From non-local to local Navier-Stokes equations
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Abstract

Inspired by some experimental (numerical) works on fractional diffusion PDEs, we develop a rigorous
framework to prove that solutions to the fractional Navier-Stokes equations, which involve the fractional
Laplacian operator (—A)?%, converge to a solution of the classical case, with the classical Laplacian
operator, when a goes to 2. Precisely, in the setting of mild solutions, we prove a uniform convergence in
both the time and spatial variables and derive a convergence rate.
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1 Introduction

In this note, for a velocity field @ : [0, 4+00) x R3 — R3, and for a pressure term p : [0, +00) x R?® — R,
we consider the three-dimensional and incompressible Navier-Stokes equations, in the whole space R?, and
with two different cases in the diffusion term:

Ot = —(—A)?d — (@-V)d—Vp, div(d) =0, 1<a<2. (1)

When 1 < a < 2, the diffusion term is given by the fractional Laplacian operator, which is easily defined
in the Fourier level by the symbol [£|%. Moreover, in the spatial variable, we have

|1,‘ _ y|3+a

)

(—A)24(t, 2) = Co p.v. /
R3
where C, > 0 is a constant depending on «, and p.v. denotes the principal value. The non-local behavior
of this operator allows us to call the equations (1) the non-local Navier-Stokes equations. By contrast,
when « = 2, the diffusion term is given by the classical Laplacian operator, and we shall refer to the local
Navier-Stokes equations. With a minor loss of generality, we have set the viscosity constant equal to one.

Numerical solutions to the classical Navier-Stokes equations (when a = 2) for engineering problems,
turbulent fluid flows, and geophysical phenomena are not completely possible at present, see for example
[4, 15]. In addition, the mathematical theory of global existence and regularity of solutions to these equations
remains one of the most challenging open questions in mathematical analysis [11, 16]. In this context, the
fractional Navier-Stokes equations (when 1 < a < 2) have been understood as a relevant modification
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of the classical equations for a better understanding of these mathematical and computational difficulties
8, 12, 13, 14].

In equation (1), we observe that for each value of the parameter 1 < a < 2 we obtain a corresponding
fractional Navier-Stokes equation, which we shall denote by (u,,ps) the associated solution. The main
objective of this note is to study the asymptotic behavior of the family of solutions (i, Pa)i1<a<2 When the
parameter « tends to 2.

This question is not only interesting from the theoretical point of view, but has also been pointed out in
some experimental works involving fractional Burgers equations [6] and a fractional transport-type equation
[18]. More precisely, these numerical studies show that solutions to fractional equations behave as solutions
to the classical ones (involving the Laplace operator) when « is close enough to 2. Inspired by these latter
works, we aim to develop a rigorous framework to study the convergence

(U Po) = (U2,p2), when «a — 2, (2)

where (12, p2) denotes a solution to the classical Navier-Stokes equations.

It is also worth mentioning this question has been studied for some elliptic equations, among them the
nonlinear Schrédinger equation [1] and the fractional p-Laplacian problem [5]. In these works, the authors
mainly used variational methods and concentration-compactness principles to prove the convergence of weak
solutions of the fractional problem to the classical problem. Specifically, in [1] this convergence was proven
in the strong topology of the space L} (R™) (with n > 3), whereas in [5] the authors used the (more
technical) notion of I'-convergence. For the parabolic setting of equation (1), we shall use a completely
different approach, principally based on the explicit structure of mild solutions. This approach allows us to

prove a uniform convergence in the L-space, as well as to derive a sharp convergence rate.

The main result. We shall consider the initial value problem for both the non-local (when 1 < a < 2)
and local (v = 2) Navier-Stokes equations:

Oyt = —(—AN) 20y — (- V)ila — Vpa, div(id,) =0, 1<a<2, 5
3

ﬁa(ov ) = ﬁo,a;

where g o : R? — R3 denotes the (divergence-free) initial datum. Recall that mild solutions to equations (3)
are obtained by Banach’s contraction principle by solving the following integral equation (due to Duhamel’s
formula)

t
Talt,) = e APy o — / e (-A)2(-m) p <(ﬁa : 6)%) (r,)dr, 1<a<2. (4)
0

Here, for 1 < o < 2 we have e~ (=)t f — ha(t,-) * f, where the kernel h,(t,z) is the fundamental
solution to the fractional heat equation (see (15) for a definition). For o = 2 we have e®'f = h(t,-) * f,
where h(t,x) is the well-known heat kernel.

