2211.10993v1 [math.SG] 20 Nov 2022

arXiv

SINGULAR LAGRANGIAN TORUS FIBRATIONS ON THE
SMOOTHING OF ALGEBRAIC CONES

SANTIAGO ACHIG-ANDRANGO

ABSTRACT. Given a lattice polytope Q@ C R™, we can consider the cone o =
Q) = {\(g,1) e R* T\ € R>g,q € Q} C R™F1, and the affine toric variety
Y, associated to o. In [Alf97], Altmann showed that the versal deformation
space of Y, can be described by the Minkowski decomposition of the polytope
Q. Under some conditions on @, we can obtain a smooth deformation Ye of
Yo, using Altmann’s result. In this article, we construct a complex fibration
on Y, with general fibre (C*)™ and finite singular fibres described in terms
of the components of the Minkowski decomposition. We construct a singular
Lagrangian torus fibration out of the complex fibration, as in [Aur07, [Aur09].
This singular fibration admits a convex base diagram representation with cuts
as a natural generalization of base diagrams described in for Almost
Toric Fibrations (dim = 4). In particular, we obtain a convex base diagram
whose image is the dual cone of C(Q). There is a l-parameter family of
monotone Lagrangian tori in each of these fibrations. Using the wall-crossing
formula [PT20], we describe the potential associated with this family in terms
of the Minkowski decomposition of @ and discuss non-displaceability. We also
discuss some other consequences of our results.

1. INTRODUCTION

The SYZ conjecture [SYZ96] gives a geometric interpretation for the mirror
symmetry phenomenon first observed in physics [CLS90, [GP90, [CXGP91]. It claims
that if two Calabi-Yau manifolds are the mirror to each other, then both manifolds
admit a special Lagrangian torus fibration over the same base and are dual to
each other. Under this premise, several refinements, including the need to consider
singular Lagrangian fibrations, were developed over the years in a nonexhaustive
and long list of work, [Gro01bl [KS0T, [Fuk05 [GHKTH, Tul4! [GS06, [GS11 [GS18|
[GS19, [Abo17, [Abo21), [Aur07, [Aur09, [AD20, [CPUI6.

In the present article, we describe the smoothing of certain Gorenstein singularities
based on [AIt97]. We then construct a special Lagrangian torus fibration in the

complement of a divisor as in [Aur07, [Aur09].

1.1. Main Results. Given a lattice polytope @ C R", we can consider 0 =
C(Q) = {Mg,1) € R"™HX € R>0,q € Q}, the cone of @ in R"!. Since o is
a polyhedral rational cone, we can associate an algebraic toric variety Y, singular
in general. In [AIf97], Altmann showed that the versal deformation space of Y,
can be described in terms of a Minkowski decomposition of the polytope ). In
this setup, Gross [Gro0Ola] constructed a special Lagrangian fibration, with fibres
diffeomorphic to R x 7™, in the smooth part of a deformation Y, given in [AIt97].
This construction can be understood using a complex fibration 7 : Y, — C, where
the preimage of a point is isomorphic to (C*)™ except at k singular points, where
k is the number of components on the Minkowski decomposition. In Theorem [IT]
under certain conditions, we describe the local behavior of the singularities of 7,
which guarantees that Y, is smooth.
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Theorem 1.1. Given some conditions in Q, a neighborhood of the singular fibres of
7w : Y. — C is biholomorphic to the preimage of a meighborhood of 0 under the map
X+ Ty defined in C™TL x (C*)"=™ for some m. In particular, the conditions
imply that Y is smooth.

In [Aur07, [Aur09], Auroux constructed a special singular Lagrangian fibration
in the complement of a divisor of C". The mentioned fibration is constructed from
the complex fibration 7 : C¥ — C given by 7(x1,...,2x) = o1 --- 2. We showed
that the local model of the singular fibres of the complex fibration 7 is of the
form CF x (C*)"*1=%F — CF 55 C. So the analogous approach in [Aur07, [Aur(9)
produces a singular Lagrangian fibration. To visualize symplectic aspects of this
singular Lagrangian fibration, we describe it by a convex base diagram with cuts,
which can be thought of as analogous to the moment map of a toric action, and is
a generalization of the base diagrams constructed by Symington [Sym] to describe
almost toric fibrations. In particular, we show that the image of the diagram is the
polyhedral dual to o.

Theorem 1.2. With the same assumptions as in Theorem [, there is a singular
Lagrangian fibration in Y. that can be represented by a convex diagram Y, — R*T1
with cuts, such that the image of the convex diagram is oV (the dual cone of o). In
addition, there is a one-parameter family of monotone Lagrangian torus fibres in
Ye.

These results allow us to carry out the following immediate applications:

e Using the wall-crossing formula [PT20], we can describe the potential of
the one-parameter family of monotone fibres in terms of the Minkowski
decomposition of Q.

o We show several examples of families of non-displaceable monotone tori.

e When @ is itself a polytope associated with the fan of a Fano algebraic
variety, we can immediately describe a singular Lagrangian skeleton for
which the smoothing Y, retracts to. Moreover, there is a natural compactification
of Y., and by the work of [DTVW] the potential of the monotone Lagrangian
on the compactification Y. of Y, has a term associated with the relative
Gromov Witten invariant between Y, and the compactifying divisor. This
term can be readily identified in the potential for the Lagrangian in Y,
which is described in terms of the Minkowski decomposition of Q.

Some future developments arise naturally from this work. In [CPU16], the authors
discussed homological mirror symmetry for the conifold beginning with a singular
Lagrangian fibration as in this article. Also, we hope to be able to use the fibration
to describe a Weinstein structure on Y, and work towards describing symplectic
homology and Wrapped Floer homology for these spaces. We also want to describe a
Gelfand-Cetlin fibration in the sense of [STV1§]| originated as a limit of the singular
Lagrangian fibrations described in this paper. These limits can be thought of as
moving the singular fibres toward the boundary of the convex base diagram with
cuts. We intend to provide some applications using these Gelfand-Cetlin fibrations.

In Section[2] we review the basic concepts of toric geometry in the algebro-geometric
framework. We also review some ideas and introduce definitions regarding singular
Lagrangian fibrations that are useful for this article. In Section Bl we describe a
toy example to illustrate how the proofs of Theorem [[.I] and Theorem work.
In Section Ml we give the proofs of the main theorems. In Section Bl we describe
the potential function of families of monotone Lagrangians in Y;. In Section [
we present more examples of the application of the main results. In Section [7]
we show how to obtain a compactification of Y, compatible with the C-fibration
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under certain conditions (see Theorem [[.2)), and Section [§] presents future research
developments.
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2. BACKGROUND

This section aims to review some concepts of toric varieties from algebraic
geometry and discuss base diagrams for singular Lagrangians fibrations.

2.1. Toric Algebraic Geometry. In this subsection, we discuss Toric Varieties.
Most parts of the definitions are classical and taken from [CLSTI].

Definition 2.1. The affine variety (C*)™ is a group under component-wise multiplication.
An algebraic torus T is an affine variety isomorphic to (C*)™, where T inherits a
group structure from the isomorphism.

There are two essential groups associated with an arbitrary algebraic torus 7"
the group of characters and the group of one-parameter subgroups.

Definition 2.2. A character of an algebraic torus T is a morphism x : 7' — C*,
as an algebraic variety, that is a group homomorphism.

For example, if T = (C*)*, m = (a1,...,a,) € Z" gives a character x™ :
(C*)™ — C* defined by

(1) X (b, ) = 400t

Definition 2.3. A one-parameter subgroup of an algebraic torus 7" is a morphism
A:C* — T, as an algebraic variety, that is a group homomorphism.

For example, if T = (C*)™, u = (b1, ...,b,) € Z™ gives a one-parameter subgroup
A C* — (C*)™ defined by

(2) Ne(t) = (thr, .. thn).

For an arbitrary algebraic torus T, its characters and the one-parameter subgroups
form free abelian groups of rank equal to the dimension of 7. Denote the group
of characters and the group of one-parameter subgroups as M and N, respectively.
We say that m € M gives the character "™ and that u € N gives the one-parameter
subgroup \* : C* — T

There is a natural bilinear pairing (,) : M x N — C defined as follows:
Given a character x™ and a one-parameter subgroup A%, the composition ™ o A" :
C* — C* is a character of C*, which is given by t ~ ¢ for some [ € Z. Then
(myu) = 1.
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By [Hum75l, §16], all characters and one-parameter subgroups of (C*)" arise as
in (1) and (@), respectively. Therefore, we can identify M and N with Z". The
bilinear pairing obtained is the usual dot product

(m,u) = i a;b;.
i=1

These two groups are important because we can construct affine toric varieties
from subsets of them, as we will see below. In what follows, we will denote by T’
an algebraic torus isomorphic to (C*)™, M its character lattice, and N its group of
one-parameter subgroups.

Definition 2.4 (JCLS11], Definition 1.1.3]). An affine toric variety is an irreducible
affine variety V' containing an algebraic torus 7" as a Zariski open subset such that
the action of T" on itself extends to an algebraic action of T on V.

A set o = {mq,...,ms} C M gives characters ™ : T — C*. Consider the
map
Oy T — (C)°
defined by
Do (t) = (X™ (1), -, x™ (1)) € (C)°
Definition 2.5 (JCLS11l Definition 1.1.7]). Given a finite set &/ C M, the affine

toric variety Y., is defined to be the Zariski closure in C® of the image of the map
D,

The following proposition ensures that Y, is an affine toric variety.

Proposition 2.6 ([CLS11], Proposition 1.1.8]). Given o C M as above, let Zo/ C
M be the sublattice generated by <. Then Y. is an affine toric variety whose
algebraic torus (the image of ®u ) has character lattice Z</. In particular, the
dimension of Yy is the rank of Z.< .

Example 2.7. Set

~1 0 0\ /1
o = o].l=1],{1].]o
1 1 0/ \o

The Zariski closure in C#
e Zariski closure (C(m,y,z,w

is Yoy = V(2w —yz) C CL

) of the image of the map @, (1, t2, t3) = (t7 s, ty s, to, 1)

From the finite set &/ = {my,...,ms} C M, we can also get a projective variety
by considering the homomorphism

7 (C*) —P I\ Vi(zg...2z,)
(t1y.ooyts) —[t1 o o ts)

Definition 2.8 (JCLS11l Definition 2.1.1]). Given a finite set &/ C M, the projective
toric variety X, is the Zariski closure in P*~! of the image of the map 7o ® .

Proposition 2.9 (J[CLS11l Proposition 2.1.4]). Given Yy and X as above, the
following are equivalent:

(1) Y., C C® is the affine cone of Xy C P51

(2) The ideal of Yoy is homogeneous.

(3) There isu € N and k > 0 in N such that (m;,u) =k fori=1...,s.
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Example 2.10. Following Example 2.7 we can consider:

7o ®y(ty,to, t3) = [t] M3 i ty 3 ity ty] C P,

The Zariski closure in P?z:y%w)

In this case, Y., is the affine cone of X/

of the image of mo @ is Xy = V(zw — yz) C P3.

To describe another way to obtain affine toric varieties, we will need the following
definitions:

Definition 2.11. A semigroup is a set S with an associative binary operation
and an identity element. To be an affine semigroup, we also require that:

e The binary operation on S is commutative. We will write the operation as
+ and the identity element as 0. Thus a finite set &/ C S gives

Nﬂ:{Zamm

meo/

amEN}QS

e The semigroup is finitely generated, meaning that there is a finite set &/ C S
such that No#' = S.
e The semigroup can be embedded in a lattice M.

Definition 2.12. Given an affine semigroup S C M, the semigroup algebra
C]S] is the vector space over C with S as basis and multiplication induced by the
semigroup structure of S.

To make this precise, recall that m € M gives the character x™. Then

(C[S] = {Z emX™

meS

cm € C and ¢, = 0 for all but finitely many m}

with multiplication induced by

m m'_ m—+m
=X

X X
If S =N& for & = {my,...,ms}, then C[S] = C[x™,...,x™].

