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Abstract. We consider the stationary (time-independent) Navier-Stokes
equations in the whole three-dimensional space, under the action of
a source term and with the fractional Laplacian operator (—A)®/2 in
the diffusion term. In the framework of Lebesgue and Lorentz spaces,
we find some natural sufficient conditions on the external force and on
the parameter a to prove the existence and in some cases nonexistence
of solutions. Secondly, we obtain sharp pointwise decaying rates and
asymptotic profiles of solutions, which strongly depend on «. Finally,
we also prove the global regularity of solutions. As a bi-product, we
obtain some uniqueness theorems so-called Liouville-type results. On
the other hand, our regularity result yields a new regularity criterion
for the classical (i.e. with oo = 2) stationary Navier-Stokes equations.
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1. Introduction

This paper considers the 3D incompressible, stationary and fractional Navier-
Stokes equations in the whole space R3:

(~AN)V3d+ (@-V)i+VP=/f, div(@)=0, a>0.
Here, the functions @ : R® — R3 and P : R? — R are the velocity and the
pressure of the fluid respectively, while f : R — R? represents a given exter-

nal force acting on this equation. Moreover, with a minor loss of generality,
we set the viscosity constant equal to one.

The divergence-free property of u yields to easily deduce the pressure
P from the velocity @ and the external force f by the expression
1 -
P = —div((@- V)i - f). (1.1)
This fact allows us to focus our study on the velocity @ and to consider the
equations:

(~A)Fa+P((@-V)ad) =P(f), div@=0, a>0,  (1.2)
where [P stands for the Leray’s projector.

One of the main features of equation (1.2) is the fractional Laplacian
operator (—A)% in the diffusion term. Recall that this operator is defined at
the Fourier level by the symbol [£|*, whereas in the spatial variable we have

CA) 2t x) = ult, @) —ult,y)
(—A)*=4U(t, z) C’oép.v./]RS [z —gpo

dy,
where C,, > 0 is a constant depending on «, and p.v. denotes the principal

value.

Experimentally, this operator has been successfully employed to model
anomalous reaction-diffusion process in porous media models [22, 23] and in
computational turbulence models [26, Chapter 13.2]. In these last models,
the term (—A)?% is used to characterize anomalous viscous diffusion effects
in turbulent fluids which are driven by the parameter «.

Mathematically, in the setting of bounded and smooth domains Q C
R3, linear and nonlinear fractional elliptic equations have been extensively
studied in the setting of LP-spaces, see for instance [1, 4, 8, 11, 12, 13, 24, 28]
and the references therein. Motivated by these works, this article is devoted to
develop a theory for the equation (1.2) in the framework of Lebesgue spaces
and in the more general setting of Lorentz spaces. Our main objective is to
understand the effects of the parameter « in the qualitative study of this
equation, precisely, the existence and nonexistence of LP-solutions and LP9-
solutions, pointwise decaying properties, asymptotic profiles and regularity
properties. Moreover, it is worth highlighting the previously cited works are
not longer valid in R? due to the lack of some of their key tools, for instance,
the embedding properties of LP(2)- spaces and compact Sobolev embeddings.
We thus use different approaches to study these qualitative properties.



A LP-theory for fractional stationary Navier-Stokes equations 3

In the case a = 2, equations (1.2) coincide with the classical stationary
Navier-Stokes equations

—Ad+P((@-V)ad) =P(f), div(@) =0. (1.3)

The LP-theory for these equations was studied in [5], where the authors ex-
ploit powerful tools of Lorentz spaces to study some of the aforementioned
qualitative properties, mainly the existence and asymptotic profiles of solu-
tions.

In this paper, we generalize some of their results to the fractional case
of equation (1.2) and we highlight some interesting phenomenological effects,
principally due to the fractional Laplacian operator. Going further, we also
develop a new approach to study the global regularity of solutions. This result
has two main consequences, on the one hand, for the classical case (when
a = 2) we obtain a new regularity criterion for weak solutions to the equation
(1.3) and, on the other hand, for the fractional case (when 2 < a < 2)
our regularity result yields some uniqueness properties of solutions to the
homogeneous (with f = 0) equation (1.2). This last result is of independent
interest and it is also known as the Liouwville-type problem for the fractional

Navier-Stokes equations.

Main results. Recall that for a measurable function f : R?® — R and for a
parameter A\ > 0 we define the distribution function

dy(N) =dz ({z e R*: |f(z)] > A}),

where dx denotes the Lebesgue measure. Then, the re-arrangement function
f* is defined by the expression

) =imf{A>0: d(\) <t}

By definition, for 1 < p < 400 and 1 < ¢ < 400 the Lorentz space LP*4(R3) is
the space of measure functions f : R® — R such that || f||zs.e < 400, where:

“+o0 l/q

L[ Tarrara) L a<s,
1fzra = q PN

sup tl/pf*(t), q = +oo0.

>0
It is worth mentioning some important properties of these spaces. The quan-
tity || f|lLre is often used as a norm, even thought it does not verify the
triangle inequality. However, there exists an equivalent norm (strictly speak-
ing) which makes these spaces into Banach spaces. On the other hand, these
spaces are homogeneous of degree f% and for 1 < q; < p < g2 < +00 we
have the continuous embedding

LP1(R3) C LP(R?) = LPP(R®) C LP®(R?).
Finally, for p = +00 we have the identity L>>°(R3) = L>(R3?).



4 Oscar Jarrin and Gaston Vergara-Hermosilla

In our first result, we find some conditions on the external force f and a
range of values of the parameter « to construct LP-weak solutions and LP9-
weak solutions to equation (1.2). For this, we shall perform the following
program: at point (A) below, first we solve this equation in the Lorentz space
Lﬁ’oo(]l@). This particular space is invariant under the natural scaling of
equations (1.2): (@, P, f) — (@x, Py, fx), where, for A > 0 we have

ix(z) = X La(\x), Py(z) = A**72P(Az) and fia(z) = A3 f(0a),

and this fact allows us to apply the Picard iterative scheme to the fixed point
problem:

i = (—A)"2P(div(d @ @) + (—A) "2 P(f). (1.4)
Precisely, by a sharp study of the kernel associated to the operator
(—A)~ FP(div(-)),

we are able to prove the estimate ||(—A)~ 2 P(div(@®1)) ||Li Hu||2 o
a s

provided that 1 < a < %

To the best of our knowledge, this well established procedure does not
work for 0 < o < 1 nor g < «, and these cases will be matter of (far from
obvious) future research. Consequently, we set 1 < a < %

Continuing with our program, at points (B) and (C') below we prove

some persistence properties of L7 solutions. Specifically, we find a range
of values for the parameter p for which these solutions also belong to the
LP-space or the LP'%-space, as long as the external force verifies additional
suitable conditions.

Theorem 1.1. Let 1 < o < 3. Assume that (-A)"5f ¢ L%’OO(RS). There
exists an universal quantity eo(a) > 0, which only depends on a, such that if

—

I(=2)"FP(A)Il, 2.~ < e0la),

then the following statements hold:

(A) The equation (1.2) has a solution i € L%"’O(R‘g) satisfying and uniquely
defined by the condition || s . < 2||(—A)*%P(J‘?)\|Lﬁx

(B) Let == < p < 4o00. Assume that (— A)~% f e LP(R3), then the solution

constructed above verifies @ € LP(R3). Moreover, this fact holds in the
space LP9(R3) with 1 < q < +00.

(C) Finally, for the end point p = ——, assume that (—A)~% f € Lﬁ’m(RS),

Then the solution constructed at point (A) wverifies U € L&"”(R:}).
Moreover, for the end point p = +o0 it holds @ € L (R3), provided that
(—A)"EP(f) € L>*(R?).
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Some comments are in order. As mentioned, at point (B) we show the
existence of LP-solutions and LP-%-solutions (with 1 < ¢ < +00) for the range
3

of values >~ < p < 4o0, while, at point (C), we prove the existence of

L35 _solutions and L>®-solutions. The main remark is that these results
are optimal, and later in Theorem 1.5 below we prove the non-existence of
LP%-golutions for 1 < p < ﬁ and 1 < g < 4o0.

In the setting of Sobolev spaces, existence of weak solutions to equation
(1.2) has been proven in [11] and [28]. In the first work, for a divergence-free
external force f € H~'(R3) N H~%(R3), the authors use the Schaefer fixed
point theorem to obtain a weak H %-solution as the limit of a regularized
problem. This approach allow them to consider the range 0 < o < 2, but
they lose uniqueness. On the other hand, in the second work [28], the authors
perform a Galerkin-type method to construct a weak suitable H % -solution
with 1 < a < 2. As before, their uniqueness is still an open problem.

Our approach is completely different and it strongly exploits the struc-
ture of equation (1.4). This approach seems to have some advantages in the
study of equation (1.2). First, as was already mentioned, we are able to ob-
tain optimal results when studying the existence of LP-solutions. On the other
hand, the main assumption of the external force: (—A)~$P(f) € L%’o"(ﬂ@)
allows us to consider a variety of external forces, for instance, when o = 2,
one can considers a very rough external force f = (100, 200, c39p), where dg
denotes the Dirac mass at the origin and ¢y, co, c3 € R are suitable numerical
constants. Moreover, when « # 2, one can consider homogeneous external

forces | f(z)| ~ [ppa=T, With = # 0 and ¢ > 0. Finally, in contrast to [11, 28],

equation (1.4) allows us to study sharp asymptotic profiles and pointwise
decaying rates of solutions to equation (1.2).