The operator P stands for Leray’s projector and it is well-known that the pressure p, can be easily
deduced from the velocity @, = (a1, %a,2, Ua,3) since, due to the divergence-free property of this latter, we
have

3
1. =
Pa = Idlv ((ua . V)ua> = ijz_l RlRJ (uoz,i uad-), (5)
where R; = \/% denotes the Riesz transform.

In the setting of non-homogeneous Sobolev spaces H*(R3) with s > 1/2, the local well-posedness theory
for mild solutions to the classical Navier-Stokes equations is a well-known issue because of [2]. In our next
proposition, we revisit this result for the generalized case of equation (3). Moreover, we shall consider the



space H*(R3), with s > 3/2, where the (technical) constraint s > 3/2 is required to prove our key tool (given
in Lemma 2.1 below) in the study of convergence (2).

We emphasize that the proof of the proposition below is classical, but we aim to determine how the
existence time of the mild solution ,, denoted by T,, explicitly depends on the parameter a.

Proposition 1.1 Let 1 < a < 2 fized. Let s > 3/2 and let iy, € H*(R3) be a divergence-free initial datum.
There ezists a time

1 1— 1 a—1
0<Ty==|—=%— , 6
° =5\ iClaonln- (6)

where C > 0 is a generic constant, and there exists a unique mild solution i, to equation (3) such that

i € C([0,Tw], H*(R?)) and p, € C([0, Tu], H*(R?)).

Remark 1 Note that 0 < T, as long as 1 < a.

Once we have stated this proposition, we rigorously studied the convergence presented in (2). For
the fractional case (when 1 < a < 2), we consider the family of initial data (@pa)1<a<2 C H*(R3) and
denote by (@, pa)ica<z C C([0,T,], H*(R3)) the corresponding family of solutions given by Proposition
1.1. Similarly, for the classical case (when o = 2), we consider the initial datum > € H®(R3) and
(2, p2) € C([0, T»], H*(R?)) its associated solution.

We shall assume the following strong convergence of the initial data:
o0 — o2, a—2, in H*(R?). (7)

On the one hand, this convergence will allow us to find a quantity 0 < ¢ << 1 and a time Tp, only
depending on ¢, such that
To<Ty, forall 1+e<a<2. (8)

See Appendix B for further details. Consequently, for 1 +¢ < a < 2 each solution (uq, po) is at least defined
on the time interval [0, Tp], and this fact will be used when studying (2).

On the other hand, since s > 3/2, the space H*(R?) is continuously embedded in the space L°°(R?) and
the convergence (7) also holds in L*(R3). Thus, for the family of velocities i, we shall prove the uniform
convergence:

o — s, o—2, in L¥([0,Tp] x R3). (9)

Recall that the pressures p, are defined through Riesz transforms and the velocities i, in the expression (5).
Nevertheless, since Riesz transforms are not bound in the L>—space, we need to consider the larger space
BMO(R3), see [7, Chapter 3] for a definition and some properties of this space. In this setting, convergence
(9) yields:

Pa — D2, a—2, in L°([0,Ty], BMO(R?)). (10)

Furthermore, we are interested in studying a convergence rate of (9) and (10). For this, we introduce
a parameter v > 0 and we shall assume the estimate (11) below, which is a given convergence rate of the
initial data in the space L>(R3). We aim to determine when the family of solutions follows this prescribed
convergence rate. In this context, our main result is as follows:

Theorem 1.1 Let (Wya)1+e<a<2 be an initial data family, where @ € H*(R®) with s > 3/2. Let

(U Par)14e<a<2 C C([O, Tol, H? (]RB)) be the corresponding family of solutions to equation (3), given by Propo-
sitton 1.1.

We assume the convergence given in (7). Moreover, for a parameter v > 0, assume the estimate

| to,0 — Uo2|lLe < c(2—a)?, (11)



where ¢ > 0 is a generic constant. There exists a constant C > 0, depending on g 2,e and c, such that the
following estimate holds:

sup (||t (t, ) = t2(t, )| Lo + lpalt, ) = p2(t, )l Brmo)
0<t<Tp l+e<a<2 (12)
<C(1+Tp+ Ty max ((2— a)”,2 — a),

Some remarks and comments have been provided in order here.

