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Abstract

We study in this article some Sobolev-type inequalities on polynomial volume growth Lie
groups. We show in particular that improved Sobolev inequalities can be extended without
the use of the Littlewood-Paley decomposition to this general framework.
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1 Introduction

Classical Sobolev inequalities provide us with a family of a priori estimates of the following form

[flle < CIVfllze  where ¢ = np/(n —p). (1)

Initially stated over R™, they were succesively generalized to other settings such as manifolds or Lie groups,
see for example [I] or [I5] for such generalizations.

Since the work of P. Gérard, Y. Meyer & F. Oru in [9], we know that it is possible to improve the classical
Sobolev inequalities by introducing a well-suited Besov space, and it is worth knowing if these improved
inequalities can be generalized to some special Lie groups. For example, in the case of the Heisenberg group
-which is the simplest example of stratified Lie groups- this was done by H. Bahouri, P. Gérard & C-J Xu
in [2] following essentially the same ideas of the original paper of P. Gérard, Y. Meyer and F. Oru; while,
for general stratified Lie groups, the task was achieved in [3] using some different techniques. In this special
setting we obtained a family of Sobolev-type inequalities: namely, for G = (R",-,4) a stratified Lie group
and for f a function such that f € W*?(@) and f € Bx’™(@G), we have:

1 llirea < ClUAG o1 ol 1 (2)

where the parameters p, ¢ and the indexes 0, 3, s and s; are related in a specific manner. See section [5] below
for the definitions of these functional spaces.

This type of Lie groups is a generalization of R™ when modifying dilations; and in this setting, mathemat-
ical objects we are dealing with are constructed in such way in order to respect the homogeneity induced by
these dilations. Therefore, many properties of these objects (operators, functional spaces) are very similar
to the Euclidean case. See [7] and [14] and the references given there for more details.

If we want to study inequalities of type and in a more abstract framework, it is possible to consider
Lie groups without a dilation structure and in this case we have several possibilities: a first example is given
by nilpotent Lie groups which are a generalization of stratified Lie groups (recall that every stratified Lie
group is nilpotent) but these groups are not necessarily endowed with a dilation structure, see more details
in [6]. A second example is given by polynomial volume growth Lie groups, where we have useful polynomial
estimates for the Haar measure of a ball. Some other examples can be considered such as exponential growth
Lie groups, see the book [15] for definitions and some related results for the last case.

Classical Sobolev inequalities have been extensively studied in the three previous frameworks and a de-
tailed account can be found in [15].



In this article we will especially focus on polynomial volume growth Lie groups and our main purpose is
to study improved Sobolev inequalities of type in this very particular setting.
Our results are as follows:

Theorem 1 Let G be a polyomial volume growth Lie group.
e [Strong inequalities p > 1] If f € W*'?(G) and f € Bx*°(G), then we have
£ llirea < CUAGer ol £ 1155 (3)
where 1 <p < q<+o00,0=p/q, s=0s1—(1—0)5 and — < s < s1.
e [Strong inequalities p = 1] If Vf € L'(G) and f € Bx™(G), then we have
| £llze < CUVFIGA I 5 (4)
where 1 < ¢ < +o00, 0 =1/q and 5 =0/(1—10).
e [Weak inequalities p = 1] If Vf € LY(Q) and f € Bx*°(Q), then we have

£ llyrze < CUV AL I (5)

wherel<q<+oo,0<s<1/q<1,9:1/qandﬁzlq_flq.

For a precise definition of these functional spaces, refer to section

Let us make some remarks concerning the techniques used in the proof of theses inequalities. For the
proof of inequality , we will not make use of the Littlewood-Paley decompostion as it is done in [9] or
[2] and this estimate will be obtained in a more straightforward way applying the sub-Laplacian’s fractional
powers properties together with some properties of the Besov spaces.

Concerning strong inequalities and weak inequalities , the proof follows a very different path and
we will see that these two estimates rely on the Modified Poincaré pseudo-inequality stated in theorem
Observe in particular that it is the use of this special inequality that suggest us the definition of the weak
Sobolev spaces W2 in the estimates .

