Local stability of energy estimates for the Navier—Stokes
equations.

Diego Chamorro, Pierre Gilles Lemarié-Rieusset, and Kawther Mayoufi

ABSTRACT. We study the regularity of the weak limit of a sequence of dissi-
pative solutions to the Navier—Stokes equations when no assumptions is made
on the behavior of the pressures.

1. Local weak solutions.

In this paper, we are interested in local properties (regularity, local energy
estimates) of weak solutions of Navier—Stokes equations.

DEFINITION 1.1 (Local weak solutions). Let Q be a domain in R x R? and
f € L% (Q) a divergence-free time-dependent vector field. A vector field @ will be

loc
said to be a local weak solution of the Navier—Stokes equations on ) (associated
to the force f) if, for each cylinder @ = I x O (where I is an open interval in
R and O an open subset of R?) such that ) is a compact subset of 2, we have
@€ LL2(Q) N LZHL(Q), @ is divergence-free and, for every smooth compactly

supported divergence-free vector field q’_)' € D(Q) we have

-,

(1) //ﬁ-(at$+A¢3’)+a~(ﬁv )+ F- Gdtdz =0,
Q

More precisely, we shall address the behavior of a weak limit of regular solutions.

DEFINITION 1.2 (Regular local solutions). Let © be a domain in R x R3

and f € L120C(Q) a divergence-free time-dependent vector field and 4 a local weak

solution of the Navier-Stokes equations on € (associated to the force f).

A) 4 is a regular local solution if, for each cylinder @ CC €, we have 4 €
L7%(Q)

B) The set R(@) of regular points of @ is the largest open subset of 2 on which
4 is a regular solution. The set 3(@) of singular points is the complement
of R(@) : 2(uw) = Q\ R(q).

Our result is then the following one [M] :

1991 Mathematics Subject Classification. Primary 35Q30, 76D05.
Key words and phrases. Navier—Stokes equations; Partial regularity; Caffarelli, Kohn and
Nirenberg theory; Local energy inequalities.

1



2 DIEGO CHAMORRO, PIERRE GILLES LEMARIE—RIEUSSET, AND KAWTHER MAYOUFI

THEOREM 1.3 (Singular points of a weak limit.). Let Q be a domain in

R xR3. Assume that we have sequences f; of divergence-free time-dependent vector
fields and i, of local weak solutions of the Navier—Stokes equations on Q) (associated
to the forces f;L) such that, for each cylinder Q CC §2, we have

. f;L € L?HL(Q) and f;l converges weakly in L7H} to a limit f,

e the sequence i, is bounded in L3 L2(Q)NL?H(Q) and converges weakly

in L2ZHX(Q) to a limit i ,

e for every n, U, is bounded on Q.
Then the limit 4 is a local weak solution on ) of the Navier—Stokes equations as-
sociated to the force f, and its set X(i) has parabolic one-dimensional Hausdorff
measure equal to 0.

As we shall see, the main tool of the proof is an extension of the Caffarelli—
Kohn-Nirenberg theory [Cal to the case where we have no control on the pressure
(i.e. the case of generalized suitable solutions [W] or dissipative solutions [Ch]).

2. Pressure.

Equations (1) can classically be rewritten as an equation involving a pressure
term. See for instance [W]. In the following, we shall only need the pressure inside
spherical cylinders @ = I x B (where I is an open interval in R and B an open ball
of R?). In that case, it is very easy to define a pressure p such that

(2) O = Ai—@-Vi—Vp+f inD(Q).

Indeed, let Q, Q7, and Q* be three relatively compact cylinders in Q with Q C Q#
and Q# C Q* and ¥ b a cut off smooth function supported in Q* and equal to 1 on
a neighboorhood of Q#. The function

3

3
o= | 302 00y (i)

i=1j=1
belongs to L?Li/ 2 and, on Q7 the distribution
T=080—ANi+ia -Vi+Vpy— f

satisfies
curl T = 0 and div T = 0.