(A) The uniform convergence (in both the temporal and the spatial variables) obtained in (12) is stronger
than the ones obtained in the aforementioned works [1, 5]. Moreover, in contrast to these works, we
also derive a convergence rate, given in (12), which is essentially determined by a competition between
the quantities (2 — «)” and (2 — ).

To make a deeper discussion of this fact, let us briefly explain the general idea of the proof. As pointed
out, we shall consider mild solutions to equation (3), which are given by the expression (4). Inequality
(12) is then obtained by the following estimates

~

lha(t, ) oo — hit,-) * ozl < max ((2 —a),2 - a),

and

for the linear and nonlinear terms, respectively. For simplicity, we will only explain the estimates for
the linear term in more detail. The estimates for the nonlinear term are much more delicate, but they
follow similar ideas. Thus, we split the linear term as

/O ha(t —s,) % P((do - V)ia) (1,-)dT — h(t — s,-) * P((i@s - V)ii2) (1, -)dT

< max ((2—04)7, 2—a>,
LOO

[ha(t, ) x to,q — h(t,-) * to2ll e < [(ha(t,) = h(t, ")) * to,all o + [[A(E, ) * (To,0 — U0,2) || foo »
where we have

I(halt,) = h(t, ) * ol S 2 =), and [[h(t,-) * (o — Go2)]l o S (2 - ).

Here, the quantity (2 — «)? is the convergence rate assumed for the initial data, whereas the quantity
(2 — «) is the convergence rate of the kernels h,(t,z) — h(t,z) (when o — 2), which is rigorously
proven in Lemma, 2.1.

Since we have 1 < a < 2, and therefore 0 < 2 — a < 1, estimate (12) yields the following conclusions
by considering two cases of the parameter ~:

— When 0 < v < 1, we have max ((2 —a)7,2— a) = (2 — )7, and consequently, the velocities

Uq(t, ) converge to the velocity s(t,z) with the same convergence rate as that of the initial
data.

— When 1 < v, we have max ((2 —a)7,2— a) =2 — «. In this case, it is interesting to observe

that the convergence rate of the solutions does not follow that of the initial data. More precisely,
the velocities i, (t,z) converge to the velocity @s(t,x) at a rate of order 2 — «, which is slower
than the convergence rate of the initial data (2 — «)?.

In summary, the increasing of the parameter v makes the assumption (11) strong but not the result
given in (12). This is an interesting phenomenological effect, which is given by the convergence rate of
the kernels hq(t,-) — h(t,-).



(B) In the particular case of the same initial data for whole the family of equations (3): iy = 2 for all
1+ e < a < 2, the estimate (12) becomes

sup (dalt, ) — da(t, )L + Ipalt, ) — p2(t, )| BMoO) S 2 — @,
0<t<Tp

where the convergence rate is purely given by the convergence of the kernels h,(t,z) — h(t,z) (see

Lemma 2.1).
(C) In the case of small initial data: sup |@pa|ms < 1, it is well known that mild solutions to the
I+e<a<2
equation (3) are global in time, see [11, Theorem 7.3]. In this setting, our main estimate (12) writes

down as

sup (||da(t, ) — @a(t, )l Lo + Ipa(t; ) — p2(t, )| Baro)
0st<T l+e<a<?2, forall 0 <T < +4o0. (13)
<C(1+ T+ T% max (2—-a),2-a),

See Remark 2 below for all details.

(D) The convergence result given in Theorem 1.1 also allows us to study the convergence from non-local
to local Navier-Stokes equation in the space LP((0,Tp), LY(R3)).

Corollary 1.1 With the same hypothesis of Theorem 1.1, for 1 < p < 400 and 2 < g < +oo the
estimate holds:

lia(t, ) = ot Y pprs + [Palt.”) = 2t )l ps

l+e<a<?2. 14
< Cp,q(]- +To + T02) max ((2 — Q)V(I_I/Q)7 (2 _ a)l—l/q)’ ( )

In the setting of the L} Li-spaces, the convergence rate is only driven by the parameters v and ¢, this
latter describes the decaying properties of solutions in the spatial variable.