To finish preliminary remarks, let us stress here that the role of the polynomial growth geometry will
be clearly identified in the estimates available for the heat kernel H; associated to the sub-Laplacian J and
in the operator’s properties build from the spectral decomposition of the sub-Laplacian 7. These estimates
and properties will be decisive for the proof of theorem

The plan of the article is the following: section [2]is devoted to a short introduction of polynomial volume
growth Lie groups, section [3| gives some important estimations for the Heat kernel, section {4] presents some
results concerning spectral theory, section [5| gives the precise definition of functional spaces involved in the
inequalities above, while section [6] presents the proof of theorem

2 Polynomial volume growth Lie groups

Let G be a connected unimodular Lie group endowed with its Haar measure dx. Denote by g the Lie algebra
of G and consider a family X = {Xy,..., Xi} of left-invariant vector fields on G satisfying the Hérmander
condition, which means that the Lie algebra generated by the X; for 1 < j <k is g.

In this setting we have at our disposal the Carnot-Carathéodory metric associated with X defined as fol-
lows: let £ : [0,1] — G be an absolutely continuous path. We say that ¢ is admissible if there exists measur-
able functions 71, ..., % : [0, 1] — C such that, for almost every t € [0, 1], we have ¢'(t) = Z?:l 75 () X (€(1)).
If ¢ is admissible, define the length of ¢ by [|¢|| = fol(Z;?:l |v; (£)|?)Y/2dt. Then, for all z,y € G, the distance
between x and y is the infimum of the lengths of all admissible curves joining = to y. We will denote ||z]|



L. z|| the distance between x and ¥.

the distance between the origin e and = and ||y~

For r > 0 and = € G, denote by B(z,r) the open ball with respect to the Carnot-Carathéodory metric
centered in = and of radius r, and by V(r) the Haar measure of any ball of radius 7. When 0 < r < 1, there
exists d € N*, ¢; and C} > 0 such that, for all 0 < r < 1 we have

ard <V(r) < Cpr.

The integer d is the local dimension of (G,X). When r > 1, two situations may occur, independently of the
choice of the family X: either G has polynomial volume growth and there exist D € N* ¢y and Coy > 0
such that, for all » > 1 we have

Coot? <V (1) < Coor?, (6)

or G has exponential volume growth, which means that there exist c., Ce, , 8 > 0 such that, for all r > 1
we have
cee™ <V(r) < C.elr.

When G has polynomial volume growth, the integer D in (6]) is called the dimension at infinity of G. Recall
that nilpotent groups have polynomial volume growth and that a strict subclass of the nilpotent groups
consists of stratified Lie groups. For more details see the book [15].

We will assume from now on that G is a connected unimodular polynomial volume Lie group with local
dimension d and dimension at infinity D.

3 Sub-Laplacian and Heat kernel

Once we have fixed the family X, we define the gradient on G by V = (X1, ..., X}) and we consider a sub-
Laplacian J on G defined by J = — E?Zl ij, which is a positive self-adjoint, hypo-elliptic operator since
X satisfies the Hormander’s condition. Its associated heat operator on Gx]0,+o0o[ is given by d; + J. We
recall in the next theorem some well-known properties of the semi-group H; obtained from the sub-Laplacian
J. See the book [I5] and the references given there for a proof.

Theorem 2 There erists a unique family of continuous linear operators (Hy)i~o defined on L' + L>(G)
with the semi-group property Hy s = HyHg for all t,s > 0 and Hy = Id, such that:

1) the sub-Laplacian J is the infinitesimal generator of the semi-group Hy = e~ ;

2) Hy is a contraction operator on LP(G) for 1 < p < 400 and for t > 0;

3) the semi-group Hy admits a convolution kernel Hyf = f * hy where hy is the heat kernel.

4) |Hef — fllpe — 0 ift — 0 for f € LP(G) and 1 < p < 4o00;

5) If f € LP(G), 1 < p < 400, then the function u(x,t) = Hyf(x) is a solution of the heat equation.