’

The following proposition will tell us how to obtain an affine toric variety from
an affine subgroup.

Proposition 2.13 ([CLS1I] Proposition 1.1.14]). Let.S C M be an affine semigroup.
Then:
(1) C[S] is an integral domain and finitely generated as a C-algebra.

(2) Spec(C(S)) is an affine toric variety whose algebraic torus has character
lattice S, and if S = N for a finite set &/ C M, then Spec(C(S)) = Y.

A fundamental definition in this article is the idea of a convex polyhedral cone
and how to obtain an affine toric variety from it. Set Ng := N ®z R and My :=
M ®z R.

Definition 2.14 (JCLS11], Definition 1.2.1]). A convex polyhedral cone in Ng
is a set of the form

o = Cone(S') = { Z Ay

uesS’

Ay > O} C Np
where S’ C Np is finite. We say that o is generated by S’. Also set Cone()) = {0}.
We say that o is rational if S’ C N.

Definition 2.15 (JCLS11, Proposition 1.2.12]). A convex polyhedral cone o is
strongly convex if o N (—0o) = {0}.
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Definition 2.16 (JCLS11l Definition 1.2.3]). Given a polyhedral cone o C Ng, its
dual cone is defined by

o ={m € Mg|{(m,u) >0 for all u € o}
Given a rational polyhedral cone o C Ng, the lattice points
S, =c"NMcCM
form a semigroup. A key fact is that this semigroup is finitely generated.

Proposition 2.17 (Gordan’s Lemma. [CLS11l, Proposition 1.2.17]). S, is finitely
generated and is an affine semigroup.

Theorem 2.18 (JCLSIIl Theorem 1.2.18|). Let 0 C Nr = R™ be a rational
polyhedral cone with semigroup S,. Then
Y, =Yg, = Spec(C[S,])
is an affine toric variety.
From Theorem [Z.I8 and Theorem 2.13] we conclude that if <7 is a finite set such

that No = S, then Y., = Y,. This is the motivation for the construction of the
set @/ in the proof of Theorem [£.4]

Proposition 2.19 (JCLS11, Proposition 1.2.23]). Let o C Ng be a strongly convex
rational polyhedral cone of mazximal dimension. Then

A = {m € Sy|m is irreducible }
has the following properties:

(1) A2 is finite and generates Sy as a semigroup.
(2) S contains the ray generators of the edges of oV.
(3) S is the minimal generating set of S, with respect to inclusion.

Definition 2.20. The set J# C S, is called the Hilbert basis of S, and its
elements are the minimal generators of S, .

In this article, we are interested in the affine varieties given by the cone of a
polytope, as defined below.

Definition 2.21 ([CLST11l, Definition 1.2.2]). A polytope in Ng is a set of the

form
Q = Conv(S’) = {quu Ay >0, ZAul} C Mg

uesS’ ueS’
where S’ C Ng is finite. We say that @ is the convex hull of S’.

A polytope Q C Ng gives a polyhedral cone C(Q) C Nr X R, called the cone of
(@ and defined by

C(Q) ={A(u,1) € Ng xRlu € Q,\ > 0}.

Definition 2.22. If o0 = C(Q), where @ is a polytope, we also refer to Y, as the
cone of Q).

Example 2.23. Let Q := Conv{(0,0),(1,0),(0,1),(1,1)} CR? and ¢ = C(Q). In
this setting, we have

o = Cone{(0,0,1), (1,0,1), (0,1,1),(1,1,1)} and

0" = Cone{(-1,0,1),(0,-1,1),(0,1,0),(1,0,0)}.
Finally, we get Y, = V(zw — yz) by Example 2.7
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Definition 2.24. The Minkowski sum of subsets Ay, Ay C My is
A+ Ay = {m1 +m2|m1 S Al,mQ S AQ}
Given polytopes M; = Conv(Cy) and My = Conv(Cy), their Minkowski sum

Q = My + My = Conv(C; + C5) is again a polytope. If Q = M; + - - - + My, we say
that My + - -+ 4+ My is a Minkowski decomposition of ().

In [AIt97], Altmann studied the cone ¢ = C(Q), where @ C R" is a lattice
polygon, i.e. the vertices are contained in Z™. He gave a description of a set of
generators of oV as follows:

To each ¢ € Z™ we associate an integer by ng(c) := max{{c,—Q)}. By the
definition of 79, we have
oa¥ NZ™" = {(¢,n0(c))|c € Z™}.

Moreover, if ¢1,...,¢, € Z™ \ 0 are those elements producing irreducible pairs
(¢,mo(c)) (i-e. not allowing any non-trivial lattice decomposition (¢, ng(c)) = (', no(c’))+
(c",mo(c))), then the elements

(Cla 770(01))7 SRR (Cwa UO(CUJ))a (07 1)

form a generator set for o N Z"*! as a semigroup.

In order to study the versal deformation of Y, in [Alt97], Altmann used the
cone

k
o = Cone <LJ((MZ NZ") x {Q’})) C R™ x R*,

i=1
where Q = M7 + - - - + M}, is a Minkowski decomposition of Q.

In this setup, we define a function ¢ that will play the same role as 7.

Definition 2.25. Let Q = M7 + M5 + ... + M}, be a Minkowski decomposition of
@, and n = dim Q. Define

¢: L —IF

k
v— Z max{ (v, —M;)}e;

i=1
where e1, ..., ey is the standard basis of Z*.

2.2. Symplectic Geometry. On base diagrams for singular Lagrangian
fibrations. In this section, we comment on Lagrangian fibrations, as in [Sym], and
later we provide definitions for what we will call restricted almost toric fibrations.

Definition 2.26 ([Sym)| Definition 2.1]). A locally trivial fibration of a symplectic
manifold is a regular Lagrangian fibration if the fibres are smooth Lagrangians.
An smooth map 7 : M?" — B"is a Lagrangian fibration if it restricts to a
regular Lagrangian fibration over B \ 3, where B \ ¥ is an open dense set of B.

Remark 2.27. We assume that our fibres are compact and connected, then by
Arnold-Liouville, the regular fibres are isomorphic to T™.

The action coordinates, given by flux, allow us to locally identify an open simply
connected neighborhood of b € B\ ¥ with an open set in H!(Fy;R). Hence,
TyB = H'(Fy;R) endows a lattice H'(Fy;Z), inducing an affine structure in B\ .
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As in [Sym|, we will consider cuts in the base to obtain an affine embedding to
R™ in the complement of the cuts. The topology of these cuts will be the topology
of a Whitney stratified space.

Definition 2.28. A cover of a set X is a collection of subsets of X whose union
is all of X.

Definition 2.29 ([Mat12l §5]). An stratification 2" of X C M is a cover of X
by pairwise disjoint smooth submanifolds X, a € A.

Let Ajs be the diagonal subset of M. Denote by F(N) the blowing up of M x M
along Ajs. We will use the following identity

F(M)=PTMU((M x M)\ Ap),
where PT M denotes the projective tangent bundle of M.

Definition 2.30 ([Matl2 §5]). 2" is a Whitney stratification if it satisfies:

(1) (Locally finite) Each point € M has a neighborhood U, such that U, N
X, # 0 for at most finitely many o € A.

(2) (Condition of the frontier) For each a € A, its frontier (X, \ Xo) N X =
Upep X for some B C A.

(3) (Whitney’s condition B) Let {z;} be a sequence of points in X,, and {y;}
be a sequence of points in Xz such that z; # y,. If {&:} =y, {vi} — v,
{(xi,y:)} converges to a line I C PTM, in F(M), and {TX,,} converges
to an dim X-plane 7 C T'M,. Then [ C 7.

Definition 2.31. A Whitney stratified space X of M is a subset of M with a
Whitney stratification. The dimension of X is its dimension as a subset of M.

Definition 2.32. A Lagrangian fibration 7 admits a convex base diagram if
there exists a homeomorphism 1 : B — B C R™ such that m = ¢ om: M — R"
satisfy that there exists a collection € 2 ¥ of codimension one Whitney stratified
spaces, called cuts, such that the symplectic affine structure on w(g \ €) agrees
with the standard affine structure on R™.

Remark 2.33. Almost toric fibrations over disks defined in [Sym| admit a convex
base diagram by taking cuts on eigendirections.

Definition 2.34. A restricted almost-toric fibration is a Lagrangian fibration
that admits a convex base diagram whose singular fibres are toric, homeomorphic
to T™/T* (the group quotient that appears as the standard local model in toric
fibrations), or homeomorphic to 7" /%* (the quotient space obtained by collapsing
the k-cycle TF).

Remark 2.35. There exist ideas of what an almost-toric fibration should be in
higher dimensions, in particular, including singular fibres described by Matessi and
Castano-Bernard [CM09]. Not all are like our local model, that is why we named
these restricted.

The Lagrangian fibrations we will consider in this paper all have a convex base
diagram satisfying the following assumptions on its cuts.

Assumption 2.36. Let 7 : M?" — B C R" be a convex base diagram for a singular
Lagrangian fibration. Let 3 be the image of singular fibres, S;’s the connected
components of ¥ = J; S;, and ¢ = |J; C; C B is the collection of cuts. Assume
that each cut C; is the cone of S; with respect to some v; € R™, i.e.,

Ci = {z + tvi|z € Si,t € Ryo} N Im(m).
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Also that the image of C; in R®~! = v~ under the projection with respect to v; is

of the form
{ > Aeo| Ao > o},

o
for some finite set % C R"™!, satisfying the balancing condition Y cor, 0 =0. Let
CR® = {4 tv;|t € R} and Im(n) \ CF = Uj,V:O D; ;. We assume that mﬂD—” #
0,Vk,I.

Example 2.37 ([Aur(09, §3]). Consider the complex fibration
f:C® —cC
(z,y,2) —xyz.

There is an action of T2 on each fibre of f, let y be its moment map and let y(r) C C
be the circle with center in 1 and radius r. Given real numbers §; and d2, we define:

Tyryo0,5, = (1) N = (61, 62).

T (r),5,,5, 18 an embedded Lagrangian torus in C3, except possibly when 0 € ~(r)
or in the limit when » = 0 and we have an isotropic T°2.
We have collapsing cycles in the following cases:

(1) When x =y =0 and z # 0, the collapsing cycle is 6; — 65.

(2) When & = z = 0 and y # 0, the collapsing cycle is 6;.

(3) When y = z =0 and z # 0, the collapsing cycle is 5.

(4) When 2 = y = z = 0, all the T2 collapses.
The convex base diagram produced by this singular Lagrangian fibration will have
codimension one cuts in the complement, of which we will have a toric structure.
It r <1, Ty(s,s, determine a toric structure, and we can take action coordinates
(A1, A2, A3) given by the symplectic flux concerning a reference fibre T, (,, 0,0, as in
the action-angle coordinates given in [Dui80]. Counsidering the limit when o = 0,
we can interpret A3 as the symplectic area of a disk with boundary in a cycle of
T, (r),5,,5, that collapses as r — 0.
For r > 1 we then consider cuts (i.e., we disregard fibres) for Ay > 0,A2 = 0, or
A =0, >0, or A\ = Ao < 0. This way, we killed monodromies around singular
fibres and, hence, possible ambiguity to extend A3 via symplectic flux. Note that
we can extend A3 to a continuous (but not smooth) function on the whole C3.
We call the image B of m : C3 — R3 given by (A1, A2, A\3) and denote by ¥ the
locus on B corresponding to singular Lagrangian fibres. Let S; be the image of the
singular fibres corresponding to the case when 0 € «(r). The cone C; is defined
with v; = (0,0,1). We obtain the left diagram of Figure [Il as the convex base
diagram with cuts.

Definition 2.38. An element [y] € m (B \ X,b) gives us an isotopy class of
self-diffeomorphism of the torus fibre Fj. This self-diffeomorphism induces an
automorphism on Hi(Fp,Z). We call the map from 71 (B \ ) to Aut(H;(Fp))
topological monodromy. A choice of basis for H;(Fp) allows us to see the
topological monodromy as a map from m (B \ ) to GL(n,Z).