Moreover, Ty =T — 6t belongs to L?H_2(Q%). Picking to € I, we define S =
t
ﬂ'+/ To(s,.)ds. We have § € L°H2(Q#). Moreover, we have d; curl § = 0

to

and 8, div S = 0. Thus, if « € D(I) with J adt =1, we find that

So=5— /a(s)g(s, ) ds
I
satisfies
8t§0 = i curl §0 =0 and div §0 =0.

In particular,
V( div S5) = VA (curl Sp) = 0.
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Thus, we get that S, is smooth in the space variable; in particular Sy e LW (Q).
If zg € B and if we define

1 —
w(t,z) = /0 So(t, (1 —0)xo + 0z) - (x — x0) db,

we find that @ € L%, (Q) and Vo = 5. Defining p = py — Oy, we find the
equality (2).

Of course, the pressure may be singular in time (as d;w is only the derivative
of a bounded function). We shall comment further on this in Sections 3 and 5.

3. Energy balance.

This section is devoted to the study of 9;|i|?, as it is the main tool to estimate
the partial regularity of 4. If & and the pressure p were regular, we could write
from equality (2)

O4|ii|? = 2 - Opii = 21 - Al — 2ii - (@ - Vi + Vp) + 21 - f

and rewrite

and, since div 4 =0,

2 - (@~ Vii+ Vp) = div ((|i@)? + 2p)@d).
This would give the following local energy balance in @
(3) ala)? = A(|a?) — 2|V @ @® — div ((|@* + 2p)d) +2a - f.
However, local weak solutions (and their associates pressures) are not regular
enough to allow those computations : the problem lies in the fact that the terms
@ - (@~ Vi) and @ - Vp are not well defined in D’. If the pressure is regular enough
(for instance, p € Li/f (Q)) then one first smoothens @ with a mollifier . = % (%),
defining i, = @, * 4. One then finds

—

Ou|ic|? = A(|@c]?) = 2|V @ |? — 2, - e * (T.VT) — 2 div ((p* pe)ile) + 2ic - (e * f).
The limit € — 0 gives then
olal® = Alal*) = 2V @ i — 2lim @, - pe * (@~ V) — 2 div (pi)) + 23 - [.
In order to compare this expression with (3), we define
M (@) = — div (|@)?@) + 2. - . * (@ - Vi)
and write
O, = A(|a?) — 2V @ @ — div ((|@)? + 2p)@) + 2@ - f — lim M. (@).

However, our assumptions on weak solutions don’t allow us to make all those com-
putations, as the pressure we can define on @) has no regularity with respect to the

time variable, so that p is not well defined in D’. Thus, one must smoothens as
well @ with respect to the time variable, with a mollifier 1, (t) = % ( %) Defining
Uey = Un ¥t Pe ¥z U = & ¢ *¢ 4 U, one finds

Oliey® = Allieyl®) =2V @ Geyl® = 2aey - &ne % (@ VD)

=2.div ((p * &n,e)le,n) + 20y - (§ne * f)-
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The limit n — 0 gives then

—

GAUARES A(|ﬁ€|2)—2|§®ﬁ6|2—2U6~<p6*(17~§ﬁ)—2%i_r)% div ((p*&p,e)the,n)+2te-(0e*[)-

The limit € — 0 gives finally
a, |l = A(|a?) — 2V @ @?
(4) - . _ Lz
—2lim | U - e * (U - VU) + hn}) div ((p* &ye)len) | +2u- f.
n—

e—0

In order to circumvene the problems of lack of regularity for the pressure, we
introduce the notion of harmonic correction :

DEFINITION 3.1 (Harmonic corrections). Let  be a domain in R x R3, f e

L% () a divergence-free time-dependent vector field and @ a local weak solution of
the Navier-Stokes equations on € (associated to the force f). A harmonic correction
Hona cylinder @ CC ) is a vector field such that

° §iVﬁ=0&HdAﬁf07

o He L (Q)and ;H € L5,(Q) for i = 1,2,3,

e there exists F € L ,(Q) and P € Lf}/f(Q) such that the vector field
U =@+ H satisfies

U =AU ~U-VU ~ VP +F.

