, we have the following estimates

1Y (si—1,-)llLr

)

I
o2

/n [ (si,2)|le —x(si)[“de < ((Cr)* + K[sio1+si]) =, (4.27)
(i Yle < ! . (4.28)

((Cr)> + Klsi—1 +si]) =
(si, M < 201" (4.29)

oR

((Cr)* + K[si—1 + si])

Remark 4.6

1) Since s; is small and (((r)*+Ks;—1) < Tp/2, we can without loss of generality assume that (({r)*+K[s;—1+s;]) <
To/2: otherwise, by the mazimum principle there is nothing to prove.

2) The new molecule’s center z(s;) used in formula is fized by the evolution of the following differential
system:

2'(s) = UB(a(s).pi) = |B(w(i)7pi)|/3( " )v(s,y)d% s € [si-1, 8],
x(S),;pPi
x(si—l): Tsi_ 15

where x5, , denotes the center of the molecule at time s;—1 and p; = Cﬂlri with

1
K o
Ty = (T‘a + Ca&'—l) ) (4.30)

and CP' is the same as in Definition . Note that by Point 1) above we have 0 < r; < 1/(.
3) We have in particular that the hypotheses on the initial data can be rewriten as follows

/n Y(si—1,2)||z — 2(sim1)|“de < (Cr)* s W(si1, )z < (Cra) ™" (si1, )|l < 20777 (Cra)™7;

and  ||Y(si—1,")|lLr < C (Cﬁ)ﬂw%fnY (1 <p<+00).

Proof of the Theorem [11]. The proof follows the same lines as the one of Theorem Indeed, the concentration
condition (4.27)) can be established similarly to (4.9) replacing r by r;. The height condition (4.28) is again proved

similarly to (4.10). The condition (4.29) is eventually derived exactly as (4.11)) from the controls (4.27) and (4.28).
We thus have:

w—y 1
/ (i, @)l — a(s:)[“da < ((Cra)™ + Ksi) "= 3 (s, )|l < pEEg
" ((Cri)™ + Ks;) ™
21)7’{ﬁ
[4(si,)llr < g
((Cri)> + Ks;)©
Finally, recalling that r; is given by (4.30)), we obtain the wished estimates. |

24



End of the proof of Theorem [9]

We see with Theorem [10] that it is possible to control the L' behavior of the molecules 1 from 0 to a small time sg.
Theoremextends the control from time sg to time sy. We recall that we have s; —s;_1 ~ er® for all 0 < ¢ < N (with
s_1 = 0), so the bound obtained in (4.29) depends mainly on the size of the molecule r and the number of iterations N.

We observe now that the smallness of  and of the time increments sg, s1 — g, ..., SN — Sy_1 can be compensated
by the number of iterations N in the following sense: fix a small 0 < r < 1 and iterate as explained before. Since each
small time increment sg, s; — Sg, ..., SN — Sny_1 has order er®, we have sy ~ Ner®. Thus, we will stop the iterations
as soon as Ner® > Ty.

Of course, the number of iterations N = N(r) will depend on the smallness of the molecule’s size r, and more
specifically it is enough to set N(r) ~ 5—% in order to obtain this lower bound for N(r). Proceeding this way we will

obtain [[¢(sn, )|l pr < CTy " < +o0o, for all molecules of size r. Note in particular that, once this estimate is available,
for bigger times it is enough to apply the maximum principle.

Finally, and for all » > 0, we obtain after a time Ty a L' control for small molecules and we finish the proof of the
Theorem [ [ |

A Controls on the Drift.

Lemma A-1 [Smooth Approzimation of the Velocity Field]

o Let v e MP*(R"™) with 1 < g < +00 and 0 < a < 400. Let v, be defined by ve = v * w. where w. is such that
we(z) = e "w(x/e), w € C(R™) is a non-negative function with supp(w) C B(0,1) and / w(x)dx = 1. Then
R’n,

for all e > 0 we have the inequality
lo % wellpoe < Ce™"/4[0]|praca.

e Consider now v € L>([0,T], M4*(R")) with 1 < ¢ < +00 and 0 < a < +o0o and define v, = v * Y. where x
stands for the time convolution and 1, (t) = e 2p(t/e) with ¢ € C§°(R) is a non-negative function such that

supp(v) C B(0,1) and /1/J(t)dt = 1. Then we have:
R

HU*,SHL‘X’(MW) < HU||L°°(M<LG)-

Proof. For the first point, if 1 < ¢ < 400 and 0 < a < +0o0, since for a small £ > 0 we have supp(w.) C B(0,1) we

can write for a fixed point x € R™:
1 1 1/q
T—y n
[t () al < 5[ ) el
B(z,1) € € € B(z,1)