In our next result, for § > 0 we use the homogeneous weighted L>°-space
LPR®) = {f € LR\ {0}) : [|fllzze = ess sup,eps|e|’|f(2)] < +oo},

where we have the identity L (R3) = L°°(R3). By recalling the continuous
embedding L ;(R?) C Lﬁ’m(R?’), it is natural to solve equation (1.4) in
the smaller scale invariant space L ; (R?), for small external forces verifying
(=A)"5P(f) € L, (R3). Thereafter, by following the ideas of Theorem 1.1,
we find a range of values for the parameter § for which pointwise decaying
properties on the external force are propagated to solutions.

Theorem 1.2. Let 1 < a < % Assume that the external force f verifies

(—A)%P(ﬁ € L ((R3). There exists an universal quantity 0 < e1(a) <
eo(a), which only depends on «, such that if

I(=2)2P(f)llzz , < er(a),
then the following statements hold:
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(A) The equation (1.2) has a solution @ € L ;(R?) satisfying and uniquely
defined by the condition ||ul[Le < 2“(—A)7%P(‘f?)||L3071

—

(B) If 0 < 0 < 4—a and (—A)"2P(f) € LP(R®) the solution obtained
above holds @ € L (R?).

Pointwise decaying properties of solutions allow us to deduce some in-
teresting facts, which we shall explain in the following corollaries and propo-
sitions.

First, by point (B) above we directly obtain the following estimate,
which shows an explicit decaying rate of solutions to equation (1.2).

Corollary 1.3. Within the framework of Theorem 1.2, assume that
(—A)FP(f) € L®(R®) N LY, (R?),
Then, there exist a numerical constant C > 0 such that

C
- < .
|u(x)| — 1+2|x‘o¢—1 + |x|4—a

(1.5)

As noticed, this decaying rate in driven by the parameter « in the
fractional Laplacian operator in equation (1.2). Moreover, the main remark
is that this decaying rate is also optimal and in Theorem 1.5 below we show
that solutions to equation (1.2) cannot decay at infinity faster than W%”

Both non-existence results in Lebesgue and Lorentz spaces as well as
the optimality of the decaying rate above are obtained by sharp asymptotic
profiles of solutions to equations (1.2). For this, we remark that the kernel
associated to the operator (—A)~2P(div(-)) is obtained as a tensor m, =
(M 5 k)1<i,j k<3, Where m; ; (x) is an homogeneous function of order 4 — «
and smooth outside the origin (see Lemma 2.5 below for all the details).

Moreover, we recall that for ¢ = 1,2, 3 the term mq(z) : / (4@ u)(y)dy is
R3
defined by

(mote): [ @omin) = 3 monto) ([ womo).

7,k=0

Proposition 1.4. Under the same hypotheses of Theorem 1.2, assume that
(—=A)= P(f) € LP(R3) N L (R?). Then, the solution ii has the following
asymptotic profile as |x| — +o0:

—

ia) = (~8)"FP()(o) + male) s [ (70 D)y
O(Wﬁ) ifa#2, (1.6)
0(55) o=

This asymptotic profile will allow us to prove the next theorem.
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Theorem 1.5. Let 1 < o < g There exists an external force fe S(R3), such
that the associated solution i does not belong to L”’q(R3) foralll <p< ﬁ
and 1 < g < +o00. Moreover, for 1 < |z| this solution verifies the estimate
from below M% < Ju(x)].

We continue with the qualitative study of weak LP-solutions to equations
(1.2). To introduce our next result, first it is worth recalling that in the setting
of Sobolev spaces regularity of weak H % -solutions has been studied in [28].
Precisely, in the spirit of the celebrated Caffarelli, Kohn and Nirenberg theory
[7], the authors show a partial Holder regularity result for suitable weak HS-
solutions, with 1 < a < 2. On the other hand, very recently the authors
of [11] show global regularity of weak H % -solutions to equation (1.2) in the
homogeneous case when fz 0. Specifically, the range of values % <a<?2

and the fact that j? = 0 allow them to apply a bootstrap argument and to
conclude that weak H % -solutions are C'*-solutions. This argument also holds
in the range 1 < a < 2 as long as the (strong) supplementary hypothesis
@ € L*(R?) is assumed.

In our next result, we shall perform a different approach to prove global
regularity of weak LP-solutions to fractional stationary Navier-Stokes equa-
tions. We emphasize that this theorem is independent of the previous ones,
since here we shall assume the existence of weak LP-solutions and we are
mainly interested in studying their maximum gain of regularity from an ini-
tial regularity on the external force. Of course, this result holds for solutions
constructed in Theorem 1.1.

Theorem 1.6. Let 1 < o and let max (ﬁ, 1) < p < +oo. Let f € W—1P(R?)

be an external force and let i € LP(R3) be a weak solution of equation (1.2)
associated to .f. If the external forc.e verifies f € Ws’p(R?’), with 0 < s, then
it holds @ € W*+eP(R?) and P € W*+eP(R3) + W+1p(R3).

Let us briefly explain the general strategy of the proof. The information
@ € LP(R3) (with max (i 1) < p < 400) and the framework of parabolic

a—17
(time-dependent) fractional Navier-Stokes equations, allows us to prove that
@ € L*°(R?). Consequently, we are able to get rid of this supplementary hy-
pothesis used in [11]. Thereafter, we use a sharp bootstrap argument applied

to equations (1.4) and (1.1) to obtain the regularity stated above.

In this regularity result, the assumption f e W-te (R?) is essentially
technical. On the other hand, the parameter 0 < s measures the initial reg-
ularity of the external force f, which yields a gain of regularity of weak
LP-solutions to the order s + . This (expected) mazimum gain of regularity
is given by the effects of the fractional Laplacian operator in equation (1.2).
See Remark 6.4 below for all the details. Moreover, as pointed out in [11, 28],
the study of regularity in the case 0 < a < 1 is (to our knowledge) a hard
open problem.
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When handling the fractional case (with o # 2) one of the key tools
to prove this result is the fractional Leibniz rule, so-called the Kato-Ponce
inequality, which is stated in Lemma 2.4 below. To our knowledge, this in-
equality is unknown for larger spaces than the LP-ones and this fact imposes
our hypothesis @ € LP(R3). However, at Appendix 7, we show that the clas-
sical case (with o = 0) allows us to prove a more general regularity result for
equation (1.3) in the larger setting of Morrey spaces.

As a direct corollary of Theorem 1.6, for the particular homogeneous
case when f =0:

(=N 2@+ (Z-V)i+VP =0, div(Zd)=0, a>1, (1.7)

and for the range of values % < p < 400, we obtain that weak LP-solutions
to this equation are C°-functions. This particular result is of interest in
connection to another important problem related to equation (1.7).

Regularity of weak solutions is one of the key assumptions when study
their uniqueness. We easily observe that ¥ = 0 and P = 0 is a trivial solution
to (1.7) and we look for some functional spaces in which this solution in the
unique one. This problem is so-called the Liouville-type problem for frac-
tional stationary Navier-Stokes equations. A formally energy estimate and
the divergence-free property of velocity @ heuristically show that [|d]| , 4 =0,

which yields to conjecture that the only H % -solution to this equation is the
trivial one ¥ = 0. However, this problem is still out of reach even in the
classical case when o = 2.

We thus look for some additional hypothesis on the velocity @ which
yield the wished identity @ = 0. For the classical stationary Navier-Stokes
equations (with o = 2) there is a large amount of literature on the Liouville
problem, see for instance [10, 17, 18, 27] and the references therein. How-
ever, Liouville-type problems for the fractional case (with a # 2) have been
much less studied by the research community. In [29], the authors show that
smooth solutions to (1.7) vanish identically when @ € H% (R3) N L2 (R3),
with 0 < a < 2. On the other hand, very recently, for the range of val-
ues 2 < a < 2 the authors of [11] solve the Liouville-type problem when
i € H%(R3) N LP()(R3). Here, the parameter p(a) depends on a and it is
close (in some sense) to the critical value 3_%. By Sobolev embeddings we

have H%(R3) C L= (R3) and this last value is the natural one to solve

this problem. However, the identity p(«a) = % cannot be reached and the

information @ € LP(*)(R3) remains an additional hypothesis.

In our next result, we study the Liouville-type problem for a different
range of values of p.

Proposition 1.7. Let % <a<2let 2 <p<?andletic H=(R%) N

LP(R3) be a solution to the equation (1.7). Then it holds it = 0 and P = 0.
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The proof is mainly based on some Caccioppoli-type estimates estab-
lished in [10] and [11]. These estimates work for smooth enough solutions and
in this sense Theorem 1.6 is useful. On the other hand, for the classical case
o = 2 we recover the result proven in [10, Theorem 1] (for 3 < p < 9) and
this proposition can be seen as its generalization to the fractional case. It is
worth mentioning the constraint % < « ensures that % < %. Finally, by
following some of the ideas in [18] we think that this result can be extended

for % <p.