In the literature, one can find at least two such harmonic corrections for local
weak solutions :

LEMMA 3.2. Let Q be a domain in R x R3, fe L2 () a divergence-free time-
dependent vector field and U@ a local weak solution of the Navier—Stokes equations

on Q (associated to the force f) Let Q be a spherical cylinder in Q. Then:
A) the decomposition of the pressure p as p = pg — Opww described in Section
1 provides a harmonic correction H=-Vwm of @ on Q,
B) Let(t,x) = a(t)p(z) be a smooth cut-off function supported by a cylinder
Q* cC Q and equal to 1 on a neighborhood of Q. Then U = 7%6/\(1/161?)
is such that H = U — i@ is a harmonic correction of @ on Q.

—

PROOF. The case of H = —Vw has been discussed by Wolf [W]. For U =
ﬂ'—ﬁw, we have VAU = V A @ and A(?:Aﬁ, so that

712
8tU—AU+U~VU:8td—8ti—Aﬁ+(V/\ﬁ)/\(ﬁ—VwH—V(%)
L |01 a2 L .
= (u—ﬂ—po)—l—f—(VAﬁ)/\V‘w

2 2
We may then decompose (V A @) A Vw € L2L2(Q) into fi + Vpy with f; € L2L2
and div f; =0 and p; € L?LE(Q) (for instance, by extending (V A @) A V@ by 0
outside @ and then using the Leray projection operator). We thus find
ja® |0

P:p0+7 T‘i”plandﬁ:fﬂ*f#l
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The case of U = —fV A (¥V@) has been discussed by Chamorro, Lemarié-
Rieusset and Mayoufi in [Ch Le]. It is worth noticing that the pressure P they
obtain belongs to L?L%(Q) for every q < 3/2.

Note that, in both cases, even if f is assumed to be more regular, we cannot
get a better regularity for F' than L?L2, because of the contribution of (V A @) A H
to the force. O

An important result of Chamorro, Lemarié-Rieusset and Mayoufi is the follow-
ing one [Ch, Le] :

THEOREM 3.3 (Energy balance). Let  be a domain in R x R3, f e LE ()
a divergence-free time-dependent vector field and U a local weak solution of the
Navier-Stokes equations on Q0 (associated to the force f) Let Q be a spherical
cylinder in Q) and p the pressure associated to @ on Q. Then:

A) The quantities

M(@) = lim (~ div (ja5) + 20 - g« (@ V7))

e—0
and
o — Jim lim di "
<< div (p@) >> lim, Tim div ((p * &,e)Ue,n)

are well defined in D'(Q).
B) We have the energy balance on Q :

Ai)? = A(|aP?) — 2V @ @) — div (|@*a@) — 2 << div (pit) >> +2@ - f — M(@).
C) M (@) can be computed as a defect of reqularity. More precisely, we have,

for
A (i) = (b =) el )2 ) = “f D) - [ (o) @ltx — 2) — it 2)) dz
and
By(@) = (62 =0) oz —y) T
the identity
_, > 1 y . . .
(5) Me(u) = Z / §8k¢(z)(2Ak75(u) — Bk7€(u)) dy — CE(’U,)
k=1

where lim_,0 Cc (@) = 0 in D'(Q).
D) IfU = @+ H where H is a harmonic correction of @, then M(U) = M(i).
PRrOOF. The key tool is identity (5) which has been described by Duchon and
Robert [D] for any divergence-free vector field @ in L L2(Q) N LZHL(Q). Let us

remark that if w; and wq belong to L¥L2(Q) N L?HL(Q) and w3 to L{°Lip,(Q)
then we have obviously

lim 8 (= )(wl(x —y) —wi(x))(we(x —y) — wa(z))(ws(z — y) — ws(x))

e—0 € €

dy = 0.