/n v(y)éw (x;y> dy‘ =

where 1/p 4+ 1/q = 1. Then by the definition of local Morrey-Campanato spaces we obtain

1 T —
[ otz (1) o] < ool

E’ﬂ

For the second point, it is enough to remark that for a spatial ball B(xg,r) C R™ centered in zy € R™ and a given
radius r > 0, for all (¢,2) € [0,T] x B(xg,r), we have

|U*,€(t7 x) - (6*,€(ta '))B(wo,r)l = H’U(,l‘) - (@('7 .))B(IQ,T)] *ws(t” < OiltlET |’U(t,.’L‘) - (’E(t7 '))B(IOJ")L

and from this estimate we reconstruct the Morrey-Campanato norm in the space variable to obtain the wished in-
equality. |
Proof of Lemma . Let R > 1. For 1 < p < +00, recalling that % =1 — «, we have the following inequalities
e if 0 < d < a < 1: in this case we have n < a < n+ ¢ and M?* = M9 N L, then we can write
[ (Ar(s, ) = M/2)v(s, ) - Vool , < (IAR(s, )z + M/2)|lu(s, ) L= Vol o,

now using the definition of the function ¢, applying the maximum principle and the fact that v € L (M%*) we
obtain
|(Ar(s. ) — M/2)o(s, ) - Vegll, < CRTH ([l dg gll e + D/2) o]l g
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e if 1 < < a < 2: this case is similar to the previous ones. Indeed, we have

|| (AR(S’ ) - M/2)U(5a ) ! V(tDHLp < H (AR(S’ ) - M/Q)V(p”LI; ”U(Sv ')”L‘I(B(O,R))a

where 1/p = 1/p + 1/¢q, which lead us to the condition ¢ > p, now we have (recalling R > 1)

H (AR(S? ) - M/Q)U(Sv ) : V@HLP

IN

[(Ar(s, ) = M/2)|| o IVl o R0, ) | ara.e
ORI/ (|| Ag k| oo + M/2) 0] Lo (ag0.0).

IN

The Lemma is completely proven. |

B Controls on the Operator and some Associated Commutators

We first introduce a measure decomposition that will be frequently used in this appendix. The key idea consists in
rewriting the density 7 of the initial Lévy measure satisfying condition [ND] as

Yy € R", 7(y) = (7 + ) (y), (B.1)

where the function 7 is defined over R™ by
wy) =nly) iflyl <1 7(y) =7(y/lyhyrme iyl =1, so that

(B.2)
Gly|m ) <F(y) <elylT )i fy| > 1

Remark that for all y € R we have ¢, |y|~ "+ < 7(y) < Ely|~ ™+ and thus the Lévy-type operator L associated
to the function 7 is equivalent to the fractional Laplacian (—A)%. On the other hand the support of 7 is included in
B(0,1)¢ :={y € R" : |y| > 1} and:

m()] < C{lyl= ") + [y =+ ) (B.3)

It is worth noting that the equivalence of the operator £ with the action of the fractional Laplacian (—A)?% is only
valid in a LP-sense with 1 < p < 400 (see e.g. [12]). However, in some very specific cases, it is possible to obtain a
similar behavior in a L'-sense. This is for instance the case when considering the application of L to the heat kernel
as in the statement of Lemma 211

Proof of Lemma [2.1] We recall here that we assume the parameter ¢ > 0 to be small since Lemma [2.7] is needed
to investigate the local existence of solutions. We give for notational simplicity the proof for 8 = 0, the case 5 € (0, 2]
can be investigated rather similarly. If 0 < § < a < 1, using (1.4) and (L.5) we obtain for the heat kernel h; the

inequalities
|he (@ (z — he(x —y)|
{/ﬂ /n |y‘n+o¢ d d$+ o " ‘y|n+5 dyd.’E = C Hh’tHBij"l + Hh’tHBfl

< 5+t_§)

| Lh] L2

IN

If 1 <6 < a <2, we consider the previous decomposition (B.1]) and the controls . to obtain:

Chill < / Vp/ [he(z) — oz — )] 7(y) ‘dm+0{/n/{yl>l} [P yﬁff— N gy

/ / [P ( n+(a )dydm}.
w1y 9]

Itl

Since hy(x) = (4;0% e~ "4t | by homogeneity we have
. 8 () -~ (5 )]
ILhellr < C’{tz +t’%/ / . P S dydx
» Hlyl=em2) ly["

. e | (5) (5 - )|
S Y A cls il el PP
n Sz by [yl e
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The first term in the right hand side can be derived observing:

Tl::/ d"I;:/

for an arbitrary € > 0 using the symmetry of the measure 7. Hence:

T, < Ot~ (nte)/2 / { /

Choosing now, ¢ = t'/2 we get:

70(/2 X €T A x
o< Ct {/n </|y|>1{h1( +y) + ha( )}|y|n+a>d
ex €T _ 2 7 —04/2
o/ (/ylgl p (= O (/8 P /0)lol? nm)d }g(]t ,

using the usual convexity inequality |z + y[? > 1|z|? — |y|? for the last but one inequality and the Fubini theorem for
the first term to get the stated upper bound up to a modification of C'. Now, since ¢ is a small time, as we are working
in a local in time framework, we have t~2 > 1 and then

. {hi(z +y) = hu(x) — Vh(2) -yl < }7(y)dy

dx,

vp. [ [ule) ~ hule — ] 7y

dy
hl(tl/Q v) - hl(tl/Q) Vhl(tl/Z)'y]lly|<tlE/2‘y|nJra}dx'

3 1 —a _
ehe < Coteor bl [y ot [y < C(t2 Hf). -
=1y [yl (ui>13 1Yl

Proof of Lemma[3.2. We recall here that for z € R", (z) = ¢(x/R), R > 1, where ¢ is a non-negative smooth
function such that ¢(z) = 11if |z2] < 1/2 and ¢(z) =0 if [2] > 1, z € R™.

If0 <60 <a<1,wehave [L,p]Ag(s,x) = V.p./ (¢(z) — p(z —y)) Ar(s,x — y)m(y)dy and we proceed as follows.

n

We begin with the case p = +o00 and we write:

,LWM (s, y)ldy+/ wm (s, y)|dy} (B.4)

.

£, 6] Ar(s, 2)]| < c{ /

Again, it is enough to study one of these two integrals since the other can be treated in a totally similar way. We
write:

lp(z) — o(y)] / lp(z) — oY)l lp(z) — oyl
1PA%) ~ 91 4 s,y)ldy = 1PA%) ~ 91 4 s,y)|dy + 1PAL) — P91 4 s,y)|dy
/n |z — y[rte [4r(s.9)] (le—y|>R} |T—y["T® [4r(s.9)l {o—yl<r} |2 —y["F [4r(s.9)]
Agr(s, \% oo |T
< ol [ UL f o ISl
{e—yl>R} |7 — Y {o—yl<r} 1T =Yl
1 _ |Ar (s, y)
< 2follL= | Ar(s, ) Loo/ — dy+CR™! R I
lellz=ll4r(s,l {lo—y|>R} [T —y["He {lo—y|<r} [T —y[rTet
< 20|@llp<lAr(s; ML R + C||AR(s, )| R~ < CR™*||Ag gl L>-

Then, with the d-part in inequality (B.4]) we have

1L, ] AR(s, )= < C(R™™ + R™?)

The case p = 1 is very similar. Using inequality (B.4]) we have

/n |[£, 0] AR(s, z)|dz < C{/n /n y|”+a ‘|AR(3 ) |dyd3:+/n /n y|n£6)|A (s, y)|dydac}

We only estimate one of the previous integrals.

le(z) — ()| |AR(s,y)|
|ARr(s,y)ldydz < Cllp|lL= 2 dydx
/n /n |$—y‘n+a n J{|lo—y|>R} |x_y|n+a
TR / / |AR(fL+@2| oy i
n J{a—yi<ry 17 = Yl
< Cllell=[[Ar(s; )1 B~ + C||Ar(s, )|pr R~ < CR™|| Ao ,rl|L1-
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With the other integral, we obtain
1L, @] AR(s, )L < C(R™* + R™°)|| Ao rllz:-
Finally, the case 1 < p < 400 is obtained by interpolation. See [I1] or [22] for more details about interpolation.