We obtain in particular that H; is a symmetric diffusion semi-group as considered by Stein in [13] with
infinitesimal generator 7.

We need to fix some terminology. To begin with note that associated to the family X we also have a family
of right-invariant vector fields {Y1, ..., Yx} with similar properties. Let I = (j1,...,jg) € {1,...k}’ (3 € N)
be a multi-index, we set |I| = 3 and define X’ and Y by the formula X' = X --- X;, (Y! =Y, - Y},
resp.) with the convention X! = Id if 3 = 0. The interaction of operators X’ and Y with convolutions is
clarified by the following identities:

XN frg)=fx(X"g), Yfrg)="f)xg, (X'fxg=[fx¥g).

In particular we have (Vf) % g = f % (Vg) where V = (Y1, ..., Y}).



We will say now that ¢ € C>°(G) belongs to the Schwartz class S(G) if

No1(¢) =sup(1+ HxH)O‘\XIgp(xﬂ < +o0. (aeN, T e U {1,...,]@}5).
zeCG BeN

Remark 1 To characterize the Schwartz class S(G) we can replace vector fields X7 in the semi-norms Ny, s
above by right-invariant vector fields Y.

For a proof of these facts and for further details see [7], [13], [I5] and the references given there.

Theorem 3 Let G be a polynomial volume growth Lie group, then for every j € {1,...,k}, there exists
C > 0 such that

ll]]

| X hi(x)] < Ct V2V (Vi) e a forallz e G, t > 0.

This theorem implies the next proposition

Proposition 3.1 For every j € {1,....,k} and for all p € [1,+00] there exists a constant C > 0 such that:
IXhe() e < CEVEV(VE)TVY >0 (7)

For a proof of theorem (3| and proposition see chapter VIII of the book [15].

4 Spectral decomposition for the sub-Laplacian

The use in this article of spectral resolution for the sub-Laplacian consists roughly in expressing this operator
by the formula J = f0+°o A dE) and, by means of this characterization, build a family of new operators
m(J) associated to a Borel function m. This kind of operators have some nice properties as shown in the
next propositions.

Proposition 4.1 If G is polynomial growth Lie group and if m is a bounded Borel function on |0, +oo[ then
the operator m(J) defined by

+00
()= [ () dE, 0
0
is bounded on L*(G) and admits a convolution kernel M i.e.: m(J)(f) = f* M (Vf € L3(@Q)).

Following [I0] and [8] we can improve the conclusion of the above proposition. Let k¥ € N and m be a
function of class C*¥(R*), we write

Il = sup (14 X)Fm"(A\)],
1<r<k
A>0

This formula gives us a necessary condition to obtain some properties of the operators defined by :

Proposition 4.2 Let G be polynomial volume growth Lie group with local dimension d. Let j € {1,...,k}
and p € [1,400]. There is a constant C > 0 and an integer k such that, for any function m € C*(R™) with
[m||(xy < 400, the kernel My associated to the operator m(tJ) with t > 0 satisfies

_d_

_ 1
1XM () | v < CE 272 | . 9)
where%—l—l%:l.

Proof . Follow the same steps of the proof of proposition 3.2 in [§] and use inequality .

Remark 2 Notice that, when 0 < ¢t < 1, we can replace in @ X; by X I for some multi-index I.



5 Functional spaces

We give in this section the precise definition of the functional spaces involved in theorem I} In a general way,
given a norm || - | g, we will define the corresponding functional space E(G) by {f € §'(G) : ||f|lg < +oc}.
For the Lebesgue spaces LP(G) with 1 < p 4 oo, we will use the following characterization

+oo
15 = [ 2 € G ()| > a}ao,
and for the Lorentz spaces LP>®(G) we set || f||zrp = sup{o |[{z € G : |f(z)| > o}|'/P}.
>0

In order to define Sobolev spaces, we need to introduce the fractional powers J° and J° with s > 0:

s — ; 1 ee k—s—1 7k

T f(x) =

/ ! t5 H, f () dt (10)

y
S A

for all f € C*>°(G) with k the smallest integer greater than s. We consider then the Sobolev spaces by the
norms