Thus, if H is a harmonic correction of i, we have lim,_,o M (@ + ﬁ) — M. (@) =0.
Since the limits lim¢_,o M (7 + ﬁ) and lime_,o (M (@) + 2 lim, o div ((p*&;,e)Ue.n))
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are well defined in D’(Q), we find that M (%) and << div (p&) >> are well defined
and that M (@) = M (@ + H). 0

Of course, if 4 is regular enough, we have M(«#) = 0. Due to formula (5),
Duchon and Robert [D] could see that when @ belongs locally to L3 (Bé/ q3)x with
q < 400, then M (i) = 0. This is the case when the classical criterion @ € L} ()
is fulfilled, since L;Li N L7H! C Lf(Béfgs)x. In particular, the support of the
distribution M (%) is a subset of the set () of singular points.

4. Dissipativity and partial regularity.

The best result we know about (partial) regularity of weak solutions has been
given in 1982 by Caffarelli, Kohn and Nirenberg [Ca, La]. Their result is based on
the notion of suitable solutions (due to Scheffer [Sc]):

DEFINITION 4.1 (Suitable solutions). Let @ be a local weak solutions of the
Navier—Stokes solutions on a domain 2 C R x R3. Then 4 is suitable if if satisfies
the following two conditions :

e the pressure p is locally in Li/j,
e M(u) >0 (i.e. M(@) is a non-negative locally finite Borel measure).

Let us define now the parabolic metric p((¢, z), (s,y)) = max(\/|t — s|, |z —y|?)
and the parabolic cylinders Q. (t,z) = {(s,y) : p((t,2),(s,y)) <r}.

THEOREM 4.2 (Caffarelli, Kohn and Nirenberg’s regularity theorem).

Let Q be a domain in R x R?, fe L2 (Q) a divergence-free time-dependent vector

field and @ a local weak solution of the Navier—Stokes equations on Q (associated to
the force f ). Assume that moreover

e iU is suitable, .

e the force f is reqular : f belongs locally to L?H},
Then:

o if (t,x) ¢ 3(i), there exists a neighborhood of (t, ) on which @ is Holderian
(with respect to the parabolic metric p) and we have

1 .
limf// 'V @ il|? dsdy = 0.
r—0 7r T(t,l)

o if (t,x) € X(u),then

1 -
limsupf// IV @ il*dsdy > €,
r—0 T Q- (t,x)

where €* is a positive constant (which doesn’t depend on i, fnor Q).
The size of X(u) is then easily controlled with the following lemma :

LEMMA 4.3 (Parabolic Hausdorff dimension.). Let u belongs locally to
L?H} and let  be the set defined by

1 =
(t,x) € Z(:)limsupf// |Vul|? ds dy > 0.
7‘(ta$)

r—0 T

Then X has parabolic one-dimensional Hausdorff measure equal to 0.
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Chamorro, Lemarié-Rieusset and Mayoufi [Ch] have considered the case where
no integrability assumptions were made on the pressure p. This implies to change
the definition of suitable solutions. Following [D], they introduced the notion of
dissipative solutions :

DEFINITION 4.4 (Dissipative solutions). Let @ be a local weak solutions of
the Navier-Stokes solutions on a domain Q@ C R x R3. Then # is dissipative if
M (@) > 0.

A similar notion has been glven by Wolf [W]. Indeed, if @ is d1$Slpatlve and if
we use the harmonic correction H = —Vw we find, for U=d+H :
MU) = —d|UP?+A(U]?) -2/VeU]? - div (|U]?U) -2 div (PU) +20 - F

= —0|UP +A(TP) =2V @ U — div (U] +2po)U)
+2U - f—20 - fi — 2 div (p,0)
= —OUP +A(U?) -2V U* - div (([U* + 2po)U)
+2U - f+20 - (Ve A (V A D).
Writing M ((7 ) > 0 is exactly expressing that 4 is a generalized suitable solution,
as defined by Wolf.

