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A PRIORI ESTIMATES FOR SOLUTIONS OF A NONLINEAR
DISPERSIVE EQUATION

XAVIER CARVAJAL

ABSTRACT. In this work we obtain some a priori estimates for a higher order
Schrodinger equation and in particular we obtain some a priori estimates for
the modified Korteweg-de Vries equation.

1. INTRODUCTION

In this paper we will describe some results on the growth of Sobolev norms for

solutions of the initial value problem (IVP)

{Btu +ia02u+b02u +iclul®u + d|u?0,u + eu?d,u =0, z,t€R, (1.1)

u(z,0) = uo(x),
where u is a complex valued function and a, b, c,d and e are real parameters with
be # 0.

This model was proposed by Hasegawa and Kodama in [Tl [[4] to describe the
nonlinear propagation of pulses in optical fibers. In literature, this model is called
as a higher order nonlinear Schrodinger equation or also Airy-Schrédinger equation.

We consider the following gauge transformation
v(z,t) = exp (i)\x +i(aN* —2b )\3)15) u(z + (2a X — 3bA?)t, 1), (1.2)
then, u solves (L)) if and only if v satisfies the IVP

O +i(a —3Xb)0%v + b32v +i(c — AN(d — e)) |v|*v + d [v]20,v + e v?0,0 = 0,
v(x,0) = exp(iXz) u(x, 0).

(1.3)
Thus, if we take A = a/3b in [L2) and ¢ = (d — e)a/3b, then the function
a o ad a?
v(x,t) = exp (z%x—i—zﬁt)u(:ﬂ—i—%t,t) ) (1.4)

satisfies the complex modified Korteweg-de Vries type equation (complex mKdV)

O + b330+ d|v|*0,v + ev20,0 = 0, (15)
v(z,0) = exp(ia z/3b) u(z,0). '
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It was shown in [I5] that the flow associated to the IVP ([l) leaves the following
quantity
Li(u) = / |u|?(x, t) d, (1.6)
R
conserved in time. Also, when be # 0 we have the following conserved quantity
L(u) =k / |0 ul?(x, t) da + kg/ |u|?(z, t)dx + k3 Im/ u(z,t)0pu(zx,t)de,
R R R

(1.7)
where k1 = 3be, ko = —e(e + d)/2 and k3 = (3bc — a(e + d)). We may suppose
ks = 0. In fact, when k3 # 0 we can take in the gauge transformation ([C2)

A= —%. Then, u solves ([ITl) if and only if v satisfies (L3) and in this new IVP
we have the constant ks = 0. The conserved quantity (L) with k3 = 0, gives

/|8mu|2(:1c,t)dx+c/|u|4(:1c,t)dgc:/|6wu|2(x,0)d:v+c/|u|4(;v,0)dx. (1.8)
R R R R

The main result in this work is

Theorem 1.1. Let u € C(R, H') be the solution of IVP (ILA) and 0 < 0 < 1/2,
then

IDSu(t)llzz < el Dfu(0)llLz exp fet(| D3/ *u(0)l|2: + u(0)IF: + 1)}, (1.9)

where ¢ is a constant.

2. GROWTH OF SOBOLEV NORMS

In the following proposition we obtain a sharp estimate for | ||u,(t)|| 2 —||uz(0)] z2],

we will need the following elemental lemma
Lemma 2.1. Letx>0,a>0and b >0, if 2> —ax — b < 0 then
0<z<a+b'2 (2.10)

Proposition 2.2. Let ug € H' and u(t) the solution of IVP () with ks = 0,
then

| ua(®)llze = llua(0) 2| < cllu(0)]Z..
Proof. If ¢ < 0 in (LX), Gagliardo-Nirenberg’s inequality yields
/ |0pu|? (z,t) d §|c|/ lul* (2, t)dx —I—/ |0,u|? (z,0) do
R R R
<l Ol )2+ [ [0r . 0),

therefore by (Z10)

lua ()2 < a0 22 + el [u(0)]1Z:.
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If ¢ > 0 in ([CF), applying Gagliardo-Nirenberg’s inequality we have
/ |0 ul? (2, t) da gc/ |u|*(z,0)dx —|—/ |0, u|?(x,0) dz
R R R