To study the topological monodromy of our restricted Lagrangian fibration,
consider C; = {z — tvlz € S;,t € Ry} NIm(x),CE = {z + tv;|t € R} and
Im(7) \ CF = Uj'v:o D; ;. Fix D; o, and by the assumption, all D; ; are adjacent to
D;o. Forall j=1,...,N, consider the loop b; ; C m U D—”7 passing through C;
once, through @ once, and with orientation given by passing through C; from D; o
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A3

Ao A

FIGURE 1. Convex base diagrams corresponding to the restricted
Lagrangian fibration in Example 2.37]

to D; ;. Finally, let My, ; be the topological monodromy around the loop b ;.

Because H'(F},Z) = hom(H;(Fy,7),Z), we see that the affine monodromy (the
monodromy for the affine structure in B\ ¥) concerning each loop b; ; € m(B\ X)
is given by the transpose inverse of the monodromies My, ;. Denote the affine
monodromy by M, gf]

We now generalize the notion of transferring the cut move defined in [Vial6bh].
We want to change the direction of all the cuts associated with a connected family
of singularities, obtaining a different convex base diagram for the same singular
Lagrangian fibration.

Definition 2.39. A transferring the cut operation with respect to C; consists
in applying a piecewise linear map ¢; : R® — R"™, preserving C;, obtaining m; =
Y;om : M — R™ with associated cuts C such that C} = ¢;(Cj) for j # i and
Cl = 6‘; The map 1; is defined by applying Mgifj to D; ; for all j. Note that this
operation fixes C} and that as a result of applying the monodromies, the affine
structure of m; agrees with the affine structure of R on C;\ U, ,; ¥i(C;) € Im(m;),
but is not defined in CY.

Example 2.40. The two convex base diagrams in Figure[lare related by transferring
the cut operation.

3. TOY EXAMPLE

In this section, we will work in detail on an example to illustrate how to obtain a
restricted Lagrangian fibration on the smoothing of a cone associated with a toric
manifold ). This will help us settle notation and introduce concepts used in the
statement and proof of the main theorems.
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Consider Q5 := Conv{(0,0),(1,0),(0,1),(2,1),(1,2)} C R? and the following
Minkowski decomposition:

(1,2)
0,1

)
(0,1) (2,1) = k

+
(an) (170) (O’O)

(1,1)

(0,0) (1,0)

We write Qs = My + Ms, where M7 = Conv{(0,0),(1,0),(0,1)} and My =
Conv{(0,0),(1,1)}. Let ¢ = C(Q5) € Ng x R = R? (see Definition 2:22)), and
Y, the associated affine toric variety, which is singular. Note that

o = Cone({(0,0,1),(1,0,1),(0,1,1),(2,1,1), (1,2,1)})

Following [Alt97], we will describe a way to obtain a deformation of the cone
Y, from the Minkowski decomposition ) = M; + M,. We begin by considering
o = (M1 NZ?) x {e1}) U ((MaNZ?) x {ea}) C Z? x Z? and & = Cone (&) where
e1, es denote the standard basis of Z2. We see that

& = Cone({(0,0;1,0),(1,0;1,0), (0,1;1,0), (0,0;0,1), (1,1;0,1)})

It contains the cone ¢ via the diagonal embedding R? x R «— R? x R? given by
(a,1) — (a,1,1).

We use the computer program Normaliz [BBIvdQ] to obtain the Hilbert Basis
of S5 = 0¥ NZ*:
G ={(-1,-1,1,2),(-1,0,1,1),(-1,1,1,0),(0,—1,1,1),
(1,-1,1,0),(1,0,0,0),(0,1,0,0), (0,0, 1,0), (0,0,0,1)}

To understand better Altmann’s deformation of Y,, we will describe it using
characters associated with Yz, see also [Gro0Olal §3 |. In addition, we will systematically
associate some elements of the Hilbert Basis .7% with each term of the Minkowski
decomposition in the following manner: To M;, we associate a dim M; X 2 matrix
V;, such that the rows of V; are the coordinates of the non-zero vertices of M;:

m:@ %,%:@ 0

Each V; can be completed to a 2 x 2 matrix X; such that the rows of X; form a
basis of Z". Let Z; = Xi_l7 define A; a 2 x dim M; matrix and, when dim M; < n,
C; a 2 x (n — dim M;) matrix given by Z; = (A; C;). In our case, we choose

1 0 1 1 1 1
X1Z1A1<0 1), X2Z2<0 _1)5 A2<0)’ CZ<—1>'

Recall our definition of the map ¢ : Z?> — Z2 associated to a Minkowski
decomposition (Definition Z25) and let a; ; € Z* be the j-th column of A;, then
we associate a; ; = (a;,j, #(a; ;) € Z* to a;j. In the same way, let ¢;; be the I-th
column of C; and associate (¢7);; = (ci, ¢(cit)) € Z*, (¢ )iy = (—ciy, ¢(—ciy)) €
74 to ci, . We also associate to M; the vector:

dim M; dim M;

Ei: — Z am-,gb — Z ai,j €Z4.

J=1 J=1
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Set
1 0 -1
~ 0] -~ 11 ~ -1
A = a1,1 = 0 , 12 = 0 , b1 = 1 )
0 0 2
associated with M,
1 -1 1 -1
~ 0] ~ 0 - -1 — 1
oy = a21 = 0 , ba = 1 ,(+)2,1: 1 ,( )21: 1 ,
0 1 0 0
associated with Ms, and note that:
0 0 0
-1 0 0
% - ~Q%1 U JZ{Q U 1 ) 11 0
1 0 1

We now associate the characters z = y(O=111), zij = X",y = X", w:rj =

X(Eﬂm, w; ;= X ii b = xO0L0) "and ¢y = x(0001D to each element of the
Hilbert basis s#%. The characters ¢;, associated with the vectors in M; x Z? of the
form (0,0, e;), will be viewed as deformation parameters of Y.

Let Yz = Spec(C[S5]) = Y.z, then the ideal I(Y7) is generated by:

+
Zi1t — T1,2W5 4 T1,1Y1 — 2t2 T1,1Y2 — tito
- +
T1,1Wy 1 — T1,201 T1,12 — Wy qt2 T1,2Y1 — Yato
3 —wy 4t —tit Twy, —t2
(3) T1,2Y2 — Wy t2 T1,27 — lita wy Wy — 1
- +
Yoz — Y1t1 Wy 12 — Yat1 Yawy 1 — 21
- 2 + 2 2 4 ~ .2
Y1Ws 1 — Yo Yiwg 1 — 2 YWy 1 — Wy 12

The inclusion o C 7 induces a embedding Y, C Y5 such that Y, = YzN{t;1 —t2 =
0)}, as it is described in [Alt97]. Consider now ¥ : Yz — C given by ¢; — 2, and
Y5 := U7l(e) with € # 0, a deformation of Y, (see [Gro0Ola, §3 |). In this case,
Y5 ¢ is smooth. We aim to study the complex fibration f : Yz . — C given by
the projection to ¢, which we will eventually use as an auxiliary fibration for
constructing a singular Lagrangian fibration as in [Aur07, [Aur09, [Vial4].

Note that the singular fibres of f lie over ¢; = 0 and t; = €. Indeed, if t; # 0, ¢,
f1(t1) = (C*)? because
T11Y2 = tita #0
w;1w2_,1 = t% #0
and from the other relations in [B]), we can show that all the characters in J#% will
depend only in the non-zero characters z; ; and w; 1-

We then look at the singular fibre f~1(0) and identify it with a subset of C3
given by:
T11210y1 = tits =0
All the characters in %% will depend only in x; 1, 21,2, y1 by the relations:

Yo = $1,2y1(—€)_1

w;l = xilyl (6)_2
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Wy = zigy1 (€>_2

z= xl,lyl(—e)_l
obtained from (3]).

We identify the singular fibre f~1(¢) with a subset of C? x C* given by:

T1,1Y2 = tita =0
- 42 2
Wy Wy =17 =€

All the characters in % will depend only in z; 1, y2, w; 1 by the relations:

|
T1,2 = X1,1Wsy 1€

2+ -2
Y1 = YWy 1€

Z = ygw;’le*l
obtained from (&]).

Now that we understand the complex fibration f, we will construct a Lagrangian
fibration associated with it using the same methods used in [AurQ7, [Aur09l [Via14].
First, we endow Yz . with the symplectic form coming from the embedding as a
subset of Cl”%|. Then, we study the action of S* x S' on each fibre of f given by

(:Cl,la 1'1,2; Y1,Y2, w;p wilv Z) —
(eielle’ €i02$1727 e*ielefiezyl7 eiielyQ, ei6167i62w;17 e*ieleiezwilv e*iezz).
The moment maps corresponding to the action of S x {1} and {1} x S! are:
M (21,1, 712,91, Y2, w3 1, wa 1, 2) = (lza]? 4 (w3, [* = 11 = [y2]® — [wy,[*)/2

)\2(:1:1,1,95172,%,yg,wil,wil,Z) = (|351,2|2 + |7~Uzi1|2 —[2> = 9| - |w§r,1|2)/2
respectively.

We will consider Lagrangian torus, which is contained in f~1(~(r)) for the circle
v(r) C C with center in 1 and radius 7, and consist of a single S x S*—orbit inside
each fibre of a point of v(r). Our Lagrangian torus will be given by symplectic
parallel transport of the T orbits along ~(r).

Definition 3.1. Given the circle v(r) C C and real numbers d1, d2, we define
Ty(r),61,6, = (1,1, T1,2, Y1, Y2, w31, w51, 2) € fH(¥(r))| AL = 61, A2 = 02}

We showed above that the general fibre of f is isomorphic to (C*)?, then T, 5,5,
is an embedded Lagrangian torus in Yz, except possibly when 0 € v(r), € € y(r),
or in the limit when 7 = 0 and we have an isotropic 72. Let A = 2(A1, A\2),

1 0 -1 -1
A= (o) tenal+ (D) oaal + (23 il (1) el
1 -1 _ 0
b (2 )t () tumP+ (£ 1P

We assume €,0 are not in the same circle y(r). Let us now understand the
singular Lagrangians for when 0 € (r). Recall that we identify f~1(0) as a subset
of C? given by

r1,1%1,2y1 = 0.

Note that if two of the characters x1 1,21 2,%1 are non-zero, we have a T?-orbit,

and hence the Lagrangian passing through it is a smooth 7. When z1 1 = 212 =
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y1 = 0, the whole T2 collapses. Let us analyze the remaining cases, identifying the
cycle in T2 that collapses as we approach one of these singular points.

When 11 = y1 =0 and x1,2 # 0, looking at equations ([B]) we see that:

0
)\ = (1) |.’L‘172|2.

So the collapsing class is the cycle generated by the 0; coordinate of the T2 action.
We will call it [0;] viewed in Hy(T3,Z) D Hy(T?Z). Here we think of T as
a reference Lagrangian fibre, Hy(T%,7Z) = ([01],[02],[03]) where [#5] is a cycle
corresponding to a choice of a lift of the curve v on the base.

When z; 2 =y =0 and z;,; # 0, we see that

1
)\ = <0> |.CC171|2,
so the collapsing class is [0s].
When z; 2 =211 =0 and y; # 0, we see that

-1
A= <_1> |y1|25

so the collapsing class is [ — 02].

If € € v(r), recall that we identify f~!(¢) as a subset of C2 x (C)* given by
r1,1y2 =0

w; 1W3 #£0
Note that if one of the characters 1 1,y is non-zero, we have a T?-orbit, and
hence the Lagrangian passing through it is a smooth 7. We will analyze the
remaining case identifying the cycle in T2 that collapses as we approach a point for
which z1,1 = y2 = 0. In this case:

1 -1 _
A= (L)t ()

so the collapsing class is [01 + 02].