Organization of the rest of the paper. The Section 2 is essentially devoted to
present the necessary preliminaries to deal with the proofs of our main results.
In Section 3, we prove the existence of weak solutions solutions of the station-
ary fractional Navier-Stokes in the setting of Lebesgue and Lorentz spaces
stated in Theorem 1.1. In Section 4, we present the proofs of the pointwise
estimates and asymptotic profiles stated in Theorem 1.2 and Proposition 1.4,
respectively. In Section 5, we prove the nonexistence result stated in Theo-
rem 1.5. While in Sections 6 and 7 we prove the Theorem 1.6 and Proposition
1.7, related to the regularity of weak solutions and a Liouville-type result,
respectively. Finally, at the end of the paper we present an appendix where
we state a new regularity criterion for the classical stationary Navier-Stokes
equations in the setting of Morrey spaces.

2. Preliminaries

In this section, we summarize some well-known results which will be useful
in the sequel. We start by the Young inequalities in the Lorentz spaces. In
particular, the involved constants are explicitly written since they will play
a substantial role in our study. For a proof we refer to [9, Section 1.4.3].

Proposition 2.1 (Young inequalities). Let 1 < p,pi;,p2 < 400 and 1 <
q,q1,92 < +oo. There exists a generic constant C' > 0 such that the fol-
lowing estimates hold:

1. ||f*g||Lp,q < C1||fHLp1»rn ||g||LP2,q2, with 1 4+ % = p% +

and C1 =Cp (pf—il) (pfil).
2
2. | f =gl < Collfller llgllLea, with Co = C .
3. 17 % gllze < Collfllra gl o, with 1= 1% 2, 1< 141 and €y =

¢ (52r) () '

Next, the key result in the proof of our theorems related to the existence
of solutions is the classical Picard fixed point scheme, which we present in
the following

Theorem 2.2 (Picard’s fixed point). Let (E, ||-||g) be a Banach space and let
ug € E be an initial data such that ||ug||lp < 6. Assume that B: EX E — E
18 a bilinear application. Assume moreover that

|B(u,v)|le < Cpllulle|lulls,

<=+

)

8-

1
q1

Q=

1
p2’
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for all u,v € E. If there holds
0<46Cp <1,

then the equation @ = B(4, @) 4+ @y admits a solution @ € E, which is the
unique solution verifying ||u||g < 20.

Thereafter, when studying the regularity of weak solutions we shall use
the following lemmas.

Lemma 2.3 (Lebesgue-Besov Embedding). Let 1 < p < +oo. Then, for all
t > 0, there exist C' > 0 such that the following estimate holds

i _ _ o
tor e A2 fllpoe < C||f 1o

Proof.

Recall first the continuous embedding LP(R3) C B;o%’oo(I[@) (see for in-
stance [20, Page 171]) where the homogeneous Besov space Bo.” '~ (R3) can be
characterized as the space of temperate distributions f € S’(R3) such that
”fHB_%'OO = 31;18 t%HetAfHLoo < +00. Thereafter, by [21, Page 9] we have

—t(=A

i3
equivalence || f|| . _z . ~ sup tar le )% ||z, from which we obtain the
Bo? >0

oo

wished estimate. |

Lemma 2.4 (Fractional Leibniz rule). Let o > 0, 1 < p < 400 and 1 <
D0, P1,90,q1 < +00. Then, there exist C > 0 such that the following estimate
holds

I(=A)F(fg)lle < CI(=A)% fllzeo llgllzer + 1f oo (=A) E gl e,

1 1 1 1 1
where = = — + — = — + —,
p ;D0+;D1 q0+q1

The proof of this estimate can be consulted in [16] or [25]. Finally, given

an « > 0, let p,(t,x) the convolution kernel of the operator e t(=2)2 and
Ku(t,x) = (Ka,ijk(t ©))i<ijr<s the tensor of convolution kernels associ-

ated to the operator e’t(*A)%P(div(')).

Lemma 2.5 (Lemma 2.2 of [30]). For allt > 0, there exist a numerical con-
stant C > 0 depending on « such that the following estimates hold:

1 [pa(t ) < O,
2, Hﬁpa(t,-)HLl <Ct =,

3. || Kalt, ) <Ot
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3. Existence of weak solutions in Lebesgue and Lorentz spaces:
proof of Theorem 1.1
First recall that equation (1.2) can be rewritten as the (equivalent) fixed
point problem (1.4) where, for the sake of simplicity, we shall denote
B(i, 1) = —(—A) " 2 P(div(d ® @)). (3.1)

In the next propositions, we shall prove each point stated in Theorem
1.1. in the next propositions.

Proposition 3.1. Let 1 < a < 3. Assume that (-A)"5fe Lﬁ(Rig). There
exists an universal quantity no(a) > 0, which depends on «, such that if
||(7A)*%P(f)||L%m = 3§ < no(a) then the equation (1.4) has a solution

i€ L%v‘x’(ﬂ@) satisfying and uniquely defined by HQ’HL%’“’ < 26.
Proof.

Let us start by estimating the bilinear term B(w,@). For this we shall need
the following technical lemma.

Lemma 3.2. For 1 < a < 4 we have B(#, @) = mq * (4 Q@ @), where mq =
(Mijk)1<ijk<s is a tensor with m; 5, € C*°(R3\ {0}) N L}, (R®) a homo-
geneous function of degree o — 4. Moreover, for all x # 0 we have |mq(x)| <
clz|o4.

Proof.
Recall that we have P(@) = g+ (ﬁ ® ﬁ)@, where R = (Ri)1<i<s with
_ _0i
Ri = 2
B(i, @) = — (—=A)~ % (P(div(d © @)))

3 3
= (=20 D000+ RR () ()

1<i<3

Il
Mw
Mw
E

<&

e

*
5
S

1<i<3

By a simple computation we write m; ; x(§) = — (51',]' + §;|§;> 1;’; We thus

have that m; jx € C*°(R?\ {0}) is a homogeneous function of degree 1 — «
and then m; j r € C*°(R?\ {0}) is homogeneous function of degree o — 4.

With this information, for all x # 0 we can write |mq (z)| < c|z|*?.
Moreover, since 1 < a we have —3 < a — 4, which yields m, € L}, .(R?).
Lemma 3.2 is proven. |

Observe that the estimate |mg(z)| < clz|*™* for all z # 0 allows

us to conclude that m, € Lﬁ’w(R?’). Then, we apply the first point of
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Proposition 2.1, where we set the parameters p = %, p1 = ﬁ and

pr=5= ﬁ, and we obtain

o s @D, 2, < Cillmall, o 7@ ]

|| =3 3 .
La—1° L2(a—1)
Remark 3.3. The condition 1 < ps yields the constraint a < g We thus set
l<a<i.

Thereafter, by the Holder inequalities and by the identity B(u, @) =
Me * (€ @ ©) we have

|1 B(4, ) ~ < Cp(a)lla]? Cpla) = Cimall | 5. (3:2)

ail'x’

[ —
La-1°

Thus, for the constant C'g(«) give above, now we set § small enough:

1
< —— = 3.3
105 () 10 (1), (3-3)
and by Theorem 2.2 we finish the proof of Proposition 3.1. |

With this first result, now we are able to prove that this solution also
belongs to the space LP(R?) with ;2 < p < +oc. In the (more general) case

of the Lorentz space LP4(R?) (with 1 < ¢ < +00) the proof follows the same
lines, so it is enough to focus in the case of the Lebesgue spaces.

Proposition 3.4. With the same hypothesis of Proposition 3.1, assume in
addition that (—=A)~% f € LP(R3) with o= < p < +oo. There ezists an
universal quantity o(a) < no(a), which only depends on «, such that if
0 < eo(w) then the solution i € L%’OO(R‘?) to the equation (1.4) constructed
in Proposition 3.1 verifies i € LP(R3) with 2= < p < 4o0.

Proof.
The solution « € L%’OO(]R?’) to the problem (1.4) is obtained as the limit
of the sequence (@, )necn, Where

lny1 = B(idy, i) + @y, for n>0 and o= (—A)"2P(f).  (3.4)
We shall use this sequence to prove that @ € LP(R3). For this we write
[dn+1lle < |B(tn, @n)llr + [[dol|Lr-

For the last expression above, we use our assumption (—A)~% f € LP(R3)
to directly obtain @, € LP(R?). On the other hand, in order to estimate the
bilinear term, we recall that by Lemma 3.2 we have B(i,,, @, ) = mq*(@, 1, )
where m, € Lﬁ’c’o(R?’). Therefore, by the first point of Proposition 2.1
(with the parameters p; = ﬁ, Py = % and ¢ = p, ¢ = 400, g2 = p2)
we have

1B (tn, tn)llzr < Crles pllimall ag oo llin @ dnll 22

cl(a,p):cp(7fa> ((4_3(1);_3)' (3.5)




A LP-theory for fractional stationary Navier-Stokes equations 13

Remark 3.5. The constant Cj(a,p) defined above blows-up at p = ﬁ and
p = +oo. This fact yields the constraint ﬁ <p < +o0.