< [u(0) 2 a0 = + / Ou2(x,0),  (211)

similarly we get
/|8wu|2(:1c,0)dx Sc/ |u|4(x,t)dac+/ |0y ul?(x,t) da
R R R

< e 0 [4a s (8) 22 + / 10,uf(z, ),

this implies that

3/2 1/2
1w (0)]| 22 < 2 a(O) 1362 | (81 157 + [l (8)] 2

c 1
<5 1uO)zz + Slua@llzz + @l (2.12)
using (ZT2) in II) it follows that
c 3
o1 < el (IOl + 3lus@lle ) +lus@), (213

and again using ([ZI0) we obtain
lua(®)llz2 < Nua(0)] Lz + ¢ u(0)ll7-.
Analogously when ¢ € R\ {0}, by symmetry we get
lua(0)ll 2 < ua(®)lz2 + ¢ u(0)ll72.

This concludes the proof of the proposition. O

Lemma 2.3. Let u(z,t) = U(t)uo(x) be the solution of the IVP [IL1l) with c =d =
e =0, we have the following local smoothing effect
02U (t)uollpeerz, < clluollz2, (2.14)

and the dual version

t
0. [ Ut )7yt | < clflonr (215)
0 L2
We have also the mazimal function estimate
10 @uollzsrse < clluoll e (2.16)
And .
ez [we-one.oar| <l 2.17)
0 LgOL? x 7t

Proof. For the proof of the inequalities ([ZTd)-(ZTI4) see [4 or [T2] or [20]. For the
proof of inequality ([ZT7) see [T2]. O

The following lemmas were proved in [T2].
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Lemma 2.4. Let be 6 € (0,1), 1 < p1,p2,q1,q2 < 00, such that 1/p1 +1/p2 = 1,
/g1 +1/g2 = 1/2, then
D% (uv) = uDgv = vDgull 2 < ellull pza o [ DSl 22 2. (2.18)
Lemma 2.5. Let be § € (0,1), 1 < p1,p2,p, 7,12 < 00, 11 € (1,00] such that
1/p1+1/pa=1/p, 1/r1 + 1/ro = 1/r then
IDSF ()l ery < el F ()l gz o IDLF Nl ez gy, (2.19)
Without loss of generality we will restringed our attention, for the modified

Korteweg-de Vries equation, mKdV (o« = c¢=d =0 and uo(z) € R in [1)).

Initially we considered the generalized KdV equation

Ou+ Bu+0,uf =0, zteR k>2 keZt,
(2.20)
u(z,0) = uo(x),
and the equivalent integral equality
t
u(t) = U(t)uo —/ Ut —t)0u*(t)dt'. (2.21)
0
The IVP [20) have the following conserved quantities
L(u) = llu@®)lZz,  T2(w) = lus ()22 + cxllu® (2.22)

Theorem 2.6. Let u € C(R, H') be the solution of IVP (Z20) and 0 < 0 < 1/2,
then

2(k—1)
DO < APWOIE; + @S, [ 1D, (229
Proof. A straightforward calculation yields

t t
/ / Dzu[Dgut + Dg(uk)w] = / / DguDz[ut + Ugge + (uk)m] =0,
o Jr o Jr

therefore

t t
2/ /DzuDzut = /Dgu(t)Z’ — /Dgu(O)Z’ = —2/ /DZuDz(uk)w =2J]
0 JR 0 JR

and using (ZZI)) and Lemma 3 we obtain

t t t’
:/ /&ﬂU(t)DzuoDzuk—!—/ /85/ U(t' — 7)Dou* (7)dr DO u*
o Jr o Jr " Jo

t/
<c||9.U (t) D3uo]| oo 2 1 Dgu | Ly 2 + 35/ Ut — ) Dgu"(r)dr | Dgu" |l s p2
0

Lo L?
SCHDzUOHLi ||D2Uk||L;L$ + C||D2Uk||L;L$ IIDﬁukIIL;Lg

<cl|Duol7z + cll Diut (121 1

2(k—1
<el Dl + e, [ D%l
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where in the last inequality we used [ZI8) and ZTIJ) (see Remark Z7), thus