If 1 <6 < a< 2, wehave now [L, p|ARr(s,z) = V.p./ (o(z) — p(z —y) — V() -yl <1) Ar(s,z — y)m(y)dy.
Rn
With the notations of (B.1]) and the controls of equations (B.2]) and (B.3) we obtain

£eln(s.a) = v [ (pla) ~ plo — ) = Vila)  yLyicr) Arls,z = p)r(s)dy

vp. [ (pla) ~ pla ~ ) = Viola) -y pcr) Al — ) F()dy
+ vp. / (p(@) = lz —y) = Vo(z) - ylyj<1) Ar(s, x — y)m(y)dy.

We start with p = +o00. Using the decomposition of 7 in (B.1)) and applying the maximum principle on the function
AR we have

H‘Ca SD]AR(Sv CC)‘ <

v [ 900 = ol = ) = Volo) i) An(s. - ()

+

v.p. /R (¢(x) — (@ —y) = Vo(z) - yly<1) Ar(s,z — y)w(y)dy‘ (B.5)

< Mol ([ 1olo) = ol —1) = Volo) - sty )y +

v.p. /Rn (p(2) = p(z — y))ﬂ(y)dy‘) :

We recall now that p(z) = ¢(x/R) and since ¢ is a smooth function by homogeneity we have for the first integral
above that

[ 16(@) = ¢le — ) = Velo) - yLycal[Fw)dy < R,
For the second integral, using the definition of m we write

A% Tr) — xr — ™ C |<,0(!E)—<p($—y)| c “P(x)—<ﬁ($—y)|
.p./n () — y))(y)dy' < 2/{|y|21} pita dy + 2/{y|21} Mz dy (B.6)

1 1
Vel | [ ety [y <o
i1y ly[ et (yi=1y ly[" ot

so we obtain [|[£, p]Ar(s, )|l < C(R™ + R™1)|| Ao r|| Lo

IN

We treat now the case p = 1. Using the decomposition 7 = 7 4+ & and inequalities (B.5) and we can write

[ lieelan(sa)lds < [ [ Jota) = plo - ) = Vola) Ly~ ) F(o)dyds

_ _ A _ _ _ A _
R O B TR PR g g . e S P
n Jilyz1y || n Jyi>1y ly|

Using the same arguments for the two last integrals we obtain

[ lieelantsais < [ [ Jo@ - o) - Vola) - ytyllAn(sz - lF@dds + ClAr(s, o Vel o~

IN

Ar(s. em [ [ lola) = ole = 9) = Viola) - yliyper [Fo)dyde + CllAr(s. | B
Using the definition of ¢(z) = ¢(x/R) and the maximum principle we obtain
/ (£, 0] AR(s, 2)|de < C([|Ao,rllL=R™*" + | Ao,rllL1 R™).

With the L>°-L! inequalities, the L? case follows by interpolation:

1L, ¢l ARl < C(Ao,rll L BT + | Ao rl .t R 7 (R + RV || Aorllz=) 7. u

28



C Controls Related to Concentration

We will need the following results concerning Morrey-Campanato spaces:

Lemma C-1 Let 1 <g<+00,0<a< 400,20 €R", 0<p<1andkeN.
e We have the inequality || f — [ p(uy | L2(B@o.0)) < CP |1 fllasae,

e If0 <a<n we have
|fB(a:g,2’“p) - fB(ZE07p)| < CPTHfHMq’a? (Cl)

e If n < a<n+q we have
|fB(zo,2’“p) fB (o, p)| < C(Zk ) ||fH]VI‘1 @ (C2)

See [26] and [I] for a proof of these facts.
We will prove here Lemma in a slightly more general framework.
Proposition C-1 Consider a time sy € [0,T] and let 0 < w < 1 and By < 1 < B1 be parameters. Let (> 1 and 0 <

r < 1 be such that p = ¢P'r < 1. Let v(sy, ) € M%® with 1 < ¢ < +00 and 0 < a < n+q, ¥(sn,) € L, r € [1,+d]
and let x(sn) be a point in R™. If we define I, by

oy = [ o= 2(on)l* olsn.2) — 0, s, )l da.
R

where Up, was given in page then we have the following inequalities:
1) Ifo<di<ax<l andifai_v<q:

Iy < Cllo(sns)llaraa [(Cﬂl ) {(CBO TR (s, e + (CPUHIr) T (s, )|LP}

H(¢Prr) T (s ')||L'1"| ;