Thereafter, from the estimate given in (3.5) and by the Holder inequal-
ities we can write

1Bt @) e < Cr(e, p)|tinlze |Un]l | ;o (3.6)
Moreover, recall that the sequence defined in (3.4) verifies the uniform esti-
mate HU””L%W < 20, where § = H(—A)_%P(f)H s .- Then we get
a— Loa—1°

[1B(tn, )|l Lr <26 Ci(ex, p)||n| Lo
We thus have the following recursive estimate
lEns1llor <26 Ci(a,p)||@nllre + ||do||Lr, for all n > 0. (3.7)

At this point, we need to find an additional constraint on the parameter
6 to obtain the control

1
26Cy(a,p) < 3 (3.8)
Below we shall need this inequality. Now, in order to get this control, we need
to consider the following cases of the parameter p € (ﬁ, +00). First, note
that since o < g we have ﬁ <2< %7 and then, we split the interval
(25, +00) = (25,2) U [2, =25] U (325, +00). Moreover, only for technical

4—a? P a—1

reasons, first we need to consider the interval [2, %

the other intervals are based on the ones proven in [2

] since the estimates in
L]

ta—1l

The case p € [2, %] We get back to the expression of the quantity

Cy(a,p) given in (3.5) and we define 0 < M(«a) = ?13% ]Cl(a,p) < +o0.
PE2, 5=

Then, we set the additional constraint on the parameter § (which already
verifies (3.3)) as follows:

20M () < % (3.9)

and for all p € [2, %] we have the wished control (3.8). Therefore, we get
back to the inequality (3.7) to write

. 1. .
i s1llee < laallis + [Tolss, for all n >0,

hence we obtain the uniform control

“+o0

. 1 "
|Zpi1 || ze < (Z 2k> @] L», for all n > 0. (3.10)

k=0
We conclude that the sequence (&,)nen is uniformly bounded in the space
LP(R?) and then we have @ € LP(R?) with p € 26 C1(a,p) < %. Moreover,
recall that this fact holds as long as the parameter § verifies both conditions
(3.3) and (3.9), which can be jointly written as

1

4 < min (40131(04), 4]\4(@)) = eo(). (3.11)
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The constraint above allows us to prove that @ € LP(R?) with p € [2, 2]
Now, we shall use this same constraint to prove that @ € LP(R?) in the cases

p€(:2,2) and p € (25, +00).
The case p € (12-,2). We get back to equation (1.4). Recall that our
assumption (—A)~% (f) € LP(R?) yields that @ € LP(R3) with p € (2-,2).

4—a?
On the other hand, recalling that (—A)~%(f) € Lﬁ’oo(R‘S) we also have
Uy € L%’O"(R‘g) (where 2 < —2+) and by a standard interpolation argument
we get iy € L?(R?). Consequently, by the uniform control given in (3.10) and
by the constraint (3.11) we obtain @ € L*(R3).

With this information at out disposal, we can prove that B(u, ) €
L% (R3). Indeed, since @ € L2(R?) we get #® @ € L*(R?), and moreover,
since B(@, @) = mq * (4 Q@ @) with m,, € Lﬁ"x’(ﬂ@), by the second point of
Proposition 2.1 we have

B(ii, i) € L¥5®(R?). (3.12)

Finally, by the estimate (3.2) we also have B(u, %) € L%’O"(H@) (recall
that 2 < ail) and by well-known interpolation inequalities we get B(, %) €

LP(R3) with p € (&,2). Consequently, by the identity (1.4) we have @ €
LP(R3).

The case p € (=25, +00). We follow similar ideas of the previous case.
First remark that we have iy € LP(R?) with p € (525, +00) (recall that
% < p) and since iy € Lﬁ’oo(R?’) by the interpolation inequalities we

4 9 P
obtain @y € LT N La1(R?) where 45, 2+ € [2, -%;]. Thus, always by
the uniform control (3.10) and the constraint (3.11) we obtain @ € L+ N
L=7(R?) and then @ € La"T2(R3).

With this information we can prove that B(i,#) € L*(R3). Indeed,
since @ € La-T2(R3) we obtain @ ® i € L%1(R3). Moreover, since mq €
L="1°°(R3) by the third point of Proposition 2.1 we have

B(i, @) € L™=(R?). (3.13)

Finally, as we also have B(#, @) € Lﬁ’m(Ri;) we use again the interpolation
inequalities to obtain B(@, @) € LP(R3) with p € I3, which yields @ € LP(R?).

Proposition 3.4 in now proven. |

In order to finish the proof of Theorem 1.1, with the information ob-
tained in the expressions (3.12) and (3.13) we are able to prove our last
proposition.

Proposition 3.6. With the same hypothesis of Proposition 3.1, the following
statement holds:

—

(A) If (—A)"%(f) € Lﬁ’oo(R?’) then we have @ € Lﬁ’m(R?’),
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—

(B) If (—A)"2P(f) € L=(R?) then we have @ € L>(R3).

Proof.

The proof is straightforward. For the first point, we just recall that we have
(=A)=5(f) € LT=®°(R3) N La1°(R3) and then we obtain iy € LP(R?)
with p € [2, =2;]. We thus have the information given in (3.12) which yields

i€ [Ta™ (R3). The second point follows the same arguments by assuming
that (—A)~2P(f) € L>=(R?). Proposition 3.6 is proven. |

Gathering together Propositions 3.1, 3.4 and 3.6 we conclude the proof
of Theorem 1.1. |

4. Pointwise estimates and asymptotic profiles

4.1. Proof of Theorem 1.2
We start this section by proving the following useful lemma.
Lemma 4.1. Let 1 < a < g and let 01, 0 two positive constants such that

a—1< 01 +60; < 3. Moreover, let B(4, W) the bilinear form defined in (3.1).
The following statements holds:

(1) There ezists a constant 0 < Cy = Cy (v, 01, 02) such that

1B, @)z . ,,, < Callllzg 1@

(2) There ezists a constant 0 < Cy = Ca(cr) such that
1B Dlez., < Ca (Il + a3 ).
2

Proof.
The fact that B(@, %) = * (€ ® @) and Lemma 3.2 yield the estimate

/ Moz — y) : (@0 )(y)dy

. N 1
<Ol oz, / e

Is easy to see that the last integral can be bounded by C;|z|*~1=% =% with
0 < Cy = Cy(a, 61,071). Then, we can write

|B(@, )| < G

| < W‘W”ng“ﬁHLg;,

and thus the first result follows.
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To prove the second part, for z # 0 we start by splitting the domain R?
into {% > |y|} and {% <|y|}, and then

B@ﬁ)/;>mmdxw:@®ﬂﬂw@

+/ ma(z —y) : (@© T)(y)dy
Ll<yyl
=1 + I.

To deal with the integral I, we note that the integration domain {|y| < %}
lzl _ 2]

yields |z —y| > [z] — |y| > |z| — 5 = 5. By mixing Lemma 3.2 with the
last inequality we obtain

1 . C .
Ll <c li(y) [Py < EE—@/ () dy

lelsy) 2=yt Lzl 1y
c .
< W”UH%%

For the integral I5, we have
1 1

IMSCWWg/ 1,
Ly y|i=o [y|3

Lzl <y |z —

The fact that ‘;—l < |y| yields

/ 1 1 dy < 1 1 1 d
T A T =2dY S o 12 %Y.
Lol cpy |2 =yl [yf? 2| Jizi<py |2 =yt |y|?
Is straightforward to see that the last integral can be bounded by Co|z|3~,
with 0 < Cy = C3(«), and thus we can conclude
C

2 112
|Io] < W”uHL%O'

The lemma is then proved. |

Now, in the next propositions, we prove each point stated in Theorem
1.2.

Proposition 4.2. Let 1 < o < 5/2. Assume that (—A)"2P(f) € L ,(R3).
There exists a universal quantity 0 < m(a) < go(@) such that if

I(=2)"2P()lez, =8 <mla),

then equation (1.2) has a solution @ € LS {(R3) satisfying and uniquely
defined by the condition ||| L= < 26.

Proof.
From Theorem 1.1 we have a solution # of equation (1.2) in the space

L%"”(R?’). In view of our hypotheses for (—A)2P(f) € L | (R?) to con-
clude that @ belongs to L | (R?), we shall to prove

1B(4@, )Lz, < Cllllee, 191

oo
a—1"
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with C' independent of @ and v. This fact follows directly by taking 8, = 65 =
a — 1 in Lemma 4.1. Now, considering

I(=2)"2Pf|lre, <m(a) < eola),

where €¢(«) is the constant of Theorem 1.1, by applying Picard’s fixed-point
Theorem 2.2 we obtain the existence and uniqueness of the solution # in
L 1 (R?). u

Remark 4.3. The solution constructed previously also belongs to L%’“(RP’)
since L ;(R?) C L%’C’O(R?’).

Proposition 4.4. With the same hypotheses of Proposition 4.2, assume that
(=A)"5P(f) € L3°(R3), with 0 < 0 < 4 — «. There exists a universal quan-
tity e1(a) < mi(a) such that if § < e1(a) then the solution i@ € L ;(R?)
constructed by Proposition J.2 verifies @ € Lg°(R3).

Proof.
By assumption we have (—A)~$P(f) € L (R?), then considering the se-
quence such that @, = @y + B(in, @) (with @y = (=A)~"2P(f)) and
Lemma 4.1 with ; =60, 0, = a — 1 , we obtain the estimate

HB(ﬁn, ﬁn)HLgo < Cl(a>6>||ﬁn||Lg°_1 ||ﬁn||Lg° for 0<0<4—a. (41)

Remark 4.5. The positive constant C}(a,8) depends continuously of 6 €
(0,4 — @) and it blows-up at 6 =0 and § =4 — a.