In summarizing, the singular Lagrangians, which are topologically pinched torus
times a circle, are the fibres T, 5, 5, corresponding to:
(1) 0e~(r), A2 =0,and A\; >0
(2) 0ex(r), Ay =0,and Ay >0
(3) 0ex(r), M1 —A2=0,and \; <0
(4) ecvy(r)yand Ay + A2 =0
Now we will study the convex base diagram produced by this singular Lagrangian
fibration. For this purpose, we will follow the same approach as in [Sym], in the
sense that we will consider codimension one cuts in the base of the Lagrangian
fibration, in the complement of which we will have a toric structure. Let us now
assume that |e — 1] > 1, so the circles v(r) pass first through 0 and then through e,
as r increases. So, if r < 1, T (r), 21,2, determine a toric structure, and we can take
action coordinates (A1, A2, A3) given by the symplectic flux concerning a reference
fibre T’ (ry),0,0, as in the action-angle coordinates given in [Dui80]. Considering
the limit when g = 0, we can interpret A3 as the symplectic area of a disk with
boundary in a cycle of T’ x,,», that collapses as r — 0.
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We will introduce cuts to represent our fibration by a convex base diagram
as in Figure [ For r > 1 we then consider cuts (i.e., we disregard fibres) for
AL >0,A=0,0r Ay =0,\y >0, 0or Ay = A2 <0. For r > |1 — ¢/, we take cuts
for Ay = —X\2. This way, we killed monodromies around singular fibres and, hence,
possible ambiguity to extend A3 via symplectic flux. Note that we can extend A3
to a continuous (but not smooth) function on the whole Yz .

We call the image B of 7 : Y5 . — R? given by (A1, A2, A3) and denote by ¥ the
locus on B corresponding to singular Lagrangian fibres, as in Section Let Sy
be the image of the singular fibres corresponding to the case when 0 € v(r), and S
be the image of the singular fibres corresponding to the case when € € y(r). The
cones C; are defined with v; = (0,0, 1), for ¢ = 1,2. We obtain Figure 2] as the
convex base diagram with cuts.

B

A1
A2

FIGURE 2. Convex base diagram corresponding to the restricted
Lagrangian fibration related with Q5

Remark 3.2. One can check that A3 parameter of singular fibres tend to zero as
A2+ |A2|? — oo, with r fized.

We are now going to study the topological monodromy, as defined in Section 2.2]
as we go through the cuts of this fibration. Dropping, from now on, the brackets
from the notation, let {01, 02,05} be a basis for Hy (T s,,5,) Where 0; is the circle
class of orbit corresponding to A; for ¢ = 1,2, and 03 the collapsing class associated
with A3. Let

DI,O = {()\1, )\2,)\3) S Im(ﬂ)|)\1 > 0,)\2 > 0},

D111 = {()\1, )\2,>\3) € Im(ﬂ)|)\2 <0,M\ > )\2},

Dl,g = {()\1, )\2,)\3) S Im(ﬂ)|)\1 <0, Aoy > )\1},
D210 = {()\1, )\2,)\3) S Im(ﬁ)|)\1 + Ao > 0},
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D211 = {()\1, )\2,>\3) S Im(ﬂ)|)\1 + X < 0},

and define b; ; an oriented loop from D; o to D; ; and back, for j # 0, as in Section

Taking into account that the topological monodromy leaves the T2 orbit (generated
by 61, 02) invariant and shears the 83 cycle concerning the collapsing cycle, we have
that the topological monodromies My, ; concerning b; ; are:

The action coordinates, given by flux, allow us to locally identify an open
simply connected neighborhood of b € B\ ¥ with an open set in H(F,;R).
Hence, TyB = H'(F},;R) endows a lattice H!(F};Z), inducing an affine structure
in B\ X. Since our Lagrangian fibration m = (A1, A2, A3) is induced by flux, the
affine structure on B in the complement of the cuts coincide with the standard
affine structure in R3.

Because H'(Fy,Z) = hom(H;(Fy,Z),7Z) and our choice of basis {61, 0s,605} for
H1(F},7Z), associated with the (A1, A2, \3) coordinates of R?, we see that the affine
monodromy (the monodromy for the affine structure in B\ ) about each loop
b;; € m(B\ X) is given by the transpose inverse of the monodromies My, ;. The
corresponding affine monodromies are:

1 0 0 0 1
(1) Mglfl =10 1 0] with eigenvectors {0 ], |0
0 -1 1 1 0
1 0 0 0
(2) My = 1 0| with eigenvectors {0 |, {1
-1 0 1 1 0
1 0 O 0 -1
(3) Mngl = 0 1 0] witheigenvectors [0 ], [ 1
-1 -1 1 1 0

We want to change the direction of all the cuts associated with a connected
family of singularities. The result of applying the transferring the cut operations
(Definition 2339) concerning the two cuts of our fibration 7 : Yz . — R?, is obtained
by following the steps:

(1) Apply the matrix Mgljfl to D1 1.
(2) Apply the matrix Mglj; to D1 .
(3) Apply the matrix Mngl to the image of D5 1 after the first two operations.

The resulting convex base diagram is presented in Figure Bl

Note that the cone presented in Figure [ coincides with:

-1 -1 -1 0 0 0 1 1
oV = Cone -1),10 ), (2 |,1-2),(0),12),—-1],(0O
3 2 1 2 1 0 1 0

After applying the matrix

10 0
=101 0l esLsE,z)
111
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FIGURE 3. Convex base diagram related with Figure [2] after
applying the transferring the cut operations.

to oV, we obtain:

-1 -1 -1 0 0 0 1 1
MoY =Coned [ =1, {0}, 2|, |=1]),(o],l1]|,l-1],[0]3,
1 1 1 1 1 1 1 1

where we see it as a cone having QY (Figure ) at height 1.

(-1,1) (0,1)

(1,0)

(71771) (1371)
FIGURE 4. QY

Section Ml aims to construct a Lagrangian fibration on the smoothing of a cone
singularity associated with the Minkowski decomposition in a general setting and
prove a duality result relating the convex base diagram as the dual of the original
cone.

4. MAIN RESULTS

We are interested in lattice polytopes @ that have a particular type of Minkowski
decomposition, as we define below.
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Definition 4.1. We call a Minkowski decomposition Q = M; + --- 4+ My C R”
admissible if:

e Each M; is a lattice polytope that contains de origin as a vertex.

e The non-zero vertices v;1,...,v;m, of M; are linearly independent and
there exist v; m,+1,...,%in € Z" such that v;1,...,v;, are a basis for the
lattice Z™ (all the M; of the Minkowski decomposition are congruent to
standard simplices of dimension m; in R™ x R™™ " under the action of
SL(Z)).

From now on, we use m; to refer to the number of non-zero vectors of the lattice

polytope M;, and V; to the m; x n matrix whose rows are the non-zero vertices of
M;.

Remark 4.2. Admissible decomposition of Q will imply that Altmann’s versal
deformation provides a smoothing of Y, as shown in the following Theorem [{.4]

Given a matrix V; as in Definition 1] there is a (n — m;) X n matrix E; such
that the rows of the matrix
Vi

is a basis of Z™. The matrix X; is invertible, and its inverse Z; has integer entries.
Let A; be an x m; matrix and C; be a n x (n —m;) matrix defined by the formula:

Zi= (A C).

We obtain the following relations:
Vi _(VitA Vi- G\ [(Id O
) (E) (4 i) = (E ‘A, E;- CZ-) - (0 Id) '
Definition 4.3. After fixing a choice for F;, we call the triple of matrices (4;, C;, E;)
satisfying (@), the matrices associated with V;.

4.1. Auxiliar complex fibration. The Theorem below provides a complex fibration
on a smoothing of Y.

Theorem 4.4. Let Q = My+Ms+...+ My, be an admissible Minkowski decomposition
of Q. Then, there exists a complex fibration on a deformation Yz . of Y,, the

toric variety associated with o = C(Q), over C such that it associates to each

M; a singular fibre that is isomorphic to the subvariety xo...x,, = 0 inside

Cmitl x (C*)"=™i, and the general fibre is (C*)™ where n = dim Q. In particular,

we see that Yz . is smooth.

Proof. Let ey, ..., e; denote the standard basis of Z*, and define

i=1
Let 57 be the Hilbert Basis of Y. To have a set of characters that describes our
fibration, we are going to define a new set of generators o7 as follows:

(1) The vectors (0,¢;), 0 € Z" for i = 1,..., k are elements of .o¢.

(2) For each (v,w) € 2 with v € Z" \ 0 and w € Z*, (v, ¢(v)) is an element
of JZZ%@

(3) Let V; be the matrix associated to M;, and consider its associated matrices
A; and C; (Definition €3). Let a;; be the columns of A;, ¢;; be the
columns of Ci; and b1 = 72?21 A; j- The vectors Ei,j = (aiﬁj,d)(ai,j)),
(€)ia = (cig, d(cin)), (€ )i = (—cip, d(—cip)), and by = (b, ¢(bi)) are

elements of .

k
o = Cone <U((MZ- nZ") x {ei})> C R" x RF,
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— v — | |
V. = : , Ai=lain .. aim, |,
— Vim, — | |
| |
Ci=lc1 . Cin-m,

Lemma 4.5. The set o/ generate 0", i.e, N/ = ¥ N M.

Proof. Our strategy is to prove that @/, C NJZ, and 7 C NaZyu. Then, we
conclude that N7y = NoZ7 =5V N M.

First, we are going to prove the inclusion @75 C NJ# = ¢V N M. By Definition
216 it is equivalent to prove that (a,m) > 0,Va € &z,Vm € &. Recall that in our
construction the elements of &7, are of the form (0, e;), where 0 € Z" and ey, .. ., ex
is the standard basis of ZF, or of the form (v, ¢(v)) where v € Z™\ 0. It is clear that
((0,e;),m) > 0,¥Ym € 7. For (v,¢(v)) with v # 0 and (g, e;) € (M; NZ™) x {e;},
we have:

((v,0(v)), (qi, €:)) = (v, q:) + (B(v), €:)
— (v, ai) + max{ (v, My}
> (v, q;) + (v, —a@)
=0

We conclude that @/ C NJ# =5 N M.

Now, we are going to prove that % C NaZye. If (v,w) € S with v € Z™ and

w € ZF, then
<(Ua w)a (qia el)) = <Ua ql> + <wa ei) >0
for all (g;,e;) € (M; NZ™) x {e;}. This implies that (w,e;) > (v,—q;),Vq € M,
therefore (w, e;) > max{(v,—M;)} = (¢(v), e;). Therefore,
k
(v, w) = (v,0(v)) + ) _((w,ei) = (B(v), €:))(0, e;).

i=1

We conclude that (v,w) € NaZye, since (0,e;), (v,p(v)) € Zw and (w,e;) —
<¢(’U),6,L'> > 0. O

Let us now describe the deformation Yz . of Y, associated with the characters of
Ay, and a complex fibration on Yz .. Define

Y=Yy, = Spec((C([&v N M]).
Let t; = x(%¢) and ¥ : Y5 — CF~! given by (t1 —ta,...,t1 —tx) similar to [GroOlal
§3] . From [Alt97], Y, = ¥=1(0). Let e = 0, € := (ea,...,€x), where the ¢; are
pairwise distinct and distinct from 1. Consider Yz . := U~1(¢) and the complex
fibration f : Yz . — C given by the projection to t;.

We note that the singular fibres of f lie over ¢t; = ¢; for i = 1,... k. Indeed, we
have the following lemma.

Lemma 4.6. If t; # ¢;, we have that f~1(t;) = (C*)".

Proof. The main idea is to find n non-zero characters of Yz . in f~1(¢;) such that

they generate all the other characters. For instance, we are going to prove that
for all p = 1,...,k the characters z,; = X, Yp = Xbp,w;j = X(ﬁ)m, and
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w, ;= x(€ )r.i generate all the other characters. Also, these characters satisfy the
relations

mp k
(M,
(5) Yp H-Tp,l =1p H tfj]( p);
1=1 j=1
J#p

for some j3;(M,) € Z.

k

— i1 (Mp)

(6) wyw, ;=167
=1
l#p

for all j =1,...,n —m,, and for some n;;(M,) € Z.