2(k—1)
IO < AP + A, [ D2t

]
If k =3 (mKdV) in Z23)) we have
t
IDSu(t)l72 < ¢l DIu(0)lI7 JrClIU(t')llingo/O IDZu(t) |7z dt'. (2.24)
But if v € C(R,H'), then u(t') is continuous in [0,¢], therefore |lu(t')|| s =
lu(to)||Ls for some to € [0,], then we have
) Lazee = llulto)llzs < lu@)lzers < lu)lzsrs- (2.25)
Hence by ZZ4) and [ZZH) we obtain
¢
IDZu(t)l72 < | DIu(0)lI7 +C|IU(t')||igOLg/O IDZu(t) |7z dt'. (2.26)
Remark 2.7. 1) The inequality (ZZ8) is valid with 2 < q1,q2 < 00, 1/q1 +1/g2 =
1/2, therefore for all g > 2, k> 2 and 0 <0 < 1/2 we get
1020 ey n < el Hlagage 1020l oy + Nulzoon o 1020 sy 2

Sctl/‘“IIU’“‘lIILngoIIDfZUII =F +CIIuIIL2<k e llu 7 2y (IDSul e
2L LD p2

<t lul 5 vull

oDl

Lot T lfullf oo 1 Dl 2 2- (2.27)
x Tt

Now if 0 € [0,1/2), u € (R, H') and 7, — 7, then
| Diu(ma, €) = Dgu(r, )| < elu(ra) = u(m)llm — 0,
thus Dou(r,€) is continuous in the variable T, and in similar way as in (Z2Z3) we

have || DSu(t')|| 210 = || DSu(t')|| e r2. Hence taking the limit when ¢ — oo in

(Z-Z7), Lebesgue’s dominated convergence theorem yields

ID%u N rz < ellull’d IDZull 2 2.

2(k l)Loo
2) Seeking (Z23) and (ZZ3) we observe that 2(k — 1) = k + 1 if and only if k = 3
(mKdV).

Theorem 2.8. Let u € C(R,H') be the solution of IVP (Z2Z0) with k = 3 and
0<6<1/2, then

| DSu(®)lzz < ellD3u(0)lzz exp {ct(IDY*u(0) 1 + lu(O)lS: + D}, (2.28)
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Proof. We consider two cases:

Case 1) : if | D,u(0)[[z2 < 1.

From ([CH), PropositionZZand the Sobolev embedding [|v][z1 < ¢|[v|| g1/4, it follows
that

[t < [ ut(e.0)+ clDeuo); + el Do)
< [ ut@,0)+ ¢ (2IDsu(O0)E; + clu(O)]2) + I D.u )3

<c (IDY a1z + [u(): +1) (2:29)

The inequality [Z28) is a direct consequence of [Z2H), ZZd) and Gronwall’s in-
equality.

Case 2) : if | Dyu(0)]|z2 > 1.

By scaling we consider the solution

1

ur(z,t) = Az, \3), A= ———— .
| Dau(0)]7

We have
IDgua(®)llrz = A2+ D3u(A*t)|l 2, (2.30)
therefore
1Dzux (0|22 = A2 Dyu(0)| 2 = 1,
hence by Case 1) we get
|DSur®)llzz < ellD3u(0)zz exp {et (IDY un(O)llfz + lur(0)]§z +1) }.
(2.31)
And using ([Z30) we obtain for all ¢t € R:

| DSu()lIzz <cllDIu(0)]| 22 exp {ct (N IDY ()£ + X llu(O)lfz +1) }
<l DZu(0) 22 exp {ct (IDY*u(O)lfz + [u(0)]§z +1) }.
This completes the proof of the lemma. ([l

In the next section we prove a refined a priori estimate.

