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Abstract

We consider here the stationary Micropolar fluid equations which are a particular generalization of the usual
Navier-Stokes system where the microrotations of the fluid particles must be taken into account. We thus obtain
two coupled equations: one based mainly in the velocity field @ and the other one based in the microrotation
field . We will study in this work some problems related to the existence of weak solutions as well as some
regularity and uniqueness properties. Our main result establish, under some suitable decay at infinity conditions
for the velocity field only, the uniqueness of the trivial solution.
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1 Introduction and presentation of the results

In this article we study some problems related to existence, regularity and uniqueness (via Liouville-
type theorems) of the 3D stationary Micropolar equations. This system is composed by the usual
incompressible stationary 3D Navier-Stokes equations coupled with a stationary equation describing
the angular velocity of the rotation of fluid particles. More precisely, this system of equations reads
as follows:

= =

AT~ (@-V)i—Vp+iVAS+F=0,  div(@) = div(f) =0,
(1.1)
AG + Vdiv(@) — k& — (T V)B+ AV Ad+g=0.

where 7 : R? — R? denotes the velocity vector field, p : R®> — R denotes the internal pressure of
the fluid, & : R* — R? is the angular velocity which is usually called the microrotation field and
the vector fields f,§ : R?> — R? are two given external forces. Here 1 < k < +oo is a technical

parameter. Note that we have the conditions div(i) = div(f) = 0 for the first equation above (which
is related to the Navier-Stokes system) and this fact implies the following property: since we have
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—

div(d) = div(ﬁ A &) = div(f) = 0, formally applying the divergence operator in the first equation we
obtain the identity
— Ap =div((@- V)id) = div(div(d ® 1)), (1.2)

which allows us to recover some information over p from the velocity field @ independently from &.

Remark also that, as we do not have these conditions for the vector fields & and g, the study of
the second equation of ((1.1)) will require a different treatment as we shall see later on.

The Micropolar equations were first introduced in the literature in a paper due to Eringen [6], and
nowadays it is applied in studies related to polymers, muddy fluids, nematic liquid crystals, budly
liquids, to mention a few. For more applications of this model see the monography [12]. From a more
theoretical point of view, the Micropolar system (the evolution problem or the stationary one) was
studied in [4], [13], [9], [14], [15], [16] and [I8] (see also the references there in).

One interesting feature of this model is the fact that it is possible to perform a separated study of
the properties of the variables @ and & by imposing different constraints on each one of these variables.
In this article we will follow this direction to study the uniqueness of weak solutions of the system
. To do so, we will first establish an existence result and we will study some regularity properties.
Indeed, assuming some mild assumptions on the external forces f, g, we have the following theorem:

Theorem 1 (Existence) Let f,§ € H (R3) N H2(R3) be two exterior forces (with div(f) = 0
but div(g) # 0). Then, there exist at least one weak solution (u,p,d) of the stationary Micropolar
equations (L.1)) such that we have @ € H'(R?), & € H'(R®) and p € H%(Rg)

Existence of certain weak solutions to the stationary micropolar equations has been studied in
the literature. For instance, in [I3] the authors deal the case of 3D bounded domains with boundary
data in L?(R3) and for exterior domains we refer to [5]. Our approach here is quite different as we
study the existence of solutions in the whole space R3: we thus start by mollifying the system
and we study the existence of solutions using the well known Scheafer’s fixed point theorem, then by
a suitable limit process we can get rid of the mollification and we obtain a weak solution of the initial
problem. Let us stress that we do not claim any optimality on the functional spaces considered here
as other more general frameworks can be surely used.

As we mentioned above, the setting given in Theorem [1|is quite interesting for our purposes as we
can deduce the following regularity result:

Theorem 2 (Regularity) Assume that f: g = 0 or that f and g are reqular vector fields. Let
(i, p,d) be a solution of the stationary Micropolar equations (1.1)) obtained in the Theorem (1] above.
Then the functions u, p and & are reqular.

The regularity of the system will be obtained by an iterative process: we will start by an independent
study of each variable, but as it is a coupled system, at some point the regularity of each variable
will depend on the regularity of the other variables. Thus, by a suitable bootstrap argument we will
obtain the wished gain of regularity.

Let us now consider the problem of uniqueness of weak solutions of the Micropolar equations. In
the case when f = g = 0, it is easy to see that & = 0, p = 0 and & = 0 is a solution of the system



(1.1). But this trivial solution is not unique: indeed, if we define the function ¢ : R3 — R by

(a1, x9,23) = ml + 2 — 22 and if we set the functions @, p and & by the identities

=

. 1, . -
U(z1, 2, x3) = Vp(a1, 22, x3) = (21, T2, —223), p(T1,22,23) = —§||U($1,932,953)||2 and & =0,

then, using basic rules of vector calculus we have that (i, p, ) given by the expressions above satisfies
in the weak sense the system ([1.1)).

Note furthermore that even in the setting given by the Theorems [l and [2| (where we have some
decay at infinity for the vector fields @ and & and regularity properties for all the variables), if we
set f = g = 0, we can not ensure that the trivial solution is unique. This fact is of course related to
the uniqueness of the stationary Navier-Stokes equation (and related systems) which has been studied
intensively in [1], [2], [3], [8], [10], [I7]and [19] and it is a very challenging open problem.

To overcome this issue, and following the pionering work of Galdi [7] for the stationary Navier-
Stokes equations, we will consider an additional condition in order to obtain that the trivial solution
is unique when f = ¢ = 0. Indeed, if we assume some extra information (stated in terms of a suitable
Banach space F that will provide a nice decay at infinity) we shall prove a uniqueness result. These
kind of results are known in the literature as Liouville-type theorems.