Since in ¥71(e), t; # 0,Vj = 1,....k, we get that y,[[,-5 zps # 0, and
w;jw;j # 0. So, we can choose xp,1, ..., Tpm,, wgl, o+ Wy S OUT 7L NON-ZETO
characters that generate all the others.

First, we are going to prove that equations (B) and (@) hold. They will also
be useful later, in particular the fact that the exponent of ¢, is 1 in (), and
n;p(Mp) = 0 in (@). Recall that we are using the multiplication induced by the
semigroup structure of o N Z"**. Therefore

bp +Zap,j = 0,

j=1

implies

I M)
(M,
yppr,l = Ht]‘] e
=1 j=1

for some (M) € Z. In order to prove that 3,(M,) = 1, we are going to check
that

(B(bp), ep) + Z<¢(ap,l>, ep) = 1.

By definition (¢(ap,1), ep) = max{(a,;, —M,)}. Recall the relations in ). Since
Vp - A, = Id we have that (ay,;, —v, ;) = 0 for | # j, and (ap;, —vp;) = —1. We
conclude that (¢(ap,1),ep) = 0. On the other hand, (¢(b,), ep) = max{(b,, —Mp)}
and it follows from V},- A, = Id that (b,, —v, ;) =1 for all j. Hence (¢(b,), e,) = 1.
Therefore, we get 5,(M,) = 1 and we obtain Equation (H).

As before, the first n coordinates of '5;; 1= ~; 1 18 ¢pi — ¢py = 0, which implies
that
- (Mp)
+ - _ 4,0 (Mp
Wp,jWp,j = H t
I=1
for some n;;(M,) € Z. The fact that n;,(Mp,) = 0 follows from (¢(cp1),ep) =
(p(—cpi),ep) =0since ¢y €kerVy,, Vi=1,...,n—my (V,-Cp, =0, see {@)). This
conclude the proof of the equations (&) and (6l).

Now we are going to prove that all the characters of Yz . in f~!(¢1) depend only

on

+ +
Tplse s Tpmy, Wy 1y Wy -
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By our construction, the elements of o7y, different from (0, e;), are of the form
(z,6(2)) with Z € Z" \ 0. There exists a unique way to write Z as a sum of the
vectors ap.1,. .., ap.m,>Cp,1s- - -5 Cpn—m, OVer Z, because (A, C) is invertible, see
). Hence, for all z € Z™ \ 0,

mp n—my

(7) Zflapl+ Z Emy+iCp.j
Jj=1

=1

with § € Z for I = 1,...,n. Letting z be the character corresponding to (z, ¢(2))
we obtain:

myp n—myp k

(8) 2= [](zp0) H e T 9

i=1 =1 j=1

for some 7, ;(z) € Z. Note that all the ¢ and all the 7, ;(z) are allowed to be
negative since by Equation (&) and (6]), we have z,; and w;rl non-zero. Equation
@) proves the dependency that we want. O

We conclude the proof of the proposition by analyzing the singular fibres.

Lemma 4.7. f~'(e,) is isomorphic to the subvariety xoxp,1 ... Tpm, = 0 inside

(Cmp—i-l X ((C*)n—mp.
Proof. In the same way as in the proof of Lemma .6l we are going to prove that
all the characters of Yz ., in f~1(¢,) depend only in

— + +
o = yp, $p71, . ,xp,mp,wﬂl, e ’wp,n—mp'

Note that Equations (B) and (@) hold in general, and that in f~!(e,) we have
t, = 0. In this setting, we obtain the following relations:

Mp
Yp H xp1 =0,
=1
nj, l
p] pa] Ht

lsﬁp
for all j =1,...,n —m, and some n;;(M),) € Z.

Recall that the elements of o7, different from (0, e;), are of the form (Z, ¢(2))
with Z € Z" \ 0. In this context, equation (7)) holds, but we will need to modify it
since now x,,; can be zero, so we need non-negative coeflicients. For that, we will
make use of the character y,,.

Recalling that b, = — Y a,, define £ = max{0, —&1,...,—&y,} > 0 and & =
G+t >0forl=1,...,my,. We have:
(9) Z=¢£", JFZQ ap, + Z EmytjCp.j-

Now, since ¢, = 0, we will not be able to correct the p-th coordinate of ¢(2) as
we write the character z associated with (2, ¢(Z)) in terms of yp,, zp 1, w;j, tr k #£p.
It will suffice to show that:

(10) (6(2),ep) = €T
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because from 0 € M, V,, - A, = Id and ¢, ; € kerV, we get that (¢(ap;),ep) =
(p(cpj),ep) = 0 and (Pp(by),ep) = 1. So equation () together with equation ()
implies:

n—mp

m
(11) z = yg ﬁ -Tp, H gmp+1 H £ i (%)
i=1

J#p

for some 7, ;(2) € Z, which concludes the proof of Lemma .71

Note that by definition, £+,£f yeen ,«Ej;p are non-negative, and at least one is
zero. If €T =0, then:

(6(2), ep)

< Zgl ap,l + Z Em,+5Cp.j 76p>
= <Z§l ap,l + Z Emp+iCp.gr —M, >

-
=1

< Z ffr max {(ap,i, —Mp)}
=1

=0

since 0 € M, and V,, - A, = Id. Therefore, (¢(Z2),ep) = 0.
If & 0, then there exists a j € {1,...,m,} such that f;r = 0, then

(6(2), ep) = <¢ £tb, +Zsl ap, + Z Emp+iCp.j >

max <§+b +Z‘£l ap,1 + Z ‘Emp+JCp,Ja_M>

ax { <€+bp + Z &hap., —Mp>}
=1

< & max {(by, —M,)} + Z §l+ max {(ap,i, —Mp)}
_ §+. =1

Since vp ; € M, and E;-' =0, we get:
(0(2),ep) > (€T0p + Y _Grapi,vp5) =&F,
recalling again that V), - A, = Id. Therefore, (¢(2),e,) = €. O

We see now that Lemma and Lemma 7] imply Theorem [£41
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4.2. The singular Lagrangian fibration. As in Section [3 we will construct a
Lagrangian fibration associated with the complex fibration f. First, we endow Yz .
with the symplectic form coming from the embedding as a subset of Cl>#!. Next,
we are going to study the action of T™ on each fibre of f.

Recall that in Yz = Y,y,, we have an algebraic torus given by the image of ®/,
(see Definition 225]). We are interested in the induced action of the circles given by

(12) 0; = D@y, ({1} x - x {1} x ST x {1}--- x {1}),

where S C C* is in the position i for i = 1,...,n. Let ug, be the moment map of
the action of 0; and define:

Ni=2p0, = > ailx‘)?

qE€EA
where g; is the i-th coordinate of q. We define A = (A\1,..., \,), by our construction,
we have that
q1
(13) A= P= o > B R
€dr \ q, (2,0(2)) €A

We will consider Lagrangian tori, which are contained in f~!(y(r)) for the circle
v(r) C C with center in 1 and radius 7, and consist of a single (S!)"-orbit inside each
fibre of v(r). Our Lagrangian torus will be given by symplectic parallel transport
of the T™ orbits along ~(r).

Definition 4.8. Given the circle v(r) C C and § = (d1,...,6,) € R", we define

Tyys = (1) NATH(9).

We showed above that the general fibre of f is isomorphic to (C*)™, therefore
T (r),s is an embedded Lagrangian torus in Y3, except possibly when ¢; € ~(r), or
in the limit when r = 0, and we have an isotropic T".

We assume that there are not two ¢; in the same circle (r). Let us understand
the singular Lagrangian for when €, € v(r). Recall that we identify f~!(¢,) as a
subset of C™»*1 x (C*)"~™» given by the characters

+ +
(14) Yps Tp,1y- -y Tpmy, Wy 7"'7wn7mp

and the equation

Mp
Yp H Tpy = 0.
=1

Note that if n of the characters in (4] are non-zero, we have a T"-orbit in the
fibre, and hence the Lagrangian passing through it is a smooth 77*!. When k > 2
coordinates are zero, we get a singular Lagrangian 7" /T, 1, where Tj_; is a
k — 1 cycle inside T™ C T™*+l. This gives rise to a codimension k strata of the
singular locus ¥ of the Lagrangian fibration.



24 SANTIAGO ACHIG-ANDRANGO

4.2.1. Singular fibres and collapsing cycles. We will analyze the monodromies around
the codimension k = 2 strata of ¥, i.e., the cases where exactly n—1 of the characters

in (I4) are non-zero, identifying the cycle in 7™ that collapses as we approach that

mp(merl)

point. We then get collapsing 1-cycles associated with M.

Lemma 4.9. In f~1(¢,),

(1) zp; =yp =0 if and only if (vpi, A) =0 and (v, , A) > 0,VI # i.

(2) zpi = xp,; =0 with i # j if and only if (vp; — vpj, A) = 0, (vpi, Ay <0,

and (vp; — vp i, A) <0,V # 14, 7.

As a consequence, the collapsing cycles related with M, are vy, - (01,...,0,) for
i=1,...,my and (vp; —vp ;) - (01,...,0,) fori#j.
Proof. Recall that the elements of @7y, different from (0,e;), are of the form
(Z,¢(2)) and that we proved equation (@). In this setting, we have:

X(Z $(2)) — E*(E) H Tp1) El @) H fmp+z Htﬁp L(Z)

J#p
and also from (I3

A\ = Z 7. [ FOEN 2,
(Z,0(2)ed e
(1) (=) Iz, =y, =0, we get:
A\ = Z 7. [ FOEN 2,
(2,0(2)) €A
et @)=¢ (=0
Using equation [@), V, A, = Id, and ¢, € ker V,,, we have (v, ;,2) = &(Z) =
& (2) — €7 (2) = 0 and (v, 2) = &(2) = §"(2) — €7(2) = &' (2) 2 0, when
EH(2) = &1 (2) = 0. Therefore, (v, A) =0 and (v, A) > 0, VI # .

()1 (vw, A) = 0and (v, A) > 0,V # i. Asbefore, we have (v, ;,2) =
§i(2) =& (3) — €1 (3) and (vp,,2) = &(2) = &' () — £ (%), therefore:

(15) (i N = Y (G E) @I =0,
(2,0(2) €A
and
(16) o = D (@ - EKEDP >0,
(2,0(2) e
Recall that at least one of the characters y,, zp1,...,Tpm, is equal to
zero. If y, = 0, then from equation (IH) we get:
(Upis A) = J2p,il* + > & ERNEPE))?
(Z,0(2)) €A re\{ap,i}
¢t(@=0

S0 Tp; = 0 as we want.
If ,; = 0, then from equation (IJ)) we get:

i ) = —lwl2 = > R >0,
(Z.6(2) €\ {bp}
&F(®)=0
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so yp = 0 as we want.
If z,; = 0,1 # i, then from equation (If) we get:

i, V==l = > EEKETDP >0,
(Z.0(2) €A \{bp}
gf(g)zo

so yp = 0. From equation (%)), we get x,; = 0 as above.
(2) (=) Iz, =2, =0,1%# j, we get:

A\ = Z Z. |X(2’¢(2))|2-

(2,0(2)) e

&r@=¢ (=0
As before, using equation @), V,A4, = Id, and ¢,; € kerV,, we have
(Vpi = vp3,2) = &Gi(Z) = &(2) = & (2) =&/ (3) = 0, (vp0,2) = &(2) =
& (2) —€7(2) <0, and (vp; — v, 2) = &i(2) —&(2) =& (2) - &7 (3) <0,
when &1 (2) = ff(?) = 0. Therefore, (v, ; — vpj,A) =0, (v, A) <0, and
(Upi — Up i, A) <0,V # 4, 7.

(¢) If <qui — Upj> )‘> =0, <qui7 )‘> <0, and <qui — Up,ls >‘> <0,Vl#14,5.