On the other hand, recall that by the Picard iterative schema applied
to the approximation u,, we have the uniform control

tnllLee , < 2[ldolLee , = 26.
Then, by (4.1) we get
i1l <26 Ch(e 0)@nllise + [Follre, for 0<f<d—a. (42)

As in the proof of Proposition 3.4, we need to find an additional constraint
on § to get

1
20 C(a,0) < 3, (4.3)

which we will use later. To obtain this inequality, we split (0,4 — o] =
(0,51 U221, 21U (3,4 — o] (remark that 1 < a < 5/2 yields 2 < 4 — a).
Moreover, only for technical reasons, first we shall consider the case 6 €

[251, 2] and then we will study the cases 6 € (0,%5) and 6 € (3,4 — al.

The case § € %51, 3]. We define the quantity

2
0<N(o)= max Ci(a,0) < +oo.
oc ]

Then, we set the additional constraint 26N (a) < %, which yields (4.3), and
by following the same arguments in (3.10) we obtain that @ € L§°(R3).
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The case 0 € (2,4 —a]. Recall that (~A)~3P(f) € L3 | (R?) N L (R?)
and then (—A)~$P(f) € L¥(R®). Thus, by the case above we get @ €
2
L¥(R3).
2
Before going further let consider the following useful result.
Lemma 4.6. Let 01,05 > 0 and p > 1 such that 3~ < p < z-. Then L (R®)N
L3 (R3) C LP(R?).

Proof.
The inclusions L (R%) € L% (R3) and Ly (R3) C L7 >(R3) yield

N LE(R?) C L7 0 L™ (R3). (4.4)

By hypothesis and interpolation of Lorentz spaces, we can write
L#%° A L5 (R3) ¢ LPP(R3). (4.5)
Then, by mixing (4.4) and (4.5) we conclude the proof. |

Thus, considering Lemma 4.6 and the fact that
(—A)73P(f) € L3, (R®) N L5 (R?),

we get (—A)~2P(f) € L2(R3). Thus, by Proposition 3.4 we have @ € L2(R?),
and by Lemma 4.1 we obtain B(#, @) € L, (R?). Recalling that we also have
B(#, @) € LY 1(R?), and moreover, since a—1 < 2, we get B(#, @) € L§°(R?),
which yields @ € L°(R?).

The case 6 € (6, %51). Similar arguments as above yield @ € L3, N
La >, and then @ € LHQ . (R3). From Lemma 4.1 we obtain B(i, u) €

L°°(]R3) and then @ € L“(R‘S) With this we conclude the proof of Proposi-
tion 4.4. |

Gathering together Propositions 4.2 and 4.4 we finish with the proof of The-
orem 1.2. |

In this point we stress the fact that Corollary 1.3 follows directly as a conse-
quence of Proposition 4.4.

4.2. Proof of Corollary 1.3
We begin by stressing that there exist a numerical constant C' such that

K—AY?PGNSCI(—AYﬁPGBS|A§17(—Argp(ﬂésza

and

B, <C,  |B(@,i

Gathering these expressions with the fact that @ = (=A)~$P(f) 4+ B(4, @),
we conclude the pointwise estimate

(14202~ + |2 [*=)i(2)] < C,
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and then we obtain (1.5). We conclude the proof of Corollary 1.3. |

4.3. Proof of Proposition 1.4

With the information obtained in Propositions 4.2 and 4.4, we are able to
derive sharp asymptotic profiles of solutions.

We will prove that the bilinear term B(u, @) has the following asymp-
totic profile as || — +oo:

_ 1 i ,
B, @) = ma(2) : / (it ® i) (y)dy + O(F=r) it (4.6)
R? O () ifa=2

To this end, we consider the following descomposition of the bilinear term
B(i, u):

(—A) "3 Pdiv(u ® u)(x)
= | malz—y): (@@a)(y)dy
R3
=mq(x): /Rs(i@) @) (y)dy
— M \T) ﬁ ﬁ d
@ /y|>|m/2( ® B)(y)dy
mae (T — — Me (T . ’LZ ﬁ d
+/y<|ac|/2( ( v) () : (@@ u)(y)dy
ma\T — (U ®u d )
+/z—y|§|x/2 (@ —y) - (@6 (y)dy

+f male =) s (7 D))y
ly1=]2|/2,|c—y|>|z|/2

=L+ L+Is+ 14+ Is,

where we must estimate the terms from I to Is.

e Term I>. In this case we have
I, < Clz|~O739 as |z| — +oo. (4.7)

In fact, since @ € L ,(R?), we have |# @ i(y)| < Cly|~2*~*). Then,
considering that |mq(z)] < Clz|~(#=*) and 0 < e < 1, the change of
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variables p = |y| yields
B <la| ) [y,

lyl=|x|/2

el N
lyl=lx|/2

< |$|—(4—a)—s / |y|—2(4—a)+edy

lyl>|x]/2

< Ja| @)= /+oo p*dp
— |z]/2 p2(4—a)—e

< C|x‘7(4fa)fs|z|7(572a)+5 _ C|$‘7(973a).

e Term I3. In this case we have

C .
W if o ?é 2,
I3 < log(|]) as |z| = +oo. (4.8)
C FE= ifa=2,
€T «

In fact, since |Vmg(z)| < Clz|~®~%) by the main value theorem with
z=0(x—y)+ (1 —0)x (where 0 < 6 < 1) we can write

[ma(@ = y) = ma(2)] < C|Vma(2)[|(z —y) —a] < Clz|7C~]y|.

By mixing z = 6(z —y) + (1 — )z = « — fy with 0 < 6 < 1 and
ly| < |x|/2, we obtain

2] = [z — 0y| > |z| = Oly| > || — |y| > || — |z[/2 = |2]|/2,
and then
Ima(x — ) — ma(z)| < Clz|7C7|y| < Cla|=C=yl.

Thus, we get

I < Cla| =G~ / ylla(y) P dy. (4.9)
ly|<|z|/2

Since 1 < |z|, we can write

[Py = [ wlawPas [l
ly|<|z]/2 lyl<1 I<|y|<|=|/2
=131+ I3.

To control the term I3 we stress the fact that u € L?(R?), then

I3, =/ lylla(y)|* < / |d@(y)* < |lal|7-- (4.10)
| ly|<1
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Now, to deal with I3 5, the fact that [u(y)| < Cly|~*~®) and the change
of variables p = |y| yield

j2l/2 2

. pdp
I35 < / lylla(y)[*dy S/ 7—2a
1<|y|<|a|/2 L

c . (4.11)
|x|47_2a if o 7é 2

Clog(|z]) if a=2.

Gathering together the estimations (4.11) and (4.10) in (4.9), we
obtain (4.8).
e Term I;. In this case the following pointwise estimate follows

I < Clz|~O739 as |z| — +oo. (4.12)
In fact, since |z — y| < |z|/2 we can write
yl =z —(x =yl = |z| = |z =yl = [a] —[=[/2 = |2|/2.

Then, considering |m(z—y)| < Clz—y|~ =) and |u(y)|? < Cly| =24,
we obtain

L < / & — y| ]y 20 gy
lz—y|<|z|/2

IN

of 0 | ey
z—y|<|z|/2

ol 0 [ o=y -y
R

C|x|7(4fa)|x‘7(57a)
— C‘$|_(9_3a).

IN

IN

e Term I5. In this case the following pointwise estimate follows
Is < Clz| =039 as |z| — +oo. (4.13)

In fact, since |y| > |z|/2 ¥ | — y| > |z|/2 we can write
i< | male — )] - Iy~ dy
ly[=le]/2,|lz—y|=|x]/2

< Cla]|~=) / ly| =24 gy,
ly|>|z|/2

Considering similar arguments as in the case of term I» we conclude
(4.13).

Gathering together all the estimations obtained above we deduce the asymp-
totic profiles (1.6) and (4.6). With this we conclude the proof of Proposition
1.4. ]
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5. Nonexistence result: proof of Theorem 1.5

Let us explain the general strategy of the proof. The term mg () : ng (I ®
@)(y)dy in the asymptotic profile (1.6), the fact that the tensor m, is an
homogeneous functions of order 4 — o (see Lemma 3.2 below) and a well-
prepared external force f: will allow us to obtain the estimate from below

1 S
W S ()], 1<zl

from which Theorem 1.5 directly follows.

However, one risks that the term mg(x fRd y)dy vanishes
identically, and our starting point is to study when this fact holds.

Proposition 5.1. Under the same hypotheses of Proposition /.2, assume that
(—A)ZP(f) € LE(R?) ML o (R?). Then, the term ma(z) : [ (70 @) (y)dy
vanishes identically on R®, if and only if, there exist a constant ¢ € R such
that, fori,7 =1,2,3 we have

/ iy = oy =3¢ TI=D (5.1)
R3 0 otherwise.
Proof.
We note that applying Fourier transform to m (x ng y)dy we can
write
~ iS5\ 1Sk S
fenfo-£ o)L
o B N CE)

i _
= Ri(f)W/RS Uiy,

where R;(§) = — Zz(sj,kfi|§|2 — &;&;€k. Thus, the vanishing condition:
j=1k=1

Jgs Wity = cb;;, if and only if mq(z) : [ps(d y)dy = 0 follows by

considering the expression above equal to 0 and the follovvlng result of L.