We can of course assume some information on the variables @ and &, but the main novelty of this
article is to assume an extra hypothesis for only one variable (namely the velocity field %) and with
this single condition we will see how to deduce that the trivial solution is unique:

Theorem 3 (Uniqueness) Set f: g =0 and consider (i, p,d) a solution of the stationary Microp-
olar fluids equations (1.1|) obtained via the Theorem . Assume in addition that we have the condition
@ € LY(R3) with 3 < ¢ < 3. Then we have i =& = 0.

Let us note that, as we are in the framework of the Theorem |1, we have @ € H'(R?) and by the
Sobolev embeddings we also have that @ € L%(R3). However, this information is not enough to obtain
the wished result and we need to impose a stronger decay at infinity with the condition @ € L4(IR?)
with 3 < ¢ < %. Following what is known in the Navier-Stokes equations, the upper bound ¢ < %
seems to be the best available up to now and the case % < ¢ < 6 is a completely open problem for
both systems. Remark also that no particular condition is asked for the variable & and this separated
study of the variables is, to the best of our knowledge, new for this type of problem for equations
. Finally, let us stress that we do not claim any optimality of our result: the additional condition
stated here in terms of Lebesgue spaces can probably be replaced by other functional spaces such as
Lorentz, Besov or Morrey spaces, etc.

The plan of the article is simple: in Section[2] we prove Theorem ] Section [3]is devoted to the proof
of the Theorem [2] and, finally, in Section [4 we study the Liouville-type result stated in the Theorem

2 Proof of Theorem [

Recall that for a regular enough vector field qﬁ we may define the Leray projector by the formula
(gb) = ¢+ V (V gb) Among its properties we have the identity JP’(V A d)) = 0 and if qb is a



divergence free vector field (div(¢) = 0) we also have P(¢) = ¢. Finally if ¢ : R3 — R is a real
function, we have P(V¢) = 0. With these properties in mind, and since div(@) = div(f) = 0, we can
apply the Leray projector to the first equation of (|1.1)) to obtain

0= AT —P[(@- V)@ + iV AG+ [,
(2.1)
0= AG + Vdiv(@) — (T V)& — #& + 2V AT+ g.

Note that the pressure p is absent in the previous system but using the equation ([1.2]) we obtain the
formula

1 .
p= A (div(div(d ® 1)),

which will be helpful to recover the pressure from the velocity .

Now, for R > 1 we define the auxiliary function fg(x)

= (%) where 0 € C°(R?) is a regular
function such that 0 < (z) <1, (x) =1 for |z| <1 and O(x) =

0 for |z| > 2.

For a fixed 0 < € < 1, we then consider the system

—

0= —eA2d + Ad — P[((0ra) - V) (0pi)] + 30%(V AG) + f,
(2.2)
0= —eA%G + A& + V(0rdiv(@)) — ((0rT) - V) (0r3) — k(0%3) + 20%(V A1) + 7,

of course if we let ¢ - 0 and R — 400 we recover (at least formally) the initial problem ({2.1). It is

—

easy to see that, if we define U= <Z_§>, then the system above can be rewritten in the following form

U = Tr(0), (2.3)

where

1 _P [((935) : ﬁ) (936)} +303(VAG) + f

[eA2 + (—A)] 5 o

TR,e([j) =
YV (0rdiv(@)) - ((036) : v) (0r) — £(0%6) + L6%(V Ail) + §

. (24)

Hence, our strategy consists in applying a fixed point theorem to the operator T¢ r in order to obtain
a solution of the mollified problem (2.3]). For this, we will use the following result, which is a variant
of the Leray-Schauder theorem (see Theorem 16.1 in [I1]):

Theorem 4 (Schaefer) Let (E,| - ||g) be a Banach space and T : E — E an application which is
continuous and compact. If there exists a finite M such that, for every A € [0,1], e = AT'(e) implies
llellz < M, then there exists at least one e € E such that T'(e) = e.

Therefore, in order to obtain a solution for the problem , we only need to prove that the operator
TR, given in verifies the hypothesis of the Theoreme [4{above. For this purpose, we will divide the
study in three propositions: first we study the continuity of the application Tg ¢, next we investigate
its compactness and, finally, we shall prove the a priori estimates that will allow us to obtain the
wished result.



Proposition 2.1 (Continuity) Under the general setting of the Theorem the application Tg .
. . 2
defined in (2.4) is continuous in the space (Hl(R?’) N HQ(R3)) .

Proof. Let us consider the space E = H'(R3) N H2(R3), endowed with the norm
Mz =1 Ml + Vel - ll g2,
and we define the subspace F, of E by
E,={6:R* —R*: ¢ ¢ E, div(s) =0},

this space will be endowed with the same norm || - || g, but for the sake of clarity will be denoted it
by || - |E,. We will now study the continuity of the application Tr ., in the functional space E, x E,
normed by ||(Z,&)|| g, xe = ||U]|g, + ||&]| g We write then

TR (O 5y xE =

P [((eRa) : 6) (eRa)} +102(V D)+ f

1
. :
A%+ RN 0pdiv() - ((aRa)ﬁ) (0r%) — £(026) + L02(V A D) + § ok
and we obtain
1 - 1 1 - 1
= [6A2+(—A)]P[<(93m'v> (0| .2 Az (a) RV A D) o [6A2+(—A)ﬂEd
(1) @) 3)
1 o 1 = . 1 5
ey A)]V(GRdw(w)) e o ((eRu).v) (0r) e A)]ﬁ(eRw) )
(1) ) (©)
+ 2 ! 0%(V A ) +‘ ;g* : (2.5)
2 || [eA% + (-A)] 5 I[eA7+ (=A)]7 g

(M (8)

Before moving on to the study of each of these terms we will state a lemma that will be useful in the
sequel:

Lemma 2.1 Let 0 < € < 1 and consider a parameter 1 < o < 2. Then, for all function qz_; € L*(R3)
we have the estimates

(a7 -
< =
[€A2 + (—A)]¢ L2 —_ € ”¢HL27
for some constant C' > 1, in particular if c = 1 the constant does not depend on €.
(-4)7

Indeed, since the Fourier symbol associated to the operator

. ‘ 20 . .
[6A2 + (—A)] 18 EEFIER which is con-

trolled uniformly (since 1 < o < 2) by % we obtain the announced estimate in the space L?(R?).