In 1_{(51*ﬁ0)(5(“f*1)+”)
=lande= —Gommene >0

)UI‘H

where 1 < p < 17— with % + ﬁ =1, moreover we set p > 7= with

w

Sl

2) If1<a<2andifﬁ<qwehave:

a w—14+2 ra w—14+2 ) _
Ly < Cllolsn, Marme (€ (€7 fosn, Ml + (€)= 5) o, - + () bl o )
1,1 1 1,1 ,1_1 = n
wherea—i—?—l, 5+a+;—1,p>m and € as above.
Proof. We define p = (%17 €]0,1[ and we consider the space R™ as the union of a ball with dyadic coronas centered
around x(sy). More precisely we set R" = B, UJ,», E) where
B,={z€R": |z —x(sy)| <p} and Ep={zcR":2""p < |z —a(sy)| <2"p}, (C.3)

and we write

I, :/ & — 2(sn)|“ " Ho(sw, 2) — U, || (s, @ |d:f:+Z/ @ — 2 (sn)|“ M o(sw, ) = T, [ (s, x)|da.
B, k>1
We will study each of these terms separately.

(i) Estimations over the ball B,. We define py = ¢Por, since By < By and ¢ > 1 we have py < p, and then we can
consider B, = B,, UC(po, p) where C(po, p) = {z € R" : pg < [x —z(sn)| < p} so we need to study I, +Ic(py,p)
where

Is,, =/ |z — 2(sn)[“ " o(sn, @) = U, ||¢(sn, x)|de,
B

PO
and
L) = /C ) e, 7) = T e )l
PO,

We now consider separately the cases 0 < a < 1land 1 < a < 2.
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e Consider first 0 < o < 1. Recall that in that case v(sy,-) € C}"*(R"), 1 —a = «*. Hence, for all z € B, we

have the uniform control [v(sy,z) —Up,| < Cp 7 ||v(sn, )||araa. Thus we can write

IBoo + IC(PmP) < CP%HU(Sm Ilaraa (/

By,

|lx — x(sN)|‘”71w(sN, x)dx + /

C(po,p)

& — 2 (sw)|“ " (s, $)|d$> :

By the Holder inequality we obtain

a-n 2tw-1 w_1)4n — 1/p
IBpo + Le(po,p) < Cpa ||U(Sm')M‘1v“{Po 1V (sn, ) por + (pé’( s Pp(w 1)+n) [ (sn, ')”Li”}’

where 1 < p < 2= and%+1%:1and;5> = With%—k%:l. Now, if we define € as
In [1 — (B1=B0)(lw=1)m)]
~ (pw = 1) +n)BoIn(¢)

which is a positive quantity since p(w — 1) +n < 0 and recalling that p = (#1r and py = (#r, we obtain

p(w— n p(w— n /% w—l+2
(pg( Dn _ pplw=1)+ ) = (¢PoFe) w143
and we can write
IB,, + 1e(pop) < Cp;||v(8n»')|M‘1*“{(<50r)w_1+z”"/}(SNW)|LP' + (CBO(Ha)T)”_HZ||¢(8N,-)Lﬁ/}7 (C.4)

which is the first part of the control of I, in the case when 0 < a < 1.

e We consider now 1 < a < 2. In this case we proceed in a different manner to study the sum Ip, + Ic(y,,p):
indeed, by the Holder inequality we have with 1% + % + % =1,p> %5 and % + % =1:

w

Ip,, +Ic(popy < l(sn, o x e —2(s8)* e s,,) % 10(sn,2) = Tp, || a(B,,)

1/q 1/p
+ < / lo(sn, ) —vB,,|de> ( / o — x(sN>|<w1>pdx) lb(sns )l
C(po,p) C(po,p)

Now, since pg < p and since from Lemma we have [[v(sn, ) =B, l|LeB,) < Cllv(sn, ) |amaa pi we obtain
w—l—&-ﬁ a
Ip,, +1Ic(po,p) < Cliv(sn, )= x po X [v(sn, ) maape
1/p
oo, Marnapt x (040 = FOD) Do,
Proceeding just as in the case 0 < o < 1 we finally write:

In,, + Ic(pop) < Cllo(sn, )lagae (CPrr)s ((cﬁw)‘“*a”'nw(sw, WNipee + (CPEFDr)= 15 [y (s, ~>|Lz>. (C.5)