As above:
(17) (pi —vp N = > (@) - @)K =0,
(Z,0(2)) e
(18) (i N = Y (EE @KL <o,
(2,0(2) €A
and,
(19) (p,i — Vp,1, A) = Z &3 - 5?(3))|X(2’¢(2))|2 <0.
(2,0(2) €A
Recall that at least one of the characters y,, 2,1, ..., 2pm, is equal to zero.
If z,; = 0, then from equation (7)) we get:
(Up,i = Vpjs A) = —lapl* — > & ERXHPIP =0,
(2,0(2) e \{@p,5}
& (@)=0

S0 Tp,; = 0 as we want.
If 2, ; = 0, then from equation (I7) we get:

(Up,i = Vp.js A) = |2p,l* + > & ERIXHPIP =0,
(Z,:6(2)) e \{ap,i }
& (®)=0

so x,; = 0 as we want.
If 2p; = 0,0 # 4,7, then from equation (I9) we get:
(Upi = Up.y A) = lap,il® + > &R <o,
(2.6(2)€ e \{bp}
& (2)=0
so xp; = 0. From equation (7)), we get =, ; = 0 as above.
If y, = 0, then from equation (I8) we get:

<Up7ia )‘> = |$p7i|2 + Z fj(3)|x(2’¢(2))|2 <0,
(Z:0(2)) e \{ap,i}
& (®)=0
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so xp; = 0. From equation (I7), we get =, ; = 0 as above.

O

4.2.2. Convez base diagram. Now we will study the convex base diagram produced
by this singular Lagrangian fibration. As in SectionBl we will consider codimension
one cuts in the base of the Lagrangian fibration, in the complement of which we
will have a toric structure. Let us now assume that |e;4; — 1| > | — 1| for
i =1,...,k — 1, so the circles y(r) pass first through ¢; and then through €;41
as r increases. If r <1, T, s determine a toric structure and we can take action
coordinates (A1, ..., An41) given by the symplectic flux concerning a reference fibre
T (ry),0, @s in the action-angle coordinates given in [Dui80]. Considering the limit
when 9 = 0, we can interpret A,+1 as the symplectic area of a disk with boundary
in a cycle of T’ s that collapses as r — 0.

Our tori, T, (), x, have fixed values A = (A1, ..., \,). Therefore, when r = |e, —1],
we have singular fibres for values A related with M, and given by Lemma L9 To
kill monodromies around singular fibres, we introduce codimension one cuts (i.e.,
disregard fibres) for which r» > le, — 1| and A is related with M, and given by
Lemma [£9] as above. (Recall Figure 2l on our toy model.)

We call the image B of 7 : Y5, — R"™! given by (A1,...,A\n41), and denote
by 3 the locus on B corresponding to singular Lagrangian fibres. With the same
notations as in Section 2.2} let S, be the image of the singular fibres corresponding
to the case when €, € v(r), and let the cones C, be defined with v, = (0,1),0 € R,
forp=1,...,k. Let

(20) Dp70 = {()\1, .. -a)‘n-‘rl) S Im(7r)|<vp,l,)\> >0,Vi=1,... ,mp},

(21) DPJ = {(>‘17 ceey )‘nJrl) € Im(ﬂ)|<v}71ja )‘> <0, <quj — Up,l, >‘> < 07VZ 7£ ]}a

for j =1,...,myp, and define by, ;, a circle in the convex base diagram going around
the j-th codimension two strata of the set of singular fibres associated with M, as
in Section

In order to fix a basis for Hy(T),s), recall the definition of 6; in equation (I2)
and let 6,411 be the collapsing class associated with A, 1. Fix {61,...,0,41} as the
basis for Hy(T, ). We will study the topological and affine monodromy of the
circles by, ;.

Each b, ; will cross the hyperplane (v, ;, A\) = 0, so the topological monodromy
of by ; is:

|
My . = Id .

P,J ’

0O ... 0 1

because the (01,...,60,) cycles corresponding to the T™-action remains invariant,
while the 6,41 cycle is twisted in the direction of the collapsing cycle of the
monodromy.
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Hence the affine monodromy, in dual coordinates of (01, . .., 60,41), is the transpose
inverse of My, ,:
0
af Id
o 0
— —Upj 1

for j=1,...,my.

In this setting, we do the transferring the cut operation (Definition[2:39) concerning
Cpforp=1,..., k. We claim that applying the matrices M, t?i,j as above, we cancel
the monodromies related to crossing the hyperplane (v, ; — v, j, A) = 0. These affine
monodromies are of the form:

0
f :
My, = Id :
0
— Up,i —Upj; — 1
with j # 4, and act in D ;. The monodromy Mﬁii_vm = My, - (M, ,)"" acts

in Dy, ;. Note that in the transferring the cut operation, we are applying M l?i ; in

D,, ;. We can conclude that the monodromies related to v, ; — v, ; are canceled.

We conclude this section with a lemma that relates the convex base diagram
obtained after applying all the transferring the cut operations and the cone V.

Lemma 4.10. The convex base diagram, obtained after applying all the transferring

the cut operations to the convex base diagram B, has image o .

Proof. We will consider a description of a set of generators of oV given in [Alt97].
To each ¢ € Z™, we associate an integer by 7o(¢) := max{{c, —Q)}. By the definition
of ng, we have

25 NZ" = {(c,mo(c))|c € Z"}.

Moreover, if ¢1,...,¢, € Z™ \ 0 are those elements producing irreducible pairs
(¢,m0(c)) (i-e. not allowing any non-trivial lattice decomposition (¢, no(c)) = (¢/, no(c’))
+(c",n0(c"))), then the elements

(CI; nO(Cl))a sy (Cwa nO(Cw))a (O’ 1)

form a generator set for 0¥ NZ"! as a semigroup.

We also have the following equality:
mo(c) = max{{c, —Q)}

k
= Z max{{c, —Mp)}

k
= (6(c),¢p)

This equality shows the relation between generators of ¢V and our set @y of
generators of 7V.
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Let (¢,d) € R* x R. If (¢,d) € Dpy, by @20), we have that (v,;,c) > 0,VI =
1,...,my, then max{(c, —M,)} = 0. Note that this coincides with the fact that we
do not apply any matrix to Dy g.

If (¢,d) € D, ;, by @I), we have that (v j,c) < 0,{vp; —vp1,¢) < 0,V # j,
then max{(c, —M,)} = (¢, —vp ;). Recall that in the transferring the cut operation
related with C),, we apply the matrix M{fi , to Dy, therefore we get:

0\ /|

|
(22) Id : |C - T

0
— 1 d max{(c, —M,)} +d

~Up.j

In equation (22), the additive property in the last coordinate of applying the
transferring the cut operations is clear. After applying all the monodromies to
(c,0), we get:

k k
<C’Zmax{<ca_Mp>}> = (C,Z<¢(C),€p>> = (¢, m0(c))-

p=1
Since the boundary of our initial diagram B is formed by (c,0), ¢ € R™, we deduce
the relation between o¥ and the convex base diagram. (I

4.2.3. Monotone fibres. Considering the new diagram from Lemma 10 we are

going to prove that the fibres over Re, 1 N oV outside of the cuts are monotone.

Recall that the faces of the cone ¢V are of the form H,, NV for some m € o, where
H,, := {u € R""(u,m) = 0}.

Our cone o is generated by elements of the form (v,1),v € R™. Therefore, we
have the following result.

Lemma 4.11. The area of a disk with boundary on the torus £4, associated to
(0,s) € 0¥ with 0 € R"™ and s € R>g, and Maslov index 2 is s.

Proof. From toric geometry, we know that the disk given by carrying the collapsing
cycle v associated to a facet along a path ¢(t) C B™8 from the reference fibre to the

corresponding facet, has Maslov index two and area fOT<c’(t), v)dt. The normals to
the faces of the cone oV are of the form (v,1),v € R", then we consider

0 v
0=10= (%) o (0)
and the time to such that L, (to) € H(,,1). We get the following equation:
0 v v
(6= (). (0))-o

o S
P+

therefore:
to

Then the area of the disk is:

/Oo(c’(t),n)dt:/00((0,1),(v,1)>dt:s.

Now note that the boundaries of the above disks generate 71 (£s). In particular,

m1(Ls) EN m1(Yz,) and hence mo (Y5, £5) = m1(£s) @ m2(Y5,). We know that Yz .
is affine, hence Weinstein, so ¢; = w = 0 in m(Y5 ), therefore all Maslov index 2
disks with boundary on £, have area s, i.e., w = S in (Y5 e, £). O
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4.3. Special Lagrangian condition. Let (X,w,J) be a K&hler n-dimensional
manifold, D a divisor of X, and £ a non-vanishing holomorphic n-form on X \ D.
Recall the definition of special Lagrangian submanifold from [Aur07].

Definition 4.12 ([Aur07, Definition 2.1]). A Lagrangian submanifold L C X \ D
is special Lagrangian with phase ¢ if Im (e_i¢Q)|L = 0.

In Yz .\ {t1 = 1}, consider the holomorphic (n + 1,0)-form given by

g1 ATLI A N ATy gy Ny AL, N

O=1 T
(tr = 1) [T, [Twy,
Similar to in [AurQ7, Proposition 5.2], we can prove that the Lagrangians from
Definition 4.8 are special.

Proposition 4.13. The tori T, are special Lagrangian with respect to €.

Proof. Let H : Y5, — R given by |t; — 1]?, and let Xy the vector field such that
txyw = dH. As in the proof of [Aur(7, Proposition 5.2], we have that Xp is
tangent to T’ ),s-

The tangent space to T’y s is spanned by Xp and by the vector fields generating
the T™-action. These vector fields are given by

myp n—myp

. 0 L 0
Xo, =1 Z(al’j)kxl’jaz—m + > (Cl’l)kwl,laT;rl
j=1 1=1 ;
for k =1,...,n, where (a1;)r and (c1,;)r denotes the k-th coordinates of a1 ;
and ¢y j, respectively. Recalling that det Z; = £1 (see )
dt

— 1 = 4?1 g(log(t, — 1))
t1 —1

Therefore, Im Q(Xy,,..., Xy, ,Xny) = £d(log|t1 — 1|)(X ), which vanishes since
Xy is tangent to the level sets of H.

AXg,,..., X, ,) = 2Tt

O

5. WALL-CROSSING

In this section, we discuss a general formula for the potential by studying the
wall-crossing phenomena. We are going to consider the monotone fibres T, ; for
r > |e, — 1| that arises as a series of "wall-crossing" mutations ([PT20]) from the
monotone fibre T,y 0,7 < [e1 — 1].

The tori T'(,),0 is an oriented spin (taking the standard spin structure on the
torus) monotone Lagrangian of dimension n + 1 and, given a choice of basis for

H; (T, (ry,0) and assuming T’, .y o bounds no Maslov zero disks, its potential Wr. €
(C[zli, el zf 1), encoding information of Maslov index two holomorphic disks with

boundary on T’ ;) ¢, is given by [PT20, Definition 2.6]. Recall the basis {61, .., 0,41}
of Hi(Ty(y),0,7%) defined in Section and let z; be the variable associated to a
disk with boundary in ;. With this basis, the potential takes the form:

(23) W10 = Z ng - 29
BEH2(X,L)
n(B)=2

where ng is the count of disks in class 3, we consider 98 € H1(T(y),0) = VARES

and denote z! = zil e zfl"jf We are interested in studying how this potential

changes when we increase the value of r in T’ o. These changes in the potential
occur whenever T,y o passes through a wall formed by tori T, » that bound
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Maslov zero disks. Hence the walls are formed by the tori corresponding to r
equals to |e, — 1| for p = 1,...,k. By Theorem 4] our local model around the
walls corresponds to the one studied in [PT20), Section 5.4]. Therefore we can use
the mutation formula [PT20, Lemma 5.17] in the form:

Lemma 5.1 (JPT20, Lemma 5.17]). Let |ep—1 — 1| <r < |ep — 1| <7 < |ept1 —1].
The potentials WT»,(T),U and WTw(m,o are related by the mutation

Wz, 0 = MW, 0);
where p s given by
Zi—= 2z, t=1,...,n,
Znp1 > 21 (14270 4 oo 20 ),

where we recall that v,; € Z" and consider z¥ = z{* - - zb».