With this lemma at hand, we can study now all the terms in ([2.5)):



e For the first term of the expression ([2.5)), we have:

1

sy (a0 9) @] 1

A%t (—A)]P [(@r) - ) (0rit)|

+v/e

H1
A%+ ( N [((0r) ) (0nit)| ’

Now, by the boundedness properties of the Leray projector and introducing the operators (—A)

Es

H?2

and (—A)%, we may write

(—A)3 1
[eA? + (=A)] (—a)2

(=4) 1 N
s Ay (V) end

(65 - V') (Onid)

Ve

2

and applying the Lemma with o equal to 1 and % respectively, we have

L)

C

< CH((GR@?)-?) OrD)|,_, + 2

< (o+5€> | (@) - %) (@t

-1

IN

gz (n-9) 0

(0n) - 9) (B0

H eRu 6) (0r)

H2

H-1

(2.6)

By the inclusion Lg(Rg) C H'(R3) and the Holder inequality with 5= 3 + 5, we obtain

|[0rd)- 9] Or1)| ., < 5 16r0) e, 6 6<ZueRquL3 [0 (O 2
=1
3

< > 6ml poluillze (192,081 o o + 10m] o< 1] ),
=1

where in the last line we have used the Holder inequalities with % = % + % and % = % + %. Now,
by the Sobolev embedding H'(R?) ¢ L(R?), we easily obtain the estimate

| [@nit)- 9] @rit| ., < Crlll il

from which we deduce

[eA? +1(—A)]P [((9@ ' 6) (9@}

e For the term (2) in (2.5) we have, using the identity 9?%(6 AG) =V A (038) — G A 6(9%):

< Crelldll g lldll g < Crelldlle, ldle,. (2.7)

Es

1

S 1 . . o
eV A [ VA P ey S
Lo L




3, )
2 in the terms above we can write

(—A) 1
A% + (—A)] (-4)

and introducing the operators (—A) and (—A)
(=4) 1
[eA? +(=A)] (=4)

NI
! fH AT+ (-] (-A)

V A (0%3)

+
H1

%ﬁ/\w%w)

H?
thus, the Lemma [2.1] we obtain

FAVOR)|

1 =
CHVA(Nﬁ)
(=4) f i

+cH

oI

& AV (6%)

1 = R
%V/\W%w)

3 W
2

(A)

By the properties of the homogenous Sobolev spaces we have the estimate

H? A2

IN

- I C - c . =
Cll0RS 2 + CllS AV (OR) 71 + \%HGZR"‘)HLQ + \ﬁ\lw AV O

- L= C - cC . =
< Ol0dl e + Clla AV ER)I s + ﬁII%wHL2 + \sz AV(OR)] s (2.8)

where in the last inequality We have xused the embedding LQ(R3) c H Y (R%). Now, by the
Hoélder inequalities with 1 = 3 +5 L and 5 =3 14 2 3, we can write

C R C N -
< (c+ ) 1ttt + (¢ + 5 ) 1alusIF e, .

and using the embedding H'(R?) c L(R?) we have

1 =
m@%(v )

S Creldll g < Crell @l (2.9)

Es

e The quantity (3) in (2.5) is treated as follows, we write:

1 f‘ (—A) 1 ﬂ‘
[A? + (=2)]" g, NI[A% + (=A) (=A)" ||
and by the Lemma [2.1] we obtain

1 C 1
Cll——= + — -
<l + vl
which is bounded by the hypothesis over the external force ]F
e For the term (4) of (2.5) we proceed as follows:

)

A2 1
‘ [eA2+<—A>]A2ﬂ i

. c o
<O fllg-1 + ==l fll -2 < +o00,

7!

o
€A% + (=A)]

E

V (Ordiv(3))




Thus, by the Lemma [2.1] we can write

<C H(_lA)ﬁ(eRdw(w))

=

ZV(QRdz'v(Q))

3 )
2

C
+—Ve
€ 72

.

and using the properties of the Sobolev space we obtain

L C L C L C o
< Clndio @)1 + - ondiv(@)]12 ~ (c T ﬁ) 10rdiv(@)] 2 < (G i ﬁ) 10215 .

from which we easily deduce that

1 - .o -
mV(HRdw(w)) < CRr|ld] B

E

and it can be treated in

1 -
—————— ((Opu) - V) (Or&
[EAQ + (—A)] (( Ru) ) ( RW) 5
the same fashion as the first term of (2.5)): indeed, with the same arguments we obtain (see the

estimate (2.7))):

The term (5) of 1' is given by

1 -
e — 7 . = < — — )
et oy (0n) V) 0nd)| < Caclils, 13]s
For the term (6) of (2.5 we write
1 B (—A) 1 B (—A)3 1 B
—— k(030 = k(050 ++/€ k(0
ey LGl Ml ey Tzl FRa Ineaary yaveai ol
and applying once more the Lemma [2.1| we obtain
1 C 1 C
<C k(0@ + —/e K(0%@ SK(C—F) 023 -, . 2.10
H(—ANRMP Vo | v ) 1@l (210)

Using the embedding Lg(RE‘) C H~'(R?), by the Holder inequalities (with 2=2+1)andby
the Sobolev inequalites we can write

1673 ;-1 < [1623]], 5 < 0], 311 < Crl&] g1,

from which we deduce

1
—_k(F%T < k|9 E-
[6A2 + (—A)]K( Rw) p CR, "{HWHE
The term (7) of (2.5) can be handle just as the quantity (2) (see (2.9)) and we have
1 -
e OR(V AD)|| < COpclills.
[eAQ—I—(—A)] R(V u) b R, HUHE

Finally, the quantity (8) of (2.5) is treated in the same manner as the term (3) and we obtain

;" <C||—’|| . +£
N L

by the hypothesis over the external force g.