(ii) Estimations for the dyadic corona Fj. Let us note Ig, the integral

I, = [ o= (o)~ olo ) =, 6 s, ) da
Ey
Since over Ej we haveﬂ |z — z(sy)|“71 < C(2Fp)»~! we write
Ig, < C@2Fp)t (/ [v(sn, @) =B, |[¢(sn, z)|dx +/ Vs, —UBQkpli/J(Svi)dx) :
Ey

Ey

where we have denoted By, = B(z(sn ), 2"p), then

In < O (/ o5 2) = T, [ )ldo + [ |va—vBQkp|w<sN,x>dx>
B2kp

Bka

IA

C(2Fp) <|v<sN7 )= T oo [0, M + [

B2k

|®Bp - ﬁszP ‘ |¢(5N7 :L')dl’) )

P

5recall that we always have 0 < v < w < 1.
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where we used the Holder inequality with % + % =1

Now, since v(sy, ) € M%*(R"), using Lemma [C-1] we have
° if0<5<a<1andthen%:1—a>0750n<a<n+q:

Ip, < C(@*p)*! ((2'“ Vollolsn,)larael[(sn, Vg + (250) 7 F 4 [[u(sn, )||M‘1’“||1/J(8Na')HLq/)'

e if 1 <§ < a<2and then “;":1—a<0,500<a<n:

In, < CE ) (@) ulsn, Mamal¥(sn, Y + 05 (250) F ol lasna (s, Mg )

But since by hypothesis we have O(Lﬂ < ¢ in the first case or % < ¢ in the second case, summing over each
dyadic corona Ej, we have in both cases the inequality

> I, < ClloGslarme p°7 75 blsn, ) o (C.6)
k>1
Now, in order to finish the proof of the Proposition it remains to gather (C.4) and (C.6]) to obtain the inequality
when 0 < o < 1, and to gather the estimate (C.5) with (C.6|) to obtain the control needed when 1 < a < 2. |

We now prove Lemma [£.2] with the following proposition.

Proposition C-2 Consider a time sy € [0,T], a real 0 < w < 1 and a real 0 < p < 1. Let z(sy) be a point in
R™. If ¢¥(sn,-) € LP with 1 < p < 400 and if L is a Lévy-type operator under the hypotheses and , for
0 <4 < a <2 we have the inequality

/ |L(lx = 2(sn)¥) | [¢ (s, @)|da < Cp*™ V5 (s, )| Lo
1 1 _ n
where 5—&—5—1 andw—§+5<0.

Proof. As for Proposition [C-1] we consider R™ as the union of a ball of radius p with dyadic coronas centered on the

point z(sy) (cf. -
/|(|zf:csN N (sn, z)de = / |L(lz = z(sn)“)] [¥(sn, @ |dz+2/ (Jo — z(sn)|?) | [ (sn, )| da.
R'Vl

k>1

(i) Estimations over the ball B,. From the Cauchy-Schwarz inequality, we write:

Lp, = / |L(lz — z(sn)|) [ (snv, @) |da < ([ (s, o) 1Lz — 2(sn)[¥ | Lacs, ),

P

and we need now to study the term [|£|z — z(sn)|“||za(,) Which is equivalent up to a change of variables to

( / |£x|W|de>
B(0,p)

q
< (/ da:)
B(0,p)
q
+ </ dac)
B(0,p)

We will start assuming 0 < w < § < a < 1. Then, using inequality (B.3|) and by homogeneity we have

_ 1
q q
7 —atn ||z — |z — y|“|
|L|z|“|* dx < Cp¥mta / v.p./ —— " dy | dz
</B<07P> {lz|<1} n |y|mte
ol e =yl \"
+eprTota (/ (/ Wdz;) dm)
{la1<1} \{lyl>1/p} |y|n e
ol = e =yl \'
tep Tt (/ (/ xyiéydy> dac)
{el<1} \J{lyI>1/p} [yl
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Q=

We use decomposition (B.1]) to obtain:

( / |£|x|“|"dx>
B(0,p)

Q=
Q=

v [ [l = lo gy

Q|-

vp. [ llal* = o = ylz)dy

Q=

Q|

Q=



Since 0 < p < 1 and ||z|¥ — |z — y|“| < c|y|¥, the two last integrals in the right hand side can be bounded by a
uniform constant so we only need to study the first integral above that can be decomposed in the following way:

o el \T o
/ V'p'/ Hx||—iy||diy dx < / V.p./ Hx||—iy|’dy dx
{]z|<1} " |y|n « {Jz|<1} {lyl<1} |y|n «
W e o |w q
+ (/ (v.p./ Wdy> dx)
{lz|<1} {ly|>1} |yl