(E) Finally, let us mention that Theorem 1.1 could be adapted to the two-dimensional case, where the
regularity constraint s > 3/2 is relaxed to s > 1. In addition, Theorem 1.1 can be generalized to some
relevant coupled systems in fluid dynamics, for instance, the magneto-hydrodynamic equations:

V)b —Vp, div(@) =0,

V)i, div(b) =0,
where b : [0, +00) x R? — R3 is a magnetic field.

To close this section, we make some final comments: as mentioned, the strategy developed to prove
Theorem 1.1 is strongly based on mild solutions of the equations (3). In future research, we aim to develop
a different approach to study the convergence (2) for another relevant type of solution, for instance, Leray’s
solutions. Moreover, by following some of the ideas in [1, 5], we think it would be interesting to study this
convergence for the elliptic case of stationary (time-independent) solutions.

Organization of the note. Section 2 is essentially devoted to the proof of the key Lemma 2.1. In
Section 3, for the sake of completeness, we provide a brief proof of Proposition 1.1. Finally, in Section 4 we
prove our main results: Theorem 1.1 and its Corollary 1.1.



2 Preliminaries
Let us consider the following linear and homogeneous fractional heat equation:
Oha + (=A)*?hy =0, 1<a<2, t>0.

Recall that the fundamental solution of this equation, denoted by hq(t,z), can be easily computed via
the Fourier transform by h(t,£) = et Moreover, in the spatial variable, the fundamental solution h,
is given by

1 T
hao(t,r) = —Ho | < | (15)
tao tao
where the function H, is the inverse Fourier transform of e~ l¥I*. Tt is well-known that for 1 < o < 2, the
functions H, are smooth and positive. See [9, Chapter 13] for further details.

In the following lemma, we study the strong convergence of the kernel hq (¢, z) to the heat kernel h(t, x),
when o — 2. This result will be our key tool in the sequel.

Lemma 2.1 (Non-local to local heat equation) Let s > 3/2. There exists a constant C = Cs > 0 such
that, for all 1 < o < 2 and for all time 0 < T < +oo the following estimate holds:

sup [lha(t,) — h(t, |- < CT(2 ~ ).
0<t<T

Proof. First, we verify that the quantity ||ha(t,-) — h(t,-)||3—s is continuous with respect to the variable t.
For 0 < ty,t < T we have

2 ’€—|E\ato _ €—|5|2t0‘2> : d¢

HM@J—th@ﬂ—MJmJ—hwWWQw=A¥wa%—€%W T 1Ep

dg

As s > 3/2, we have / ———— < +0o0, and we can apply the dominated convergence theorem to
R3

(1+1¢P%)

tim (It ) = Al )3 = halto, ) = Alto, ) [3-) = 0.

t—to

obtain

Once we have proven this continuity property, there exists a time 0 < ¢; < T such that

sup ||ha(t,-) = h(t, )l g-s = [[ha(ts,-) = h(tr, )l g -
0<t<T

Now, we prove the estimate ||hq(t1,-) — h(t1,-)||y-s < CT(2 — «). Thus, we write

_ €
(14 1€

For £ € R\ {0} fixed, and for 1 < a <2+ 6 (with 6 > 0) we define the function
fela) = e 1R,

and by computing its derivative with respect to the variable o we get

fe(a) = —t1 e711E7 g]o In(Jg)).

_ [e% _ 2
lha(t1,-) — h(t1, )H?{,S — /3 le lel*ts _ oIl t1|2
R

Then, by the mean value theorem (in the variable o) we can write
[fela) = fe@)] < [[fell Lo (a1 12 — -

6



Moreover, we can prove the uniform estimate with respect to the variable &:

[17ehm v . gy <O (a7)

The proof of this estimate is not difficult and is given in detail in Appendix A. We thus have
[fe(e) = fe(2)] < CT[2 - al.