Brandolese and F. Vigneron in [6].

Lemma 5.2. For any numerical matriz A = (ajk)1<j k<3, let define the family
of homogeneous polynomials

Z > (6P (05x& + 65k + 0156k) — 5&&5) ajn, 1 =1,2,3.

Then, the followmg assertions are equivalent:

1. The matriz A is proportional to the identity matrix.
2. Q; =0 for all indices i =1,2,3.

3. There exist an index 1 < i < 3 such that Q; = 0.

4. There exist an index 1 <1i < 3 such that 0;Q; = 0.
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With this we conclude the proof of Proposition 5.1. |

With this proposition at our disposal, we shall construct a well-prepared
external force f € S(R3), such that its associated solution to equation (1.2)
does not verify the condition (5.1). Consequently, by the asymptotic profile
(1.6) this solution verifies

x 1 CQ
Ci| — ) ——— <Ju(o)| < , x| > 1, 5.3

() s < ol < i e 3
where Cy and Cy (ﬁ) are two positive numerical constants. As already ex-

plained, the estimate from below yields the statements of Theorem 1.5.

Proposition 5.3. Let fo be a divergence-free vector field satisfying the following
assumptions:

e the matrix /Wdﬁ is mot a scalar multiply of the identity
(2]
matrix.
Then, there exist ng > 0 such that the solution 4 of the stationary Navier-
Stokes equation (1.2) with f = nfo and 0 < n < no verifies the estimate

(5.3).

Proof.
Let consider the positive constant €; = €;(«) arising in Theorem 1.1 and
1o > 0 small enough satisfying

(—A)" 2P fOHL%,x < e,

Thus, under the framework of Theorem 1.1, we know that for 0 < n < 79
= - 3
and f = nfo, there exist an unique solution # € L=-1°° N L? such that

il s < 200(-A) FRE)| s,
To conclude (5.3), in the following we will prove that the solution constructed
above does not satisfy the orthogonality relation mentioned in Proposition
5.1. To this end, let consider 7y = n(—A)~2P(f;). By considering 7 in the
iteration scheme and (3.6) with p = 2 we can write

Mo

i — doll.e = | B ).
< Ol 2 |oll, s, (5.4)
< 20|l 2| (~A) B s, e

Thus,
[dllz> < lldollz> + [l — dol| L2

<l (=A)" 2P (o) 22 + 2Cn |l 2| (—A)~ (o) |

3 .
La—1">°
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By choosing ng such that
1
400 (~2) 5P (o),

o <

we obtain
il g2 < 2n[(—=A)~ 5 P(fo)l| 2 (5.5)

Gathering together the previous estimation with (5.4) we conclude
1 — dol 2 < 4CW[(=2)"2P(o)ll, 2, (=A)"2P(Go)llz2.  (5.6)
To continue, note that our assumptions on fo yield

[A) 2R (-a) 5RG) 2ok, BracR

This fact means that there exist different indices ¢ and j such that either

[ (o 2pi) () 2pa) o,

—a 2 — e
[(a # [ |(arsri),
J
In the following we will study both cases. In fact, to deal with the first case
above note that
D =| [ @ = @+ [ @ ) @,

[ - - (@
+ [ (@ = @) @+ [ (@ - @), @),

< Clla —dol| L (|17l 2 + || o]l .2) -

or
2

Considering (5.5) and (5.6) in the previous estimate we get

[ [ (arze); - [ (arte);

<ot | (=) 2RGo)|| o, . | (=2)7 2GR

Then, by imposing moreover

\ [ (2 >)f - [ (o)’

" oea

A
—h
(=}
N2
‘w
8
—
\
b
|
|
=
s
)
(=}
S~—

with C' > 0 selected big enough, we conclude
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-
| @ [ (o) - [ (o tr)

>’

> 7’

— 120" |[(~2)7FBG) || o ||(-2)7FB()

Let consider now the case / (-2 %), ((-2) FB(G) # 0. Note
that
\ [~ [, - ] [ @ = @oa+ [ @@ - @),)

< i@ = ol 2 (allz2 + [ldoll L2 ) -
Considering (5.5) and (5.6) in the expression above we obtain
[t = [ (-a)%0G), ((-8)58),
. -2

o (-7
Then, considering C' > 0 big enough and by imposing moreover

A)TEP( —A)TEP(f

| / (), ((-2)"#8(f))

cH EP(R)| o, |20 2R

Lo-1

< 1207° | (-2) ¥R (o)

Lz

2 )

L2

we can write

[ = 2| [ (Car#pi), (are),
| / iy~ [ (-8 50G0) ((-8) 22()
> | [ ((-8) 2pG) ((-8) #PGw)
~opt |-y te@)| o ird)| ) > o
With this we conclude the proof of Proposition 5.3. n

6. Regularity of weak solutions: proof of Theorem 1.6

For the sake of clearness, we shall divide the proof of Theorem 1.6 into three
main steps.
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Step 1. The parabolic setting. Our starting point is to study the time-

dependent fractional Navier-Stokes equations:

QT+ (A ET4+P(@- V)T =P(f), div(?) =0, a>1, o)

6.1

9(0, ) = o,
where ¥ denotes the (divergence-free) initial datum. For a time 0 < T' < +00,
we denote C.([0,7], L?(R?)) the functional space of bounded and weak—x
continuous functions from [0, 7] with values in the space LP(R?). Then, we
shall prove the following:

Proposition 6.1. Let 1 < « and let max (%,1) < p < +o00. Moreover,

let f € LP(R3) and T, € LP(R3) be the external force and the initial data
respectively. There exists a time Ty > 0, depending on ¥y and f, and there
ezists a unique solution ¥ € C,([0,Tp], LP(R?)) to equation (6.1). Moreover
this solution verifies:

sup tar ||i(t, )| L~ < +o00. (6.2)

0<t<Ty

Proof.
The proof is rather standard, so we shall detail the main estimates. Mild
solutions of the system (6.1) write down as the integral formulation:

. t o L
o(t,-) = e =R 25 4 / e~ (t=9)(=4)2 P(f)ds
0 (6.3)

t a
_ / e~ =R P(din(F @ 7)) (s, -)ds,
0

where we shall denote
t [e
B(7,7) = / e~ =R 2 P(din(T @ 7)) (s, -)ds. (6.4)
0

By the Picard’s fixed point argument, we will solve the problem (6.3) in the
Banach space

By — {g € C0TLIPE)): sup 135 lg(t, )1 < +oo},
t<

0<
with the norm

3
lgller = sup [lg(t,)|lr + sup toz|[g(t,-)|[L=.
0<t<T 0<t<T

We start by studying the terms involving the data in equation (6.3). First,

for the initial datum @ € LP(R?) we have Heit(fA)iﬁo

< ¢||To|| e, hence
Lp

we obtain e_t(_A)%Uo € C.([0,T], L*(R?)). Moreover, by Lemma 2.3 we have

sup tor e H=2)2 5, < ¢||¥o, || z»- We thus get e *(=2)2 5y € Ep and
0<t<T Lee
it holds:

o
eft(fA) 2 170

< ||t Lr. 6.5
L Sclolle (6.5)
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Thereafter, for the external force f recall that it is a time-independent func-

tion. Then we write
/ H (t—s)(—A) % (*)

t
’/ —(t=5)(-2)3 p
0
(=)
? \Jo

cor|
Ly

ds

ScH

to get

¢ .
sup / e~ U= =22 p(fds
o<e<T ||Jo

On the other hand, remark that by Lemma 2.3 we have
o], e s

)

Lr
and then we can write

3 t = 3 t o —
i —(t-9)(-A) % p <3 / H —(t-s)(-2)E p H d
e P(fds| < ‘ (|, _as
3 t 3
<cteor /(t—s ap ds<ctap </ t—s)apds) <ct Hf”L
0 p
We thus obtain
a6 [ naial_<er
0<t<T 0 oo Lr
By the estimates above we get
t .
‘/ et pAgs|  <eT H (6.6)
0

Now, we study the bilinear form B(¢,¥) defined in (6.4). Our starting point

is to prove the estimate
oo 1_1_3 9 1 3
sup [|B(V,0)||pp <cT' a7 U], 1-———2>0,  (6.7)
0<t<T « ap

where remark that 1 — é — i > 0 as long as p > i. Indeed, we have

s 1B < e s [ eI i )5,

0<t<T 0<t<T

<c sup / L s, ) @ (s, e ds
o<t<TJo (t—8)=

t
1 3 . N
<c sup / (5|5, ) ) 55, | e ds
0o (t—s)

0<t<T o Sap
1—1_3 52
<cT 7 |10l -
Thereafter, we shall prove the estimate:

3 L. 13 1 3
sup 177 [|B(T,0)l|p < cT' 7075 d, 1= == >0, (68)

0<t<T ap
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We write

t a
sup tar ||B(7, T)|| oo sup tﬂ%/ He_(t_s)(_m2 Pdiv (7 ® v) (s, )H ds
0<t<T 0<t<T 0 Les

= (a).