From this, the potential function, PO := Wr,  , for r > |e; — 1|, associated to
our construction based on an admissible Minkowski decomposition Q = M7 +-- -+
Mk is:

k mg
(24) PBO(21,- -5 Zns1) = Znt1 H 1+ ZZU” ;
i=1 j=1

where v; j € Z" are the non-zero vertices of M; and we use the notation z(V1+vn) =
Py

Let p € (K*)"*! encode a local system of T’y (ry,0, With respect to the given base
of Hy(Ty(r),0). Here we will take K* = A*,C*, or U(1) depending on the setting,
where A denotes the Novikov field over C. The self Floer cohomology of (T’ ().0, p)
is non-zero if and only if p is a critical point of Wr. , ; (see [PT20, Remark 2.2],
[Vial6al, Corollary 2.8], [FOOO12, Theorem 2.3]). Let

m;
Pr=[14) 2"
j=1

fori=1,... k.

Lemma 5.2. For K* = A*,C*, or U(1), the potential function (Z4]) has a critical
point in (K*)" L if and only if there exist i,5 € {1,...,k},i # j, such that the
system of equations P; = P; =0 has a solution in (K*)"+1,

Proof. First, suppose that there exist 4,5 € {1,...,k},i # j, such that the system
of equations P; = P; = 0 has a solution in (K*)"*!, then:

k

@:HBZO,
=1

aZn-}-l

and

ORO Sy
5o, it |\ g, 1R ) =0
m =1 "™ q#l

for m # n + 1. Therefore, the potential function has a critical point in (K*)"*1.

Now, suppose that the potential function has a critical point in (K*)"*!, then
k

MO 1 —0
=1

aszrl
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implies that there exists an ¢ € {1,...,k}, such that P, = 0. Therefore, for m #
n + 1, we have:

PO 0P, 0P,
et I el | ECRRY DO -l VB

Mg I£i qig
qF1
oP;
=zpi1— || P, =0.
n+1 aZm J;[Z q

Since the critical point is in (K*)" ™! 9Pi/s.,, = 0 or there exists j # 4 such that
P;j = 0. For the sake of contradiction, suppose that there does not exist j # 4 such
that P; = 0. In this case 9Fi/oz,, = 0, Vm, moreover:

OP; )
0 2155, | | Zvi1
: = . = Vi1 N Vi,m; :
oP; Vi,my
0 Zn'g,t | | ZVism;
The non-zero vertices vj1,...,0;m, of M; are linearly independent because we

are working with an admissible Mikowski decomposition. Therefore, zV4! = ... =
zVimi = (), and it is a contradiction as our critical point is in (K*)"*1. We conclude
that there exists j # 4 such that P; = 0 as we want. (I

Example 5.3. The potential function related to our toy example in Section [ is:

‘BD(zl, 22, 23) = 2’3(1 + 2122)(1 + z1 + ZQ).

Using Lemma [5.2] we conclude that this potential has two one-parameter families
of critical points.

5.1. On the convex hull of the potential. We will analyze the monomials in

PO.
Lemma 5.4. The Newton polytope of the potential is Q x {1} C R**1.
Proof. Set v, 0 =0¢€ Z" for ¢ =1,...,k. Observe that

k m; m;

TS e ) =1

i=1 j=1 i=1 \ j=0
— E ZU1,¢1+“‘+’Uk,ik_
Tlyeney Tk

Let P :={v14, +- -+ vk 0t; € {0,...,m;},Vj =1,...,k}. From the definition
of a Minkowski sum (Definition [2:24]), we have 0Q N Z™ C P C Q NZ"™. Therefore,
using (24)), we conclude that the Newton polytope of the potential is @ x {1} C
R+, O

6. OTHER EXAMPLES

In this section, we will study some examples following the same steps as above.
We will leave some details to the reader.

6.1. Cone of Q. Consider Qs := Conv{(0,0),(1,0),(0,1),(2,1),(1,2),(2,2)} C
R? and its two Minkowski decompositions:
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6.1.1. First decomposition of Qg.

(1,2)  (2,2)
(1,1) (0,1) (1,1)

(25)  (0,1) 2,1) =

(0,0) (1,0) (0,0)
(0,0) (1,0)

We write Q¢ = M; + My, where M; = Conv{(0,0),(1,0),(1,1)} and My =
Conv{(0,0),(0,1),(1,1)}. We follow the same steps as in Section @ to study the
convex base diagram and the potential.

Recalling our restricted Lagrangian fibration construction, the walls are in r =
le; — 1|. The collapsing classes corresponding to the wall » = 1 are (1,0,0) and
(1,1,0), and the collapsing classes corresponding to the wall r» = |1 — ¢ are (0, 1,0)
and (1,1,0) in the base (61,62,03), as in (I2). So, we obtain the convex base
diagram presented on the left of Figure

Y

FI1GURE 5. Convex base diagrams corresponding to the restricted
Lagrangian fibration related with the first decomposition of Qg.

With the same notations as in Section [Z2] let S; be the image of the singular
fibres corresponding to the case when 0 € y(r), and Sy be the image of the singular
fibres corresponding to the case when e € ~(r). The cones C; for i = 1,2, are
defined with v; = v = (0,0,1). Let

D1 ={(A1, A2, A3) € Im(m)| A1 > 0, A1 + A2 > 0},
D11 = {(A1, A2, A3) € Im(m)[ A1 < 0, A2 > 0},
D1 ={(A1, A2, A3) € Im(m)|A1 + g <0, X5 <0},
Do = {(A1; A2, A3) € Im(m)|A2 > 0,1 + Ao > 0},
Doy = {(A1; A2, A3) € Im(m)| A1 < 0,1 + Ao < 0},

Dys = {(A1, A2, A3) € Im(7)| A1 > 0, A2 < 0},
and define b; ; as in Section

The topological monodromies My, ; around the circles b; ; are:
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1 01 1 01 1 0 0
My, , 01 0f,Me,, =10 1 1|,M,, =10 1 1],
0 0 1 0 0 1 0 0 1
1 01
My, , 0 1 1
0 0 1
respectively.
The corresponding affine monodromies are:
1 00 1 0 0 1 0 O
My =10 1o|l.Mm =0 1 of,m 0o 1 o],
’ -1 01 ’ -1 -1 1 -1 -1 1
1 0 0
MY =10 1 0
’ 0 -1 1

The result of applying two transferring the cut operations (Definition [239) is
obtained by following the steps:

(1) Apply the matrix Mglfl to D1 1.
(2) Apply the matrix Mglfz to D1 o.
(3) Apply the matrix My 2f | to the image of Dy 1 after applying step 1 and 2.
(4) Apply the matrix My 2f , to the image of Do 5 after applying step 1 and 2.

The resulting convex base diagram is presented on the right of Figure
As we proved in Section [, this cone coincides with:

-1 -1 0 0 0 1 1
oV = Cone o), 1 |,{-1),10),11),1—-1],(0
2 1 2 1 0 1 0
After applying the matrix
1 0 0
=10 1 0|esLs,z
1 1 1
to oV, we obtain:
-1 -1 0 0 0 1 1
M " = Cone o1, 1 |,{-1),10]),11]),1—-1],
1 1 1 1 1 1 1

In this new cone, we have Q¢ at height 1.

(_171) (Oal)

(—1,0) (1,0)

(Oa 71) (17 71)

FIGURE 6. Q¢
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The corresponding potential function for the monotone Lagrangian L, is:

(26) 5139(2:1,,22,2:3) 223(1+21 +2122)(1+22+2122).

Using Lemma [5.2] we conclude that this potential has critical points for K* =
A*,C*, or U(1), where 21 = 2o = e 3 ¥ for k = 1,2, i.c., are roots of 22 + z+ 1, and
z3 is any element of K*.

6.1.2. Second decomposition of Qg.
(1,2)  (2,2)

@27) (0,1) 2,1) = +

(0,0)  (0,0)
(0,0)  (1,0)
We write Q¢ = M1+ Mo+ M3, where M; = Conv{(0, 0), (1,0)}, M2 = Conv{(0, 0), (0,1)},

and M3 = Conv{(0,0), (1,1)}. We follow the same steps as in Section [ to study
the convex base diagram and the potential.

Recalling our restricted Lagrangian fibration construction, the walls are in r =
le; — 1]. The collapsing classes corresponding to the walls = 1, |1 — €], |1 — eo| are
(1,0,0), (0,1,0), and (1, 1,0) in the base (61, 62, 603), as in ([I2), respectively. So, we
obtain the convex base diagram presented on the left of Figure [

t A3

FI1GURE 7. Convex base diagrams corresponding to the restricted
Lagrangian fibration related with the second decomposition of Qg.

As in the first decomposition, we can perform the transferring the cuts operations.
The resulting convex base diagram is presented on the right of Figure [7

We get the same cone as in Section [6.1.1] The corresponding potential function
is:

(28) ‘1353(21,22,23) == 23(1+Zl)(1+22)(1+2122)

Using Lemma [5.2] we conclude that this potential has critical points for K* =
A*,C*, or U(1), where z3 is free to be any element on K*, and (21, 22) € {(—1,-1),(—1,1),(1,-1)}.

Remark 6.1. Jonathan Fvans and Renato Vianna knew these examples.
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6.2. Symplectization of unit cosphere bundles of 3-dimensional lens spaces.
As it was pointed out in [AMMIS]|, the symplectization of S*Lg(q) is the toric
symplectic cone determined by the cone C' C R? with normals.

U1 = (Q+ 17pa 1)7’02 = (0705 1)7’03 = (1705 1)7 and V4 = (Qapv 1)

If we let @ := Conv{(0,0),(1,0),(q,p),(g+ 1,p)} C R? and 0 = C(Q) C R3,
then we have that C = ¢V. For Q, we have the following Minkowski decomposition:

(e,p) (¢+1,p) (a,p)

(0,0)  (1,0) (0,0)

Remark 6.2. For p = q = 1, we get the singular quadric studied in [CPU13|,
which is equivalent to the cone on the unitary square.

We write Q@ = M+ Ms, where M7 = Conv{(0,0), (1,0)} and M3 = Conv{(0,0), (¢,p)},
so we can use our construction to understand the convex base diagram and the
superpotential of the symplectization of S *Lg(q).

Recalling our restricted Lagrangian fibration construction, the walls are in r =
le; — 1]. The collapsing class corresponding to the walls r = 1,|1 — €| are (1,0,0),
(g,p,0) in the base (61,63,03), as in ([I2), respectively. Therefore, we obtain the
convex base diagram at the left of Figure

T A3

Ao M

FI1GURE 8. Convex base diagrams corresponding to the restricted
Lagrangian fibration related with S*L3(q)).

With the same notations as in Section [Z2] let S; be the image of the singular
fibres corresponding to the case when 0 € y(r), and Sy be the image of the singular
fibres corresponding to the case when e € ~(r). The cones C; for i = 1,2, are
defined with v; = v = (0,0,1). Let

Dy o = {(M1, A2, A3) € Im(7) |\ > 0},
Dy1 = {(M, A2, A3) € Im(7) |\ < 0},
Do = {(A1, A2, A3) € Im(7)|gA1 + pA2 > 0},
Do1 = {(A1, A2, A3) € Im()|gA1 + pA2 < 0},
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and define b; ; as in Section

The topological monodromies My, , around the circles b; ; are:

1 01 1 0 ¢

Mp,,=(0 1 0], Me,,=(0 1 p

0 0 1 0 0 1

respectively.
The corresponding affine monodromies are:

1 00 1 0 0
My =0 1ol.M7 =[0 1 o0
’ -1 0 1 ’ —q —-p 1

The result of applying two transferring the cut operations (Definition 2Z39) is
obtained by following the steps:
(1) Apply the matrix Mglfl to Dy 1.
(2) Apply the matrix M,‘:Zfl to the image of Do ; after step 1.