£ lyirse = 172 f 1 o (11)
when 1 < p < 400 and when p = s = 1 we will note
1 lhirs = IV Az (12)
We will also need to define weak Sobolev spaces W5 (G) used in and we write here
£ llse = T2 flloree (1< p < +o0) (13)
Finally, for Besov spaces of indices (—/3, 00, 00) which appear in all the inequalities —, we have:
11l o = sup ¢°72(|Hy | 1o~ (14)
> t>0

The choice of this thermic definition for Besov spaces will be clarified in the next section. Observe that
other equivalent characterizations do exist in the framework of polynomial volume growth Lie groups, see
for example [8] or [12], but they are not as useful in our computations as the thermic one.

6 Improved Sobolev Inequalities on stratified groups: the proofs

We will divide the proof of the theorem |1 in two steps following the values of the parameter p used in the
Sobolev spaces which appear on the right hand side of inequalities —. This separation of the proof in
the cases when p > 1 and when p = 1 is due to the definition of Sobolev spaces given by the formulas
and and is independent from the underlying geometry. Thus, we first study the inequality and then
we prove the strong inequality and the weak inequality .

6.1 The general improved Sobolev inequalities (p > 1)

We start the proof observing that the operator J°/2 carries out an isomorphism between the spaces
B>(@) and Bx’"%°(G). This fact follows from the thermic definition of Besov spaces (see [12] for
a proof and more details). We can rewrite the inequality in the following way

0 —0
Floe < CUFIL I oy e

where 1 < p < g < +o0, § =p/q, s=0s1 — (1 —0)8 and —3 < s < s1. Using the sub-Laplacian fractional
powers characterization we have the identity

§—87

(VA

—a 2y — 1 400 T . B 1 T sy . +o0 s )
TF @) = g [ @ = s ([ @ [T @) 09
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where a = s1 — s > 0 and where T' > 0 is a parameter that will be fixed in the sequel.

For studying each one of these integrals we will use the estimates
o [Hif(z)| <|f(z)|

—B—s
o |Hif(z)|<Ct— = HfHB;ﬁ_sl,oo (by the thermic definition of Besov spaces)

Then, applying these inequalities in we obtain

—a C1 a Co a—fB—s
T2 f(@0)] < ey T2 I @)+ w7y T2 Il go—sioe.
I'(%) I'(%) Bos™
We fix now ,
T— Hf”B;cﬁ*SLOO B¥s1
/()]
and we get
—a C1 1— o ﬁ% (&) 1— o ﬁ%
< B+s . 1 B+s . 1 .
T2 fz)] < F(%)If(ﬂf)l IS oo + F(%)If(:r)l Ao 0
Since ﬂ_ﬁ‘sl =1-—0 and 6 = p/q we have
== ¢ 01 £||1-6
T2 f(z)| < F(%)!f(fv)! £ 11 o1 00

We finally obtain
= 0 —0
1772 fllLe < cl[fILollf] g;afsl,oo

and we are done.

6.2 Strong an weak inequalities (p = 1)

We treat now the inequalities and . For this we will need the following result.

Theorem 4 (Modified Poincaré pseudo-inequality) Let f be a function such that Vf € LY(G). We
have the following estimate for 0 < s <1 and fort > 0:

T2 f = H T2 fllp < C 2 ||V f L. (16)

Let us make some remarks. This theorem is crucial for proving strong and weak inequalities when p = 1,
mainly because this estimate is especially well suited for matching with the Besov space’s thermic definition.
Note also that, when s = 0, we have some alternative proofs of depending on the framework and its
underlying geometry. See [I1] for details. In the general case exposed in theorem [4f the role of the geometry
is given in the LP-estimates available for the Heat kernel.