19 = < 400,



With all the previous estimates for the terms (1)-(8) of (2.5), and due to the structure of the ap-
plication T (which has linear elements and bilinear ones) we finally deduce the continuity of this
application and the proof of Proposition [2.1] is complete. [

Proposition 2.2 (Compactness) Under the general setting of the Theorem ||, the application Tg
defined in ((2.4]) is compact.

Proof. To prove the compactness of the application T ., we consider from now on a bounded sequence
(Un)nEN in E, x E and we shall prove that there exist a subsequence TR,E(ﬁnk) ey which converges
strongly in E, x E. To this end, we easily remark that the sequence (Qlen)neN is also bounded in
E, x E (since these spaces are based in H'(R3) and H%(R?)). As R > 0 is fixed, we can therefore
assume that supp(HRﬁn) C B(0,4R) := Bpr. Hence, by the Rellich-Kondrashov lemma, there exists
a subsequence (HRﬁnk)keN that converges strongly in Lf o C(Rg’) for 1 < p < 6. Therefore, in order to
deduce the compactness of the operator T’ R,e(ﬁ ), we shall bound each term of by a suitable Lf oc
norm. In this sense, some of the computations below are related to the ones performed above, but for

the sake of completeness we give here the details.

Remark that since the terms (3) and (8) of (2.5)) are related to the external forces, we do not need
to study them here as they are not linked to the variables 4 or &.

e For the first term of (2.5)), following the same ideas which led us to (2.6) we obtain the estimate

[eA? +1(—A)]P [((9317) ' 6) (eRﬁ)]

We use now the identity (using the divergence free condition for )

<(c+ L) |(6n-9) @], 210

Es

((eRa) : 6) (0rT) = div(0%(7 ® @) + Or(T - VOR)E,
to write
| (- ¥) Or)|, Idiv (035 © )| -1+ 10r (i - VR -+

H-1

IN

IN

Cll07(@ © @) 2 + 0r (T - VOR) -

By the Holder inequalities with % = %0 + % —}-% for the first term above and by the space inclusion
L3 (R?) ¢ H~'(R®) and the Hélder inequality with % = i + % + % for the second quantity above,
we have

IN

ClNORI 101l 5 (B o) 1] 5 () + 10R(T - VOR)E] 6

A

< OO pollal o s 1lls (5 + 10818 1@ LB IV ORI oo @ 12 (81

and we thus obtain the wished control with Lf o norms with 1 <p < 6.

e For the term (2) of (2.5) we have, from ({2.8))

1 P — —
&+ o) RV

- R C - c . =
< Cl073l 2 +ClEAV(OR)I o +7||9%WHL2 +—=[FAV(67)]l

Ve Ve

Es



from which we easily deduce the estimate

< ClORN@l e + CITOR el g

R)
C 2 - C = 2 —
+$”9RHL°°HWHL2(BR) + ﬁl!v(%)llm\lwlugwm? (2.12)
which is the desired inequality in terms of Lf oc Dorms with 1 < p <6.
For the term (4) of (2.5) we write
1 I (-A): LR TPNT
———— V(0rdiv(J)) = = V(0rdiv(d))
[eA? + (=A)] E A2+ (=A)] (—A)2 .
A? 1 = o
+Ve MAQV(GRdZU(w))’ .
and thus, by the Lemma [2.1| we obtain
C 1 = C|l1z=
< — ||——=V(0rdiv(&)) + — V(eRdiU(ﬁ))‘
ﬁ (_A)% Jags \ﬁ A? A2

C o C - C -
s e 10rdiv(@)]| g + e 10rdiv(@)] -1 < /e 10rdiv (@) g1,

where in the last estimate we have used the properties of the homogeneous Sobolev spaces. We
use now the identity 0gdiv(iJ) = div(6rd) — VOg - & and we have (by the embedding L5 (R3) C
H~Y(R%))

10rdiv ()| g

IN

div(Ori)| ;-1 + HWR : QHH < [10r@| 12 + HWR - w’

6
L5

IN

167l 13 25 + 190l 151

which is the wished control in terms of Lf e orms with 1 < p <6.

The quantity (5) of (2.5)) is treated as follows: by the same arguments that lead us to the estimate
(2.11) we can write

e = (0 2) e -9) 0

By the divergence free condition of @ (recall that & is not divergence free), we still have the
identity

(6rit)- V) (083)

H-1'

((9Ra) : ﬁ) (0r@) = div(0%(& i) + Or(ii - VOR)D,
and we obtain

|(0r0)- %) (9r3)|

IN

div(63(@ © @) -1 + ||0m(E - Vor)S|

A1 H-1

IN

C %@ @ @), + C HeR(ﬁ- WR)Q\

6 »

L3
Wlélere we have used the properties of the homogeneous Sobolev spaces as well as the embedding
L5(R3) c H '(R3). Now, by the Hélder inequalities with § = 11—0 + % + % and % =14+1+ % we
obtain )

< Ol0%) 1oll& | o) 1T 25 (B) + CNORN L3 1l (B [V ORN L0 15| 12 ()

and we obtain the needed estimates in terms of Lf oc Dorms with 1 < p <6.
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e For the term (6) of (2.5), by the estimate (2.10) we easily obtain

< w1kl < n (0 2 ) ekl
CN\ o o
o(0+ S) 1kl=al, g

e For the quantity (7) of (2.5)), it is enough to proceed as the second term of (2.5) and to apply
the same arguments used to obtain the estimate (2.12)).

We have obtained suitable controls for each one of the terms of (2.5) in terms of L} = norms with
1 < p < 6, from which we obtain the compactness of the application T . The proof of Proposition
is now complete. [ |

1 R
ar o) )

A

IN

and we have then the desired control.