Another tool used by Chamorro, Lemarié—Rieusset and Mayoufi is the notion
of parabolic Morey space :

DEFINITION 4.5 (Parabolic Morrey spaces). A function 6 belongs to the
parabolic Morrey space M*7(Q) if

1 S
sup 5(17_5)//;2 1|t—t0|<7‘21|z—$0‘<’r|9(t7x)' dtdl’<+oo

zo,to,r T

Parabolic Morrey spaces have been used by Kukavica [K] in a variant of Caf-
farelli, Kohn and Nirenberg’s theorem [Ca], and by O’Leary [O, Le] in a variant
of Serrin’s regularity theorem [Se] :

THEOREM 4.6 (Kukavica’s theorem). There exists a positive constant €*
such that the following holds : If U is a solution of the Navier—Stokes equations on
a domain 21, associated to a force F and a pressure P and if xq, to, (j, P and F
satisfy the following assumptions

U belongs to L¥L2NL?H],
P e L),

div F =0 and F € L7 (1),
U is suitable,

(to,x0) € 1 and

1 L.
limsupf// V@ U|?dsdx < €,
r—0 T (to—72,to+r2)x B(zo,r)

then there exists 7 > 5 and a neighborhood Q of (to, xo) such that U € M37(Qy).

THEOREM 4.7 (O’Leary’s theorem). If @ is a solution of the Navier—Stokes
equations on a domain s, associated to a force f and if @ and f satisfy the following
assumptions
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e i belongs to LY°L2 N LZH},
o divf=0and f € L2HF(Qy) for some k €N,
o i€ MST(Q) withT >5 and2 <s <,
then, for every subdomain Q3 which is relatively compact in Qs, we have
i€ LPHMN N L2ZHF2(Qy).

Using those theorems, Chamorro, Lemarié—Rieusset and Mayoufi [Ch] could
prove the following theorem (which is essentially the result proved previously by
Wolf [W]) :

THEOREM 4.8 (Wolf’s theorem). Let Q be a domain in R x R3, f € LE ()
a divergence-free time-dependent vector field and u a_’local weak solution of the
Navier—Stokes equations on Q (associated to the force f). Assume that moreover
e i is dissipative,
e the force fis reqular : f belongs locally to L?H},
Then:
o if (t,x) ¢ X(u), then

lim ~ // IV @ d|? dsdy = 0.
r=0r )

o if (t,x) € X(u), then

1 .
limsupf// IV @ i|*dsdy > ¢*
r—=0 T r(t,7)

where €* is a positive constant (which doesn’t depend on i, fnor Q).

PRrROOF. We sketch the proof given in [Ch, Le|. Let €* be the constant in
Kukavica’s theorem. Let (xq,t9) €  with

lim sup — // |V®u|2dsdy<e
r—0 to Io)

We introduce a harmonic correction H on a cylindric nelghborhood of (zg,tp) and
consider the vector field U = d+H. If @ is dissipative, then U is suitable, associated
to a force F € L2L2(Q) and a pressure P € LY/*L3/*(Q). Moreover,

1
limsupf‘// IV @ U[?ds dy = limsup = [/ IV @ a@f?dsdy < €.
r—0 T r(to,zo0) r—0 r(to,zo0)

Thus, by Kukavica’s theorem, there exists 7 > 5 and a neighborhood Q5 C @ of
(to, o) such that U € M3T(Q2) As @ = U — H, we see that we have as well
7€ M3 (Q). As f € L?H}, we may use O’Leary’s theorem and find that, on a
cylindric neighborhood Q3 of (to,xo) we have @ € LYPHZ(Q3) C Lg5,(€23). Thus,
(to,l‘o) ¢ Z(ﬁ) U

5. Weak convergence of local weak solutions.

In this final section, we prove Theorem 1.3. Recall that we consider a sequence
( ﬁ)neN of divergence-free time-dependent vector fields on a domain Q C R x R?
and a sequence (@, )nen of local weak solutions of the Navier—Stokes equations on
Q (associated to the forces f;L) such that, for each cylinder @ CC €, we have
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e f, € L2H(Q) and f,, converges weakly in L2H! to a limit f,

e the sequence i, is bounded in L{°L2(Q)NL?H(Q) and converges weakly
in L2HL(Q) to a limit ,

e for every n, i, is bounded on @ (the bound depending on n).