The resulting almost toric base diagram is presented at the right of Figure Bl
The corresponding potential function is:

PO (21, 22, 23) = 23(1 + 21)(1 + 2{23).
Using Lemma [5.2] we conclude that this potential has critical points for K* =
A*,C*, or U(1), where z; = —1, 25 equals to one of the p roots of (—1)7*! and z3
is free in K*.

Remark 6.3. We note that a Lagrangian Lens space Lg(q) appears as the union

of the T?-orbits over a segment connecting the singularities at 0 and €, for which
A1 = Ay = 0. The smoothing Yz = T*Lg(q).

6.3. Cone over the cubic. Consider Q3 := Conv{(0,0),(3,0),(0,3)} C Z?* and
its Minkowski decomposition:

(0,3)
(0,1) (0,1) (0,1)
= + + 2
(0,0) (1,0) (0,0) (1,0) (0,0) (1,0)
(0,0) (3,0)

We write Q3 = My + Ms + M3, where My = My = M5 = Conv{(0,0), (1,0), (0,1)}.
This Minkowski decomposition is admissible. Let Y, the affine variety related to the
cone ¢ := C(Q3) and Y5 ¢ be the smoothing of Y,,. The ideal I(Yz,€) C Clz1, z2,y, t]
is generated by:

x122y = t(t — €1)(t — €2).
We obtain a complex fibration, given by the projection to the ¢ character, with
three singular fibres modeled as x122y = 0 C (C?Il wayy) OVET = 0,€1, €. We build
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our Lagrangian fibration with a convex base diagram as in the left picture of Figure
After transferring the cut operations, we get the right picture of Figure [0

g
\
Ao A

FIGURE 9. Convex base diagrams corresponding to the restricted
Lagrangian fibration related to Minkowski decomposition of Q3.

As we proved in Section [ this cone coincides with:

-1 0 0 1
oV = Cone —1],(o],|1],[o0
3 1 0 0

After applying the matrix

1 0 0
=01 0| eSLEB,2)
1 1 1
to oV, we obtain:
-1 0 0 1
Mo =Conel | =1],(0],(1],[0

1 1 1 1

In this new cone, we have QY at height 1.

(0,1)

(1,0)

(_17 _1)
FIGURE 10. QY

By (24)), the potential function is given by:

(29) (BD = 2’3(1 =+ z1 + 22)3,

and using Lemma [5.2] we get that the critical locus has dim¢ = 2 when K* = A*
or C*, and a 2-dimg family of critical points, when K* = U(1).
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6.4. Example where PO doesn’t have critical points.

CRVNERY 0.1)
R
(0,0) 2,0 (0,0 (Lo ©0O 10

Consider M; = Conv{(0,0),(0,1),(1,0)}, Ma = Conv{(0,0),(1,0)}, and Q =
M + Ms. This Minkowski decomposition is admissible. Let Y, the affine variety
related to the cone o := C(Q) and Y5  be the smoothing of Y,,. The ideal I(Yz,€) C
Clz1,1,%1,2,Y1, Y2, 2,t] is generated by:

T1,1y1 — tz x1,1y2 — t(t —¢€) x1,22 — (t —¢€)
1,291 — Y2 y1(t —€) — 2y
We obtain a complex fibration, given by the projection to the ¢ character, with
two singular fibres modeled as z11212y1 = 0 C (C?zl Lara) OVer t = 0, and

z1,1Y2 = 0 C (C?zl L) X (Cz‘z1 ,) overt = e Out of that, we build our Lagrangian
fibration with a convex base diagram as in the left picture of Figure [[T] (analogous
to the one depicted in Figure [2 for our toy example). After transferring the cut

operations, we get the right picture of Figure [I1l

T A3

\

\

Ao la

FiIGURE 11. Convex base diagrams corresponding to the
restricted Lagrangian fibration related to the polytope given by
Conv{(0,0),(0,1),(1,1),(2,0)}.

By (24)), the potential function is given by:

(30) mD 223(1+21 +22)(1+21),
and using Lemma [5.2] we get that (80) does not have critical points.

Remark 6.4. In this case, we can not use McDuff’s method of probes [McD11] to
displace the monotone fibres over the line {(0,0,1)|l € R>o}. So it remains unclear
whether the monotone fibres in this example are displaceable.

7. COMPACTIFICATION

In this section, we will discuss the existence of a compactification of Yz . that
is compatible with our construction. Under the assumption of @) giving rise to a
smooth toric projective Fano variety Fg, i.e., being the convex hull of the generators
of its fan, we get a compactification of Yz . as a complete intersection of hyperplanes
on a projective variety X, . Moreover, this is well adapted with the complex
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fibration constructed in Theorem 4] in the sense that we get a ‘pencil’ in K,
well defined in Yz, \ D — P! where Y3, = Y5, \ Fuo, Foo = Foo U D is the
compactification of the fibre at infinity and is the toric projective manifold associated
with the polytope (). This pencil extends the fibration Yz . — C constructed in
Theorem (4.4

Symplectically, this corresponds to an infinite rescaling of the base diagram where
the image is shrunk to height one, and the divisor Qv appears at height one. In
particular, the singular fibres on Yz . are asymptotic to height one.

Example 7.1. Continuing with the cone over the cubic presented in Section [6.3]
we discuss its compactification. In Figure [[2] we show the base diagram of the
algebraic compactification.

FiGURE 12. Compactifications of the cubic.

Let us now prove the following result that ensures the algebraic compactification
when Yz = Y, is the affine cone of the projective variety X, (see Proposition

2.9).

Theorem 7.2. With the assumptions given in Theorem suppose that QQ =
My + -+ My, with k > 2, and that Yz = Y, is the affine cone of the projective
variety Xz, . Then, the compactification of Y, . in CPI>! s isomorphic to the

intersection of k — 2 different hyperplanes in Xz, .

Proof. The compactification of Y5 . is the projective variety Yz . = V(I"(Y5.)),
where I"(Y5 .) is the homogenization of the ideal of Y5 .. Recall that

k—1
Y. =V({I(Yu,)) N <ﬂ Vit —tip1 — ei)> ccl L

=1

then
i=1

k—1
Voo = V(I(Yar,)) N (ﬂ V(ty — tip1 — >> ccrrl L

since by Proposition the ideal I(Y,,,) is homogeneous, and t; — t;41 — €z is
the homogenization of t; — t;41 — €;.
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Finally, we have the isomorphism:

k—1
ty —t
F: Xy, 0N <ﬂv<t1ti+1ei< 1 2>)> YL
i=2 €1

[...:tl:...:tk]p—>|:...:t1:...:tk:

t1 — 1o
€1

In this setting, we can consider the complex fibration
f:Y5. — CP'
[critp ety 2] [t 2]
Note that for z # 0, it coincides with the complex fibration we constructed

before, and that f=1([1:0]) = X, \ V(t1).

Our toy example in sectionBlsatisfies the conditions of Theorem[.2l By examining
the equations, we conclude that Yz . is equal to the blow-up of CP? in one point.

In the example discussed in Section BT} Y, 5 compactifies to P! x P! x P! (See
Figure[I3]). Indeed, one recovers Y, 7 by deleting a smooth fibre of the "pencil"

(P')? —» P!
([zo = 1], [yo = vl [20, 21]) = [219121 : Toyo20]-
Here, the singular fibres are at 0 and oo instead of 0 and e. We see in (28) that
PO = 2z3(1 4+ 21 + 22 + szQ + zlzg + zfz% + 32122)

where 32125 is the term corresponding to the center of the polytope Q. According
to [DTVW], the Lagrangians £, viewed in the compactification Y. 5 C (P')? are
lifts of the monotone Lagrangian £’ on the compactification of the divisor F..,
viewed as the added fibre at co on the ’pencil’ over the compactification, which
is a toric manifold with moment polytope QV, i.e., BlsCP?. Its potential is then
given by TYBO + T(212223)"1; where (212923)~! corresponds to the fibre disk
passing through the compactification of the fibre F, with area a. (BO — 3212923)
correspond the terms in the potential of £ and 3212223 is the extra term, where 3
is reinterpreted in [DTVW] as the number of ¢; = 1 rational curves in (P!)? passing
transversally through a point in the divisor Fi.

FIGURE 13. Transferring one set of trivalent cuts from the
compactified cone over the hexagon, one gets the polytope of (P*)3.
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FIGURE 14. Transferring one set of cuts from the compactified
cone over the hexagon, one gets a modification of the standard
Gelfand-Cetlin polytope in the cases of Fi(3).

In the example discussed in Section 612 it can be seen that Yz . compactifies
to FI(3) in this case. One can identify the constructed Lagrangian fibration as
a modification of the standard Gelfand-Cetlin polytope in the cases of Fi(3) as
indicated in Figure 4

Also for Yz . we get that the potential [28) is:

PO = 2z3(1 4+ 21 + 22 + 2220+ 2125 + 2325 + 22129)

and for the corresponding Lagrangian £, viewed in the compactification K -
Fl(3) as a lift of the moment Lagrangian £’ on the compactifying divisor Fi, the
potential is T*PO + T(212223) ! where (212223)" ! corresponds to the fibre disk,
passing through the compactifying fibre F,, with area a. Similarly to the previous
example, (PO — 2z;2923) corresponds the term in the potential of £’ and 2212523
is the additional term, where 2 is reinterpreted in [DTVW] as the number of ¢; = 1
rational curves in FI(3) passing transversally through a point in the divisor Fi.

8. FUTURE DEVELOPMENTS

In this section, we mention some developments that arise naturally from this
work.

(1) Lagrangian skeleton of Yz . and its relation to Gelfand-Cetlin fibrations.

The affine smooth quadric Yz, = T*S? arise as the smoothing of the
singular quadric Y,, where o is the cone over the square with sides of
length 1. The cone o describes a symplectic torus fibration of the singular
quadric, but also the same cone describes a Gelfand-Cetlin fibration (in the
sense of [STVIg]|) of Y5 . with a Lagrangian S® in the vertex. This fibration
can be regarded as a limit of a family of restricted almost toric fibrations
constructed in Section We expect to generalize this example to obtain
Gelfand-Cetlin fibrations (in the sense of [STV18§]|) as limits of the fibrations
in Section2l These Gelfand-Cetlin fibrations have the cone o¥ as a convex
base diagram, and the singular non-toric fibres are in the codimension > 2
faces. These varieties are affine, so they are Stein and Weinstein, and they
have a Lagrangian Skeleton such that Yz . deforms to it. We expect to
describe the Lagrangian Skeleton in terms of the Minkowski decomposition
of @, to describe a Weinstein structure of Yz . from the Gelfand-Cetlin
fibration, and to compute symplectic homology and the wrapped Fukaya
category for these spaces.
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(2)

[AAK16]

[Abol7]
[Abo21]
[AD20]
[Alt97]

[AMM18]

[AP9S]
[Aur07]
[Aur09]
[BBIvdO]
[Chal3]

[CLL12|

[CLS90]
[CLS11]
[CMO9]

[CPU13)

[CPU16]

SANTIAGO ACHIG-ANDRANGO
Homological mirror symmetry for Yz .

We are interested in proving homological mirror symmetry results for Y,
and Y.\ 7~!(1). This project can be divided into the following steps. First,
construct the mirror following the SYZ approach in [Aur07, [Aur09], or
following the construction in [AAKI6| (see also [CPU16, [Chal3l [CLL12)).
Second, study the Fukaya category and wrapped Fukaya category of Y.
We expect to use our complex fibration 7 in Theorem 4.4 and results about
Lefschetz fibrations [Sei08] to achieve this goal (see also [AD20]). Third,
relate Lagrangians of the Fukaya category with holomorphic line bundles
on the mirror using the results in [AP98| [LYZ00].
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