We have proven the continuity and the compactness of the application T and in order to apply
the Theorem [4] we need now to establish some a priori estimates.

Proposition 2.3 (A priori estimates) Under the general setting of the Theorem |I] l there exists a
finite M such, that, for every X € [0,1], if U = AR (U) we then have Uz, x5 < M.

Proof. Since we have U = )\TR,G((j) for all A € [0, 1], using the expressions 2.3—2.4 we can write

—

U = Xge(0)

i\ R P [((eRa) : ﬁ) (eRa)] +12(V A+ f
@ AT AT S 0pain@) - ((6r) - V) (655) — (63@) + 303(V A ) + 7

from which we deduce the system

A2+ (A)Ed = —A (]P’ |((0r0) - V) (050)| + %9;(6 NG + f)

A2 4 (A = A (6(93d¢v(w)> - ((eRa) : 6) (0rG) — k(0% + %eg(ﬁ A D) + g) .

Now, if we multiply the first equation above by i, the second by & and we integrate over R? we can
write (after an integration by parts in the left-hand side):

—

/ A dx+/ IV ©d’de = —/\/ P[((@Ra)ﬁ) (036)}-ﬁdaﬁ+é 0%(V A D) - @ do
R3 2 R3

+A [ fddx
R3

e/ |Ac3|2dm+/ VodPde = A 6(93dw(¢v))wdm—x/
R3 R3

- - ((HRU ) (Or&) - & dx
@dx

A -
—/\/ k(02D -ddr + = | 05(V AQD) - )\/ G- &dx.
R3 2 Jps R3

11



We note now that, since div(@) = 0 and by the properties of the Leray projector P, we have

/P[(@Raﬁ)(eRg)].ﬁdx:/ (Ori - ¥)(0gE) - ide =0 and /(9 ) (0r) - & dr = 0,
R3 R3 R3

thus, by adding the two equations we obtain

e(/ |Aﬁ2dx+/ |Ac7;]2da:>+/ W@m?dﬂ/ IV © &2 da
R3 R3 R3 R3

_2 ( 04(V AD) -dde+ [ 6%(V AQD)- wdx> + A [ V(0rdiv(@)) - &dx — )\/ k(0%3) - & da
R3 R3

2 R3 R3

f-ﬁd:v+)\/ G- &dx.

R3 R3

Now, by an integration by parts we observe that we have the identity

0L(VAG) - dde = — [ 0%(VAD) -Sde— | V(0%) - (&Ad)de
R3 R3 R3

= — 9%(6@)-&@—/ 20V (0R) - (& A @)da
R3

and we can write

D D A 5 y )
e (1% + 1813 + %, + 181, —2/3293v<93) (@ A ) d:c+)\/ ¥ (Ordiv(@)) - @ da

—)\n/ 0%|3)%dx + X\ f udx + / -ddx.
Noting that V (0pdiv(@)) - & da = —/ Or|div(3)|>dz, we have
R3 R3

e (Nl + 1313 ) + Nl + 1313, < X /R IV (6r) |65 ] dz — X /R Orldiv(@)dx
—)\n/ e§|w\2da;+A/ f~ﬁdaz+)\/ g-ddx,
R3 R3 R3
which can be rewritten as
€ (IIﬂ'IIfqz + IILUHEQ) |, + 18117, + A/Rs Or|div(@)[Pde < OA /RS IV (0r)]|0R%) il dz
—)\n/ 0%%|07\2d:1:+)\/ f-ﬁda:+A/ g-dd,
R3 R3 R3

but since / Or|div(@)|*dx > 0, we have
R3

e (1l + 19152 + %, + 1313, <

V(0g) HQRwHu\d:p—)\m/ 0%|5|da

/ dx+)\/ G- @de.
R3

12



At this point we use the Holder inequalities with 1 = % + % + % as well as the the ! — A duality
to obtain the estimate

€ (IIUHEQ + HMI?p) il +181%: < CNIV(OR) | s 10rS 2 |1l o
—A[0R@ 22 + AlFl gl o + MG - 1
< CAIV(OR)|I 310G 2 1] g

=A6[0R@| 22 + AFl gl o+ MG - 15

where we have used the Sobolev embedding LS(R?) ¢ H'(R?) in the estimate above. We observe now
that by homogeneity we have ||V(0r)||1s = || V0|13, and using the Young inequalities for the sum we
obtain

. - - - = - A -
€ (HUHEQ + HWHEQ @l + 1815 < CXIVOILs10rGIL + % — AsllOrs] L,
- A B A
OG- + 1l + OG-+ 1155

- . AL - 5 AL
< (CIF0I3s — ) 16r313 + Sl + CALFI, + CX I + 1504,

We thus obtain the inequality

_ - AV~ AV = -
€ (N2 + 1512 ) + (1 = DN + (1= DI, + A (5 = CIVOIES ) 108313

< O30 + CAIGII -1 (2.13)
but since k — C||69||%3 >0ask>1and 0 < X <1, we have
el + @1 + 1712 + 1815 < & (110 + a1 ) (214)
from which we deduce (since f,§ € H1(R?) by hypothesis) the estimate
101%, e < M < +o0.
The proof of Proposition is thus finished. |

With the help of the Propositions and we have verified all the hypotheses needed in
order to apply the Theorem |4} if we apply this result to the system (2.3)) we thus obtain the existence
of a solution (@p¢, Wr) (depending on R and €) which satisfies the system (2.2]) as well as the estimate
@.14).

It is important to remark here that the estimates above are an important source of information:
indeed, we have the following result:

Corollary 2.1 (Energy a priori estimate for Jr.) In the general framework of the Theorem
and for the variable br . obtained above, we have for all R > 1 and for all 0 < e < 1, the uniform
control

10r@RelI2> < CUIFIZ 0 + 1313 ).