3. GROWTH OF SOBOLEV NORMS OF LOW FREQUENCY SOLUTIONS

In this section we will prove the following theorem

Theorem 3.1. Let ug € H®, s > 1/4, vo(x) = (X{|g|<N}ﬂ0)v(x) and v(t) a
solution of IVP (Il) with initial date vo and ks = 0, then there exist a 0y =
0o (uo,v(t)) € (0,1) such that for all 6 € [0, 1]

()%

7@@ﬁfW@M% (3.32)

[o®)llze < [[0(0)][ 1o +
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where P(x) is a polinomio of grau three.
To prove Theorem Bl we need the following result

Lemma 3.2. Let v € H*, then for 6 € [0,1) we have

00+ € os 1+ e,

(3.33)
(i

ol < ol exp {
Proof. Let F(0) = |[v]|%,, # 0 for 6 € [0,1) and G(6) = F'(6)/F(6), then
FO) = [0+ ) o (bR, F7(60) = [ (1+€) o (1+€) (0 P
and using Cauchy-Schwartz
F'(0) < F(0)Y2F"(9)"/2.
Thus

FO)F"(6) = F'(0)* _

G'(0) = =

Hence G(0) is increasing. Now we define H(6) = log F'(), using the mean value
theorem for 6 € (0,1) we get

log F(0) — log F(0) < 0G(~0) < 0G(0) =0

where v € (0,1]. Therefore

F(8) < F(0) exp { 6F(6) }

O

Proof of Theorem Bl If # = 0 or § = 1 is a obvious consequence of (CH) and
Proposition Now for t fixed, we define the function

F1(8) = o)1 Fs — lv(0)]|Fs, 0 € [0,1],
and we consider

ft((So) = Imax ft(5)

6€[0,1]

If 5o = 0 or §p = 1, we have B32). If §p € (0,1) then f/(dp) = 0, therefore

/ (1+ €2 log (1 + €2)[0(t, £) [2de = / (1+ €2 log (1 + €2)[0(0,€)Pde. (3.34)
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From B33) and B34) we have

lo(®)350 <Nv(O)I13= exp {

do J (1 + €)% log(1 + €2)[0(t, §)[*d¢ }

o2,
2)%0 1o Y 2
= [(0)]2 exp{50f (1+¢%) ||1v ééif )[3(0,€)] dg}
o 2 200 |55 2
<[[o(0)2 exp{5°1 g(1+N >”f (<t1)||+s )% 50, €)| dg}
H¢%

Sol[v (O,
—[o(0)]22 (1 + N2) [vOls

Let x(t) = [[v(t)[35,, Lo = [[0(0)[7 and g = (N?)*, then

x(0)
X _ gx®
Lo —
taking logaritmo in the above inequality we have
x(®), x®) _x(0)
St log ot <2
Lo Ly — Lo o1

x(0) lo

7. loggq x(0) x(0)
= + ko) logd == 4+ kopr, (3.35
T oy iog P iy o+ ) o 039

where we consider kg = ¢/(elogq), let us now the function
f(x) = (z + ko) log{x + ko} — xlogq, = =0,

this function have a minimum z,;, = ¢/e — ko > 0 in [0, 00), equal to f(zmin) =
—q/e+ kologgq =0, and by inequality ([B33) this implies

wlog x(t) < (@ +k0) log{%g) +/€0}-

Lo Lo =\ Lo
As the function g(z) = xlogz, > 0 is no decreasing, by the definition of §y we
obtain B32). We concludes the proof of the theorem. O
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