Finally, we get back to the identity (16) and write

dg
Iho(t1.) = bt = [ 1felo) = Fe@P s
2 2 3 200 \2
<CT?|2 -« /]R3 (1+’£‘2)S§CST (2 — a).
Lemma 2.1 is proven. [ ]

3 Proof of Proposition 1.1

The proof is rather standard, so we will only detail the main estimates. For a time 0 < T' < +00, we consider
the Banach space C([0,T], H*(R?)), endowed with its natural norm || - [|eers. On the right-hand side of
—(=a)*?t o

ol . < IToallae.

equation (4), the linear term is easy to estimate and we have He
L H

x

Thereafter, for 0 < t < T fixed, the bilinear term is estimated as follows
t

’ / e~ (A=) p ((aa : v)aa) (7,-)dr
0

From [17, Lemma 2.2], we have ||Vha(t — 7,1 < C(t — T)_é. On the other hand, since s > 3/2, by
the product laws in Sobolev spaces we write ||ily ® i (T, )| zrs < C||tia(7,-)||%s. We thus obtain

t
<c / IFha(t — 7Yl [ ® Ga(r, || edr.
Hs 0

t _ _ t a0\ L Tl-%
C/O HVhOé(t_Ta')HLl ||Ua ®UQ(T,-)”H5dT S C </O (t—T) Ot) ||UQH%§XJH§ S 01_71 Hua||LooHs

«a

The existence and uniqueness of a mild solution i, follows from Picard’s iterative schema, as long as
Iﬂ—*
40| Uo o || s — . < 1, which yields the definition of the time T, as in (6). Proposition 1.1 is proven. W

Ol

4 From non-local to local

In the following, C' > 0 denotes a generic constant that may change in each line, but it does not depend on
the parameter a.

4.1 Proof of Theorem 1.1
For a time 0 < T < Ty fixed, we write

Sup_[|ta(t, ) = @2t )|l

0<t<
< sup [|lem A iy 4 — M|
0<t<T Lee (18)
t a/2 — t —
+sup | [0 (- D)) (1 )y — [ SO (- D)) (7, )i
0<t<T [|JO 0 Le°
=1y + Ja.



We begin by estimating each term on the right. For the term I, we get

I, < sup H< —(—A)/2 At) To.a

+ sup HeAt (ﬁo,a - z_[072)HL°°

0<t<T L o<t<T

= sup |[(halt,) = h(t,")) # G|+ sup [IA(t) * (Fo.a — Gl e (19)
0<t<T L o<t<T

:Ia,l+Ia,2-

Afterwards, to estimate the term I, 1, one can apply the Bessel potential operators (1 — A)*S/ 2 and
(1 — A)*?2 to deduce

In1 = sup H s/2< a(t,‘)—h(t,-))*(l A)S/Quo H

0<t<T Lo

Thus, thanks to Young inequalities (with 1+ 1/c0 = 1/2 + 1/2), we can write

Io1 <C sup (Hu _A)? (ha(t, ) — ht, ))] (1— A2,

0<t<T

<C ( sup_||ha(t,-) — h(t, ')||Hs> ( sup Hﬁo,aHHs) 7
0<t<T l+e<a<?

where each of the terms above must be estimated separately. Note that, for the first term on the right-hand
side, it is natural to apply Lemma 2.1, whereas the second term on the right-hand side can be controlled by
the fact that the family (uga)1+e<a<2 is bounded in H®(R3).

)

L2
(20)

Therefore, the term I, ; given in (19) can be estimated as follows
Ing <CT(2—a). (21)

It is now time to study the term I, in (19). By Young inequalities (with 1+ 1/00 = 1+ 1/00), the
well-known properties of the heat kernel, and the assumption given in (11), we have

Taz < c(2—a)". (22)

Consequently, we set the constant C; = max(C, c¢), and by using equations (21) and (22), we can derive
the following estimate

In < Ci (1+T) max ((2—a)V,2—a>. (23)

Similarly, the term J, in (18) can also be studied separately.