Proof. To begin the proof, we observe that the following identity occurs:

(T2 f — BT f) (@) = ( /0 +°° m(thA) )

where we noted m(\) = A¥/271(1 — e=*) for A > 0, note that m is a bounded function which tends to 0 at
infinity since s/2 —1 < 0. We break up this function by writing:

m(\) = mo(A) + m1(A) = m(N)8o(N) + m(N)f1(\)



where we chose the auxiliary functions 6y()),601(\) € C°(R™) defined by:

e Gp(A)=1 on 0,1/2] and 0 on ]I,+o0],
e 01 (A\)=0 on ]0,1/2] and 1 on ]1,4o0],
so that 6y(\) + 01(\) = 1. Then, we obtain the formula:

- ma e - ([ +°° oty ) 27 1) + (| +°° (A ) 62 f(a).

If we note Mt(i) the kernel of the operator fixed by f0+°° m;(t\)dE) for i = 0,1, we have:

(js/Qf o Htjs/2f)($) _ tl—s/2jf % Mt(o)(.f) + tl—s/ij % Mt(l)(ﬂi')

We obtain the inequality
/ T2 — T2 de < / 1727 1o M (@) do + / 127 1 MY (@) da (17)
G € G

We will now estimate the right side of the above inequality by the two following propositions:

Proposition 6.1 For the first integral in the right-hand side of we have the inequality:
L2 s s 0@ o < 067 9 s
G

Proof. The function my is the restriction on R™ of a function belonging to the Schwartz class. This function
satisfies the assumptions of the proposition which we apply after having noticed the identity

I= /G )tl_s/ij * Mt(o)(x)‘ dx = /G ’tl_s/QVf * @Mt(o)(x) dx
where we noted V the gradient formed by the vectors fields (Y;)1<;<x. We have then
r< [ [ eI b aidedy < 07219 1 90
Using the inequality @ we obtain

|21+ M0 @) do < 0t 9510
G

Proposition 6.2 For the last integral of we have the inequality
L2 s s @) do < 067 91
G

Proof. Here, it is necessary to make an additional step. We cut out the function m; in the following way:

1—e?

) = (255 ) 0100 = ma(0) - ()

where mq(A) = 161(A) and my(A) = %91()\). We will note Mt(a) and Mt(b) the associated kernels of these
two operators. We obtain thus the estimate

/ 11527 o D )| dr < / 1152 o M ()] i+ / 2T @) e (18)
G G G

We have the next lemma for the last integral in .



Lemma 6.1

/ 127 f 5« MO (@) de < OEF VS 1.
G

Proof. Observe that m; € S(RT), then the proof is straightforward and follows the same steps as those of
the preceding proposition [6.1

[
We treat the other part of with the following lemma:
Lemma 6.2
/ [T MO @) de < VS (19)
G
Proof. We consider the auxiliary function
Y(A) = 00(A/2) = bo(A) = 01(A) — 01(A/2)
in order to obtain the identity
+oo
2 YN =0,
j=0
We have then
1 & . X .
ma(th) = ZW TtN) = Zz Tp(277N)
7=0 7=0
where ¢(\) = @ is a function in C§°(R™). Then, from the point of view of operators, one has:
@ _ N~y
MM =Y "2 K, (20)
j=0
where K;; = ¢(277t7). With the formula we return to the left side of :
+oo )
/ [T M @) do < Y27 / 1T 5 K ()| da (21)
G ; G
7=0

Using the sub-Laplacian definition and the vector fields properties, we have
22—3/ ’tl—s/ij * Kj,t(x)‘ de <) 27 PV | 1 [VE 4 o
- G -
7=0 7=0

Apply now proposition to obtain the estimate H@Kj,tHLl < C29/2t=Y2. We have then for the
following inequality

1—s

2 [V £l

+oo
/ ‘tl_s/gjf * Mt(a)(:v)’ dx < C’Z 279/
G -
7=0

Then, we finally get
/ ‘H*Sﬂjf % M§“>(a;)‘ dz < C 5 |V |-
G
Which ends the proof of the lemma [6.2]
|

With these two last lemmas we conclude the proof of the proposition [6.2] Now, getting back to the formula
, with propositions and we finally finish the proof of theorem



6.3 Weak inequalities

To begin the proof, we use again the fact that operator J%/2 carries out an isomorphism between the spaces
B> and B>, Thus inequality rewrites as:

1T o < CUV ATV (22)
By homogeneity, we can suppose that the norm || 7°/2f|| j—p-s.00 is bounded by 1; then we have to show

|T5"2f || Lace < C|IVF[%:. (23)

We have thus to evaluate the expression [{z € G : \T5/2f(z)| > 20}| for all a > 0. If we use the thermic
definition of the Besov space , we have

Bts
|77 F e < 1 = sup {5 | HT "2l | < 1

(2
But, if one fixes t, = « <5+S), we obtain ||H;, J%/?f|~ < a. Note also that with the definition of
_2(g—1)
parameter § one has t, = a -9 . Therefore, since we have the following set inclusion

{x eG: T f(x)| > 2a} C {w € G:|T%f(x) — H,, T f(2)| > a},
the Chebyshev inequality implies
of[{z € G172 f(@)] > 20}| < @t /G T2 f(x) — Hy, T f ()| da.
At this point, we use the theorem [] to estimate the right side of the preceding inequality:
ad ‘{:z € G |T2f(z)] > 205}‘ <Cat 4,7 /G IV f(x)|dz. (24)

2(g—1) (1—s)

But, by the choice of t,, one has a9 o (=5 "2 =1. Then implies the inequality

ot [{z € G |T2(@)| > 20| < CIV s 5
and, finally, using the definition of weak Sobolev spaces it comes

1T 2 )| e < CIIVE|I1

which is the desired result.

6.4 Strong inequalities

When s = 0 in the weak inequalities above it is possible to obtain stronger estimations. To achieve this, we
will need an intermediate step:

Proposition 6.3 Let 1 < g < +o0, 0 = % and f=6/(1 —0). Then we have

1fllze < CIV AL 5

when the three norms in this inequality are bounded.



Proof. We will follow closely [II]. Just as in the preceding theorem, we will start by supposing that
| f[l 5=.0c < 1. Thus, we must show the estimate

1fllLe < CIV I, (25)

Let us fix ¢ in the following way: t, = a~221/7 where a > 0. We have then, by the thermic definition of
Besov spaces, the estimate ||H;f||~ < a. We use now the characterization of Lebesgue space given by the
distribution function:

1 oo

sl llze = /0 {z € G [f(x)] > 5a}|d(af). (26)
It now remains to estimate [{x € G : |f(x)| > ba}| and for this we introduce the following thresholding
function:
Oa(—t) = —Oa(t)
0 if 0<T <«

t—a if a<T< Mo

(M -1 if T>Mo
Here, M is a parameter which depends on ¢ and which we will suppose for the moment larger than 10.

This cut-off function enables us to define a new function posing f, = ©,(f). We collect in the next
lemma some significant properties of this function f,:

Lemma 6.3

1. The set defined by {x € G : |f(x)| > ba} is included in the set {x € G : |fo(z)| > 4a}.
2. On the set {z € G :|f(z)] < Ma} one has the estimate |f — fo| < a.

3. If f € CH(Q), one has the equality V f, = (V) Lia<|fl<ma) almost everywhere.
We leave the verification of this lemma to the reader.

Let us return now to ([26). By the first point of the lemma above we have

—+o00

+00
/0 {x € G :|f(x)] > 5a}|d(a?) S/o Hx € G : |fo(z)| > 4a}|d(a?) = 1. (27)
We note A, = {z € G : |fo(z)| > 4a}, By = {x € G : |fa(zx) — H, (fa)(x)] > a} and C,, = {z € G :
|H;,, (fo — f)(z)] > 2a}. Now, by linearity of H; we can write: fo = fo — he, (fa) + he, (fo — f) + he (f)-

Then, holding in account the fact |Hyf||z~ < «, we obtain A, C B, U C,. Returning to , this set
inclusion gives us the following inequality

+oo +o0o
1< /0 |Bald(a?) + /0 Cal d(a?) (28)

We will study and estimate these two integrals, which we will call I1 and I, respectively, by the two following
lemmas:

Lemma 6.4 For the first integral of (@ we have the estimate:

+o0
I - /0 |Ba| d(a?) < C qlog(M)|[V £ 12 (29)