Then, by the third point of Lemma 2.5 we can write:

IN

R -
(a) < c sup tw/o (7“?1(8,‘)®U(57')||L°°||L°°d5

0<t<T t— s)é
t
d 2
< c sup ta%/ % (5%”77(3’ )||L°°> ds
0<t<T 0 (t—s)asar

IN

8l

3 t ds N2
o sup #% [ —E ) ez,
0<t<T 0 (t—s)as
s /t/2 ds e /t ds H_,HQ
c| sup ap - ap . 7
0<t<T o (t— s)ésa% t/2 (t — s)ésa% Er

s o1 (Y% ds 36 [* ds 12
o s |eBF [T g [,
0<t<T 0 sor t/2 (t—s)=

T 3,

IN

IA

IA

By the inequalities (6) and (6.8) we can write:
1 3

g —L1_3
IB(@,3)|| gy < cT "o 25 ||7]|%,, 1-— - p” > 0. (6.9)
Once we have the estimates (6.5), (6.6) and (6.9) at our disposal, the
proof of Proposition 6.1 follows from well-known arguments. |

Step 2. Global boundness of @. With the help of the Proposition 6.1, we
are able to prove the following:
Proposition 6.2. Let 1 < «, max (%,1) <p<+o0 and 0 < s. Let fe
W=LPNW*P(R3) be the external force and let @ € LP(R3) be a weak solution
to equation (1.2). Then we have @ € L>(R3).

Proof.
First remark that by hypothesis on the external force and by interpolation
(see [Chapter5][2]) we have f € LP(R3).

Then, in the initial value problem (6.1), we set the initial data ¥y = 4.
Then, by Proposition 6.1 there exists a time 0 < T, and there exists a unique
solution ¥ € C, ([0, Ty], L*(R?)) to equation (6.1), which arises from 4.

On the other hand, we have the following key remark: since # is a time-
independent function we have 0;¢ = 0 and this function is also a solution
of the initial value problem (6.1) with the same initial data @. Moreover, we
have i € C. ([0, T], LP(R?)).
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Consequently, in the space C. ([0, T], LP(R?)) we have two solutions of
equation (6.1) with the same initial data ¥y = @: the solution ¥ given by the
Proposition 6.1 and the time-independent solution «. By uniqueness we have
the identity ¥ = @ and by (6.2) we can write

sup t7 ||@]| e < +o00.
0<t<Ty

But, as the solution @ does not depend on the temporal variable we finally
get @ € L>=(R3) and Proposition 6.2 is now proven. |

Step 3. Regularity of v and P. The global boundness of @ obtained in
the last step is the key tool to prove the following:

Proposition 6.3. Since f e WP N WP(R3), with 1 < a, 0 < s and
max (%,1) < p < +oo, and since @ € LP N L®(R3), we have @ €
WsteP(R3) and P € W5T*P(R3) + W12 (R3).

Proof.

Let us start by explaining the general strategy of the proof. For 0 < s and
1 < «a, we consider the quantities 0 < s+« and 0 < a— 1. Then, let k € N be
such that k(a—1) < s+a < (k+1)(a—1). We thus write s+a = k(a—1)+¢,
with 0 < & < o — 1. To prove that @ € W5+P(R?), first we shall prove that
i € WFe=Dr(R3) and next we will verify that (fA)wﬁ € WeP(R3).

By an iteration process, we prove that @ € W#@=1-2(R3). For the sake
of simplicity, we consider the following cases of k.

First, if £ = 0 by our hypothesis we directly have @ € LP(R?). Next, if
k =1, recall that @ solves the fixed point equation (1.4). Then we have

(~A)*T i@ = (—A) 2 div(d @ @) + (—A) " P(f).
For the first term on the right-hand side, recall that @ € LP? N L>°(R3) and
we get (—A)~2div(Z ® @) € LP(R?). For the second term on the right-hand
side, by our hypothesis fe WP N W“’(R?’) with 1 < o and 0 < s and by
interpolation (see [2, Chapter 5]) we have (—A)~2P(f) € LP(R3). We thus
get @ € W LP(R3).

Thereafter, if 2 < k, we start by applying the operator (fA)Cx771 to the
identity and we get
2(a—1) a—1 1 o]

(—A) T = (—A)T (~A)2div(T ® @) + (—A) T (=A)2P(f).
As before, we shall prove that each term on the right-side belong to the

space LP(R3). For the first term, we write (—A)%(—A)_%div(ﬁ ®U) =
(=A)~2div((—=A)“T (Z®1)). Thereafter, since (—A)“z @ € LP(R3) and @ €
L (R?) by Lemuma 2.4 we write [|(~A) =2 (@90) |10 < ol(=A)*F ] o [T e

1

and we have ( A)%(—A) 2div(@ @ @) € LP(R3). For the second term we

write (—A)%F (— Hoph=e

A)72P(f) = (=A)" = P(f). Then, as 2(a — 1) — o <
klaw = 1) — a < s (recall that s + @ = k(a — 1) + €), and moreover, as
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f e WP 0 W=P(R3), we have (—A)Q(W;)ﬂp(f_’) € LP(R?). We thus
get @ € W2@~1»(R3). By iterating this process until & we obtain that
@ € WHea=1p(R3),

Finally, to prove that @ € Wste» (R?) we must verify that

(—A)5(—A) i e LP(R?).

We thus write
. k(o

(-a)i(-a) "

€ (F=D)(a—1)
2

—(=a)F ((-4)

_ (—A)sﬂk_?(a_l)

(—A)hdiv(@ @ @) + (-2) 5 (-2) 7 HR(f))

et (k—1)(a—1)—1 -

(—A) " zdiv(@ @ @)+ (-A) " = P(f).

k(a—1)

For the first term on the right-hand side, since (—A)~ =z @ € LP(R3) and
@ € L (R3), by Lemma 2.4 we have (—A) "5 (=A)~3div(7®d) € LP(R3).
== (L A) - div(Eea) € LP(R?) and 0 < & < a—1,
by interpolation we obtain (—A)= " F 2 (—A)~3div(d ® @) € LP(R?).
On the other hand, for the second term on the right-hand side, recall that
s+a=k(a—1)+¢, hence e+ (k—1)(aw—1) —1 = s. Then, by our hypothesis
fe Ws’p(R?) we directly have (—A)%P(]F) € LP(R?). We thus
obtain @ € Ws+t*P(R3).

Moreover, since (—A)

Remark 6.4. The initial regularity f € W*P(R3) stops this iterative process
yielding that @ € W*+*P(R3) is the mazimum gain of regularity for solutions.

Now, we study the pressure term P. Recall that P is related to the
velocity @ and the external force f by the expression

P = (—=A) div(div(@ @ @) — (—=A)div(f).
For the first term on the right-hand side, since @ € W*t*?(R3) and @ €
L% (R?), by Lemma 2.4 we get (—A)~tdiv(div(d ® @) € WT*P(R3). More-
over, for the second term on the right-hand side, we have (—A)~!div(f) €
WstLP(R3). Proposition 6.3 is proven. |
With this we conclude the proof of Theorem 1.6. |

7. Liouville-type result: Proof of Proposition 1.7

The proof follows some of the main estimates performed in [11] and [10]. First,
we consider ¢ € C§°(R?) a positive and radial function such that p(x) = 1
when |z| < 1/2 and ¢(z) = 0 when |z| > 1. Then, for R > 1, we define the
cut-off function ¢r(z) = ¢(x/R). Remark that supp(¢r) C Bgr, where we
denote B = {z € R®: |z| < R}.

On the other hand, since fz 0 and since @ € LP(R?) with % < p,
by Theorem 1.6 we have @ € C*°(R3) and P € C*°(R3). Therefore, we can
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multiply each term in equation (1.7) by g, then we integrate by parts over
R? to obtain the estimate proven in [11, Estimate (4.5)]:

2
/ |(—A) T d)2de < / VR - <|2| + P) i dx
Bﬂ BR

+/ (—A)F
R3
=1, + I

<L
—_
RS
2
|
b
S}s)
&
|
|
b
S})
©
=
<
=
QU
8

(7.1)

By Hélder inequalities and the fact that supp(Ver) C C (%, R), where we
denote C(£,R) = {z e R® : £ < |z| < R}, the term I; was estimated in
[10, Proof of Theorem 1] and we have

13

Hu”Lp(c B R))’ 1= ; + ];a

L < CR*# |Vl

and since p < % we obtain
L<C ||UHLp(c(R R))"

On the other hand, for < a; <aand0 < as < asuch that a;+as = a < 2,
and for 1 < p; < 400 such that 1/2 = 1/p; + 1/p, the term I, was estimated
in [11, Page 13] as follows:

L < Clallgs (1-2)F erllin I(=2)F @i + 1(=2) prll o 110 ) -
By the localization properties of ¢r we can write
I < Clall o (R™F 775 (~2) F o + R™E55 10 )
Then, since a3 < o we have

I < Cll jro R4 (=) F 1 + 10

Here, remark that by hypothesis we have ||@]|» < 400, and since f=0by
Theorem 2.2 we also have ||(—A) 7 @|z» < +oo. Gathering the estimates on
I and I, we get back to (7.1) to obtain the following local estimate

/BR |(~A)FPde <CUN2, 0 m m)
2

. —o1 43 22 -
+ Ol B (1(-8) Fa o+ 20 )
For the fist term on the right-hand side, since @ € LP(R?) we have

lim

13
. ||U|in(c(§,R)) =0.