We know that we may define a pressure p, on @@ and that we have the energy
equality

where
M(@,) = —0u|@nl® + A(|En]?) — 2|V @ @[> — div (@] @)
—2 << div (puiin) >> +2in - .
Our aim is then to prove that the limit « is a solution to the Navier—Stokes aquations
associated to the limit f and that this solution is dissipative :
M (@) > 0.

We cannot give a direct proof, as it is possible that no term in the definition of
M (i,,) converge to the corresponding term in M (@) : p is not the limit in D’ of p,
and |@|? is not the limit in D’ of |@,|2... It is easy to find an example of such a

bad behavior by studying Serrin’s example of smooth in space and singular in time
solution to the Navier-Stokes equations [Se] :

EXAMPLE 5.1 (Serrin’s example). Let ¢ be defined on a neighborhood of
B(zg,r0) and be harmonic, Ay = 0, and let f = 0 and
il = a(t)Vi(x),
where o« € L>((a,b)). Then @ is a local weak solution of the Navier-Stokes equa-
tions on (a,b) x B(zg, o) :
N T VRPN | LA

Clearly, if « is not regular, the pressure p has no integrability in the time vari-
able (because of the presence of the singular term &(t))and @ has no regularity in
the time variable. Thus, @ is dissipative (as a matter of fact, M (@) = 0) but not
suitable, as it violates both assumptions and conclusions of the Caffarelli, Kohn
and Nirenberg theorem.

Let us adapt this example to our problem. We define

T
Un(t,x) = cos(nt) | —z2
0

e i, is a solution on R x R3 of
Oytly, =Aily, — (@ - V)i — Vpn
divii, =0
e In this example, we have for a bounded domain Qg

Uy — 0
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in L2H}(Q) and
1
Z2 7é Ov
0
in D/(Qo)
In order to circumvene this problem of non-convergence, we shall use two tools :
equations on vorticities &, = V A, and on harmonic corrections U,, = u,, + H, =
—1Y A (¢(v A an)).
Step 1 : Vorticities.

On a cylinder Q@ CC ), we may write the Navier-Stokes equations on the

divergence-free vector field #,, in many ways. The first one is given by equation (1)

. for every smooth compactly supported divergence-free vector field (5 € D(Q) we
have

-,

// in - (06 + AQG) + Ty - (in - V) + fr - ddt dz = 0.
Q

We may rewrite this equation as:
Oyily, = Ay, — 1y, - Vip + fr in (Dy(Q))

where D, (Q) is the space of smooth compactly supported divergence-free vector
fields on Q.

The second one is given by equations (2): for a distribution p, € D'(Q), we
have
Oyily, = Ay, — iy - Vilp, — Vo + fn in D'(Q).
The next one is based on the identity
| |?

i - Vily =@ Ay + V( 5-)

from which we get

Brily = Aily — Gy A lln + fr in (Dy(Q)).

—

We have seen that, in some cases, we don’t have the convergence of (i, - ﬁ)un
to @ - Vi in D'(Qg). But we shall prove the following lemma :

LEMMA 5.2 (Convergence of the non-linear term). We have the following
convergence results :
On ANy, = G AT in D'(Q)
so that . _
(U - V)i, =4V in (DJ(Q))/'

Thus, this lemma will prove the first half of Theorem 1.3: the limit # is a local
weak solution on € of the Navier—Stokes equations associated to the force f. The

proof of the lemma is based on the following variant of the classical Rellich lemma
[Le, M] :