This is a direct consequence of the inequality (2.13)) and we will see later on how to exploit this uniform
estimate.
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End of the proof of Theorem We shall now recover the initial problem by making
R — 400 and € — 0. For this, we will first fix € > 0 and we will take the limit R — +o00: indeed, since
we have at our disposal the uniform in R estimate , we can extract a subsequence Ry — 400
such that (@g, , &g, ) converges weakly-+ in H'(R?) to some limit (i, d.) (by the Banach-Aloaglu
theorem). Moreover, by the Rellich-Kondrachov lemma, we also have the strong convergence of
(@Ry e, DRy,e) to some limit (., J) in the space LT (R3) with 1 < p < 6. These arguments allows us to
obtain a weak convergence (in D’) of the terms P[((GRﬁRk’E)-ﬁ) (OrTUR,.)| and ((eRﬁRk,e)'ﬁ) (ORGR, c)
to IP’[(EG . ﬁ)ﬁe] and (ﬁe . 6)@’6 when R — +o00, respectively. We thus obtain a vector (i, ) which
is a solution of the problem

—» —

0= —eA%d, + Ad, — P[ (i, - V)d] + + £,

l\’)h—\

0 = —eA%B, + ABe + Vdiv(@e) — (e - V)@e — ke + 3V AT + 7.

By the same arguments as before, since we still have the uniform (in €) inequality HFLEH?LII + H@Hip <
C(HfHIQTf1 +\|g‘\|§171), given in the estimate 1j , there exists a subsequence ¢, — 0 such that (i, , Je, )

convergence weakly to a limit (@,&) in the space H'(R3). Thus, again by the Rellich-Kondrachov
lemma, we obtain the strong convergence of (i, , @, ) to (¥, &) in L (R3) with 1 < p < 6 and from

these facts we deduce the weak convergence (in D’) of the quantities P[(ﬁe . ﬁ) ﬁe] and (ﬁe . ﬁ) We to
IP’[(QZ ﬁ)ﬁ] and (4 - ﬁ)a_} when e — 0, respectively. We have thus obtained a solution (i, d) of the
initial equation such that @, € H'(R?).

Let us remark now that for the variable & we have some additional information. Indeed, by the
Corollary above we have a L?-norm uniform estimate (in R and €) of the terms &g, from which
we obtain that, up to a subsequence, we have dr. — & in L?. This fact allows us to deduce that
@ € L2(R%) N H'(R?) which is & € H'(R3).

To end the proof, we need to study the pressure p and from the expression we obtain the
identity

L
p= (_A)dw(dw(u®u)). (2.15)

We can thus write

divdiv(d ® U)

W < || s

and using the usual product laws in Sobolev Space we have |4 ® uH 1 S (el 11, from which we

easily deduce that p € H?z (R3) The proof of Theorem 1 I is finished. |

3 Proof of Theorem 2

We have just obtained solutions (#,p,d) of the system (1.1)) such that @ € H'(R?) and & € H'(R?).
We are going to see now how it is possible to 1mprove thls mforrnatlon in the setting of the Theorem
i.e. when f g are regular external forces or when f = ¢ = 0. For the sake of simplicity and without

1Recall that, for 0 < s < +o0 and 0 < § < %, we have HngHs+a—% < CWUfNgsllglgs + gl gsll fllgs) - See [T}

Lemma 7.3] for a proof of this inequality.
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any loss of generality, we will assume from now on that f =g=0.

First note that due to the expression (|1.2) we can restrict our study to the variables @ and &.
Thus, by applying the Leray projector to the first equation of ((1.1)), with the divergence free property
of @ and V A &, we obtain

= (1A) (—P(div(ﬁ@ﬁ)) + ;6m), (3.1)
and we can write
Il 5 < HllP’(dz'v(ﬁ@) all  +2 Hlv A
i (-4) it 2|14 pr

IN

Clawl,, +Clal,,.
where we have used the boundedness properties of the Leray projector as well as the properties of
homogeneous Sobolev spaces. At this point we remark that, as & € L%(R?) N H!(R?) we also have

. 1 1
RS H%(Ri”) (with H@’HH% < [|&[|Z: I3l 7,) and by the product laws in Sobolev space, we can write

1 1
[l 5 < Cllall g [l o + ClSIZ 1G], < oo,
from which we deduce a first gain of regularity for @ as we have now @ € H %(R‘g). Plugging this
information in (3.1]) we can now study a second gain of regularity for #. Indeed we have, by the same
arguments as above:
1 | 1 =

——P(div(d ® ﬁ))H +-|l—=VAd
H (=4) o 21(=4) e
< Cluedl g + Clldll g < Cllall gallall 3 + Clidl g < +o0. (3.2)

IN

1] 472

We have then @ € H'(R?) N H?(R?) from which we can deduce (by working in the Fourier level) that
i € L®(R3).

As it is clear from the estimate , the regularity of @ is linked to the regularity of & and in
order to get more regularity for ¢ we will need to study the regularity of the variable &. Thus, having
in mind that @ € H'(R?) N H2(R®) N L>®(R?) we will now study the variable & € H'(R?). However,
it will be more convenient to consider first the quantity div(d): indeed, by applying the divergence
operator to the second equation of and since we have div(V A @) = 0, we obtain:

2Adiv (&) = kdiv(@) + div((@ - V@),

from which we can write

1 1 .
|div(@)]| ;. < Ck dw(w)H +C Hdw((a. V@)
" SR PT [EY i
< Ckld]p2 + Cl[(@- V)| g2 < Okl g2 + Cf|d]| Lo |6]| 1 < +o0,

and we obtain that div(s) € H'(R?). With this preliminary information over div(), we come back
to the study of the variable & and by the second equation of (1.1)) we deduce the equation
1 g —d 1 1 =
&b =-—=Vdiv(J) — k W — (- V)d+ -—=V AL,
(=4) (=4)" (-4) 2(-4)
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and we write

1 1

1 - . 1 -
5] e < wa(ﬁ)H tr sl + H (@- V)@ +CHV/\U
i (—A) i (=A) g |[(=4) 2 (—A) i
< O |div(@)| g + Crl@| 2 + C||(@ - V)@l g2 + C|V Adll| 2
< Cldiv(@)| g + Ck||d| 2 + Clfad]| oo [|6]] 1 + ClJad]] gn < 400,

we thus have obtained that & € H?(R?).