To < sp /Ot ha(t —T,-) * IP’(( V), )(T, -)dT—/Oth(t—T, -)*P((aaﬁ)aa) (r,)dr .
+ s /Oth(t—T, .)*P((aaﬁ)aa) (T,-)df—/oth(t—ﬂ-)*P((aﬁ)@) ()| o
< s /Ot (ha(t ) —h(t—T, -)) P <(ﬁa : ﬁ)a‘a) (,)dr .
+ s /Oth(t ) *P ((aa V) — (@2 - 6)@) (1, )dr =it e

For the term J, 1, we can take advantage of the Leray’s projector P properties, and once again we apply
the operators (1 — A)~*/2 and (1 — A)*/? along with the Young inequalities (with 14 1/co = 1/2+41/2) to



get the following estimates

Jo < sup (/Ot (ha(t — 1) = h(t—T, .)> P (div(@ © ) (1, .)HLOO dT>

0<t<T

< sup (/Ot P(ﬁha(t—f,-)—%(t—f,-))H H(ﬁa@@ﬁa)(ﬂ-)yymdf)

0<t<T H-s

— —

< sup (/Ot Vha(t —7,°) _Vh(t_T’.)HH—s | (e @ Ua) (7, ) || s dT)

0<t<T

<T ( sup Hﬁha(t, ) — Vht, )HH) ( sup | (e ® @) (t, .)||Hs> .

0<t<T 0<t<T

To control the first term on the right-hand side, we can adapt Lemma 2.1 to the function f¢(a) =
ije—tli\a’ with j = 1,2, 3, this manner, we obtain

sup H%a(t, ) — Vh(t, )H <CT|2 - al.
0<t<T H—s

For the remaining term on the right-hand side, we prove that there exists a constant Cy = Ca (i, €)
that is sufficiently large and depends only on 2 and €, such that the following uniform estimate holds:

sup  sup |[(tdy ® ) (t, )| s < Co.
1+e<a<20<t<T

Indeed, recall that the solution ., € C([O,T |,H S(R3)) obtained in Proposition 1.1 by the Picard’s
iterative argument verifies

sup ||da(t, )|z < sup ||dal(t,)|lgs < Clltoallms, where T < Ty < T,.
0<t<T 0<t<Ta

Moreover, based on the assumption (7), we have sup ||dpq|lms < Cz. Then we obtain
14+e<a<2

sup  sup ||@a(t, )] gs < Co. (26)
l+e<a<2 0<t<T

Thus, the wished estimate follows from the fact that s > 3/2, and by the product laws in Sobolev spaces
we can write

2
sup || (o © @a) (t,-)|s < C sup ||da(t, )7 < C ( sup Hﬁa(t,')HHs> < Co.
0<t<T 0<t<T 0<t<T

Returning to estimate (25), the above inequality allows us to write

Ja1 < C2T?|2 — a| < Co T? max ((2—a)7,2—0z). (27)

Subsequently, we study the term J, 2 given in (24). For this propose we combine Leray’s projector PP
properties and Young inequalities (with 1+ 1/00 =1+ 1/00) as follows

t
Jo2 < sup / Hh(t —7T,) % P(div(ﬁa R Uy) — div(tds ® 11'2))(7, -)HLOO dr
o<t<T Jo (28)

t
<C sup / IVA(E = 7, ) L [P (e @ ta) = (i ® 2)) (7, )| Loedr.
0<t<T JO



Owing to the well-known properties of the heat kernel h(t,-) we have |Vh(t — 7,-)||;1 < C(t —7)~Y/2
Meanwhile, to estimate the term ||P((dq ® @a) — (G2 ® U2)) (T, -)|| Lo, We use Leray’s projector P properties,
the uniform estimate inequality (26) and the fact that s > 3/2. Thus,

[P (e @ ta) — (2 @ @) (T, )| Lo
= |[(da(r,-) = @a(r, ")) @ P(da + 2)(T, )| oo
< @a(r,-) = da(7, ) oo (IP(Ta) (7 7')||L°° + [[P(d2) (7, )| 1o )
< d@a(r, ) = @, M oo (8alTs ) grs + NT2(, ) gs )

< Cy ||t (7, ) — tia(7, )| L

These last two estimations allow us to control (28) as follows

t
Ja72 < Cy sup / (t—T)fl/Q Hﬁa(T,-) —ﬁg(T,-)HLoodT < CQT1/2 < sup Hﬁa(t,‘) —ﬁg(t, )HLoo> . (29)
0<t<T 0<t<T

Thus far, we have controlled the terms I, Jo,1 and Ju 2 in (23), (27), and (29), respectively. We set the
constant C = max(Cy, Cz), and we get back to (18) to write

sup ||ta(t,-) — da(t, )|lree <In+ Jag + Ja2 < 1o +Ja1+CT1/2 ( sup ||ta(t, ) — ta(t, )||Loo>
0<t<T 0<t<T