LEMMA 5.3 (Rellich’s lemma). Let —co < 01 < 09 < +00. Let Q be a domain
in R x R3. If a sequence of distribution T, is weakly convergent to a distribution
T in (L?HZ?)10c and if the sequence (9yT,) is bounded in (L?HZ")ioc, then T, is
strongly convergent in (L2HS )1oc for every o < os.
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We apply Rellich’s lemma to &,,. We have
@y = Ay — div (@ @ Ty — By @ Tn) — VA fa,
so that the sequence (9;&,,) is bounded in (L? HZ1 )0 for all oy < —5/2. Moreover,
@ is weakly convergent to & in (L?L2)1o.. Thus, &, is strongly convergent in
(L?H 1)j0c. As i, is weakly convergent to @ in (L7H})jee, we find that &, A @, is

x
weakly convergent to & A @ in D'(£2).

Step 2 : Harmonic corrections.

We now end the proof of Theorem 1.3 by checking the dissipativity of the limit
. We restate the theorem as a result of stability for dissipativity :

THEOREM 5.4 (Dissipative limits). Let Q be a domain in R x R3. Assume
that we have sequences ﬁL of divergence-free time-dependent vector fields and i,, of
local weak solutions of the Navier—Stokes equations on § (associated to the forces
ﬁ) such that, for each cylinder Q CC 2, we have

o [, € L2HY(Q) and f, converges weakly in L2HY to a limit f,
e the sequence i, is bounded in L3°L2(Q)NL?H(Q) and converges weakly
in L?HX(Q) to a limit i,
e for every n, U, is dissipative.
Then the limit @ is a dissipative local weak solution on ) of the Navier—Stokes
equations associated to the force f

PRrROOF. We already know that « is a local weak solution on 2 of the Navier—
Stokes equations associated to the force f. We have to prove its dissipativity.

Let Q CC Q be a cylinder and ¥ € D(Q2) be a cut-off function which is equal
to 1 on a neighborhood of @. In order to prove that # is dissipative, we shall prove

that the harmonic correction U = H + @ = —%6 A (1&(6 A U)) is suitable.

We define as well U, = —iﬁ A (w(ﬁ A ﬁn)> The weak convergence of ,, in
(L2H!)16(Q) implies the weak convergence of U, to U in L2H(Q). Moreover, the
uniform boundedness of the sequence (@, )nen in (L7HL N L L2)10:(2) and of the
sequence ( ﬁl)neN in (L2H!)10c(£2) implies that the sequences of pressure P, and of
forces ﬁn associated to l_jn are uniformly bounded (respectively in Li/ 2Li/ 2 (@) N
L2LY°(Q) and in L2L2(Q)). Thus, 9,0, is bounded in L2H;2(Q) and Rellich’s
lemma gives us that U, is strongly convergent to U in (L2L2)1,c(Q) (and, since U,
is bounded in Lio/gLiO/g(Q), we have strong convergence in (L3 L3)1,.(Q) as well).

Taking subsequences, we may assume that the bounded sequences P, (in
L32L3%(Q)), F, (in L2L2(Q)) and |VU,|? (in LI L1(Q)) converge weakly in D’ to
limits Py, € LY?L3/%(Q), Fyo € L2L2(Q) and vs (a non-negative finite measure
on Q). In particular, we have enough convergence to see that every term in the
right-hand side of equality

—

M (i) = =8| Up P+ A(|UL2) =2V &U, |>— div (|U,2TU,)—2 div (P,U,)+20,,-

Sl

has a limit, so that v = lim,,_, | M(Un) exists and

—

v = =00 + A(UP?) = 200 — div (|UPT) 2 div (PT) +20 -

é’-ﬁi
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As M (ljn) > 0, we find that v; > 0. Moreover, by the Banach—Steinhaus
theorem, we find that vy = vo, — [V@U|? > 0. As M(U) = v; + 2, we have
M(U) > 0. Hence, U is suitable and @ is dissipative. O
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