Now, this gain of regularity for the variable & will cause a gain of regularity for the variable :
indeed, by the same arguments displayed to obtain we can prove that @ € H 3(R3). But since
we have V@ @ € H*(R3) N H2(R3) we also have that V ® @ € L°(R?) and then, as before, we obtain
that div(d) € H?(R3), from which we easily deduce that & € H3(R?). Then, by bootstrapping the
same ideas as above, we will obtain that the variables @ and & are regular and this ends the proof of
Theorem [21 [

4 Proof of Theorem [3

We have now (u,p,d) a weak solution of the system 1} such that @ € H'(R%), p € H%(R?’) and
& € H'(R3). Moreover we have also, by hypothesis, the information @ € LI(R3) with 3 < ¢ < %, from

which we easily deduce that p € Lg(R?’), indeed, we can write by the expression 1)

div(div(d @ @))

. < CHQZ@ ﬁHLg < CH'L_(:HL;D”'JHLP < +00. (4.1)

Il H !
g
P Lz (_A) L2

With all this information for @, p and & we will prove that if the external forces are null, then the triv-
ial solution is unique. To do so, we consider ¢ a positive, smooth cut-off function such that 0 < ¢ <1,
¢(x) = 1if |z <1 and ¢(z) = 0 if |x| > 2. Moreover, for R > 1 we define the function ¢r(-) = ¢(3),
note in particular that sup(¢r) = B(0, R) := Bp.

Multiplying the two equations of the system (1.1)) by ¢%i and ¢%d, respectively, we obtain (recall
that we are considering here f = § = 0):

AT - (¢3d) — [(@- V)] - (¢3,) — V- (¢3,8) + 5[V AS($7)] - (¢%1) = 0,
AG - (}&) + [Vdiv(@)] - ($3F) — k& - ($3F) — [(@- V)F] - (638) + 5[V A ] - ($3F) =
Now, integrating over R3 and by adding these two equations we can write, after some rearrangements:

/ Aﬁ'(ngRﬁ)dx/ A(D’-(gb%@’)dx/ [ﬁdiv(ﬁ)]-q%o?dazntfe/ %|G|*dx
R3 R3 R3 R3

= - /R 3[(ﬁ.ﬁ)ﬁ].(¢%ﬁ)dx— /R 3[(17.6)@].%@)61:5_ /R 3 Vp - (¢4T)dx

VAG- (¢%i)de + = /R3 VAG- (¢%3)da. (4.2)



Since by the Theorem [2| we have enough regularity for the functions #, p and &, by an integration by
parts, we obtain the following identities for the three first terms above

- 1
- [ st = [ GV edti - [ AGhPd
R3 R3 2 Jps

- 1
[ Az (B@dr = / IV @ B2dr — © / A(62)\32de,
R3 R3 2 Jgrs

and

_ / Vdiv(@)] - (633)de = / 2 |div(@)dz + / ¥ (62) - Gdiv(@)da.
R3 R3 R3
Hence replacing the previous identities in (4.2) we have
/ ¢%W®ﬁ\2dx+/ ¢%|§®cﬁ|2da¢+/ ¢§%ydw(w)\2d:p+ﬁ/ %| 5| da
R3 R3 R3 R3
1 - -
— 5 [ A@aP + o - [ V(o) sdiv@)de - [ (@D (o
2 R3 R3 R3
(1) @) (3)
- [ @ 93] @ha)ia— [ Fp- (@hado (4.3)
R3 R3
(4) (5)

1 [ = 1 [ -
+- | VAG- (¢Ri)dz+ = | VA (¢%)dx.
2 R3 2 R3

(6)

Now, we study each term of the right hand side of the expression above.

e For the first term above, we write
[, A@aR + 5P < 0 [ (9@l + onaem)(a + |a)de.
and we remark that, by construction, we have
sup(V(¢r)) = sup(A(¢r)) C {z € R®: R < |a| < 2R} := Cg. (4.4)
We then obtain, by applying the Holder inequality with 1 = % + %:

/}R3 (IV(¢r)]* + ¢rA(0R)) (14 + |&]*)dz < \W@R)H%S(WH%G(CR) + (130 )
+orl L[| AldR)|

I3 (HﬁH%G(CR) + ”w“%G(CR))-

Note that, by homogeneity we have H§(¢R)||L3 = HﬁngHLg and HA(gtR)HL% = HA¢||L% and since
Rl < C, we can write

/R3 A(@R) (| + &) dz < O F6(cp) + IB1120(c))- (4.5)
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e For quantity (2) in (4.3) we have by the Cauchy-Schwarz inequality and by the Holder inequality

with § = & + &

V(6%) - Gdiv(@)ds = 2 /R (6rVeR) - @div(@)ds < C|div(@)érl| 2] - Vorl 12

< Clorlr=lldiv(@) 2215 Lo ey I VOR s

R3

since [|prllr~ < C, |[V¢rls = |Vo|s < C by homogeneity and ||div(@)||z> < [|&]| 41, we
obtain

- V(%) - ddiv(@)dz < Ol 116 o - (4.6)

e The term (3) in (4.3) is treated as follows:

3
Z / qb%%uj (3xj w; )uidx
]RS

ij=1

3
/ (@ V)] (Ra)de = Y /B RUCABIC M

ij=1
3 2
U
S T <£>)d:c,
ij—17/R3
and by an integration by parts we obtain

3 2 . =112
> [ hston, (5 e =- [ b (1500) @

3
i,5=1 R

where we have used the fact that div(2) = 0. We thus have

[ @9 whad<c [

V(63 |[@%dz < Cllbrl 1 / Vorllddz.
R3 R3

Now, by the Holder inequalities (with % + % = 1), by the support properties of Voér (see }
above) and since ||¢g||r~ < C, we have

[ @9 (@hinde < 961 e (4.7

moreover, by homogeneity we obtain 6(;53 ¢ < RI7Y WV ¢, and since 1 =1 — 2, we have
Y g Yy L L 7 q

- 9 -
3_1=2- % and it follows that |[Vég| e < R* 4||[Ve||re. But, as we have 3 < ¢ < S by

9
hypotheses, we do have —1 < 2 — % < 0, and since R > 1 we thus obtain that R* "4 <1 and we
can write

IVerllLe < IVl e < +oo. (4.8)
Thus, coming back to (4.7) we have

[ @9l (¢hida <l ey (1.9
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e The quantity (4) in (4.3) can not be treated as previously since the vector field & is not divergence
free. However, since div(@) = 0 we can still write by an integration by parts:

from which we deduce the identities

/ (@)@ ($hd)de =
R3

and we finally obtain

7-V3l - (623 x:_l i-V(63)||&2dz
[ @931 @hayds = =3 [ 7 FohlaPdn

We can now write, by the Young inequalities for the sum:

IN

3 3 2
[l @ae < 3 [ luon@enlofie <Y [ (@uonon?+ 1200 0
R3 =1 R3 j=1 R3 4
- 3
< O [ uPFonPfds+ ] [ jonads
R3 4 R3
By the Holder inequalities with 1 = % + % + % we have
L Sy - - = - 3 -
/RS[(U V)& - (¢7@)de < Cllil 16|V rllLslISlLs + lorsl7a,
and since we have, by homogeneity, that Hﬁgf)RH%ﬁ = R_1||6¢H%6 < OR™!, we write

L = o - L2 (1~ 3., -
/RS[(U - V)a] - (¢g@)de < CRMllLs |Gl 7e + | 0rIIL:- (4.10)

e For the term (5) in (4.3]), using the divergence free property for @ we have

. 3 3
[V Ginae = 3 [ @emitade =3 [ pon (chosie

3
- ; /Rs PO, (¥) (ui)de = /RS V(¢%) - (pa)dz. (4.11)

Using again the Holder inequalities (with % + % = 1), by the estimate 1j -as we are working

with the same set of exponents- and taking into account the support properties of ﬁgf) R, We obtain

/ Vp- ($hi)dz < C||drl|z~ / ¥ o pl|lde
R3 R3

q

< Clléll=lF ol ( / <|p||m>%d:z)qsc< / <rp||m>§dx) TR
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Now, since by hypothesis we have @ € L(R3) and since by the estimate (4.1]) we have p € L3 (R3),

thus by the Holder inequalities (with % + % = %) we can write

- 5 .
[, v+ @hida < Clol g g, e (113)
e For the last term of (4.3)), we start writing, by an integration by parts

1 [ = 1 [ =
— | VAG-(¢hi)dx + = | VA (¢%a)dx
2 R3 2 R3
1 - 1 [ -
:—/ Q~[V/\(gb%ﬂ’)]d:c+/ VA - (¢%3)dx
2 R3 2 R3
1 o o 1 [ =
:—/ w-%w\mvwg)wuw/ VA (¢%$)dx
2 R3 2 R3
1

_ = = I (A2 s
——Q/R?’w V(62) A ]da.

Now by the Cauchy-Schwarz inequality and the Young inequalities for the sum, we obtain

1

5 [ Bt < 2 [ (oS onlialads < 2ondl VGl
R3 R3

¢ relZa

< 1 + 4|V (r)d22,

and applying the Holder inequality with % = % + % in the last term above, we have

[l

T HAIVER) s 1allLs -

Recalling that, by homogeneity we have ||V (¢g)||1s = ||Vl s < +00 we finally obtain

1 v, 1 - =12
S| VAG-(pi)de+5 | VAQ- (¢5@)de < llérallz

=12
2 Jes 2 Jes L) (4.14)

With all these estimates (4.5)-(4.14]) at hand, we come back to (4.3)) and we have
/ qﬁ%ﬂ\ﬁ@m?dﬂ/ ¢%|6®w|2dm+/ ¢%|div(ﬁ)]2da€+ﬂ/ %|G|*dx
R3 R3 R3 R3
< C(llal s + 19176 py) + ClSH g8l Lo ey + Cllalaen
+CR™Y|a@| 71517 +§||</5 S +Cloll g0, 1l +}H¢ SlI7= + Cllall;
reliwlize = FIIPRWII L2 Plipg cpyltliLacr) T 4 IPRYII L2 LS(CR)"

We now remark that the quantity / ¢%|div(3)|2dz in the first line above is positive and that the
R3

quantities ||¢rd| 72 are bounded (recall moreover that x > 1), thus we can write

| oG wapder [ kiY@ aldst (- 1)londl
< O gy + 18138 ) + Ol s 15 ey + ey
+ CR 3o l33s + Cllol g o Nl oey + Ol (415)
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At this point we note that, since @,& € LS(R?), & € L2(R3) and @ € LY(R3) and p € L2(R3) with
3<qg< %, then the quantities

lillocry NGzsen)y, Nillaeny, BT NNTs, Pl g,

which are present in each term in the right-hand side of the previous estimate, will tend to 0 if
R — 400 and then all the right-hand side of above will tend to 0. For the left-hand side of
([@.15), if we let R — 400 we obtain the quantities ||| 1, [|&]| 51 and [|&| 2 which will thus tend to
0. Since we have the Sobolev embedding H!(R3) ¢ LS(R3), we easily deduce that @ = 0 and & = 0.
The proof of Theorem [3|is finished. [
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