1/2

1
In the above estimate, we set a time 0 < 77 < T such that CT,"" < 3 This way, we derive the following

control:

_ 1 .
sup |[da(t,-) = @2(t, )|z < la + Jan + 5 ( sup |tia(t, ) — ta(t, )HL°°>
0<t<Ty 0<t<Ty

and we can write 1
5 sup |[da(t, ) —tda(t, )l < lo + Ja.
0<t<Ty

Then, by (23) and (27) we obtain

sup |tia(t, ) — da(t, )||pe < C(1+T1 + TIQ) max ((2 —«a)?, (2 - «)). (30)
0<t<T

By iterative application of this argument up to time 7y > 0, we have

S e (t,) = @2(t, )l < C(L+Tp +T5) max (2 —a)?, (2~ a)). (31)

Remark 2 In the case of global in time mild solutions, we can iterate (30) to obtain (13) for any time
0<T < +o0.

To finish the proof of Theorem 1.1, we shall prove that estimate (31) yields

S fpalt,) = palt: )llsao < C(1+To + T§) max ((2 - )7, (2 - a)). (32)

Indeed, by expression (5), by the estimate ||R;f|mo < C| f|lze (see for instance [10, Theorem 6.2]),
and by the uniform estimate (26), for 0 < ¢t < T we write

[Pa(t, ) = p2(t, )| Brmo < Cllia @ ta(t, ) — iz @ Ua(t, )| Lo
< Cllta(t, ) — d2(t, )| oo ([[Ga(t, )|z + T2t )| )
< C|ltalt, ) — ta(t, )| Lo,

which yields (32). Theorem 1.1 is now proven. [
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4.2 Proof of Corollary 1.1

The proof of this result is straightforward. Remark that the family of initial data also belongs to the space
L?(R?), and by well-known arguments, for 1 +¢ < o < 1 we have

I (t, )z < lldo.all7> < Clldoalfs < Co.

Estimate (14) follows from a standard interpolation argument (in Lebesgue spaces) between the estimate
above and (12). Then, Corollary 1.1 is proven. [ |

A  Appendix
We prove here the estimate (17). We recall the expression
fela) = —t1e "B In(l¢]), 1<a<2+4, 0<t; <T.
Then, we write

W]y = A B

< H HféHLoo([l,%é])H (Iel>1)

1720wz

Lo (R3) Leo([g]<1

where we estimate the terms A and B separately. For the term A, as we have |[£] < 1,1 < a < 2+, and
moreover, as we have ghm+ €] In(|¢]) = 0, we deduce the following control:
—0

A<LT (gsu]é)3 e_t1|§‘2+6\§| ln(]f\)) <CT.
€

For the term B, since || > 1 then we obtain

BT | sup e_t1|§‘|§’2+6 In([¢]) | <CT.
£ER3

B Appendix

We now prove the lower bound (8). By (7) we can set 0 < € < 1 such that for all 1 + ¢ < a < 2 we have

l0,all s = 0,2

1 1—41 a1
| == <T,, lH+e<a<?2.
2 4CHUO,ZHHS @

| < 5”2‘[072”;;57 hence we obtain ||t o | gs < 5”’17[072”}[3, and we can write

Furthermore, the expression on the left-hand side is estimated from below by the quantity

2 1+4+¢e
1 1— % E 1-— L
Ty = — max _1te , _Lte
"2 <4C\|uo,2uHs) <4cuuo,2ms

Indeed, as we have 1 + ¢ < o < 2, then we get 1 — %ﬁ <1- é, and we can write

2 4C||’L_L‘072||Hs - 2 40”&072”[{5

11




1

PR — 1 a
1+e P
———— and we have —Ao-T <
4CHUO,Q||HS’ 2

N

Thereafter, for the sake of simplicity, we denote A =

1 _ é a—1
AC ||t 2|l mrs '

We now study the expression 3. Since 1 +¢& < a < 2, then we get 1 +¢ < %5 < % Thus, on the

1 1 _a
one hand, if the quantity A above verifies A < 1 then we have §A% < §Aﬁ. On the other hand, if the

Laas,

[un

1
quantity A verifies 1 < A then we have §A1+€ < 3
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