For the second term on the right-hand side, we shall verify that =5+ + < 0.
Indeed, by the relationship % = l LT l a simple computation shows that the

inequality =3+ + ==
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6
3—aq’
the constrain % < a1. With this we conclude the proof of Proposition 1.7. B

this last inequality holds as long as g < which is ultimately verified by

Appendix: New regularity criterion for classical stationary
Navier-Stokes equations in Morrey spaces

Let consider the classical stationary Navier-Stokes equations in the whole
space R3:
— A+ (- V)i + VP = div(F), div(@) =0, (7.2)

where, for the sake of simplicity, we have written the external force f as the
divergence of a tensor F = (F};)1<; j<3-

We shall name a very weak of equation (7.2) the couple (@, P) € L} (R3)x
D’ (R?) which verifies this equation in the distributional sense. Note that very
weak solutions have minimal conditions to guarantee that each term in equa-
tion (7.2) is well-defined as distributions. In particular, we let the pressure P

to be a very general object as we only have P € D'(R3).

As the velocity 4 is a locally square integrable function, in order to
improve their regularity we look for some natural conditions on the local

quantities |ii(x)|*dx, where B(xo,R) = {x € R® : |z — xzo| < R}.
B(I07R)
Thus, the Morrey spaces appear naturally.

Recall that for 2 < p < 400 the homogeneous Morrey space M2P (R3)
is the space of L? -functions such that

1
2

3 1
(T[T -} ——— / F@)2de) < +oo,
M22 o meere \ d2(B(z0, R)) Jp(ao.m)

where dx(B(zg, R)) ~ R? is the Lebesgue measure of the ball B(zg, R).
Here, the parameter p measures the decaying rate of the local quantity

1 / 5\ .
-_— |f(z)]"dx ] when R — +oo. Moreover, this is an
<d90(B($0’ R)) JB(xo,R)

homogeneous space of order f%, and the following chain of continuous em-
beddings holds LP(R3) ¢ LP4(R3) ¢ M??(R?). We thus study the regularity
of very weak solutions in a general framework.

For the parameter p given above and for a regularity parameter k € N,
we introduce the following Sobolev-Morrey space

Whe — {re M?*P(R®) : 92f € M*P(R?) for all multi-indice |a| < k}.

Moreover, we denote by W (R3) the classical Sobolev space of bounded
functions with bounded weak derivatives until the other k. Finally, for 0 <
s < 1, we shall denote by C**(R?) the Holder space of C*- functions whose
derivatives are Holder continuous functions with parameter s.
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In this framework, we obtain a new regularity criterion for very weak
solutions to equation (7.2).

Theorem 7.1. Let (i, P) € L? (R3) x D'(R®) be a weak solution to (7.2),

loc

with F € D'(R?). For k >0 and 3 < p assume that
F € WFLP(R3) 0 WWHHLo(R3). (7.3)
Then, if the velocity field verifies
i € M*P(R3),

it follows that @ € W*+2P(R3) and P € WKTLP(R?). Moreover, we have
@ € CMHo(R%) and P € CF*(R?) with s =1 — 2.

Recall that the external force acting on equation (7.2) is given by div(F).
Then, by our assumption (7.3) we have div(F) € W*P, which yields a gain of
regularity of very weak solution of the order k + 2. As in Theorem 1.2, this
mazimum gain of regularity is given by the effects of the Laplacian operator
in equation (7.2).

On the other hand, in the particular homogeneous case F = 0, very
weak solutions to equation (7.2) verify (@, P) € C*°(R3), provided that @ €
MQ’Z’(R?’) with 3 < p. As explained before introducing Proposition 1.7, this
particular result is of interest in connection to the Liouville-type problem for
equation (7.2) in the setting of Morrey spaces [10].

Proof of Theorem 7.1.
The proof follows the main ideas in the proof of Theorem 1.6 (see Section 6),
so we shall only detail the main computations.

By well-known properties of Morrey spaces, Proposition 6.1 also holds
in the (larger) space M?P(R3) and we can state

Proposition 7.2. For 3 < p, let div(F) € M*P(R3) and vy € M>*P(R3) be the
external force and the (divergence-free) initial data respectively. There exists
a time Ty > 0, depending on Uy and div(F), and there exists a unique solution
7 € C.([0, Tp), M?>P(R3)) to the Navier-Stokes equations:

0 — AT+P(T-V)T=P(f), div(@)=0, ¥0,-)=7.

Moreover this solution verifies sup ¢35 |5(t, )L < 4o00.
0<t<Ty
Moreover, by following the same ideas in the proof of Proposition 6.2,
we obtain our key result

Proposition 7.3. Let 3 < p and 0 < k. Let F € WKtLP(R?) be the tensor
let @ € M?*P(R3) be a very weak solution to equation (7.2). Then we have
@ € L>®(R?).

Finally, global boundness of the velocity u allows us to study its regu-
larity.
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Proposition 7.4. Since F € WkTLp q Who(R3), with 3 < p, and since @ €
M?P 0 L% (R3), we have @ € WF2P(R3) and P € WFHLP(R3). Moreover,
it holds it € Ck¥*15(R3) and P € C**(R3) with s =1 — %.

Proof.
As in the proof of Proposition 6.3, we consider the fixed point equation

i =—(—A)""P(div(d ® ©)) + (—A)'P(div(F)). (7.4)

By using this equation, we shall prove that 927 € M 2P(R3) for all multi-
indice |a|] < k4 2. We shall prove this fact by iteration respect to the order of
the multi-indices a, which we will denote as |a|. For the readers convenience,
in the following couple of technical lemmas we prove each step in this iterative
argument.

Lemma 7.5 (The initial case). With the same hypothesis of Proposition 7./,
for |a] <2 and for 1 < o < 400 we have 82 € M?7P7 (R3).

Proof.
Let |a| = 1. By equation (7.4) we write

0 = —(—A)'P(div* (@ ® @) + (—A)T'P(divo*(F)),  (7.5)

where we will prove that each term on the right-hand side belongs to the space
M?777(R3). For the first term, since @ € M>?(R3)NL>*(R?) by interpolation
inequalities we have u € M2"’p"(R3) for 1 < o0 < 4o00. Then, by Hélder
inequalities we obtain @ ® @ € M?7?7(R3). As |a] = 1 remark that the
operator (—A)_lP(divaa(-) writes down as a linear combination of Riesz
transforms and by their continuity in the Morrey spaces [19, Lemme 4.2] we
get that (—A)7'P(divo?(@ ® @)) € M?7P7(R3). Similarly, by (7.3) we get
(—A)~'P(divd?(F)) € M27r7(R3).

Let |a] = 2. We get back to the expression (7.5) and following same ideas
we can prove that each term on the right-hand side belong to M?27:77 (R3).
We just mention that for the first term we write a = a; + ag, with |a;| =
|ag| = 1. Then, to handle the term 022(d ® @), for i,5 = 1,2,3 we write
i (usuj) = (Byui)u;+ui(dyu;) and we use the information 214 € M27P7 (R3),
i € L=(R?) to obtain that (—A) " P(divo® (7 ® @) € M?7P7 (R3). [

Lemma 7.6 (The iterative process). With the same hypothesis of Proposition
7.4, for 1 < m < k and for |a| < m assume that 0*u@ € M?P7(R3) (with
1 <o < +00). Then it holds for |a| = k + 2.

Proof.

Let |a] = k + 1. As before, we must verify that each term on the right-hand
side of equation (7.5) belongs to M?277(R3). To handle the first term, we
split a = a; + ay, with |a;| =1 and |a,| = k, and we write

(=A)'P(divo* (4 ® @) = (—A)'P(divo™ 0% (4 @ @)).
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Then, to study the term 922 (4®1), by the classical Leibniz rule (for simplicity
we omit the constants), by our hypothesis and the fact that @ € L>(R?) we
get
0?2 (uiuj) == Z 8bui 8a2_ij S M2o,pa(R3),
[b|<k

hence we obtain (—A)~'P(divo®(#®1)) € M?777(R?). For the second term,
by our assumption (7.3) we have (—A)~'P(divo2(F)) € M?777(R?). We thus
get 020 € M?7P7 (R3) for |a| = k + 1

Let |a] = k + 2. Once we have the information above at our disposal,
we just repeat again previous arguments to conclude that 82w € M?27P7 (R3)
for |a| =k + 2. |

The fact that 92P € M?%P? (R3) with |a| < k41 is a direct consequence
of identity (1.1) (with f = div(F)) and our assumption (7.3) on the tensor F.

Finally, by the continuous embedding M??(R3) ¢ M'?(R?), and the
following result:

Lemma 7.7 (Proposition 3.4 of [14]). Let f € 8'(R?) such that V f € M (R?),
with p > 3. There exists a constant C > 0 such that for all x,y € R® we have

£(@) = F@) < C IV Fllypun |z =y 5.

We obtain that @ € C**1#(R?) and P € C**(R3) with s = 1 — %. Thus,
we conclude the proof of Theorem 7.1. |
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