10



Proof. The Chebyshev’s inequality implies

Bal <a”! /G fal®) = Hiy (fo) ()] e

Using the theorem @ with s = 0 in the above integral we obtain:
Bal £ Ca” 4lf? [ [V fuw)lde
G

1/2

Remark that the choice of t,, fixed before gives to/~ = a!~9, then we have
Bo| < oa—q/ IV f ()| da.
{a<|fI<Ma}

We integrate now the preceding expression with respect to d(a?):

+o0 1 dev
—q q
L<cC /0 o (/{agﬂgm}w( >|dx> d(a?) = C q / Vi (/| a)dx

It follows then I1 < C ¢ log(M)||V f||z1 and one obtains the estimation needed for the first integral.

Lemma 6.5 For the second integral of (@ one has the following result:

+00 q 1
=[Gt < 5 I
Proof. For the proof of this lemma, we write:
[f = ol = 1f = fallypi<nsay + |f = fallyp> nray-
As the distance between f and f, is lower than « on the set {z € G : |f(x)| < Ma}, one has the inequality
|f = fal < @+ |fILqf> 00}

By applying the heat semi-group to both sides of this inequality we obtain Hy, (|f—fal) < a+Hy, (|f|[1{#/>Ma})
and we have then the following set inclusion Cy, C {z € G : Hy,,(|f|1{|fj>na}) > a}. Thus, considering the
measure of these sets and integrating with respect to d(a?), it comes

+o00o +o0
b= [l < [ \{Htaufm{mwa})>a}d<aq>

We obtain now, by applying the Chebyshev inequality, the estimate

+oo
I S/O Ol_1</GHta (\fl]l{|f|>Ma})d$>d(0éq),

then by Fubini’s theorem we have

e @) q
pea [ @I [ topamara)as = 0 [ B e - L,

And this concludes the proof of this lemma.

11



We finish the proof of proposition by connecting together these two lemmas i.e.:

1
2 1f1lz0 < Cq log(M)|IV f]| s to1 Mq T 1A 117
Since we supposed all the norms bounded and M > 1, we ﬁnally have
L_ 4 < Cq log(M)|V
51— g ) 15 < Calos (M) £l

The proof of the theorem [I] is not yet completely finished. The last step is provided by the

Proposition 6.4 In the proposition it is possible to consider only the two assumptions Vf € LY (G)
and f € Bo_oﬁ’oo(G).

Proof. For the proof of this proposition we will build an approximation of f writing:

n=(] 20 - (@) 8, (1

where ¢ is a C°(R™) function such that ¢ =1 on ]0,1/4[ and ¢ = 0 on [1, +o0].

@ ( @ @

Lemma 6.6 If ¢ > 1, if Vf € LYQ) and if f € Bx®(G) then Vf; € LY(G), f; € B™(G) and
fi € LYG).

Proof. The fact that Vf; € L'(G) and f; € Bo_oﬁ’oo(G) is an easy consequence of the definition of f;. For
fj € LY(G) the starting point is given by the relation:

i = ( / ) dEA) 22 7(f),

P(27%N) — p(27))

2720\ ’
Observe that the function m vanishes near of the origin and satisfies the assumptions of proposition
We obtain then the following identity where M is the kernel of the operator m(27277):

where we noted

m(27%\) =

fi=2"47TfxM; =275V fxVM;,
Using inequality (@, we estimate the norm L?(G) in the preceding identity:
I fillza = 1272V f * VMjllLa < 272V £l 1 | VM| o

Finally, we obtain:
: _1y_
I£illze < € 2DV F]| 1 < +oo

Thanks to this estimate, we can apply the proposition to f; whose L4(G) norm is bounded, and we
obtain:

1fillza < Cva]HLleJHB 3,00
Now, since f € B "*°(G@), we have f; — f in the sense of distributions. It follows

1o < lin inf fi]l0 < CIV AL e

We restricted ourselves to the two initial assumptions, namely Vf € L1(G) and f € Bx*(G). The strong
inequalities are now completely proved for stratified groups.
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