For the first integral in the right hand side we use the inequality ||z|* — |z — y|*| < |y||z|“~!, for the second
integral we apply the same arguments used before (i.e. ||z|¥ — |z — y|*| < ¢|y|*). In any case all these quantities
are bounded by constants and we obtain:

Q=
Q=

Q=

IL|x — x(sN)|wHLq(BP) < C’(p“’_a"'% + pw_‘;"'%).

The case 1 < § < a < 2 can be treated in a very similar way performing a Taylor expansion of second order,
reasoning as in the proof of Lemma [3.2] for that case (see [9], Section 3 for more details).

o+

Q3

Finally, recalling that 0 < p < 1 and since 0 < § < o < 2 we obtain p“~ < p*7°*% so we have

Ip, < Cp* "% |¢(sn, )l Le. (C.7)

Estimations for the dyadic corona Ej. By the Holder inequality and by homogeneity we have

/E £(]z = 2(sm) )l (sn,0)ldz < [ (sn, )| (251 p) T 0F 7 sup

1<]z|<2

v [ ol = lo = o In( .

I

Using again the decomposition 7 = 7 4+ x given in (B.1]) and (B.2]) page [26| we have

I < sup(

1<[a|<2

vp. [ ol = e y%(z“pmdy] "

v [ ol =l = yaC ). (©3)

We will study each one of these two terms separately.

e For the first one we have:

(C.9)

V.p./ [|z] — |z — y|“’]%(2k_1py)dy‘ < sup
R" 1<|z[<2

vp [l o yRE )y
B(0,1/2)

s [l o= yTRE ) .
1<|z[<2 / B(0,1/2)°

For the first integral above we recall that the function 7 (y) is equivalent up to some constants to the function
ly|~"~* and we remark that the function y — |z — y|“ is smooth for y € B(0,1/2) and z in the annulus
{zr € R":1 < |z| < 2}. Thus we can write for 0 < a < 1,

sup V.p./ (|| — |2 — y|*]7F (2" py)dy| < sup V.p./ x| — |z — y|*| 72" py)dy
1<]ol<2 B(0,1/2) 1<al<2  JB01/2)
w—1
ANES +1 - —n—a w— —n—a — —n—a
< s [ BT gy <@ty s (al ey [ e oy
1<lzl<2/B0,1/2) 287 pyl 1<|z|<2 B(0,1/2)

The case 1 < a < 2 can be treated in a completely similar way by performing a Taylor expansion of second
order (see [9], Section 3 for more details).

The last integral of (C.9) can be easily controlled since

~ ok x| — |z —yl|¥
/ [z = |z = y|]7 (2" py) | dy < C/ %dﬂ
B(0,1/2)¢ B(0,1/2)¢ 1281 py|

1 \n-a yl”
<C@2¥p) / ‘nwdy,
B(0,1/2)¢ Y|




and as we have 0 < w < a < 2, the previous integral is bounded and we have
Lo et = o R ) dy < €y
B(0,1/2)¢

e The second part of the formula (C.&)) can be handled similarly exploiting the global bound z(y) < C|y|~+9).
We have the following inequality for this term

sup
1<]z|<2

V'p~/ lz|” — |z — yl“]ﬂ(zk_lpy)]l{zklpy|21}dy‘ <oEMlp) T o2 )l
RTL
Finally, with these two inequalities for the terms of (C.8]) one obtains
— w+n 1 — —n— — —n—
[ 180 = a(sn) ) (e 2)lde < s, Yus (241 p) 404D (<2’“ )T (2R ) 6)'
k

Since 0 < v <w < §<a<?2and sincew—é—&—%<07 summing over k > 1, we obtain

S [ 12lle = sl vl s < (s, s (pwﬂ‘ +p”+3).

k>1

n

Repeating the same argument used before (i.e. the fact that 0 < p < 1 and that pw_‘”'% < prmoty ), we finally

obtain
Z Iy g, < Cp *Ta|Y(sn, )| Le- (C.10)
k>1
In order to finish the proof of the proposition, it is enough to gather inequalities (C.7]) and (C.10). |
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